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ELEMENTARY  COURSE. 


In  compiling  the  present  Treatise,  the  leading  object  has  been  to  furnish  the  **  Library 
of  Useful  Knowledge**  with  a  body  of  geometrical  information,  in  which  nothing 
mi^bt  be  wanting  that  seemed  necessary  or  desirable,  whether  to  the  correct  expla- 
nation and  solid  establishing  of  the  science,  or  to  its  application  in  the  different 
branches  of  natural  philosophy.  Such  an  object,  it  is  plain,  can  never  be  accom- 
plished by  a  mere  elementary  course,  which  has  solely  in  view  the  instruction  of 
beginners :  it  implies  many  discussions  and  distinctions,  many  theorems,  scholia, 
and  even  whole  sections  of  matter,  which  it  is  better  that  a  beginner  should  pass  by, 
while  he  confines  his  attention  to  the  few  and  simple  but  important  propositions  to 
which  perpetual  reference  is  made,  and  which  may  be  regaided  as  constituting  the 
high  road  of  Geometry.  At  the  same  time,  the  purposes  of  instruction  have  not 
been  lost  sight  of;  and  aocoxtlingly,  while  the  present  work  may  be  considered 
sufficiently  extensive  to  answer  eveiy  useful  purpose,  it  will  be  found  also  to 
include  an  elementary  course  of  study  complete  in  itself,  b^^  the  help  of  which  a 
person  totally  unacquainted  with  the  subject  may  become  ms  own  instructor,  and 
advance  by  easy  steps  to  a  competent  knowledge  of  it.  With  this  view,  the 
beginner  has  only  to  confine  himself  to  the  following  portions  of  the  enture  work. 
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In  the  above  table  the  propositions  only  are  mentioned :  when  corollaries  or 
scholia  are  attached  to  any  of  the  propositions,  they  are  likewise  to  be  attended  to, 
unless  the  contrary  is  expressly  stated.  The  sections  of  Problems  (omitting  III. 
64,  Case  4,  the  solution  of  which  depends  on  a  lemma  of  the  scholium  following 
11.  38.)  will,  it  is  apprehended,  be  found  rather  entertaining  and  servioeable  to  a 
beginner  than  otherwise ;  they  are  not  necessary,  however,  and  are  therefore  omit- 
ted in  the  table. 

The  demonstration  of  the  converse  part  of  Book  I.  Prop.  14.,  is  attended  with  a 
difficultv  which  is  stated  at  some  length  in  page  U,  as  we  have  been  anxious  that 
the  student  should  be  fully  aware  of  its  existence.  It  will  be  better,  however,  in  a 
first  perusal,  to  avoid  this  difficulty  by  making,  at  once,  the  following  assumption: 

<*  Through  the  same  point  there  cannot  pass  two  different  straight  lines,  each  of 
which  is  parallel  to  the  same  straight  line.** 

Ihe  converse  part  of  Prop.  14,  viz.  that  "parallel  straight  lines  are  at  right 
angles  to  the  same  straight  line,**  will  then  be  demonstrated  as  follows  :— 

Let  A  B  be  parallel  to  C  D,  and  from  any  point  £  of 
A  B  let  E  F  be  drawn  af  right  angles  to  C  D  (12.) :  E  F 
shall  also  be  at  right  angles  to  AB. 

For,  if  A  B  be  not  at  right  angles  to  £  F,  through  the 
point  £  let  A'  B'  be  drawn  at  right  angles  to  £F  (post.  5.). 
Then,  bv  the  former  part  of  the  proposition,  because  A'  B' 
and  C;  9  are,  each  of  them  at  right  angles  to  £  F,  A'  B'  is  parallel  to  C  9.  But 
AB  is  parallel  to  C  D.  Therefore,  through  the  same  point  £  there  pass  the  two 
straight  lines  A  B  and  A'  B','  each  of  which  'is  parallel  to  C  D.  But  it  is  assumed 
that  this  is  impossible.  Therefore,  the  supposition  that  A  B  is  not  at  right  angles 
to  £,F  is  impossible  ;  that  is,  AB.is  at  right  angles  to  £  F. 

It  will  be  found  that  the  Course'just  laid  down,  excepting  the  sixth  Book  of  it 
only,  is  not  of  much  greater  extent,  nor  very  different  in  point  of  matter  from  that 
of  £uclid,  whose  "  £lenients**  have  at  all  times  been  justly  esteemed  a  model  not 
only  of  easy  and  progressive  instruction  in  Geometry,  but  of  accuracy  and  perspi- 
cuity in  reasoning.  A  perusal  of  this  work,  as  translated  and  edited  by  Sunson, 
though  certainly  not  essential  to  an  acquaintance  with  geometry,  is  strongjly  re- 
commended to  the  student. 
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BOOK  I. 

§  i.  Definitions— i  2.  First  Theorems — 
J  3.  Parallels—^  4.  Parallelograms 
— -J  5.  Rectangles  under  the  parts  of 
divided  LinfS — §  6.  Relations  of  the 
Sides  of  Triangles^  7,  Problems. 
Sbction  ].  Dejinitions, 

GsoMBTRY  is  the  science  of  extension. 
The  subjects  which  it  considers  are  ex- 
tent of  distance,  extent  of  surface,  and 
extent  of  capacity  or  solid  content. 

The  name  Geometry  is  derived  from 
two  Greek  words,  signifying  ^oiui  and  to 
measure.  Hence  it  would  appear  that 
the  measurement  of  land  was  the  most 
important  (perhaps  the  only)  use  to 
which  this  science  was,  in  the  first  in- 
stance, applied.  Egypt  is  described  to 
have  been  its  birth-place,  where  the  an- 
nual inundations  of  the  Nile  rendered 
it  of  peculiar  value  to  the  inhabitants  as 
a  means  of  ascertaining  their  effaced 
boundaries.  From  the  Egyptians  the 
ancient  Greeks  derived  their  acquaint- 
ance with  it ;  and,  in  the  hands  of  this 
acute  people,  it  was  carried,  from  a  state 
of  comparative  nothingness,  to  a  degree 
of  perfection  which  has  scarcely  bsen 
advanced  by  succeeding  ages.  If,  how- 
ever, as  a  science.  Geometry  has  made 
but  little  progjress,  since  it  was  so  suc- 
cessfully cultivated  by  the  Greeks,  its 
uses  have  been  both  multiplied  and  ex- 
tended. In  the  present  day  it  embraces 
the  measurement  ec^ually  of  the  earth 
and  of  the  heavens :  it  forms  with  arith- 
metic the  basis  of  all  accurate  conclu- 
sions in  the  mixed  sciences :  and  there 
is  scarcely  any  mechanical  art,  our  views 
of  which  may  not  be  improved  by  an 
acquaintance  with  it. 

Ihe  truths  of  Geometry  are  founded 
upon  definitions,  each  furnishing  at  once 
an  exact  notion  of  the  thing  defined,  and 
the  groundwork  of  all  conclusions  re- 
lating to  it  The  leading  definitions  are 
as  follows : — 

1 .  A  solid  IS  a  magnitude  having  three 
dimensions — ^length,  breadth,  and  thick- 
ness. 

2.  A  surface  is  the  boundaiy  of  a 
solid,  having  length  and  breadth  only. 


3.  A  lins  is  the  boundary  of  a  surfiu^, 
havine  length  only. 

4.  A  point  is  the  extremity  of  a  line, 
having  no  dimensions  of  any  kind — ^nei- 
ther length,  nor  breadth,  nor  thickness. 

5.  (Euc  i.  def.  4.)»  A  right  line,  or 
straight  line^  is  that  which  lies  evenly 
between  its  extreme  points. 

When  the  word  "Ime"  is  used  by  itself 
in  the  following  pages,  a  straight  line  is 
to  be  understood. 

6.  Any  line  of  which  no  part  is 
a  right  line  is  called  a  curve. 

If  a  curve  be  cut  by  a  straight 
line  in  two  points,  the  curve  is  said 
to  be  concave  towards  that  side 
upon  which  the  straight  line  lies, 
and  towards  the  other  side,  con- 
vex. 

7.  (Euc.  i.  del  7.)  A  plane  surface, 
or  plane,  is  that,  in  which  any  two  points 
whatsoever  being  taken,  the  straight  line 
between  them  lies  wholly  in  that  surface. 

8.  A  surface,  of  which  no  part  iaplane, 
is  said  to  be  curved, 

9.  If  there  be  two 
straight  lines  in  the 
same  plane,  which  meet 
one  another  in  a  point, 
they  are  said  to  form  at 
that  point  sl  plane  recti* 
lineal  angle. 

The  magnitude  of  an  angle  does  not 
depend  upon  the  leujgth  of  its  legs,  that 
is,  of  the  straight  Imes  by  which  it  isr 
contained,  but  upon  the  opening  between 
them,  or  the  extent  to  wliich  they  are 
separated  the  one  from  the  other.  Thus, 
the  angle  B  A  C  is  greater  than  the  an- 
gle B  A  D,  by  the  angle  D  A  C. 

If  there  be  only  one  angle  at  the'point 
A,  it  may  be  denoted  by  the  letter  A  aJone, 
as  *'  the  angle  A  ;**  but  if  there  be  more 
angles  at 'the  same  point,  it  becomes  ne- 
cessaiy  to  indicate  the  containing  sides  of 
each,  m  order  to  distinguish  it  from  the 


*  This  and  the  like  refereocfs  are  to  Simson** 
Ettdid.the  Roman  numeral  indicating  the  book,  and 
the  other  the  proposition.  When  tke  refendn  is  to 
a  definition,  as  in  the  present  ioMtance«  «r  4o  an 
axiom,  the  same  is  particularised  br  the  initial  syl- 
lable Def.  or  Ax.  The  mo»t  imjKikMlt  definitiopa 
only,  which -are  token  from  Eaclid^^d  stated  m 
nevly  the  s«me  words,  are  berereferrwl  to. 
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others :  thus,  the  angle  B  A  C  is  distin- 
guwhed  from  BAD  and  DAC.  In 
this  case  the  middle  letter,  as  A,  always 
denotes  the  angular  point. 

10.  (Euc.  i.  def.  10.)  TVhen  a 
straight  line  standing  upon  another 
straight  line  makes  the  adjacent  angles 
eqiisJ  to  one  another,  each  of  th'.'m  is 
called  a  right  angle,  and  the  straight 
line  which  stands  upon  the  other  is  called 
K  perpendicular  to  it. 

11.  If  an  angle  be 
not  right,  it  is  called 
oblique.  An  oblique 
angle  is  said  to  be 
cumte  or  obtuse,  ac- 
cording as  it  is  less 
or  greater  than  aright  angle. 

In  the  adjoined  figure,  ABC  is  aright 
angle,  D  B  C  an  acute  angle,  and  £  B  C 
an  obtuse  angle. 

12.  (Euc.   I  def. 

35.)    If  there  be  two  — 

straight  lines  in  the  ^ 

same  plane,  which, 

being  produced  ever  so  far  both  ways,  do 

not  meet,  these  straight  lines  are  called 

parallels, 

13.  A  plane  fi^re  is  any  portion  of  a 
plane  suiface  which  is  included  by  aline 
or  lines. 

The  whole  circuit  of  any  figure,  that 
is,  the  extent  of  the  line  or  lines  by  which 
it  is  included,  is  called  its  perimeter, 

14.  A  plane  rectilineal  figure  is  any 
portion  of  a  plane  surface,  which  is  in- 
cluded by  right  lines.  These  right  lines 
are  called  the  sides  of  the  figure,  and  it 
is  said  to  be  trilateral^  or  quadrilatercd, 
or  multilateral,  according  as  it  has  three, 
or  four,  or  a  greater  number  of  sides. 

A  trilateral  figure  is  more  commonly 
called  a  triangle,  and  a  multilateral 
figure  a  polygon. 

It  is  furtlier  to  be  un- 
derstood of  rectilineal  fi- 
gures in  the  present  trea- 
tise, that  the  several  an- 
cles are  contained  towards  the  interior  of 
the  figure ;  that  is,  that  they  have  no  such 
angle  as  the  re-entering  angle  A  in  the 
figure  which  is  adjoined.  .In  other 
words,  their  perimeters  are  supposed  to 
be  convex  externally, 

15.  A  triangle  is  said  to  be  right- 
angled,  when  it  has  a  right  angle.  Of 
triangles  which  are  not  rigHt-angled, 
and  which  are  therefore  said  to  be 
oblique-angled,— KVi  obtuse-angled  tri- 
angle is  that  which  has  an  obtuse  angle ; 
and  an  acute-angled  triangle  is  that 
which  has  three  acute  angles. 


A 


n  It  has       /_ \ 

des.    D  A 

triangle,  A           / 

triangle,  IjA        M 

rianflfle.  l—^     ^ — ' 


In  the  adjoined 
figure,  A  is  a  right- 
angled  triangle ;  B  an 
obtuse-anglSd  trian- 
gle ;  and  C  an  acute- 
angled  triangle.  / 

16.  A  triangle  is 
also  said  to  be  equilateral,  when  its 
three  sides  are  equal  to  one  another ; 
isosceles,  when  only  two  j. 

of  its  sides  are  equal;  /\ 

and  scalene,  when  it  has       /_ \ 

three  unequal  sides.  T 
is  an  equilateral  triangle 
£  an  isosceles  triang7~ 
and  F  a  scalene  triangle 

The  three  sides  of  any  fhe  same 
triangle  are  frequently  distinguished  fay 
giving  to  one  of  them  the  name  of  base, 
in  which  case  the  other  two  are  called 
the  two  sides,  and  the  angular  point 
opposite  to  the  base  is  called  the  vertex 
or  summit.  In  an  isosceles  triangle, 
considered  as  such,  the  vertex  is  the 
angular  point  between  the  two  equal 
sides,  and  the  base  the  side  opposite 
to  it. 

In  a  right-angled  triangle,  the  side 
which  is  opposite  to  the  right  angle  is 
called  the  hypotenuse ;  and  of  the  other 
two  sides,  one  is  frequently  termed  the 
base,  and  the  other  the  perpendicular, 

1 7.  Of  quadrilaterals,  a  parallelo- 
gram is  that  which  has  its  opposite  sides 
parallel,  as  A  B  C  D.  A  quadrilateral 
which  has  only  two  of  its  sides  parallel 
is  called  a  trapezoid,  as  A  B  E  D. 

A  parallelogram,  or  indeed  any  quadri- 
lateral figure,  is  sometimes  cited  by  two 
letters  only  placed  at  opposite  angles : 
as  "  the  parallelogram  A  &\  "  the  trape- 
zoid A£.'*  This  plan  is  never  adopted, 
however,  where  confusion  might  ensue 
from  it :  when  used,  it  must  always  be 
in  such  a  way  as  to  avoid  uncertainty ; 
thus,  by  "  the  quadrilateral  B  D"  in  the 
adjoined  figure,  either  ABCD  or  ABED 
might  be  mtended,  whereas  "  the  qua- 
drilateral A  C"  is  distinct  from  '*  the 
quadrilateral  A  E." 

18.  A  rhombus  is  a  parallelogram 
which  has  two  adjoining  sides  equ£. 


z 


n 


19.  A  rectangle  is  a  parallelogram 
which  has  a  ri^t  angle.    A  rectangle 
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issmidtobeeoft/ofiMrfAyanyhro  of  its 
adjoining  sides ;  as  A  C,  which  is  called 
the  rectangle  under  A  B,  fi  C,  or  the 
rectangle  KB,  BC. 

20.  A  square  is  a  rectangle  which  has 
two  adjoining  sides  equal.  The  square 
described  upon  any  straight  line  AB, 
or  the  square  of  which  A  B  is  a  side,  is 
called  the  square  of  A  B,  or  A  B  square, 

21.  The  altitude  of  a  parallelogram 
or  triangle,  is  a  perpendicular  drawn  to 
the  base  fix>m  the  side  or  angle  opposite. 

22.  The  diagonals  of  a  quadrilateral 
are  the  straight  lines  which  join  its  op- 
posite  angles. 

23.  If  through  a 
point,  E,  in  the  dia- 
gonal of  a  paral- 
lelogram, A  B  C  D, 
straight  lines  be 
drawn  parallel  to  two  adjacent  sides, 
the  whole  parallelogram  will  be  di> 
Tided  into  four  quadrilaterals ;  of 
which  two,  having  the  parts  of  the 
diagonal  for  their  diagonals,  are  for  that 
reason  said  to  be  aSmt  Hie  diagonal; 
and  the  two  others,  A  E.  E  C,  are  called 
complements ,  because,  together  with  the 
portions  about  the  diagonal,  they  com- 
plete the  whole  parallelogram  A  B  C  D. 

24.  A  circle  IS  a  plane 
figure  contained  by  one 

line,  which  is  called  tne  i^ g- 

drcumference,  and  is 
such  that  all  straight 
lines  drawn  from  a  cer- 
tain point  within  the  figure  to  the  cir- 
cumference are  equal  to  one  another. 
This  point  is  called  the  centre  of  the 
circle ;  and  the  distance  from  the  centre 
to  the  circimiference  is  called  the  rot- 

.  dius,  or,  sometimes,  the  semidiameter, 
because  it  is  the  half  of  a  straight  line 
passine  through  the  centre  and  termi- 
nated both  ways  by  the  circumference, 
wtudi  straight  line  is  called  a  diameter. 
The  point  C  is  the  centre  of  the  circle 
ABD;  AB  is  a  diameter;  and  AC  a 
radius  or  semidiameter. 


The  truths  and  questions  of  Geometry 
are,  for  the  sake  of  perspicuity,  stated  and 
considered  in  small  separate  discourses 
called  Propositions  ;  it  being  proposed  in 
them  either  to  demonstrate  something 
which  is  asserted,  a  proposition  of  which 
kind  is  called  a  theorem,  or  to  show  the 

manner  of  doing  something  which  is    ^ 

required  to  be  done,  a  proposition  of    radius,  C  A. 
wluch  kind  is  called  a  problem. 

A  proposition  has  commonly  the  fol- 
lowing parts : — 


1°.  the  enunciation,  dedaringwhat  is 
to  be  proved  or  done ; 

2°.  the  construction,  inserting  the 
lines  necessary  thereto ; 

3°.  the  demonstration,  or  course  of. 
reasoning ;  —And, 

4°.  the  conclusion,  asserting  that  the 
thing  required  has  been  proved  or  done. 

A  corollary  to  any  proposition  is  a 
statement  of  some  truths  which  is  an  ob- 
vious consequence  of  the  proposition. 

A  scholium  is  a  remark  or  observation. 

The^object  of  a  problem,  as  above 
stated,  is  evidently  distinct  from  that  of 
a  theorem.  If  a  problem  be  regarded, 
however,  as  demonstrating;  merely  the 
existence  of  the  points  and  lines  required 
in  its  enunciation,  it  becomes,  for  our 
purposes,  a  theorem  certifying  the  exist- 
ence of  such.  And  hence  has  arisen  the 
introduction  of  problems  into  the  theory 
of  Geometry ;  for,  the  existence  of  the 
lines  and  points  specified  in  the  con- 
structions of  some  theorems  not  being 
allogether  self-evident,  it  became  neces- 
sary, either  to  introduce  distinct  problems 
for  the  finding  of  such,  or  to  point  out 
the  certainty  of  their  existence  by  the 
way  of  theorem  aod  corollaiy,  as  occa- 
sion offered. 

The  former  plan»  exemplified  in 
£uclid*s  Elements,  luui  been  followed  liy 
the  greater  number  of  geometrical 
writers;  although  the  problems  intro^ 
duced  have  not,  in  all  cases,  been  limited 
to  the  very  few  which  are  necessary  to 
support  the  theory.  To  avoid  thus  sa- 
crificing unity  of  purpose,  and  at  the 
same  time  not  to  be  wanting  to  the  ends 
of  {)ractical  geometxy,  the  problems  in 
the  present  treatise  have  been  altogether 
separated  from  the  theorems ;  and  the 
requisite  support  has  been  supplied  to 
the  latter,  in  the  second  of  the  two  ways 
above  mentioned. 

The  existence  of  the  following  lines,  &c, 
will  be  taken  for  granted ;  and  they  will, 
therefore,  be  referred  to  by  the  name  of 

Postulates.* 
1.   A  straight  line,  which  joins  or 
passes  through  two  given  points,  A,  B. 


'\ 


2,  A  circle,  which  is      /* 

described  firom  a  given    /        \ 

centre,  C,  with  a  given     i       <5       /A 


•  Thing*  nquirod  ;  from  the  Latia  postuJot   to 
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3.  A  point  which  bi* 

sects  a  given   finite       A • b 

straight  line,   A  B, 

that  IS,  which  divides  it  into  two  eqaal 

parts. 

A 


4.  A  straight  line 
which  bisects  a  given 
angle.  BAG. 


5.  A  perpendicular  to 
a  given  straight  line, 
erected  from  a  given 
point  in  the  same. 

6.  A  straight  line,  which  makes  with 
a  given  straight  line,  A  B,  at  a  given 
point,  A,  an  angle  equal  to  a  given  rec- 
tilineal angle,  C. 


z 


The  following  truths  require  no  steps 
of  reasoning  to  establish  tneir  evidence. 
It  may  be  said  of  them,  that  no  demon- 
stration can  make  them  more  evident 
than  they  are  already,  without  it :  they 
are,  therefore,  called  self-evident  truths 
or  axioms.  They  will  be  found  of  per- 
petual recurrence  in  demonstrating  the 
propositions  of  the  following  sections,  and 
are  therefore  here  premised : —  ' 

Axioms.* 

1.  Things,  which  are  equal  to  the 
same,  are  equal  to  one  another. 

2.  If  equals  be  added  to  equals,  the 
wholes  are  equaL 

3.  If  equals  be  taken  from  equals, 
the  remainders  are  equal. 

4.  The  doubles  of  equals  are  equal. 

5.  The  halves  of  equals  are  equal. 

6.  The  greater  of  two  magnitudes, 
increased  or  diminished  by  any  magni- 
tude, is  greater  than  the  less  increased 
or  diminished  by  the  same  mas^itude. 

7.  The  double  of  the  greater  is  greater 
than  the  double  of  the  less. 

8.  The  half  of  the  greater  is  greater 
than  the  half  of  the  less. 

9.  If  there  be  two  magnitudes,  and  a 
third,  and  if  one  of  them  exceed  the 
third  by  as  much  as  the  other  falls  short 


*  Aathorities,  or  things  haTiog  anthoritf ;  from  a 
Greek  word. 


of  it ;  the  two  toother  shall  be  double 
of  the  third  magnitude. 

10.  Straight  lines  which  pass  through 
the  same  two  points  lie  in  one  and  the 
same  straight  line. 

11.  Magnitudes,  which  may  be  made 
to  coincide  with  one  another,  that  is,  to 
fill  exactly  the  same  space,  are  equal  to 
one  anotner. 

The  converse  of  this  last  axiom  is  like- 
wise true  of  some  magnitudes.  In  what 
follows,  it  will  be  assumed,  with  regard 
to  straight  lines  and  angles ;  i,  e,  it  will 
be  assumed  that  if  two  straight  lines  are 
equal,  they  may  be  made  to  coincide 
with  one  another,  and  the  same  x>f  two 
angles. 

Section  2.  First  Theorems. 

Prop.  1.(Euc.  I  iio?. 

All  right  angles  are 
equal  to  one  another. 

Let  the  angles  ABC, 
D  E  F  be  each  of  them 
a  right  angle ;  the  angle    .... 
A  B  G  shall  be  equal  to    ^ 
the  angle  D  E  F. 

Produce  C  B  to  any 
point  G,  and  F  E  to  any 
point  H.  Then,  because 
ABC  is  a  right  angle, 
it  is  equal  to  the  adjacent  angle  A  B  G 
(def.  10.) ;  and  because  DE  F  is  a  right 
angle,  it  is  equal  to  DEH. 

From  E  draw  any  straight  line  E  K. 
Then,  because  the  angle  KEH  is  greater 
than  DEH,  and  that  DE H  is  equal  to 
DEF,  KEH  is  greater  than  DEF: 
butD  E  Fis  greater  than  KEF:  much 
more,  then,  is  K  E  H  greater  than  KE  F. 

Now,  let  the  angle  A  B  C  be  applied 
to  the  angle  D  E  F,  so  that  the  point  B 
may  l^e  upon  E,  and  the  strai^dit  fine  B  C 
upon  £ F ;  then  (ax.  10.)  BG will  coin- 
cide with  EH.  And,  BG  coinciding  with 
E  H,  B  A  must  also  coincide  with  £  D ; 
for,  should  it  fall  otherwise,  as  E  K,  the 
angle  ABG  would  be  greater  than 
A  B  C,  by  what  has  been  already  demon 
strated,  whereas,  they  are  equal  to  one 
another. 

Therefore,  B  A  coincides  with  E  D, 
and  the  angle  ABC  coincides  with  the 
angle  DEF,  and  (ax.  1 1 .)  is  equal  to  it 

Therefore,  all  rieht  angles  are  equal  to 
one  another,  which  was  to  be  demon- 
strated. 

Prop.  2.  (Euc.  L  13  &  14.) 
The  adiaeent    angles,    which    one 
straight  line  makes  with  another  upor^ 


H — 't ? 


t5«.1 
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Ofi0  «tcfe  q^  tV,  dftf  m'M^  /tro  right 
angles,  or  are  together  equal  to  two 
right  angles :  and,  conversely,  if  the 
at^acent  cmgles,  which  one  straight  line 
mtdtes  with  two  others  at  the  same 
point,  be  together  equal  to  tufo  right 
angles,  these  two  straight  lines  shaUbe 
in  one  and  the  same  straight  line. 

Let  the  straight  line 
A  6  make  with 
upon  one  side 
the    adjacent    angle 
ABC,  ABD:  these 
are  either  two  right  angles,  or  are  to- 
gether- equal  to  two  right  angles* 

For,  if  they  are  eoual,  then  is  each  of 
them  (deL  10.)  a  rigbt  angle. 

But,  if  not,  from  the  point  B  draw 
B  E perpendicular  to  CD  (Post  5.).  And 
because  the  an^e  £  B  D  is  equal  to  the 
two  angles,  £ B  A,  ABD,  to  each  of 
these  equaJs  add  the  angle  £  B  C  : 
therefore,  (ax.  2.)  the  two  angles  £  B  C, 
EBD  are  equal  to  the  tmree  angles 
EBC,  £BA,  ABD.  And  in  the 
same  manner  it  may  be  shewn,  that  the 
two  angles  ABC,  AB D,  are  equal  to 
the  same  three  angles.  Therefore,  (ax.  1 .) 
the  angles  ABC,  ABD,  are  together 
equal  to  the  angles  £  B  C,£  B  D,  that  is, 
to  two  right  angles. 

Next,  let  the  straight  line  A  B  make 
with  the  two  strait  lines,  B  C,  B  D,  at 
the  same  point  S,  the  adjacent  angles 
A  B  C,  A  B  D  toother  equal  to  two  right 
angles :  B  C,  B  D  shall  be  in  one  and 
the  same  straight  line. 

For,  let  B  F  be  in  the  same  straight 
line  with  BC :  then,  by  the  first  part  of 
the  proposition,  because  AB  makes 
angles  with  C  F  upon  one  side  of  it,  these 
an^es,  viz.  A  B  C,  A  B  F,  are  together 
equal  io  two  right  angles.  But  ABC, 
A  B  D  are  also  equal  to  two  right  angles ; 
therefore,  (ax.  1 .)  A  B  C,  A  B  D  together 
areequal  to  ABC,  ABF  together; 
and,  ABC  being  taken  from  each  of 
these  equals,  the  angle  A  B  D  is  ec[ual  to 
ABF  (ax.  3.)  Therefore  B  D  coincides 
with  B  F ;  that  is,  it  is  in  the  same 
straight  line  with  B  C. 

Tnerefore,  &c.* 

Cor.  I.  If  from  a  point  in  a  straight 
line  there  be  drawn  any  number  of 
straight  lines  upon  one  side  of  it,  all  the 
angles  (made  by  each  with  that  next  to 
it)  shall  be  together  equal  to  two  right 


*  Hoice  tbe  adjacent  UKl*  ABD  U  sometimes  said 
to  be  jvpo/ciMKtary  to  ABC ;  one  angle  bein^  called 
tae  tMpMtfit  ofaaother,  when  together  with  that 
MMr  ii  ta  e«{Aftl  (o  two  rifht  aoftla* 


Cor.  2.  Any  angle  6f  a  triangte  is 
less  than  two  right  angles. 

Prop.  3.  (Euc.  L  15.) 

If  two  straight  lines  cut  one  another, 
the  vertical  or  opposite  angles  shall  be 
equal. 

Let  the  two  straight 
lilies  AB,  CD,  cut 
one    another  in  the  ^^ 
point  £ :  the  vertical  » 
anglesAED,B£C,   -^ 
as  also  the  vertical 
angles  A  £  C,  B  £  D,  shall  be  equal  to 
one  another. 

Because  the  angles  A  EC,  AED 
are  ac^acent  angles  made  by  the  straight 
line  A  E  with  C  D,  they  are  (2.)  to- 
gether equal  to  two  right  angles ;  and 
for  the  like  reason,  the  angles  A  £  C, 
CEB,  are  together  equal  to  two  right 
angles;  therefore,  (ax.  1.)  the  angles 
A  £  C,  AED  together  are  equal  to  the 
anries  A  EC,  CEB  together.  From 
each  of  these  equals  take  the  angle 
A  £  C,  and  the  angle  A  £  D  is  equal  to 
the  angle  CEB.  (ax.  3.)  In  the  same 
manner  it  may  be  shown  that  the  angles 
A  E  C,  B  £  D  are  equal  to  one  another. 

Therefore,  &c. 

Cor,  (Euci.  15.  Cor.  2.)  If  any  number 
of  straight  lines  pass  through  the  same 
point,  m  the  angles  about  that  point, 
(made  bv  eaclf  with  that  next  to  it,)  shall 
be  together  equal  to  four  right  angles. 

Prop.  4.  (Euc.  L  4.)  • 
If  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each 
to  each,  and  likewise  the  included  angles 
equal ;  their  other  angles  shall  be  equal, 
each  to  each,  viz,  those  to  which  the 
equal  sides  are  opposite,  and  the  base^ 
or  third  side,  of  the  one  shall  be  equal  to 
the  base,  or  third  side,  of  the  other. 

Let  AB  C,  DEF  be  two  triangles, 
which  have  the  two  sides  A  B,  AC, 
equal  to  the  two  sides  D  £,  D  F,  each  to 
each,  viz.  AB  toD  £,  and  A  C  to  D  F, 
and  let  them  likewise  have  the  angle 
B  A  C  equal  to  the  angle  ED  F :  their 
other  angles  shall  be  equal,  each  to 
each,  viz.  A  B  C  to  D£  F»  and  AC  B 
toDFE,  and  the 
base  B  C  shall  be 
equal  to  the  base 
EF. 

For  if  the  triangle 
ABC  be  appUed  to 
the  triangle  DEF,  so 
that  the  point  A  may 
be  upon  D,  and  the 


GEOMETRY. 


ti-M. 


gtraiffht  line  A  B  upon  D  E,  the  straight 
line  A  C  will  coincide  with  D  F,  because 
the  angle  B  A  C  is  eciual  to  E  D  F.  Also 
the  point  B  will  coincide  with  E,  because 
A  B  is  equal  to  D  E,  and  the  point  C 
with  P,  because  AC  is  equal  to  DF; 
and,  because  the  points  B,-C,  coincide 
with  the  points  E,  F,  the  straight  Hne 
B  C  coincides  with  the  straight  line  E  F 
(ax*  10.),  and  (ax.  11.)  is  equal  to  it;  the 
angle  ABC  coincides  with  D  E  F,  and 
is  equal  to  it ;  and  the  angle  A  C  B  with 
the  angle  D  F  E,  and  is  equal  to  it. 

Therefore,  &o. 

Cor,  The  two  tnaagles  are  equal  also 
as  to  surface. 

Sekolium. 

It  is  indifl^ent  which  of  the  two  trian- 
gles DEF  be  taken,  although  in  these 
triangles  the  side  D  E  lie  in  opposite  di- 
rections from  DF ;  viz.  to  the  right  of  it  in 
the  one,  and  to  the  left  of  it  in  the  other. 

The  same  may  be  observed  of  the  next 
proposition,  ana  of  all  cases  of  plane  tri- 
angles, which  are  equal  in  every  respect. 

Prop.  5.  (Euc.  i.  26, first  part  of.) 

J[f  two  triangles  have  two  angles  qf 
the  one  equal  to  two  angles  of  the  other ^ 
each  to  each,  and  likewise  the  interja- 
cent*  sides  equal ;  their  other  sides  shall 
be  eaual,  each  to  each,  viz,  those  to 
whim  the  eaual  angles  are  opposite^ 
and  the  third  angle  qf  t/w  one  shall  be 
equcU  to  the  third  angle  qf  the  other. 

Let  AB  C,  D  £  F  (see  the  last  figure) 
be  two  triangles  which  have  the  two 
angles  ABC,  A  C  B  of  the  one,  equal 
to  the  two  angles  DEF,  D  F  E  of  the 
other,  each  to  each,  and  likewise  the 
side  B  C  equal  to  the  side  E  F :  their 
other  sides  snail  be  equal,  each  to  each, 
and  the  third  angle  BAC  shall  be 
equal  to  the  third  angle  E  D  F. 

For,  if  the  triangle  A  B  C  be  applied 
to  the  triangle  D  E  F,  so  that  the  point  B 
maybe  upon  E,  and  the  straight  bne  BC 
upon  E  F,  the  point  C  will  coincide  with 
the  point  F,  because  B  C  is  equal  to  E  F. 
Also  the  straight  line  B  A  will  coincide 
in  direction  with  £  D,  because  the  angle 
C  B  A  is  equal  to  F  E  D,  and  the 
straight  line  C  A  with  FD,  because  the 
angle  B  C  A  is  equal  to  E  F  D.  But,  if 
two  straight  lines  which  cut  one  an- 
other, coincide  with  other  two  which 
cut  one  another,  it  is  manifest  that  the 
points  of  intersection  must  likewise  coin- 
cide. Therefore,  the  point  A  coincides 
with  D,  and  the  sides  A  B,  AC,  coin- 
cide with  the  sides  D  £,  D  F,  and  are 

*  **  lotarjaoeBt  sides,*'  i.  «,  sides  lying  between* 


equal  to  them;  and  the  angle  BAC 
coincides  with  the  angle  £  D  F,  and  is 
equal  to  it  (ax.  11.). 

Therefore,  &c. 

Cor,  The  two  triangles  are  equal  also 
IS  to  surfaoe* 

Prop.  6.  (Euc.  i.  5  &6.) 

If  two  sides  of  a  triangle  be  equal  to 
one  another,  the  opposite  angles  shall 
be  likewise  equal:  and  convei'sely,  if 
two  angles  of  a  trictngle  be  equal  to  one 
another,  the  opposite  sides 
shall  be  likewise  equal. 

Let  A  B  C  be  an  isosceles 
triangle,  having  the  side  A  B 
equal  to  the  side  AC;  the 
angle  A  C  B  shall  be  equal 
to  the  angle  ABC. 

Let  the  angle  B  A  C  be  divided  into 
two  equal  angles  by  the  straight  line 
A  D,  which  meets  the  base  B  C  in  D 
(Post.  4).  Then,  because  the  triangles 
ADB,  ADC  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each 
to  each,  and  the  interjacent  angles 
BAD,  CAD  equal  to  one  another, 
their  other  angles  are  equal,  each  to 
each  (4.) ;  therefore  the  angle  A  C  B  is 
equal  to  A  B  C. 

Next,  let  the  angle  A  B  C  be  equal 
to  the  angle  A  C  B  :  the  side  A  C  shall 
be  equal  to  the  side  A  B. 

From  D,  the  middle  point  of  B  C, 
erect  a  perpendicular  to  B  C  (Post.  3. 
and  5.) :  and,  if  it  do  not  pass  through 
the  vertex  A,  let  this  peipeiKiicular,  if 
possible,  cut  one  of  the  sidus  as  A  B  in 
E,  and  join  E  C.  Then,  because  the  tri- 
angles E  D  B,  E  D  C  have  two  sides  of 
the  one  equal  to  two  sides  of  the  other, 
each  to  each,  and  the  included  angles 
EDB,  EDC  equal  to  one  another 
(def.  10.),  their  other  angles  are  equal, 
each  to  each  (4.).  Therefore  the  angle 
ECD  is  equal  to  EBD.  But  £  B  D  or 
ABD  is  equal  to  ACB  :  therefore  the  an- 
gle ECD  is  equal  to  ACB  (ax.  I.),  the 
less  to  the  greater,  which  is  impossible. 
Therefore  the  perpendicular  at  D  cannot 
pass  otherwise  than  through  the  vertex 
A:  and  because  the  triangles  ADB, 
ADC  are  equal,  according  to  Prop.  4., 
the  side  A  B  is  equal  to  the  side  A  C. 
Therefore,  &c. 

Cor,  1.  Every  equilateral  triangle  is 
also  equiangular ;  and  conversely. 

Cor,  2,  In  an  isosceles  triangle  ABC, 
if  the  equal  sides  A  B,  A  (;,  be  pro- 
duced, the  angles  upon  the  other  side  of 
the  base  B  C  will  be  equal  to  one  an- 
other ;  for,  each  of  them  together  with 
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one  of  the  equal  angles  A  B  C,  A  C  B,  is 
equal  to  two  right  angles  (2.)- 

Cor,  3.  The  straight  line  which  bi- 
sects the  vertical  angle  of  an  isosceles 
triangle,  bisects  the  base  at  right  angles : 
and  conversely,  the  straight  line  which 
bisects  the  base  at  right  angles,  passes 
through  the  vertex,  and  bisects  the  ver- 
ticsd  angle. 

Cor,  4.  If  there  be  two  isosceles  tri- 
angles upon  the  same  base  (whether 
they  be  upon  the  same  side  of  it  or  upon 
different  sides),  the  straight  line  which 
joins  their  vertices  or  summits,  or  that 
straight  line  produced,  shall  bisect  the 
base  at  right  ang^  For  the  straight 
line  which  bisects  the  base  at  right  an- 
gles passes  through  the  vertex  of  each. 
Prop.  r.  (Euc.  i.  8.) 

If  two  triangles  have  two  aides  qf  the 
one  equal  to  two  sides  of  the  other,  each 
to  earn,  and  have  likewise  their  bases 
equal,  the  angle  contained  by  the  two 
sides  qf  the  one  shall  be  equal  to  the 
angle  contained  by  the  two  sides  equal 
to  them  of  the  other. 

Let  A  B  C,  D  E  F  be  two  triangles, 
havixi^  the  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  and 
likewise  the  base  B  C  equal  to  the  base 
E  P :  the  angle  BAG  shall  be  equal  to 
the  angle  EDF. 

At  the  point  E  in  the  straight  line 
£  F,  make  the  angle  F  £  G  equal  to  the 
angle  ABC  (Post.  6.) :  take  £  G  equal 
to  B  A  or  ED.andjoin  GF,  GD.  Then 
because  the  triangles  A  B  G,  G  £  F,  have 
two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  and  ♦iie  in- 
cluded angles  equal  to  one  another,  the 
base  G  F  IS  equal  to  A  C  (4.)  that  is,  to 
DF.  Again,  because  in  the  triangle 
FDG,  the  side  FD  is  equal  to  FG,  the 
angle  F  D  G  is  equal  to  FG  D  (6.).  For 
thf  like  reason,  the  angle  E  D  G  is  equal 


to  E  G D.  Therefore  the  angle  EDF, 
which  is  the  sum  or  difference  of  the 
two  £DG,  FDG,  is  equal  to  the  angle 
£  G  F,  which  is  the  sum  or  differenoe  of 
the  two  E  G  D,  F  G  D  (ax.  3.,  3.).  B\A 
£  G  F  is  equal  to  B  A  G,  because (4.)  the 
triangle  G  £  F  is  equal  to  the  triangle 
A  B  C  in  every  reweot :  therefore,  (ax. 
1.)  the  angle  ED  F  is  equal  to  the  angle 
BAG.  When  G  D  coincides  with  G  F. 
G  E  D  is  a  straight  line,  and  the  angles 
at  G  and  D  are  the  angles  at  the  base 
of  the  isosceles  triangle  FDG;  where- 
fore the  latter  is  equal  t6  the  angle  at 
G,  that  is,  to  the  angle  at  A,  as  before. 

Therefore.  Sec. 

Cor,  The  two  triangles  are  equal  in 
every  respect.    (4.  &  4  Cor,) 

Prop.  8.(Euc.  i.  i;.) 

Any  two  angles  of  a  triangle  are  tO' 
gether  less  than  two  right  angles. 

Let  A  B  G  be  any  tri- 
angle: any  two  of  its 
angles,  AuG  and  AGB, 
shaJl  be  together  less  than 
two  right  angles. 

Bisect  BC  in  D  (Post. 
3.) :  join  A  D»  and  pro* 
duce  it  to  E,  so  that  DE 
mav  be  equal  to  A  D ; 
and  join  GE. 

Then,  because  the  triangles  A  B  D 
£  G.D  have  two  sides  of  the  one  equal  to 
the  two  skies  of  the  other,  each  to  each, 
and  the  included  angles  A  D  B,  £  D  G, 
equal  to  one  another  (3.),  the  ande  £  G  D 
is  equal  to  the  angle  AB  D  or  AB  G.  (4.) 
Therefore,  the  two  angles  A  B  G,  A  G  B 
taken  together  are  equal  to  the  two 
angles  E  G  D,  AGB  taken  together 
(ax.  2.),  that  is,  to  the  angle  AGE. 
But  (2.  Cor.  2.)  the  angle  A  G  E  is  less 
than  two  right  angles.  Therefore,  the 
angles  A  B  G,  A  G  B  together  are  less 
than  two  right  angles. 

Therefore,  &c. 

Cor,  1.  (Euc.  i.  16.)  If  one  side  of 
a  triangle  A  B  G,  as  6  G,  be  produced 
to  F,  the  exterior  angle  A  G  F  shall  be 
greater  than  either  of  the  interior  and 
opposite  angles  at  A  and  B ;  for  either 
of  these  angles  taken  with  the  angle 
AGB,  is  less  than  two  right  angles, 
but  the  angle  A  G  F,  taken  with  the 
same  AGS,  is  equal  to  two  right 
angles  (2.). 

Cor,  2.  A  triangle  cannot  have  more 
than  one  right  ang^e,  or  more  than  one 
obtuse  angle,  . 

Prop.  9.<Enc.  1. 18.  %6  1 9.) 
If  one  side  qf  a  triangle  be  greater 


than  another,  the  bpposite  angle  shall 
likewise  be  greater  than  the  angle  oppo' 
site  to  that  other :  and  conversely. 

In  the  triangle  ABC,  let  the  lidc 
A  B  be  greater  than 
A  C,  the  angle  A  C  B 
shall  likewise  be  greater 
than  the  angle  ABC. 

Take  A  D  equal  to  A  C,  and  join 
CD.  Then,  because  AD  is  equal  to 
A  C.  the  angle  A  C  D  is  equal  to  the 
angle  ^DC  (6.)*  But,  because  the 
side  B  D  of  the  triangle  C  D  B  is  pro- 
duced to  A,  the  exterior  angle  ADC 
is  greater  than  the  interior  and  opposite 
angle  DBCorABC.  (8.  Cor.  1.) 

Therefore,  the  angle  A  C  D,  and 
much  more  A  C  B,  is  also  greater  than 
ABC. 

Next,  let  the  angle  A  C  B  be  greater 
than  the  angle  ABC;  the  side  AB 
shall  likewise  be  greater  than  the  side 
AC.  For,  AB  cannot  be  equal  to 
AC ;  because,  then,  (6.)  the  angle  A C  B 
would  be  equal  to  A  B  C,  which  is  not 
the  case:  neither  can  it  be  less  than 
A  C,  because  then,  by  the  former  part 
of  itie  proposition,  the  angle  A  C  B 
would  be  less  than  ABC,  which  is  not 
the  case.  Therefore  AB  cannot  but 
be  greater  than  A  C. 

•fiierefore,  &c. 

Prop.  10.  (Euc.  i.  20.) 
Any  ttoo  sides  of  a  triangle  are  to- 
gether greater  than  the  third  side :  and 
any  side  of  a  triangle  is  greater  than 
the  difference  of  the  other  two. 

Let  A  B  C  be  a  triangle :  any  two  of 
its  sides,  A  B  and  A  C,  shall  be  toge- 
ther greater  than 
the  third  side  BC; 
and  any  side  A  B 
alone     shall    be 
greater  than  the    ^ 
difiPerence  of  B  C 
and  A  C,  the  other  two  sides. 

Produce  B  A  to  D,  so  that  A  D  may 
be  equal  to  A  C,  and  join  C  D.  Then, 
because  A  D  is  equal  to  A  C,  the  anele 
A  C  D  is  equal  to  A  D  C  (6.)  But  the 
angle  B  C  D  is  greater  than  A  C  D : 
therefore,  the  angle  B  C  D  is  greater 
also  than  A  D  C  or  B  D  C.  Therefore, 
(9«)  the  side  B  D  b,  likewise,  greater 
than  B  C.  But,  B  D  is  eaual  to  B  A 
and  A  C  together,  because  A  D  is  equal 
to  AC.  Therefore  B A  and  AC  to- 
gether are  greater  than  B  C. 

And, beeause  BA  and  AC  are  to« 
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gether  greater  than  B  C,  If  A  C  be  taken 
from  each,  B  A  alone  is  greater  than 
the  difference  of  B  C  and  A  C. 

Therefore,  Sec. 

Cor,  1.  (Euc.  i.  21,  part 
of)  If  there  be  two  triangles 
ABC,  DBC,  upon  the 
same  base  BC,  and  if  the 
vertex  of  one  of  them,  as 
D,  fall  within  the  other,  the 
two  sides  of  that  triangle  will  be  less  than 
the  two  sides  of  the  other.  For,  if  CD  be 
produced  to  meet  the  side  A  B  of  the  en- 
veloping triangle  in  £,  B  D  and  D  C 
together  will  be  less  than  B  E  and  EC 
together,  (ax.  6.)  because  B  D  is  less  than 
BE  and  ED  together:  and,  for  the  like 
reason,  B  E  and  E  C  together  are  less 
tlian  BA  and  AC  together:  much 
more,  then,  are  B  D  and  D  C  together 
less  than  B  A  and  A  C  together. 

Cor,  2.  Any  side  of  a  rectilineal  figure 
is  less  than  the  sum  of  all  the  other  sides. 

Cor.  3.  And,  hence,  it  may  easily  be 
demonstrated,  that  if  there  be  two  rectili- 
neal figures  A  D  C,  D  B  C  upon  the  same 
base  B  C,  one  of  which  j^ 

wholly  envelopes  the 
other,  the  perimeter  of 
the  enveloping  figure 
must  be  greater  Qian 
the  perimeter  of  the 
other. 

Sdiolium, 

By  help  of  this  proposition  it  may 
be  shown  that  a  straight  line  is  the 
shortest  distance  between  ttoo  points  A 
ondB, 

Let  A  C  B  be  the  straight  line  join- 
ing A  and  B,  and  A  D  £  B  any  other 
line  drawn  from  A  to  B.  In  ACB 
take  any  point  C ; 
and  from  the  centre  >j>. 
A  with  the  radius 
A  C  describe  a  cir-  ^ 
cle,  cutting  AD  EB 

in  D;  and  join  AD,  DB.  Then,  be- 
cause A  D  and  D  B  are  together  greater 
than  A  B,  and  that  A  D  is  equal  to  A  C, 
D  B  is  greater  than  C  B  (ax.  6.).  There- 
fore, if  a  circle  be  described  from  the 
centre  B  with  the  radius  B  C,  it  will  cut 
the  straight  line  D  B  in  some  point  l)e- 
tween  D  and  B  ;  and,  consequently,  the 
line  A  D  E  B  in  some  point  E  which  is 
in  the  part  DEB.  Join  E  B.  Then, 
if  AD  be  made  to  coincide  with  AC, 
and  B  E  with  B  C,  it  is  evident  that  the 
parts  AD  and  E  B  (curvilineal  or 
otherwise)  of  the  whole  line  A  D  E  B 
(curvUineal  or  otherwise)  will  form  a 
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eomplete  path  frotn  A  to  B,  which  is 
shorter  than  A  D  E  B  by  the  intermedi- 
alepart  D£« 

Therefore,  there  is  no  path  from  A  to 
B,  the  straight  line  A  C  B  excepted,  than 
which  a  shorter  may  not  be  found  be- 
tween A  and  B.  But»  since  none  of  the 
paths  from  A  to  B  can  be  less  than  of 
tome  certain  lensth,  there  must  be  some, 
one  or  more,  shorter  than  the  others. 
Therefore,  the  shortest  path  is  the 
straight  line  ACB.  From  this  pro* 
perty  the  straight  line  which  joins  two 
points  derives  Uie  name  of  th€  distance 
oeltMen  them. 

Hence,  also,  we  may 
infer,  that  qf  any  two 
paths,  ACB,  ADB, 
Uadingfrom  A  \o  B, 
and  everywhere  eoit- 
caxe  towards  the  straight  line  A  B,  that 
ufhieh  is  enveloped  iy  the  other,  as 
ADB,  is  the  shortest.  For  of  all  the  paths 
not  lying  between  ADB  and  the  straight 
line  A  B,  there  is  none,  ADB  excepted, 
than  which  a  shorter  may  not  be  found. 

And  this  is  the  case  whether  the  paths 
ACBandADBbe  both  of  them  cur- 
Yilineal,  or  one  of  them,  (ACB  or  ADB) 
rectilioeal. 

Prop.  IK  (Euc*  i 24  &  25.) 

jy  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each 
to  each,  but  the  angle  which  is  contained 
bv  the  two  sides  €^the  one  greater  than 
Ae  angle  which  ts  contained  by  the  two 
sides  equal  to  them  of  the  other,  the  base 
of  that  which  has  the  greater  antrle  shall 
be  greater  than  the  base  of  the  other  : 
and  conversely. 

Let  ABC, 
DEF,  be  two 
triangles  having 
the  two  sides  AB, 
AC  of  the  one 
equal  to  the  two 
sides  D  E,  D  F  of  the  other,  each  to 
each,  but  the  angle  B  A  C  greater  than 
the  angle  ED  F :  the  base.B  C  shall  be 
greater  than  the  base  £  F. 

At  the  point  D  in  the  straight  line 
D£,  make  the  angle  £DG  equal  to  the 
ande  BAC  (Post.  6.) ;  take  DG  equal  to 
AC,  and  join  £  G,  6  F.  Then,  because 
the  trian^es  ABC,  DEG  have  two 
udes  of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  and  the  included 
angles  BAC,  £  D  G  equal  to  one  ano- 
ther, the  bases  B  C,  E  G  are  equal  to 
one  another  (4.). 


Now,  the  line  D  P  (alls  between  BE 
and  D  G,  because  the  angle  £  D  G  is 
equal  to  B  A  C,  which  is  supposed  to 
be  greater  than  £  D  F.  But  the  point  P 
may  fall  1°  without  the  triangle  D  £  G  ; 
or  2**  upon  the  base  £  G ;  or  3^  within 
the  triangle  DEG. 

In  the  first  case,  because  DG  is 
equal  to  A  C,  that  is,  to  D  F,  the  angle 
D  FG  is  equal  to  the  angle  DG  F  (6.). 
But  the  angle  EFG  is  greater  than 
DFG,  and  EGF  is  less  than  DGF. 
Therefore  much  more  is  the  angle  EFG 
greater  than  the  angle  EGF.  There- 
fore, also,  the  side  £  G,  that  is  B  C,  is 
greater  than  E  P  (9.). 

In  the  second  case, 
it  is  at  once  evident 
that  EG,  that  is,  BC, 
is  greater  than  E  F. 

In  the  third  case,  let  D  F  and  D  G  be 
produced  to  H  and  K.  Then,  because 
D  F  is  equal  to  D  G.  the  angles  11  F  G. 
KGF,  upon  the  other  side  of  the  base  o! 
the  isosceles  triangle  D  FG,  are  equal  to 


one  another  (6.  Cor.  2.).  But  E  F  G  is 
greater  than  H  F  G.  and  £  G  F  is  less 
man  KGF.  Therefore  much  more  is 
the  angle  EFG  greater  than  the  angle 
£  G  F,  as  in  the  first  case,  and  the  side 
£  G,  that  is  B  C,  is  greater  than  £  F  (9.). 

Next,  let  the  base  B  C  be  greater  than 
the  base  EF;  the  angle  BAC  shall 
likewise  be  greater  than  the  angle  £DF. 
For  BAC  cannot  be  equal  to  E  D  F, 
because  then  (4.)  the  base  BC  would  be 
equal  to  the  base  £F ;  neither  can  it  l>e 
less  than  £  D  F,  because  then,  by  the 
former  part  of  the  proposition,  the  base 
B  C  would  be  less  than  the  base  E  F. 
Therefore,  the  angle  BAC- cannot  but 
be  greater  than  the  angle  £  D  F. 

Therefore,  Sec. 

Prop.  12. 

A  straight  line  may  be  drawn  per- 
pendicular to  a  given  straight  line  of 
indefinite  length, from  any  given  point 
without  it;  but,  from  the  same  point, 
there  cannot  be  drawn  more  than  one 
perpendicular  to  the  same  straight  line. 
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Let    B  O  be 

a  given  straight 
line  of  indefinite 
length,  and  A  any 
given  point  with- 
out it.  A  perpen- 
dicular may  be  drawn  from  the  point  A 
to  the  straight  line  BC. 

In  B  C  take  any  point  D ;  join  A  D, 
and  produce  it  to  any  point  E,  (Post.  1.). 
With  the  centre  A  and  (he  radius  A  E  de- 
scribe a  circle  cuWin^  B  C  in  the  points  B 
and  C  upon  each  side  of  the  point  D, 
(Post.  2.).  Bisect  B  C  in  F,  and  join 
AF,  AB,  AC.  (Post.  3.).  Then  because 
AB  is  equal  to  A  C,  ABC  is  an  isosceles 
triangle.  Therefore  AF,  which  is  drawn 
firom  the  vertex  A  to  the  middle  point  of 
the  base  B  C,  is  perpendicular  to  the 
base  (6.  Cor,  3.) ;  tnat  is,  a  straight  line 
A  F  may  be  drawn  from  the  point  A 
perpendicular  to  the  straight  line  B  C. 

But,  from  the  same  point  A  there  can- 
not be  drawn  more  than  one  pemendicu- 
lar  to  the  same  straight  line  B  C.  For, 
if  any  other  sfra^ht  line  AD  were  per- 
pendicular to  B  C,  the  two  angles,  ADP 
and  AFD,  of  the  triangle  AD  F,  would 
be  together  ec^ual  to  two  right  angles, 
which  (8.)  is  impossible. 

Therefore,  &c. 

Cot,  I.  If  from  any  point  A  to  a 
straight  line  B  C,  there  be  drawn  a 
straight  line  A  B  which  is  not  at  right 
angles  to  B  C,  a  second  straight  line  AC 
may  be  drawn  from  A  to  iT  C,  which 
shall  be  equal  to  AB  ;  for,  the  perpen- 
dicular AF  being  drawn,  and  FC  being 
taken  equal  to  FB,  it  may  easily  be  shown 
(4.)  that  A  C  is  equal  to  A  B. 

Cor,  2.  Of  straight  lines  A  B,  AD, 
which  are  drawn  from  A  to  B  C  upon 
the  same  side  of  the  perpendicular  A  F, 
that  which  is  nearer  to  the  perpendicular, 
as  A  D,  is  less  than  the  other,  which 
is  more  remote.  For,  the  angle  A  B  D 
or  ABF  being  (8.  Cor,  1.)  less  than  the 
exterior  right  angle  AFC,  and  again 
AFD  or  AFC  less  than  the  exterior 
angle  ADB,  much  more  is  the  angle 
ABD  less  than  ADB,  and  therefore 
also  the  side  AD  less  than  AB  (9,). 

Cor,  3.  In  the  same  manner  it  may 
be  shown  that  the  perpendicular  A  F  is 
the  least  of  all  straight  lines  which  can 
be  drawn  from  A  to  B  C  For,  if  A  B 
be  any  other  straight  line,  the  angle 
ABF  l)eing  less  than  the  exterior  angle 
AFC,  that  is  than  A F B  (def.  10.),  the 
side  A  F  is  also  less  than  the  side  A  B 
(9.)*  For  this  reason,  the  perpendicular 


A  F  is  called  also  ik€  distanee  qf  ih$ 
point  A  from  the  line  B  C. 

Cor.  4.  Hence,  if,  from  the  centre  A, 
a  circle  be  described  with  a  radius  less 
than  the  perpendicular  A  F,  it  will  not 
meet  the  straight  line  B  C ;  if  with  a 
radius  equal  to  A  F,  it  will  meet  B  C  in 
one  point  only,  which  is  the  foot  of  the 
perpendicular;  and  if  with  a  radius 
greater  than  A  F,  it  will  meet  B  C  in  two 
points,  which  are  at  equal  distances  from 
the  foot  of  the  perpendicular,  upon  either 
side  of  it. 

Prop.  13. 

If,  in  two  right-angled  triangles,  the 
hypotenuse  and  a  stde  of  the  one  be 
eaual  to  the  hypotenuse  and  a  side  of 
the  other;  or,  if  the  hypotenuse  and 
an  adjacent  angle  of  the  one  be  equal  to 
the  hypotenuse  ana  an  adjacent  angle 
of  the  other ;  the  triangles  sludl  be  equal 
to  one  another  in  every  respect. 

Let  AB  C,  D  E  F,  be  two  triangles, 
having  the  angles  at  B  and  E  right  an- 
gles :  and  first,  let  the  hypotenuse  A  0 


and  side  A  B  of  the  one  be  equal  to  the 
hypotenuse  DF and  side  DEot'the  other, 
llie  triangles  ABC,  DEF,  shall  be  equal 
to  one  another  in  every  respect. 

For,  if  the  side  A  B  be  made  to  coincide 
with  DE,  which  is  equal  to  it,  the  right 
angle  ABC  will  also  coincide  with  Uie 
right  angle  DEF  (1 ,  and  ax.  1 1 ).  There- 
fore, if  AC  do  not  coincide  with  DF,  but 
fall  otlierwise,  as  DG,  there  will  be  drawn 
from  the  ^oint  D  to  the  line  E  F,  upon 
the  same  side  of  the  perpendicular,  two 
straight  lines  that  are  euual  to  one  ano- 
ther, which  is  impossible  (12.  Cor,  2.). 
Therefore)  A  C  coincides  witli  D  F,  and 
the  triangle  ABC  coincides  with  the 
triangle  DEF,  that  is,  (ax.  1 1 .)  the  trian- 
gles ABC  and  DEF  are  equal  in  every 
respect 

Next,  let  the  hypK)tenuse  AC  and  angle 
ACB  of  the  one  triangle  be  equal  to  Uie 
hypotenuse  D  F  and  angle  DFE  of  the 
other.  In  this  case,  also,  the  triangles 
shall  be  equal  in  every  respect 

For  if  the  hvpotenuse  A  C  be  made 
to  coincide  with  D  F,  which  is  equal  to 
it,  the  angle  ACB  will  also  coincide 
with  DFE,  which  is  equal  to  it  There- 
fore, if  A  B  do  not  coincide  with  D  £, 
but  fall  otherwise,  as  D  G  there  will  be 
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drawn  from  the  point  D  to  the  line  E  F, 
two  perpendiculars,  which  is  impossible 
02).  Therefore,  A  B  coincides  with 
D  E,  and  the  trian^e  ABC  coincides 
with  the  triangle  DEF,  that  is,  (ax.  11.) 
the  triangles  AB  C  and  D  E  F  are  equal 
in  every  respect. 
Therefore,  &c. 

Sbction  3.  ParaileU. 

Prop.  14. 

Straight  lines  which  are  at  Hghi 
angles  to  the  same  straight  line,  are 
parallel:  and,  conversely,  parallel 
straight  lines  are  at  right  angles  to  the 
sfMme  straight  line ;  that  is,  if  a  straight 
Une  be  drtaon  through  the  two  at  right 
angles  to  one  of  taern^  it  shall  be  at 
right  angles  to  the  other  likewise. 

The  first  part  of  the  proposition  is 
manifest ;  for  if  A  B  and  CD  be  each 
of  them  at  light  angles  to  the  straight 


Ime  E  F,  and  be  not  parallel,  they  must 
meet  one  another ;  in  which  case,  there 
will  be  two  perj>endiculars  drawn  to  the 
same  straight  line  E.F  from  .the  same 
point,  viz.  the  point  of  concourse.  But 
(12.)  this  is  impossible.  Therefore,  AB 
cannot  meet  CD,  though  produced  ever 
so  far  both  ways,  that  is  (def.  12.)  A  B 
is  parallel  to  C  D. 

In  the  next  place,  let  A  B  be  parallel 
to  C  D,  and  from  any  point  E  of  A  B  let 
£  F  be  drawn  at  right  angles  to  C  D : 
£F  shall  also  be  at  right  angles  to  AB. 


Through  E  let  any  straight  line  L  M 
bechrawn  which  is  not  at  right  angles  to 
£F.  Produce  FE  to  G,  so  that  £Q 
may  be  equal  to  E  F,  and  from  G  draw 
GH  perpendicular  to  G  F.  Through  E 
draw  Im,  making  the  angle  G  Em  equal 
to  the  angle  F  £  M.  In  FD  take  any 
point  K :  make  G  H  equal  to  F  K,  and 
join  H  K,  cutting  the  lines  L  M,  Im  in 
the  points  M,  m.  Then  it  may  easily  be 
shown  (by  doubling  over  the  figure,  and 
applying  the  straight  line  E  F  upon  E  G, 
BO  tnat  the  point  F  may  coincide  with 
the  point  G,  and  therefore  the  straight 
line  FK  with  GH»  and  EM  with  Em,) 


that  E  M  18  equal  to  £  f^r,  and  M  K 
tomH. 

Now,  it  seems  sufficiently  evident^ 
that,  the  straight  lines  G  H  and  F  K 
being  at  right  angles  to  the  same  straight 
line,  and  therefore  (by  the  first  part  of 
the  proposition)  never  meeting  one  ano- 
ther, the  distance  H  K,  of  any  two  cor- 
responding points  in  them,  neither  in<* 
creases  nor  diminishes,  but  remains  al- 
ways equal  to  FG ;  while,  on  the  other 
hand,  the  lines  EM  and  Em  cutting  one 
another  in  E,  the  distance  M  m,  of  any 
two  corresponding  points  in  them,  conti- 
nually increases  with  the  distance  fron» 
£,  and  may,  by  sufficiently  producing 
EM,  Em,  be  made  greater  than  any 
assigned  distance,  as  F  G.  Therefore, 
the  straight  lines  £  M,  Em  may  be  pro- 
duced, so  that  Mm  may  become  greater 
than  HK.  But,  because  M  K  is  always 
equal  to  m  H,  Mm  cannot  become 
^aler  than  H  K,  unless  the  straight 
line  £  M  cuts  the  line  F  D,  and  Em  the 
line  G  H. 

Therefore  £  M  and  £  m  may  be  pro- 
duced, until  they  respectively  meet  the 
lines  F  D  and  G  H. 

Hence,  it  appears,  that  A  B,  which 
never  meets  C  D,  cannot  but  be  at  right 
angles  to  £  F :  for,  it  has  been  shown, 
that  any  straight  line  which  passes 
through  £,  and  is  not  at  right  angles 
to  £  F,  may  be  produc«id  to  meet  C  D. 

Therefore,  &c. 

Cor.  1.  Any  point  £  being  given,  a 
straight  line  A  B  maybe  drawn  through 
that  point,  which  shall  l^e  parallel  to  a 
given  straight  line  CD  (12.  and  Post.  5.). 

Cor,  2.  Through  the  same  given 
point,  there  cannot  be  drawn  more  than 
one  parallel  to  the  same  given  straight 
Une. 

Cor,  3.  If  a  straight  line  cut  one  of 
two  parallels,  it  may  be  produced  to  cut 
the  other  likewise. 

Scholium, 

The  second  part  of  this  proposition 
is  not  supported  by  that  cogency  of 
demonstration  which  is  said,  and  with 
truth,  to  characterize  eveiy  other  part 
of  Geometry.  Of  the  two  particulars 
which  have  been  assumed,  one  indeed, 
viz.,  that  which  regards  the  unlimited  di- 
vergency of  cutting  lines,  seems  almost 
axiomatic  or  self-evident  The  other  is 
not  equally  so.  It  may  be  illustrated 
by  observing  that,  at  equal  intervals, 
upon  either  side  of  E  F,  the  distances 
-of  corresponding  points  are  equal  to 
one  another;  and  thence  arguing,  that. 
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from  one  of  these  to  the  other,  the  dis- 
tance can  neither  have  been  increasing 
nor  diminishing,  for  that,  had  either  been 
Uie  case,  since  the  lines  are  strcd^hi, 
the  distance  of  their  corresponding  points 
would  have  continued  to  increase  or  to 
diminish.  Should  this,  however,  as  we 
can  easily  imagine,  fail  to  satisfy  the 
student,  we  must  refer  him  to  measure- 
ment for  such  a  degree  of  conviction  as 
it  can  afford. 

In  fact,  although  it  may  be  shown 
without  dijBSculty,  that  certain  straight 
lines  will  never  meet  one  another ;  the 
eonvenet  viz.,  that  straight  lines,  which 
never  meet  one  another,  must  have  cer- 
tain properties,  has  never  been  strictly 
demonstrated.  It  is  agreed  by  Geome- 
trical writers  that  some  assumption  is 
indispensable.* 

The  following  is,  perhaps,  as  simple 
as  any  that  can  be  proposed,  while  it 
has  tne  advantage  fuso  of  not  being 
many  steps  distant  from  the  proposition 
in  question. 

"  If  from  two  points  of  one  straight 
line  to  another,  there  fall  two  unequal 
perpendiculars,  the  straight  lines  will 
meet  one  another,  if  produced,  upon  the 
side  of  the  lesser  perpendicular/* 

Hence,  if  two  straight  lines  be  paral- 
lel, the  perpendiculars  drawn  from  the 
points  of  the  one  to  the  other,  must  aJl 

*  That  of  Eaelid  (the  famous  twelfth  axiom,  see 
16.  Citr.  4.)  is  the  eonyene  of  our  eiifhth  proposition, 
•nd  asserts  that,  if  the  tyro  interior  angles  made  bjr 
two  straight  lines  with  a  third  be  together  leas  than 
two  right  angles,  the  two  strai^t  lines  will  meet 
pne  another,  and,  with  the  third,  form  a  triangle^ 
if  produced  far  enough. 

simson*s  demonstration  of  this  axiom  rests  upon 
ftn  asftamption,  which  is  scareelj  more  evident  titan 
that  of  the  text,  vis.,  that  if  the  perpendiculars  which 
are  drawn  from  two  points  of  one  straight  line  to 
another  be  equal,  any  other  perpendicular,  drawn 
from  a  point  of  the  first  to  the  other,  shall  be  equal  to 
cither  of  them. 

A  modern  geometer  of  great  celebrity,  M.  Lcgendre, 
has,  after  more  than  one  alteration,  suggested, 
finally,  an  experimental  proof  not  very  different 
from  that  which  is  here  adopted,  as  best  suited  to 
an  Elementary  Treatise.  He  is,  notwithstanding,  of 
opinion,  that  the  grand  truth  with  which  it  is  so  inti- 
mately connected,  viz.,  that  **  the  three  angles  of  a 
triangle  are  together  equal  to  two  right  angles," 
may  oe  referred  to  the  general  principle  of  komo- 
ftneit]/.  Of  this  it  is  tinnecessary  to  say  more  in 
this  place,  than  that  it  teaches  us  in  the  present 
instance,  that  the  angles  of  a  triangle  depend,  not 
upon  the  absolute  magnitude  of  its  sides,  out  upon 
their  relative  magnitude ;  so  that  a  triangle  whose 
ndes  are  3,  4,  and  5  times  some  given  line  will 
kave  the  same  angles  whether  the  given  line  be 
an  inch  or  a  mile ;  a  trnth  which,  indeed,  seems  to 
be  nearly  related  to  the  more  simple  truth,  that  an 
angle  is  not  increased  by  producing  the  sides  which 
contain  it,  and  leads  directly  to  the  theory  of  paral* 
lei  straight  lines.  But,  though  the  principle  be  of 
extensive  appUcatioa,  the  reasoning  by  which  it  is 
established  has  been  lihown  to  be  incomplete,  and 
Boeh  as,  if  great  oireamspootioB  b«  &ot  tttcd,  may 
«Tn  iMtd  to  fiUlMlM. 


of  them  he  equal;  and  hence,  if  a 
straight  line  be  drawn  at  right  angles  to 
one  of  two  parallels,  it  may  easily  be 
shown  to  cut  the  other  at  angles,  which 
are  equal  to  one  another,  that  is,  at  right 
angles. 

It  is  demonstrated  in  Prop.  16.,  that, 
if  two  stndght  lines  he  parallel,  the 
perpendiculars  drawn  from  the  points 
of  tne  one  to  the  other  must  all  of  them 
be  equal :  but  that  demonstration  itself 
rests  upon  the  converse  part  of  Prop, 
14.,  which  is  here  in  question.  The 
resider  must  not  imagine,  therefore,  that 
the  above  assumption  is  at  all  assisted 
by  that  demonstration. 

Prop.  15.  (Euc.  i.  27,  28  and  29.) 
Straight  lines  which  make  equal 
angles  with  the  same  straight  line, 
towards  the  same  parts,  are  parallel : 
and,  conversely,  if  two  parallel  straight 
lines  be  cut  hy  the  same  straight  Itne, 
they  shall  make  equal  angles  unth  it 
toufards  the  same  parts. 

Let  the  straight  lines  A  B,  C  D  make 
equal  angles  BEG,  DFG,  with  the 
same  straight  line  E  F,  towards  the 
same  parts :  AB  shall  be  parallel  to  CD« 


Bisect  E  F  in  H  (Post.  3.),  from  H 
draw  H  K  perpendicular  to  C  D  (12.), 
and  produce  kH  to  meet  AB  in  L. 
Then  because  the  angle  H  £  L  is  equal 
to  B  E  G  (3.),  and  that  B  E  G  is  equal  to 
DFG  or  HFK.  the  angle  HEL  is 
equal  to  the  angle  HFK  (ax.  1 .).  The 
vertical  angles  EHL,  FHK  are  like- 
wise equal  to  one  anotiier  (3.).  There- 
fore, the  triangles  HEL  and  HFK 
having  two  an^es  of  the  one  equal  to 
two  angles  of  the  other,  each  to  each, 
and  their  sides  H  E,  H  F,  which  lie  be- 
tween the  equal  angles,  also  equal  to 
one  another,  are  equal  in  every  respect 
(5.).  Therefore,  the  angle  ULE  is 
equal  to  the  angle  H  K  F,  that  is,  to  a 
right  angle.  But  straight  lines  which 
are  at  right  angles  to  the  same  straight 
lineKL  are  parallel  (14.),  Therefore, 
A  B  is  parallel  to  C  D. 

Next  let  AB  be  parallel  to  C  D,  and 
let  them  be  cut  by  the  same  straight  line 
GEF;  the  angles  BEG, DFG, which 
are  towards  the  same  parts,  shall  be 
«qual  to  one  another. 
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Biseet  E  F,  and  draw  the  straight  line 
I.  K,  as  before.  Then,  because  L  K  is 
at  right  an^es  to  C  D,  and  that  A  6  is 
parallel  to  C  D,  L  K  is  at  right  angles 
also  to  A  B  ( 1 4. ).  And,  because,  in  the 
right-angled  triangles  H  E  L,  H  F  K,  the 
hypotenuse  HE,  and  adjacent  angle 
E  H  L  of  the  one,  are  equal  to  the  hypo* 
tenuseHF,  and  adjacent  angle  FHK 
(3.)  of  the  other,  they  are  equal  in  every 
respect  (13.).  Therefore,  the  angle 
H  £  L  is  equal  to  the  ande  H  F  K, 
and  BEG,  which  is  equal  to  H  E  L  (3.), 
is  equal  to  D  F  G.* 

Therefore,  &c. 

Cor.  1.  When  two  straight  lines  A  B, 
C  D,  are  cut  by  a  third,  E  F,  the  angle 
BEG,  is  called  the  exterior  angle,  and 
the  angle  1>TG,  the  interior  and  oppO' 
site  angle  upon  the  eame  eide  of  the  line. 
Therefore,  if  one  straight  line  fall  upon 
two  other  straight  lines,  so  as  to  make 
the  exterior  angle  equal  to  the  interior 
and  opposite  upon  the  same  side,  those 
two  straight  lines  shall  be  parallel :  and 
conversely. 

Cor.  2.  The  angles  AE  F,  E  FD,  are 
called  alternate  angles.  And  A  E  F  is 
always e<}ual to B  EG (3.).  Therefore, if 
one  straight  line  fall  upon  two  other 
shaight  lines  so  as  to  make  the  two  alter- 
nate anj^es  equal  to  one  another,  those 
two  straight  lines  shall  be  parallel :  and 
conversely. 

Cor.  3. The  anglesB E F,  and  D FE, 
are  called  interior  angles  on  the  same 
side  of  the  line.  Now,  when  6  E  G  is 
equal  to  DFG,  or  DFE,  the  anries 
B  E  F  and  D  FE  are  together  equal  to 
two  right  angles,  because  B  E  F  and 
B  E  G,  are  together  equal  to  two  right 
angles  (2.X  Therefore,  if  one  straight 
line,  falling  upon  two  other  straight  lines, 
make  the  two  interior  angles,  on  the  same 
side,  together  equal  to  two  right  angles, 
the  two  straight  lines  shall  be  parallel : 
and  conversely. 

Cor.  4.  (EucLax.  12.)  If  one  straight 
line,  falling  up|on  two  other  straight  lines, 
make  the  two  interior  angles,  on  the  same 
side,  together  less  than  two  right  angles. 


*  Aftlmrter  demonstration  marbt  had,  hj  eon- 
•ideriDg  that  if  the  angles  BE  O,  D  FO,  be  equal 
to  one  another,  the  two  interior  angles  upon  eaeh 
■ide  of  E  F  wiU  be  together  equal  to  two  right  angles; 
and.  therefore,  cannot  be  two  angles  of  a  triangle  (8.)< 
that  is  A  B,  C  D  cannot  meet  upon  either  side  of 
£F;  and  henee  the  converse,  because  (14.  Cor.  8.) 
only  one  parallel  can  be  drawn  throuffh  the  Hame 
point  to  the  same  straight  line.  That  whieh  is  given 
in  the  text,  however,  seems  preferable,  as  pointing 
o«t  the  eonnexiOQ  of  the  proiwsition  with  Prop,  li., 
vhieh  immediately  preocdM  iU 


the  two  straight  lines  shall  meet  upon 
that  side,  if  produced  far  enough. 

Prop.  16. 

Parallel  straight  lines  are  every 
where  equidistant ;  that  is,  if  from  any 
two  points  of  the  one,  perpendiculars 
be  (Irawn  to  the  other,  those  perpendi- 
culars shall  be  equal  to  one  another. 

Let  AB,  CD 
be  two  parallel 
straight  lines;  and 
from  the  points 
A,  B,  of  A  B,  let 
AC,  BD  be  drawn  perpendicular  to 
CD  (12.):  AC  shall  be  equal  to  BD. 

JoinBC.  Then  because  AC  and  BD 
are  perpendicular  to  the  same  straight 
line  CD,  they  are  parallel  (14.).  There- 
fore, the  alternate  angles  A  C  B,  D  B  C, 
are  equal  to  one  another  (15.  Cor.  2.). 
Again,  because  A  B  is  parallel  to  C  D. 
the  alternate  angles  ABC,  D C B  are 
equal  to  one  anouer  (15.  Cor.  2 .).  There* 
fore  the  triangles  A  B  C,  D  C  B,  having 
two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each,  and 
the  same  line,  B  C,  Iving  between  the 
equal  angles,  are  equal  in  every  respect 
(5.).    Therefore,  A  C  is  equal  to  B  D* 

Therefore,  &o. 

Cor.  It  appears  from  the  demonstntr 
tion,  that  if  A  C  be  only  parallel  to  B  D, 
A  C  and  B  D  will  be  equal  to  one  another. 
Therefore,  the  parts  of  parallel  straight 
lines,  which  are  intercepted  by  parallel 
straight  lines,  are  equal  to  one  another* 

Prop.  17.  (Euc.  i.  30.) 

Straight  lines,  which  are  parallel  to 
the  same  straight  line,  are  parallel  to 
one  another. 

Let  the  straight  lines  A B,  CD  be 
each     of     them  . 

parallel  to  EF:    ^ j 

A  B  shall  be  pa-  s. \ »_ 

rallel  to  C  D.         ^ 1— ^ 

For,  if  the  sh^ight  line  G  H  be  at 
right  angles  to  E  F,  it  will  be  at  richt 
angles  to  A  B,  because  A  B  is  parfUlel 
to  EF(14.):  and,  for  the  like  reason, 
it  will  be  at  right  angles  to  C  D :  there- 
fore, A  B  and  C  D  being  at  right  angles 
to  the  same  straight  line,  G  H,  are  paral- 
lel to  one  another  (14.). 

Therefore,  &c. 

C^rr,  Hence  it  appears  that  the  qua- 
drilaterals into  whicn  the  parallelogram 
AB  C  D  is  divided  in  def  23.,  by  lines 
drawn  parallel  to  two  adjacent  sides 
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are  likewise  themsdres  parallelograms 
(def.  17.) 

Prop.  18^!  ,. 

/jf,  of  two  angles  in  the  same  plane^ 
the  sides  qf  the  one  be  parallel  to  the 
sides  of  the  other,  or  perpendicular  to 
the  sides  of  the  other,  in  the  same  order, 
the  two  angles- shall  be  equal. 

LetABC.DEFbe 
two  angles  in  the  same 
plane,  having  the  sides 
AB,  BC  of  the  one  x\ 
parallel  to  the  sides 
D  E,  E  F  of  the  otlier, 
each  to  each;  and 
let  the  sides  A  B,DE, 
lie  in  the  same  direc- 
tion from  the  sides 
B  C,  £  F :  Ihe  angle 
ABC  shall  be  equal 
to  the  angle  DEF. 

Jmn  BE,  and  produce  it  to  G.  Then, 
because  AB,  D  £  are  parallel,  and  G  B 
itdls  upon  them,  the  exterior  angle 
D  £  G  is  equal  (15.  Cor,  I.)  to  the  inte- 
rior and  opposite  angle  ABE:  and,  for 
the  like  reason,  F  E  G  is  equal  to  C  B  E : 
therefore,  if  these  two  equals  be  taken 
respectively  from  the  former  two,  (ax.  3.) 
the  remaining  angle  ABC  will  be  equal 
to  DEF. 

Secondly,  let  H  K  L  be  an  angle,  the 
sides  of  which  are  perpendicular  to 
those  of  the  angle  ABC,  each  to  each, 
viz.,  H  K  to  AB,  and  K  L  to  B  C : 
the  angle  HKL  shall  be  equal  to 
ABC.  Draw  B  M  perpendicular  to 
BA  (Post  5.),  and  therefore  (1 4.)  parallel 
to  K  H,  and  B  N  perpendicular  to  B  C, 
and  therefore  parallel  to  K  L.  Then,  by 
the  first  part  of  the  proposition,  the  angle 
M  B N  is  equal  to  HKL.  But,  be- 
cause the  right  angle  M  B  A  is  equal  to 
the  right  angle  NB  C  ( I.),  and  the  part 
NAB  common  to  both,  the  remain- 
ing angle  M  B  N  is  equal  to  A  B  C 
(ax.  3.).  Therefore,  (ax.  1.)  ABC  is 
equal  to  H  K  L. 

Therefore,  &c. 

Cor.  The  demonstration  of  the  second 
case,  viz.  that  in  which  the  sides  of  the 
one  angle  are  perpendicular  to  the  sides 
of  the  other,  requires  only  that  the  angle 
MBA  be  equal  to  NBC. 

Therefore,  if,  of  two  angles,  the  sides 
of  the  one  make  equal  angles  with  the 
sides  of  the  other,  respectively,  in  the 
same  order,  and  towards  the  same  parts, 
the  two  angles  shall  be  equal. 

Prop.  19.(Euc.L32.) 
1/  one  side  of  a  triangle  be  produced, 


the  exterion  angle  shall  be  equal  to  the 
two  interior  and  opposite  angles  ;  and 
the  three  angles  of  every  triangle  are 
together  equal  to  two  right  angles. 

Let  the  side  B  C  of  the 
triangle  A  B  C  be  produced 
to  D:  the  exterior  anele 
A  C  D  shall  be  equal  to  tlie 
two  interior  and  opposite 
angles  at  A  and  B ;  and  the 
thi^  angles  of  the  triangle  ABC  shaU 
be  together  equal  to  two  right  angles. 

Draw  CE  parallel  to  BA  (14.  Cor  A.). 
Then,  because  AC  meets  the.se  parallels, 
Uie  alternate  angles  A  C  K  and  A  are 
equal ;  and  because  B  D  falls  upon  the 
same  parallels,  the  angles  E  C  D  and  B 
are  en ual  (15.  Cor.  1 .  and  2.).  Therefore, 
the  wnole  angle  A  C  D,  which  is  made 
up  of  tlie  two  angles  ACE,  £  C D  to* 

f  ether,  is  equal  to  the  angles  at  A  and 
\  together  (ax.  2.). 

To  each  of  these  equals  add  the  an£;le 
ACB  :  therefore,  (ax.  2.)  the  three  angles 
of  the  triangle  A  B  C  are  together  equal 
to  the  angles  A  C  D,  ACB,  that  is,  to 
two  right  angles  (2.). 

Therefore,  &c. 

Cor.  1.  If  two  triangles  have  two 
angles  of  the  one  equal  to  two  angles  of 
the  other,  their  third  angles  will  likewise 
be  equal  to  one  another. 

Cor.  2.  (Euc.  i.  26,  second  part  of.) 
Hence,  if  two  triangles  have  two  an- 
gles of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  one 
side  equal  to  one  side,  the  equal  sides 
being  opposite  to  equal  angles  in  each, 
the  two  triangles  shall  be  equal  in  every 
respect  (5.). 

Cor,  3.  In  a  right-angled  triangle,  tlie 
right  angle  is  equal  to  the  sum  of  the 
other  two  angles :  and,  conv»*sely,  if  one 
angle  of  a  triangle  be 
equal  to  the  sum  of  the 
other  two,  that  angle 
shall  be  a  right  angle. 

Cor.  4.  In  a  right-angled  triangle,  the 
straight  line,  which  is  drawn  from  the 
right  angle  to  the  middle  of  the  opposite 
side,  is  equal  to  half  that  side:  and,  con- 
versely, if  this  be  the  case  in  any  triangle, 
the  angle  from  which  the  straight  line  is 
drawn  shsdl  be  a  right  angle. 

For,  if  the  right  angle  be  divided  into 
parts  equal  respectively  to  the  two  acute 
angles,  the  triangle  will  be  divided  (6.) 
into  two  isosceles  triangles.  And,  m 
the  converse,  the  triangle  being  made  up 
of  two  isosceles  triangles,  one  of  its 
angles  is  equal  to  the  ouier  two. 
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Prop.  20.  (Eire.  i.  32.  CorrA.  and  2.) 

All  the  exterior  angles  of  any  recti- 
lineal figure  are  together  equal  to /our 
right  angles :  and  all  the  interior  angles, 
together  with  four  right  angles,  are 
equal  to  twice  as  many  right  angles  as 
the  figure  has  sides. 

For,  if  from  any  point 
in  the  same  plane,  sti^ht 
lines  be  drawn,  one  after 
the  other,  parallel  to  the 
sides  of  the  figure,  the 
angles  contained  by  these 
straij^ht  lines  about  that  point,  will  be 
equal  to  the  exterior  angles  of  the  figure 
(18.)»  each  to  each,  because  their  sides 
are  parallel  to  the  sides  of  the  figure. 
Thus,  the  angles  a,  ft,  c,  d,  e,  are  re- 
spectively equal  to  the  exterior  angles 
A,  B,  C,  D,  E.  But  the  former  angles 
are  together  (3.  Cor,)  equal  to  four  right 
angles ;  therefore,  all  the  exterior  angles 
of  the  figure  are  together  equal  to  K>ur 
light  angles  (ax.  1.). 

Again,  since  every  interior  angle,  to- 
|;ether  with  its  adjacent  exterior  angle, 
IS  equal  to  two  right  angles  (2.) ;  all  the 
interior  angles,  together  with  all  the  ex- 
terior angles,  are  equal  to  twice  as  many 
right  angles  as  the  figure  has  angles. 
But  all  the  exterior  angles  are,  by  the 
former  part  of  the  proposition,  eaual  to 
four  right  angles ;  and  the  figure  has  as 
many  angles  as  sides :  therefore  all  the 
interior  angles  together  with  four  right 
angles  are  equal  to  twice  as  many  right 
angles  as  the  figure  has  sides. 

Therefore,  &c. 

Cor.  The  four  angles  of  a  quadri- 
lateral are  together  equal  to  foiu:  right 
angles. 

SscTiON  4.  Parallelograms, 

Paop.  21.  (Euc.  L33.) 
The  straight  lines  which  join  the  ex- 
tremities of  two  equal  and  paraUd 
straight  lines  towards  the  same  parts, 
are  likewise  themselves  equal  andpa^ 
rallel. 

Let  the  stra^ht 
lines  AD,  BC  be 
equal  and  parallel, 
and  let  them  be  join- 
ed towards  the  same 
parts  by  A  B,  C  D  :  AB  shall  be  both 
equal  to  C  D,  and  parallel  to  it. 

Join  B  D.  Ihen,  because  in  the  tri- 
anirles  ADB,  CBD,  the  two  sides 
A 1),  D  B  are  equal  to  the  two  C  B, 
B  D»  each  to  each,  and  the  angles  A  D  B, 


CBD  equal  to  one  another,  for  they  aife 
alternate  aufirles  (15.),  the  side  AB  is 
equal  to  C  D.  and  the  angle  A  B  D  to 
C  DB  (4.) ;  and.  hence,  because  A  B  D, 
C  D  B  are  ahemate  angles  (15.),  AB  is 
also  parallel  to  C  D. 
Therefore,  &c. 

Prop.  22.  (Euc.  i.  34,  first  part  of.) 

The  opposite  sides  and  angles  of  a 
parallelogram  are  equal,  and  Us  diago- 
nals bisect  one  another :  and,  conversely, 
if,  in  any  quadrilateral  figure,  the  op- 
posite sides  be  equal ;  or  ^the  opposite 
angles  be  equal;  or  if  the  diagonals 
bttect  one  another;  thai  quadrilateral 
shall  be  a  paralletogram. 

Let  AB  C  D  be  a  parallelogram  (see 
the  last  figiu-e),  and  let  its  chagonals 
A  C,  B  D  cut  one  another  in  the  point 
E:  the  sides  AD,  BC,  as  also,  AB, 
CD,  shall  be  equal  to  one  another: 
the  angles  A  and  C,  as  also  B  and  D 
shall  be  equal ;  and  the  diagonals  A  C, 
B  D  shaU  be  bisected  m  E. 

For,  in  the  first  place,  that  the  oppo- 
site sides,  as  AD  and  B  C,  are  equal,  is 
evident,  because  they  are  parts  of  pa- 
rcels intercepted  by  parallels  (16.  Cor.). 
Also,  the  opposite  angles  are  equal,  as 
at  D  and  B;  for.  the  angle  at  D  is 
equal  to  the  vertical  angle  formed  by 
CD,  AD  produced  (3.),  and  the  latter  to 
the  angle  B  (18.). 

Lastly,  with  regard  to  the  bisection  of 
the  diagonals :  because  AD  is  parallel 
to  B  C,  the  two  triangles  E  A  D,  E  C  B 
have  the  two  angles  E  A  D,  E  D  A  of  the 
one  equal  to  the  two  angles  E  C  B,  E  B  G 
of  the  other,  each  to  each  (15.) ;  and  it 
has  been  shown,  that  the  interjacent 
sides  A  D,  B  C  are  equal  to  one  another  • 
therefore,  (5.)  E  A  is  equal  to  EC,  and 
ED  to  EB,  that  is,  AC,  BD  are  bi- 
sected in  E. 

Next,  let  the  opposite  sides  of  the 
quadrilateral  ABCD  be  equal  to  one 
another:  it  shall  be  a  paraJlelogram 
For,  in  the  triangles  A  B  D,  C  D  B,  the 
three  sides  of  the  one  are  equal  to  the 
three  sides  of  the  other,  each  to  each  • 
therefore,  the  angle  A  B  D  is  equal  to 
C  D  B  (7.),  and  (15.)  A  B  is  parallel  to 
C  D.  And,  for  the  hke  reason,  A  D  is 
parallel  to  B  C. 

Or,  let  the  opposite  angles  be  equal: 
then,  l)ecause  the  angles  at  Aand  B  to- 
gether are  equal  to  the  angles  at  C-and  D 
together,  and  that  the  four  angles  of  the 
quadrilateral  (20.  Cor,)  are  equal  to  four 
right  angles,  the  angles  at  A  and  B  at« 
together  equal  to  two  right  angles,  and 
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<15.  Cor.  3.)  AD  is  parallel  to  B  C. 
And,  for  the  like  reason,  A  B  is  parallel 
to  CD. 

Or,  let  the  diagonals  A  C,  BD,  bisect 
one  another  in  ^ :  then,  because  the 
triangles  E  A  D,  E  C  B,  have  two  sides 
of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  and  the  included 
angles  A  E  D,  0  E  B,  r3.)  equal  fo  one 
another,  the  angle  E  A  D  is  (4.)  equal  to 
E C  B,  and,  therefore,  (15.)  AD  is  pa- 
rallel fo  B  C.  And,  for  the  like  reason, 
A  B  is  parallel  to  C  D. 

Therefore,  in  each  of  the  three  cases, 
the  figure  is  a  parallelogram. 

Therefore,  &c. 

Cor,  1.  (Euc.  i.  34.  second  part  of.) 
A  parallelogram  is  bisected  by  each  of 
its  diagonals ;  for  the  triangles  into  which 
it  is  divided  are  equal  to  one  another. 

Cor,  2.  The  diagonals  of  a  rhombus 
bisect  one  another  at  right  angles.  For 
the  triangles  into  which  it  is  divided  by 
either  of  its  diagonals  are  isosceles  tn- 
angles,  of  which  that  diagonal  is  the 
base  (6.  Cor,  4.) 

Cor,  3,  (Euc  i.46.  Cor,)  If  one  angle 
of  a  parallelogram  be  a  right  angle,  all 
its  angles  will  be  right  ang[les. 

Cor,  4.  By  help  of  this  Proposition 
more  complete  notions  may  be  acquired 
of  the  rhombus,  rectangle,  and  square: 
for,  hence  it  appears,  that  a  rhombus 
has  all  its  sides  equal  to  one  another ; 
that  a  rectangle  has  all  its  angles  rigjht 
angles ;  and  that  a  square  has  all  its 
sides  equal,  and  all  its  angles  right 
angles. 

Prop.  23.  (Euc.  L  43.) 

The  complements  of  the  parallelo' 
grams,  which  are  about  the  diagonals 
of  any  parallelogram,  are  equal  to  one 
another, 

I^t  A  B  C  D  be 
a  parallelogram,  and 
through  any  point  E 
in  the  diagonal  B  D 
let  there  be  drawn  the 
sh^ight  lines  FG,  HK  parallel  to  the 
sides  B  C,  D  C  respectively :  the  com- 
plement A  E  shall  be  equal  to  £  C. 

Because  A  B  C  D  is  a  parallelop;ram, 
of  which  B  D  is  a  diagonal,  the  triangle 
ABD  is  (22.  Cor,  1.)  equal  to  CDB, 
In  like  manner,  because  F  K,  and 
HG(17.  Cor,)  are  parallelograms,  the 
triangles  F B  E,  H ED  are  equal  to  the 
triangles  K  £  B,  G  D  E :  therefore, 
taking  these  equals  from  the  former, 
there  remains  (ax.  3.)  the  complement 
AE  equal  to  EC. 

Therefore,  &c. 


t*RO^.  24.  (Euc.  i.  35.) 

Parallelograms  upon  the  same  base 
and  between  the  same  parallels^  ar 
equal  to  one  another. 


Let  the  parallelograms  A  B  0  D, 
£  B  C  F,  be  upon  the  same  base  B  C 
and,  between  the  same  parallels  AF, 
BC;  the  parallelogram  A B  C  D  shaQ 
be  equal  to  the  parallelogram  E  B  C  F. 

Because  AD  and  EF  are  each  of  them 
(22.)  equal  to  BC,  they  are  (ax.  1.)  equal 
to  one  another.  Therefore,  the  whole 
or  the  remainder  AE  is  equal  to  the 
whole  or  the  remainder  DF  (ax.  2.  or  3.X 
Therefore,  the  two  triangles  £  A  B, 
F  D  C,  having  two  sides  of  Uie  one  equal 
to  two  sides  of  the  other,  each  to  each, 
and  the  included  angles  £  A  B,  F  D  C 
equal,  are  equal  to  one  another  (4.  Cor,), 
Therefore,  taking  each  of  these  equals 
from  the  whole  figure  A  B  C  F,  there  re- 
mains (ax.  3.)  the  parallelogram  £  B  C  F 
equal  to  the  parallelogram  A  B  C  D. 

If  the  points  D,  £  coincide,  A  E 
is  the  same  with  AD,  and  DF  the 
same  with  £  F ;  therefore,  A  £  and  D  F, 
being  each  of  them  equal  to  B  C,  are 
equsu  to  one  another;  and,  hence, 
the  triangle  E  A  B  is  equal  to  the  tri- 
angle F  D  C,  and  the  parallelogram 
E  B  C  F  to  the  parallelogram  A  B  C  D, 
as  before. 

Therefore,  &c 

Cor,  Every  parallelogram  is  equal  f o 
a  rectangle  of  the  same  base  and  alti- 
tude. 

Prop.  25.    (Euc.  i.  36.) 
Parallelograms  upon  equal  bases,  and 
between  the  same  parallels,  are  equal  to 
one  another. 

Let  the  paral- 
lelograms ABC  D,  • 
EFGH,  beupon 
equal  bases  BC, 
FG,  and  between 
the  same  parallels 
AH.  BG.  TheparaUelogramABCD 
shall  be  equal  to  the  parallelogram 
EFGH.  *^  ^ 

Join  £  B,  He.  Then  because  £  H 
(22.)  and  B  C  are  each  of  them  equal  to 
F  G,  they  are  e<^ual  to  one  another ;  and 
fii^  are  likewise  parallel;  therefore. 
£5  and  HC  are  also  equal  and  parallel 
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(21.),  and  E  B  C  H  is  a  paraHelogram. 
But  the  parallelogram  E  B  C  H  is  equal 
to  A  B  C  D,  because  it  is  upon  the  same 
base  BC,  and  between  the  same  paral- 
lels (24.) :  and  for  the  like  reason  EjB  C  H 
is  equal  to  E  F  G  H.  Therefore  (ax.  1 .) 
ABCD  is  eaual  toEFOH. 

Therefore,  &c. 

Cor,  The  squares  of  equal  straight 
lines  are  equal  to  one  another:  and 
conrersely. 

Prop.  26.    (Euc.  L41.) 
If  a  parallelogram  and  a  triangle  be 
upon  the  same  base  and  between  the 
same  parallels,  the  parallelogram  shall 
be  double  of  the  tricmgle. 

Let  the  paraUdo- 
gram  ABCD  and  the 
triang^le  £  B  C  be  upon 
the  same  base  B  C,  and 
between  the  same  pa- 
rallels AD,  BC.    The 


l^ 


In  the  second  place,  therefore,  let  the 
triangles  A  B  C,  D  B  C,  standing  upon 
the  same  base  B  C,  oi  upon  equal  bases 
B  C,  B  C,  in  the  same  straight  line,  and 
towards  the  same  parts,  be  equal  to  one 
another;  and  let  AD  be  joined:  AD 
shall  be  parallel  to  B  C. 

For,  if  not.  let  A  E  (14.  Cor.  1 )  be 
parallel  to  B  C ;  and  let  it  meet  D  B  in 
E.  Join  E  C.  Then,  by  the  ^rst  part 
of  the  proposition,  because  ABC, 
£  B  C,  are  upon  the  same  base,  or 
upon  equal  bases,  and  between  the 
same  parallels,  the  triangle  E  B  C  is 
equal  to  AB  C,  that  is,  to  D  B  C  ;  the 
less  to  the  greater,  which  is  impos- 
sible. Therefore  A  E  is  not  parallel  to 
B  C ;  and  in  the  same  manner  it  may  be 
shown  that  no  other  straight  line  which 
passes  through  A,  except  A  D  only,  can 
be  parallel  to  B  C ;  that  is,  (14.  Cor.  I.) 


A  D  is  paralJeJ  to  B  C. 
Therefore,  &c. 
Cor.  1.  It  is  evident  that  the  second 


parallelogram  ABCD  shall  be  double 

of  the  trianirle  EBC.  r               ~\~  ~v^y:  *"""*  "'**  -«**-""« 

Complete  the  parallelogram  E  B  C  F.«  l?f.r^^'lf  ^  ^^  ""^  *^f  proposition  ap- 

(14.  C^.  1.)     5hen  thTparallelogram  FJ?!!.??"^^^  *^  parallelograms,  as  to 
E  B  C  F  is  double  of  the  triangle  EBC, 


because  it  is  bisected  by  the  diagonal  E  C 
(22.  Cor.);  andAB  C  D  is  equal  to  EB 
0  F,  because  it  is  upon  the  same  base, 
and  between  the  same  psrallels  (24.). 
Therefore,  the  parallelogram  ABCD 
is  also  double  of  the  triangle  EBC. 

Therefore,  &c. 

Cot.  Every  triangle  is  equal  to  the 
half  of  a  rectangle  of  the  same  base  and 
altitude. 

Pbop.  27.  (Euc.  u  87, 38,  39,  &  40.) 
Triangles  upon  the  same  base,  or 
upon  equal  bases,  and  between  the  same 
parallels,  are  equal  to'one  another :  and 
amversefy,  equal  triangles,  upon  the 
same  base,  or  upon  equal  bases  in  the 
same  straight  line,  and  towards  the  same 
partSf  are  between  the  same  parallels. 

The  first  part  of  the 
proposition  is  manifest ; 
for  the  triangles  are 
the  halves  of  parallelo- 
grams (26.)  upon  the 
same  base,  or  upon  equal  bases,  and 
between  the  same  parallels;  and  because 
these  parallelograms  are  equal  to  one 
another  (24.  or  25.),  the  triangles,  which 
are  their  halves,  are  also  equal  (ax.  5.). 

*  To  eomplete  the  (Mrailelognni,  in  this  case,  it 
M  oolj  reottuite  that  C  F  ahonld  be  drevm  throogh 
dt«  EMMBt  C  parallel  to  B  £,  to  meet  A  D  produced 
>■  ^'  The  word  eompUte^  indeed,  akaost  explains 
itaeli :  in  fotnre  oooatrQctioiis  it  will  be  iatrodaced 
vithoatfutheraotioe. 


triangles. 

Cor.  2.  If  a  quadrilateral  be  bisected 
by  each  of  its  diagonals,  it  must  be  a 
parallelogram  :  for  the  two  trianirles 
ABC,  D  B  C  (see  the  figure  of  Prop. 
21.)  which  stand  upon  any  one  of  its 
sides  BC  for  a  base,  and  which  have  their 
vertices  in  the  side  opposite,  being  equai, 
each  of  them,  to  half  the  quadrSateral, 
are  e^ual  to  one  another ;  and  therefore 
A  D  is  parallel  to  B  C  ;  and,  for  a  like 
reason,  A  B  is  parallel  to  D  C. 

Prop.  28. 

A  trapezoid  is  equal  to  the  half  of  a 
rectangle  having  the  same  altitude,  and 
a  base  equal  to  the  sum  of  its  parallel 
sides. 

LetABCDbeatra- 
pezoid,  having  the  side 
A  D  parallel  to  the  side 
B  C.  The  trapezoid 
ABCD  shall  be  equal  to  ^ 
the  half  of  a  rectangle 
having  the  same  altitude,  and  a  base 
equal  to  the  sum  of  A  D,  B  C. 

Join  A  C ;  through  D  draw  D  E  pa- 
rallel to  A  C,  and  let  it  meet  the  base 
B  C  produced  in  E,  and  join  AE. 

Then,  because  D  E  is  parallel  to  A  C, 
the  triangle  A  C  D  is  (27.)  equal  to  A  C  £. 
Therefore,  the  triangles  A  B  C,  A  C  D, 
together,  are  equal  to  the  triangles 
AB  C,  AC  E,  together  (ax.  2.) ;  or,  the 
trapesoid  AB  CD  is  equal  to  the  tri^ 
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.angl&  ABE.  But  the  base  of  the  tri- 
angle A  B  E  is  equal  to  the  sum  of  A  D, 
B  C,  because  (22.)  C  E  is  equal  to  A  D ; 
and  (26.  Cor.)  every  triangle  is  equal  to 
the  half  of  a  rectangle  of  the  same 
base  and  altitude.  Therefore,  the  trape- 
zoid ABCD  is  equal  to  the  half  of  a 
rectangle  of  the  same  altitude,  and  upon 
a  base  which  is  equal  to  the  sum  of  A  D, 
BC. 
Therefore,  fitc. 

Prop.  29, 

If  the  cuffoining  sides  of  a  rectangle 
contain,  each  of  them,  the  same  straight 
line,  a  certain  number  of  times  exactly, 
the  rectangle  shall  contain  the  square  of 
that  straight  line,  as  often  as  is  denoted 
by  the  product  of  the  two  numbers, 
which  denote  how  often  the  line  itself  is 
contained  in  the  two  sides. 

Let  AB  DC  be  a 
rectangle,  and  let  its 
adjacent  sides  AB, 
AC,  contain  each  of 
them  the  straight 
line  M  a  certain 
number  of  times  ex* 
actly,  viz.,  AB  6 
times,  and  AC  4 
times :  the  rectangle  ABDC  shall  con- 
tain the  square  of  M,  6  x  4,  or  24  times. 

Divide  A  B,  A  C,  each  of  them,  into 
parts  e(^ual  to  M ;  and,  through  the  divi- 
sion-pomts  of  each,  draw  straight  lines 
parallel  to  the  other,  thereby  dividing 
the  rectangle  into  six  upright  rows  of 
four  parallelograms  each,  that  is,  upon 
the  whole,  into  twenty-four  parallelo- 
grams. Now  these  parallelograms  are 
all  of  them  rectangular,  because  their 
containing  sides  are  parallel  to  AB,  AC, 
the  sides  of  the  right  angle  A  (1 8.).  They 
are  also  equilateral :  for  any  one  of  them, 
as  £,  has  its  upright  sides  each  of  them 
(22,)  equal  to  a  division  of  A  C,  that  is, 
to  M ;  and  its  other  two  sides  each  of 
them  equal  to  a  division  of  A  B,  that  is, 
to  M. '  Therefore,  they  are  squares 
(def.  20.)»  equal,  each  of  them,  to  the 
square  of  M.  And  they  are  twenty-four 
in  number.  Therefore,  the  square  of  M 
is  contained  twenty-four  times  in  the 
reetangle  ABDC. 

The  same  may  be  said,  if,  instead  of  6 
and  4,  any  other  two  numbers  be  taken. 

Therefore,  &c. 

Cor,  1.  In  hke  manner,  it  may  be 
shown,  that,  if  there  be  two  straifcnt  lines, 
one  of  which  is  contained  an  exact  num- 
ber of  times  in  one  side  of  a  rectangle, 
and  the  other  aa  exact  number  of  times 
in  the  skle  adjoining  to  it ;  the  rectangle 


under  those  two  strvght  lines  shall  be 
contained  as  often  in  the  given  rectangle, 
as  is  denoted  by  the  product  of  the  two 
numbers  which  denote  how  often  the  lines 
themselves  are  contained  in  the  two 
sides 

Cor.  2.  The  sauare  of  twice  M  is 
equal  to  4  times  M  square,  because  it  is 
a  rectangle,  in  which  each  of  the  sides 
contains  M  twice.  In  like  manner,  the 
square  of  3  times  M  is  equal  to  9  times 
M  square— of  4  times  M  to  16  times  M 
square^-of  t  times  M  to  95  times  M 
square,  &c. 

Cor.  3.  The  square  of  5,  or  25,  is  equal 
to  the  sum  of  16  and  9.  Consequently 
the  square  of  5  times  M  is  equal  to  the 
square  of  4  times  M,  together  with  the 
square  of  3  times  M. 

Scholium* 

From  the  theorems  of  this  Section 
rules  are  easily  deduced  for  the  men- 
suration of  rectiUneal  figures.  For 
every  rectilineal  figure  maf  be  divided 
into  triangles ;  and  every  triangle,  being 
equal  (26.  Cor.)  to  half  the  rectangle 
under  its  base  and  altitude,  contains 
half  as  many  square  units  as  is  denoted 
by  the  product  of  the  numbers  which 
express  how  often  the  corresponding 
linear  unit  is  contained  in  its  base  and 
in  its  altitude.  Let  this  linear  unit  be, 
for  example,  a  foot ;  and  let  it  be  re« 

auired  to  find  how  many  square  feet 
lere  are  in  a  triangle  whose  altitude  is 
10  feet,  and  its  base  9  feet.  The  rect* 
angle,  of  which  these  are  the  sides, 
contains  10  x  a,  or  90  square  feet  (by 
Prop.  89.) ;  ajnd,  therefore,  the  triangle 
oontains  45  squave  feet 

Hence,  a  rectangle  is  sometimes  said 
to  be  equal  to  the  product  of  its  base 
and  altitude,  a  triangle  to  hidf  the  cfY>- 
duct  of  its  base  and  altitude,  and  th^ 
like ;  expressions  which  must  be  under- 
stood as  above,  the  words  rectangle,  &o. 
base.  Sec  being  briefly  put  for  the  num- 
ber of  square  units  in  the  rectangle,  ^c, 
the  number  of  linear  units  in  tne  base^ 
^  By  the  length  of  a  line  is  com- 
monly understood  the  number  of  linear 
units  which  it  contains ;  and  the  term 
superficial  area,  or  areci,  is  similarly 
applied  to  denote  the  number  of  square 
units  in  a  surface.  With  regard  to  the 
measuring  unit,  a  less  or  a  greater  is 
convenient,  according  to  the  subject 
of  measurement :  a  glazier  measuring 
his  glass  by  square  incites,  a  carpt^nter 
his  planks  by  square  feet,  a  proprietor 
his  land  by  acres,  and  a  geogi*apher  the 
extent  of  countries  by  square  miles. 
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SbicnonS,  RBi^fmgtes  under  the  porta 
qf  dhiaed  Imee. 

Prof.  30.  (Enc.  ii  1.) 

If  there  be  two  'straight  lines,  one  of 
Ufhidi  %»  divided  into  any  number  of 
partM^  the  rectangle  contained  by  the 
two  knee  ehali  be  equal  to  the  sum  of 
iAm  ree^mglee  contained  by  the  undi- 
tmUd  lime,  and  the  several  parte  of  the 
divided  line. 

Let  AB  and  G  be  two  straight  lines, 
of  which  A  B  is  divided  into  the  parts 
AJi.  D£,EB:  the  rectangle  under  C 
and  AB  shall  be  equal 
to  the  sum  oi  the  rec- 
tans^Wa  under  C  and 
AD.CandD£,Cand 
EB, 

Draw  the  stra^ht  line  A  P  at  right 
angles  to  A  B,  and  equal  to  C  (post  5.): 
complete  the  rectangle  AG,  and  through 
the  points  I)  and  E  draw  the  straiSit 
linee  DH  and  £K  parallel  to  AF 
(14.  Cor.).  Then,  beoauseDH  and  EK 
are  each  of  them  (22.)  equal  to  AF, 
that  is.toC,  the  rectangles  AH.DK, 
EG  are  equal  to  the  rectangles  under 
Cand  AD,  C  and  DE,  0  and  EB. 
But  these  rectangles  make  up  the  whole 
rectaiigle  AG,  which  is  equal  to  the 
rectangle  under  C  and  A  B.  Therefore, 
the  re^angle  under  C  fwd  AB  is  equal 
to  the  rectangles  under  G  and  AD,  G 
abdDE.  GandEB, 
Therefore,  &c. 

Cor.  (Buc.  ii.  2.)  If  a  straieht  line 
be  divided  into  any  two  parts,  the  rect- 
an^ee  oontamed  by  the  whole  line  and 
ea^  of  the  parts,  shall  be  together  equal 
to  the  square  of  the  whole  line. 


rectangle  A  C,  C  B,  be^atAe  (22.)  C  P 
IS  equal  toBD,  that  is  toCB;  and  the 
figure  C  D  is  equal  to  the  square  of 
C  B ;  and  the  figure  AD  to  the  rectan- 
gle AB.BG.  ButADisequaltoAF, 
together  with  C  D.  Thwfore,  the  rec- 
»n?ie  A  B,  B  C,  is  equal  to  the  rectangle 
A  C,  C  B,  together  with  the  square  of 

Therefore,  &c. 

Prop.  32.  (Euc.  ii.  4.) 
The  square  of  the  sum  of  two  lines  is 

mater  than  the  sum  of  their  squares, 

oy  twice  their  rectangle. 
Let  the  straight  line  A  B  be  the  sum 

of  the  two  straight  lines 

AC,  C B :   the  square  of    ^ 

A  B  shall  be  greater  than 

the  squares  of  A  G,  G  B, 

by   twice    the   rectangle 

AC,  GB.  ® 


Prop.  31.  (Euc. lis.) 
If  a  straight  line  be  divided  into  any 
two  parts,  the  rectangle  contained  by 
the  whole  line  and  one  of  the  parts, 
ihaU  be  equal  to  the  rectangle  contained 
by  the  two  parts,  together  with  the 
square  of  the  aforesaid  part. 

Let  the  straight  Une  A  B  be  divided 
into  any  two  parts  A  G,  G  B :  the  rec- 
tangle under  AB,  B  G 
ahaU  be  equal  to  the  rec* 
tangle  under  AG,  GB, 
together  with  the  square 
ofBC. 

Draw  the  straight  line  B  D  at  right 

angles  to  A  B  (post.  5.),  and  equal  to  BG  : 

complete    the  rectangle  ABDE   and 

through  G  draw  C  F  parallel  to  B  D,     . 

Then,  the  figure  AF  is  equal  to  the 


Because  the  straight  line  AB  is 
divided  into  two  parU  in  the  point  G. 
(30.  Gor.)  the  square  of  AB  is^ual  to 
ttie  sum  of  the  rectangles  und^  A  B, 
AC,andAB  BG.  But  the  lectang^ 
under  AB,  AC  (31.)  is  equal  to  the 
rectangle  under  A  G,  C  B  together  with 
the  square  of  A  C ;  and,  in  like  manner, 
the  rectangle  under  AB,  BG  is  equal 
to  the  rectangle  under  A  G,  G  B  together 
with  the  square  of  C  B.  Therefore,  the 
square  of  A  B  15  equal  to  twice  the  rect- 
angle  AC,  C  B,  together  with*  the 
squares  of  A  G.  G  B ;  or,  which  is  the 
same  thmg,  the  square  of  A  B  is  greater 
than  the  squares  of  AG.  GB,  by  twice 
the  rectangle  A  G,  G  B. 

Therefore,  &c. 

The  figure  shews  in  what  manner  the 
square  of  AB  may  be  divided  into  two 
squares  equal  to  those  of  A  G,  C  B,  and 

SleT a^^B' ^^^  ^"*^  *^  «^«  '«^- 
Prop.  33.  (Euc.  ii.  7.) 

The  square  of  the  difference  of  two 
Itnests  less  than  the  sum  of  their  squares 
by  twice  thetr  rectangle. 

Let  the  straight  line,     1  1      t. 

AB,  be  the  difference    ^  ^    ^ 

of  the  two  straight  lines,  A  G,  G  B :  the 
square  of  A  B  shall  be  less  than  the 
squares  of  A  G,  G  B,  by  twice  the  rect- 
angle A  C,  G  B. 


*  Thu  propoaition,  being  aa  obvioat  coomqi 
of  tbe  preoediif,  vijibt  hare  been  added  to  it  m  • 
second  coroUarjr :  it  is  of  lo  great  ImporUnee,  bow- 
«yer,  that  it  •eemed  praferahke  to  force  it  upon  tho 
«tteatioB  of  tho  •todeat,  by  plaobg  it  among  the 
prD^tioas, 
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SO 

Because  A  C  is  the  sum  of  A  B  and  together  with  twice  the  rectangte  A  8, 

•R  C  f32 )  the  square  of  A  C  is  equal  to  B  C.    Therefore  (ax,  1.)  the  difTerenoe 

Sie  snuMes  of  A  B,  B  C,  together  with  of  the  squares  of  A  C,  A  B,  is  equal  to 

KSc?an^e.  AB.  BCf:  therefore  the  rect«.gleCF  that  is.  to  therect- 

the  square  of  A  B  is  less  than  the  square  anrie  under  C  D,  C  B. 

of  AC  by  the  square  of  B C.  togetha  Therefore.  &c. 
ufifh    f wine   ihe   rcctaneflG  A  B,  B  C. 

Ther€fore!thesamesqua?eof  ABisk^^  Prop.35.  (Euc.  ii.  9.  and  10.) 

than  the  squares  of  A  C.  B  C,  by  twice  y^  squares  of  the  sum,  and  of  the 

the  square  of  B  C,  together  with  twice  difference  of  two  lines,  are  together 

the  rectangle  A  B.  B  C.    But  twice  the  double  of  the  squares  of  the  two  lines. 


square  of  B  C,  together  with  twice  the 
rectangle  A  B.  b6.  is  (32)  ec^aMo 
twice  the  rectangle  AC.  CU.  A  "ere- 
fore,  the  square  of  A  B  is  less  than  the 
squares  of  A  C.  B  C,  by  twice  the  rect- 
angle AC,  CB. 

Therefore,  &c 

Cor.  (Euc.  ii.  8.)  The  square  of  the 
sum  of  two  lines  is  greater  than  the 
square  of  their  diflPerence  by  four  hmes 
their  rectangle ;  for  the  former  square  is 
ereater  than  the  sum  of  their  squares  by 
twice  their  rectangle  (32.),  and  the  latter 
square  is  less  than  the  sum  of  their 
squares  by  twice  their  rectangle. 

Prop.  34.  (Euc^  ii.  5.) 

The  difference  of  the  squares  of  two 
lines  is  equal  to  the  rectangle  under 
their  sum  and  difference. 

Let  A  B,  A  C,  _ 

be  any  two  straight 
lines,  and  let  BA 

be  produced  to  D,  »  j 

so  that  AD  may  be  equal  to  A  B,  and 
therefore  C  D  equal  to  the  sum,  and 
C  B  to  the  difference  of  A  B,  A  C :  the 
difference  of  the  squares  of  A  B,  A  C, 
shall  be  equal  to  the  rectangle  under 
CD.  CB.  ^      .      ^^^ 

Draw  the  straight  hne  C  H  perpen- 
dicular to  C  D  (post.  5.),  and  equal  to 
C  B ;  complete  the  rectangle  C  H  F  D ; 
and,  through  the  points  A  and  B,  draw 
AG  and  B  E  parallel  to  CH. 

Then,  because  BE  is  (22.)  equal  to 
C  H,  that  is,  to  B  C,  the  rectangle  A  E 
is  equal  to  the  rectangle  A  B,  B  C ; 
and,  because  AD  is  equal  to  AB,  the 
rectangle  D  G  is  equal  (25.)  to  the  rect- 
angle AE;  and  CE  is  the  square  of 
C  B:  therefore,  the  whole  rectangle 
C  F  is  equal  to  the  square  of  B  C,  to- 
gether with  twice  the  rectangle  A  B,  B  C. 
But,  because  the  square  of  A  C  is  equal 
(32.)  to  the  squares  of  A  B,  B  C,  together 
with  twice  the  rectangle  A  B,  B  C ;  if  the 
square  of  A  B  be  taken  from  each  side, 
(ax.  3.)  the  difference  of  the  squares  of 
A  C,  A  B,  13  equal  to  the  square  of  B  C, 


For  (32.)  the  square  of  the  sum  of  two 
lines  is  greater  than  the  sum  of  their 
squares,  by  twice  their  rectangle,  and  the 
square  of  their  difference  is  (33.)  as 
much  less  than  the  sum  of  their  squares. 
Therefore  (ax.  9.),  the  square  of  the 
sum,  together  with  the  square  of  the 
difference,  is  equal  to  twice  the  sum  of 
their  squares. 

Therefore,  &c. 

Scholium. 

The  theorems  of  tMs  seotion  admit  of 
being  enunciated  moi^  briefly  and  per- 
spicuously by  the  use  of  certain  conven- 
tional signs  =,+,-,  X ,  (  ),  &c.bor  • 
rowed  from  Algebra. 

That  A  is  equal  to  B,  is  thus  denoted : 
A  =  B,  which  is  read  "A  is  equal  to  B." 

The  sum  of  A  and  B  thus:  A  +  B, 
which  is  read  "  A  plus  B." 

The  excess  of  A  above  B :  A  —  B..«-. 
"  A  minus  B." 

Twice  A,  four  times  A,  8cc--.-..2  A^ 
4  A,  &c. 

The  rectangle  under  A  and  B....A  x  B, 
orAB "A,B." 

The  square  of  A.....».A  A,  or  A*m»  .^ 
"A square;'*  and, ^^ 

(A  +  B  -  C)  or  A  +  B-C  signifies 
that  A  +  B  — C  (that  is,  the  excess  of 
the  sum  of  A  and  B  above  C)  is  to  be 
be  taken  as  a  single  quantity. 

The  theorems  of  this  section  may, 
therefore,  be  more  briefly  expressed  as 
follows : — 

Ax(B+C+D)  =  AB  + 


(A+B)xB-AB+B«. 
(A+B)««  A»+B«+2  A  B. 
(A-B)«=A»+B«-2  A  B. 
(A+B)«-(A-B)«« 


Prop.  30. 
AC+AD. 

Prop.  31. 

Prop.  32. 

Prop.  33.    , 

Prop.  33.  Cor. 
4AB.  _ 

Prop.34.  (A+B)x(A-B)«A«-B«. 

Prop.  35.  (A+B)«+(A-B;«=  2  (A« 
+B«). 

In  this  borrowing  of  its  notation,  may 
be  seen  the  first  ehmmehngs  of  the  ap» 
plication  of  Algebra  to  Geometry.     It 
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rMuires  bat  a  Tciy  digfat  ftcqaaintance 
wim  the  former  science,  to  perceive  at 
once,  that,  when  the  lines  contain  each 
of  them  some  common  part  M  a  cer- 
tain namber  of  times  exactly,  these 
theorems  are  but  so  many  examples  of 
its  rules  of  addition,  subtraction,  and 
multipUcaUon.  The  perspicuity  alone, 
however,  whidi  is  displayed  in  the  above 
expressions,  will  enable  the  uninitiated 
veader  to  form  some  notion  of  the  ad- 
Tantages  resulting  from  a  more  intimate 
onion  of  the  two  sciences. 

SscTtoif  6.    Relations  of  the  sides  qf. 
Triangles. 

Prop.  36.  (Euc.  i.  47.  and  48.) 

In  every  right-angled  triangle,  the 
9quare  of  the  hypotenuse,  or  side  op- 
posite to  the  right  angle,  is  eqtwl  to  the 
sum  q^  the  squaree  of  the  sides  which 
contain  thai  fitngle .-  and  converselv,  if 
the  square  of  one  side  of  a  triangle  be 
equal  to  the  sum  of  the  squares  of  the 
other  two  eides,  the  angle  contained  by 
those  two  sides  shcUl  be  a  right  angle, 

LetABC  be  a 
ri^^t-angled  frian- 
zle,  having  the 
nght angle,  B AC: 
tM  square  of  B  C  . 
shall  t)e  equal  to 
the  sum  of  the 
squares  of  B  A,  AC. 

Upon  B  C,  B  A, 
describe  the  squares 
CD,AE;  produce 
DBtomeetEF,  orEFproduced,  inG; 
and,  through  A,  draw  H  K  parallel  to 
BD. 

Then,  because  the  sides  E  B,  B  G,  of 
the  angle  £  B  G,  are  perpendicular  re- 
spectively to  the  sides  AB,  B  C,  of  the 
angle  ABC,  these  two  angles  (18.)  are 
equal  to  one  another;  and  the  ri^ht 
angle  BE  G  is  equal  to  B  AC;  there- 
fore the  two  triangles  EBG,  ABC, 
having  two  angles  of  the  one  equal  to 
two  al^les  of  the  other,  each  to  each, 
and  the  interjacent  sides,  £  B,  A  B,  equal 
to  one  another,  are  equal  in  every  re- 
ipect,  and  B  G  is  equal  to  B  C  or  B  D 
(5.x  And.  because  the  parallelogram 
AG,  and  the  squareAE,  are  upon  the 
same  base,  and  between  the  same  pa- 
rallels (24.),  A  G  is  equal  to  A  E.  Again, 
because  the  MraUelogram  A  G,  and  the 
rectaiwie  KB,  are  upon  equal  bases, 
BG,  BD,  and  between  the  same  pa- 
raJlels  (25.),  A  G  is  equal  to  K  B.  There- 
iorc,  also,  A  £,  that  is,  the  square  of  ABT 


is  equal  to  the  rectangle  BK  (ax.  1.). 
And,  in  like  manner,  it  may  be  shewn  j 
that  the  square  oMUC  is  eoual  to  the  t^  ^ 
rectangle  K  C.  Therefore,  tiie  squares 
of  A  B,  AC,  together,  are  equal  to  the 
rectangles  B  K,  K  C  together,  that  is,  to 
the  square  of  B  C. 

Next,  let  the  square  of  B  C  be  equal 
to  the  sum  of  the  squares  of  B  A,  AC: 
the  angleBAC  shall  be  a  right an^le. 
For,  let  L  M  N  be  another  triangle  having 
its  sides,  L  M,  L  N,  equal  to  the  sides  AB, 
AC,  respectivdv,  and  the  angle  at  L  a 
right  angle.  Then,  by  the  former  part 
01  the  proposition,  the  square  of  M  N  is 
equal  to  the  squares  of  LM,  LN,  that 
is,  to  the  squares  of  A  B,  A  C,  or  to  the 
square  of  B  C,  and  M  N  is  equal  to  B  C 
(25.  Cor.).  Therefore,  in  the  triangles 
ABC,  LMN,  the  three  sides  of  the 
one  are  eaual  to  the  three  sides  of  the 
other,  each  to  each ;  and,  consequently, 
the  angle  B  A  C  is  (7.)  equal  to  the  angle 
M  L  N,  that  is,  to  a  right  angle.* 

Therefore,  &c. 

Cor.  1.  In  a  nght- angled  triangle,  the 
square  of  either  of  the  two  sides  is  equal 
to  the  difference  of  the  squares  of  the 
hypotenuse  and  the  other  side. 

Cor.  2.  It  appears,  from  the  demon- 
stration, that  if  a  perpendicular  be 
drawn  from  the  right  angle  to  the  hypo- 
tenuse, the  square  of  either  side  is  equal 
to  the  rectangle  under  the  hypotenuse 
and  segment  adjacent  to  that  side.  And 
conversely,  if  this  be  the  case,  the  angle 
at  A  must  be  a  right  angle.  For,  if  the 
rectangle  BC,  BP,  be  equal  to  the 
square  of  B  A ;  then,  taking  the  square 
of  B  P  from  each  (31.  and  36.)  the  rect- 
angle BP,  PC,  wiU  be  equal  to  the 
square  of  AP;  and  therefore,  adding 
the  square  of  P  C  to  each,  the  rectangle 
B  C,  C  P,  will  be  equal  to  the  square  of 
A  C :  therefore  the  two  rectangles,  B  C, 
B  P,  and  B  C,  C  P,  together,  that  is  (30. 
Cor.)  the  square  of  B  C,  will  be  equal  to 
the  squares  of  B  A,  A  C,  and  the  angle 
B  A  C  will  be  a  right  angle  (36.). 

Cor.  3.  And  hence  it  follows  that,  if 
B  A  C  be  a  right  angle,  the  square  of 
the   perpendicmar  on  the  hypotenuse 

•  It  is  erident  that  the  ndat  of  the  aqaare*  upon 
A  B,  A*C,  which  are  oppoBtte  to  A  B,  AC,  w-oulil 
meet,  if  prodaced,  in  the  point  H.  The  latt«r  part  of 
the  demonstration  is,  accoTdiPj:l]r,  eqaalljr  applicable 
to  shew  that  if  mpo»  the  two  sides  A  B,  A  C\  of  any 
triangio  ABC  (right-anglod  or  otherwise)  any  two 
parallelograms  be  deserxbed  whose  sides  oppo'ite  to 
A  B,  AC,  meet  in  a  point  H,  and  if,  npon  the  bate 
BC  of  the  triangle,  a  parallelogram  be  hkewise 
4eseriled,having  tts  sides  adjoining  to  ihi  base  equal 
and  parallel  to  A  H.  the  pamlMogrftm  moon  the  base 
ihJl  be  emutl  to  M#<f«m  qfthe  paralMograms  f^  m 
the  two  «i«r«. 
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will  be  equal  to  the  rectangle  tiAder  the 
segments  of  the  hypotenuse ;  and  that* 
conversely,  if  this  be  the  case,  the  anrie 
BAG  will  be  a  right  angle.  (SeeUie 
proof  of  Cor,  2.) 

SchoHurih 
Among  the  different  proofs  which 
have  been  invented  of  this  celebrated 
theorem,  there  is  one  of  no  little  ele- 
gance, which  has  the  advantage  of 
pointing  out  in  what  manner  the  squares 
of  the  two  sides  may  be  dissected,  so  as 
to  form,  by  juxta-position  of  th«r  parts, 
the  square  of  the  hypotenuse.  It  will 
be  rcMily  apprehended  from  the  follow- 
ing  outline.  B  A  C  is 
a  triangle,  having  the 
angle  at  A  a  right 
angle :  upon  the  hypo- 
tenuse B  C  is  described 
the  square  B  C  D  E, 
and  through  the  points 
D,  E,  straight  lines  are 
drawn  parallel  to  B  A,  C  A,  to  meet  one 
another  in  K,  and  A  C,  A  B  produced, 
in  the  points  F,  G.  Then  it  may  be 
shewn  that  the  four  right-angled  trian- 
gles, upon  the  sides  of  the  square  B  D, 
are  equal  to  one  another;  and, there- 
fore together  equal  to  twioe  the  rectan«' 
gle  BA,  AC:  also,  that  the  figure 
AFK6  is  a  square,  and  equal  to  the 
square  of  BA-hAG:  and  henoe  it 
easily  follows  that  the  square  of  B  G  is 
equal  to  the  squares  of  B  A,  A  G  (32.  and 
ax.  3.)*  To  shew  the  dissection  of  the 
squares,  E«  and  Gc  are  drawn  paral« 
klto  A  B,  to  meet  B  6,  which  is  drawn 
parallel  to  A  G,  in  the  points  c,  e  r  then 
G  6  is  equal  to  the  souare  of  AB,  and 
£  A  to  the  s<iuare  of  A  G ;  and  the  former 
is  divided  into  two,  and  the  latter  into 
three  parts,  which  may  be  placed  (as 
indicated  by  the  divisions  of  B  D,)  so  as 
to  fill  up  the  space  B  G  D  E,  which  is 
the  square  of  B  G. 

Prop.  37.  (Euc.  ii.  12.  and  13.) 

In  every  triamgle,  the  square  of  ths 
side  which  is  opposite  Pj  nauf  ^ven 
angle,  is  ^eater  or  less  than  the  sqttares 
of  the  stdes  coniaifting  that  angle,  by 
twice  the  rectangle,  contained  hy  either 
of  these  sides,  and  that  part  of  it,  which 
u  intercepted  between  tkeperpendicukar 
let  fall  upon  it  from  thet^fposite  angle, 
and  the  given  angle :  greater ^  when  the 
given  angle  ie  greater  than  a  right 
angle,  and  less,  when  it  is  less* 


I^tABGbeimf 
triangle,  and  G  one 
of  its  angles ;  and 
from  the  angle  A  to 
the  opposite  side 
B  G,  or  B  G  pro- 
duced, let  there  be 
drawn  the  peipen 
dicular  A  D :  the 
square  of  AB  shall  be  greater  or  less 
than  the  squares  of  AG,  G  B,  by  twice 
the  rectangle  BC,  CD;  greater,  if  C 
l^  greater  than  a  i^t  angle,  and  less 
if  it  be  less. 

When  G  is^eater  than  a  right  angi^. 
the  opposite  side,  AB,  and  the  perpendi- 
cular, A  D,  must  lie  upon  different  sides 
of  AC ;  since,  othorwise.  m  the  triangle 
A  C  D,  one  of  the  angles  would  be  a 
right  angle,  and  another  greater  than  a 
right  angle,  which  is  impossible  (8.)  For 
the  like  reason,  when  G  is  less  than  a 
right  angle,  the  opposite  side,  A  B,  and 
the  perpendicular,  AD,  must  lie  upon 
the  same  side  of  A  G. 

Therefore,  according  as  G  is  greater 
or  less  than  a  right  angle,  the  line  B  D 
will  be  the  sum,  or  tiie  difference  of 
B  G,  CD  and  (32.  and  33.)  the  square 
of  B  D  will  be  greater  or  less  than  the 
squares  of  B  C,  C  D  by  twice  the  rect- 
angle BC,  CD.  Add  to  each  the 
square  of  AD:  therefore,  the  squares' 
of  B  D,  A  D  will  be  greater  or  less  than 
the  squares  of  B  C,  G  D,  A  D,  by  twice 
the  rectangle  B  C,  G  D.  But  the  square 
of  A  B  is  equal  (36.)  to  the  squares  of 
B D,  AD,  and  the  square  of  A C  is 
equal  to  the  squares  of  CD,  AD^ 
Therefore,  the  square  of  AB  will  be 
greater  or  less  than  the  squares  of  B  C, 
A C  by  twice  the  rectangle  B  C,  CD. 

Therefore,  &c. 

Cor.  Any  an^e  of  a  triangle  is  mater 
or  less  than  a  nght  angle,  accorain^  as* 
the  square  of  the  side  opposite  to  it  is 
^ater  or  less  than  the  squares  of  the 
sides  by  which  it  is  contained. 

Scholium* 
When  the  point  D  coincides  with 
G,  there  is  no  rectangle  B  C,  G  D,  the 
angle  G  is  a  right  angle,  and  we  come 
to  the  conclusion  of  Prop.  36. :  when  D 
coincides  with  B,  the  rectangle  BC,  CD 
becomes  the  square  of  B  G,  the  an^le 
B  is  a  right  angle,  and  we  come  to  me 
conclusion  of  Pi-op.  36.  Cor.  1. 

Prop.  38. 
In  every  triangle^  if  a  perpendicular 
be  drawn  from  ^  vertex  to  the  bate. 
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lBC  lie  a  A  A. 

sod  from  X  JT 

at  A  to  the  /  \  /n 
D.  orBC  /  \  // 
Uet  there  /-41 /-4i 


or  to  iA«  bate  produced ;  the  difmnce 
of  Uu  9qwtres  of  the  sides  shall  he  equal 
to  the  diffisrenee  of  ike  squares  of  the 
eegmeutsqf  the  base,  or  of  the  base  pro- 
duced* 

Let  ABC  be 
trian^e, 
theiwrtex 
base  BC, 
nroduoed, 
be  dnwo  the  per- 
pendieular  AD:  the  difference  of  the 
squares  of  AB,  A  C,  shall  be  eoual  to  the 
differeDce  of  the  squares  of  BD,  CD. 

For  the  square  of  BD  is  as  much 
greater  than  the  square  CD,  as  the 
sqoaiea  of  B  B,  A  D  together  sie  greater 
than  the  squares  of  CD,  AD  U»ether, 
that  is  (36.x  »  the  square  of  AB  is 
greater  than  the  square  of  A  C. 

Tberefore,  &c. 

We  may  remark  that,  if  the  trian^e 
be  boseeles,  the  segments  of  ttie  base 
win  l>e  equal ;  and,  that,  in  other  cases, 
the  fpeater  segment  of  the  base  is  always 
adjoming  to  ttie  greater  t^e.  (18.  Cor. 
Lands.) 

Pbop.  39« 

Jn  an  isoscdes  trtan^,  if  a  straight 
Kne  be  drawn  from  the  vertex  to  an^ 
point  in  the  base^  or  in  the  base  pro- 
duced, the  square  of  this  straight  line 
shall  be  less  or  greater  thaX  the  square 
^either  of  the  two  sides^  by  the  rect- 
angle  under  the  segments  of  the  base^  or 
of  the  base  produced. 

Let  ABCbe  a 

an  isosceles  tri- 
angle, having  the 
side  AB  equal 
to  the  side  AC,  ^^ 
and  torn  the 
vertex  A  to  any  point  D  in  the  base,  or 
in  the  base  produced,  let  there  be  drawn 
the  line  AD:  the  sauare  of  AD  shall 
be  less  or  greater  than  the  square  of 
A  C,  by  the  rectangle  B  D,  D  C. 

Bisect  BC  in  E,  (post  3.)  and  join  AE. 
Then.  DC  is  equal  to  the  sum  of  DE  and 
EC;  andbecauseBE  is  equal  toEC, 
B  D  is  equal  to  the  difference  of  D  E 
and  £  C.  Therefore  the  rectangle  B  D, 
D  C  is  (34.)  equal  to  the  difference  of 
the  squares  of  D  E,  E  C.  But  the  line 
AE  ispeipendicular  to  BC.  because  the 
base  Bu  of  the  isosceles  triangle  is  bi- 
iectBdinE(6.C0r.d.).  Therefore,  (38.) 
fibe  differenee  of  the  squares  of  DS,  EC, 
is  eqwal  to  the  difference  of  the  squares 
*«fAD,  AC.  Therefore  (ax.  1.)  the  rect- 
angle BD,  DC,  is  equal  to  the  difference 


of  the  sqnares  of  AD,  AC ;  that  is,  the 
square  of  AD  is  less  or  greater  than  the 
square  of  AC,  by  the  rectangle  BD, 
D  C 
Therefore,  &C. 

P*OP.  40e 

In  every  triangle  the  squares  of  the 
two  sides  are  together  dovble  of  the 
squares  of  half  the  base,  and  of  the 
straight  line,  which  is  drawn  from  the 
vertex  to  the  bisection  of  the  base. 

Let  ABC    be 
any  trian^e,  and  ^  -^ 

firom  the  vertex  A 
to  D,  the  middle 
point  of  the  base, 
let  there  be  drawn 
the  line  AD.  The 
squares  of  A  B,  A  C,  shall  be  together 
double  of  the  squares  of  B  D,  D  A. 

Rrom  the  point  A  to  B  C,  or  B  C  pro- 
duced, draw  the  perpendicular  A  E  ( 1 2.). 
Hien  BE  is  equal  to  the  sum  of  BD,  DE ; 
and,  because  B  D  is  equal  to  D  C,  E  C 
is  equal  to  the  difference  of  B  D,  D  E. 
Therefore,  (35.)  the  squares  of  B  E,  E  C 
are  together  double  of  the  squares  of 
BD,  DE.  And  the  sauare  of  £A,  taken 
twice,  is  double  of  the  square  of  E  A. 
Therefore  the  squares  of  B  E,  E  A,  C  B, 
E  A,  are  together  double  of  the  squares 
of  BD,  DE,  EA;  that  is  (36.),  the 
squares  of  BA,  AC  are  together 
double  of  the  squares  of  B  D,  D  A. 

When  AC B  is  a  right  angle,  the 
pevpendieular  AE  coincides  with  the 
side  AC.  Therefore  BD  is  equal  to 
D  £,  and  the  square  of  B  £  is  double  of 
the  squares  of  BD,  DE  (29.Cor.  2.) ;  also 
the  square  of  B£  (36.  Cor.  1.)  is  equal 
to  the  difference  of  the  squares  of  BA« 
A£,  that  is,  of  B  A,  AC;  and  hence 
the  squares  of  B  A,  AE,  that  is,of  B  A« 
A  C,  are  together  double  of  the  squaiea 
jofBD,DA,  asbefora. 

Therefore,  &c. 

Prop.  41. 

The  squares  of  the  four  sides  ^f  a 
quadrilateral  are  together  greater  than 
the  squares  of  its  diagotuUs,  bufour 
times  the  square  qf  the  straight  line 
which  Joins  the  nUddle  points  qf  the 
die^onale. 

Let  ABCD  *»         ^  • 

a  quadrilateral,  and  ^ 
let  its  diagonals  A  C, 
B  D  be  bisected  in 
the  points  F,E:  the 
squares  of  A  B, 
BC,  CD,DA,aie 
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together  greater  than  the  squares  of 
A  C,  B  D»  by  four  times  the  square  of 
EF. 

Join  BF,  FD.  Then,  because  the 
base  A  C  of  the  triangle  B  A  C  is  bi- 
sected in  F,  the  squares  of  A  B,  B  C  are 
(40.)  equal  to  twice  the  squares  of  B  F, 
A  F :  and  for  the  like  reason  the  squares 
of  CD,  DA  are  equal  to  twice  the 
squares  of  D  F,  A  F :  therefore,  the 
squares  of  A  B,  B  C,  C  D,  D  A  are  to- 
gether equal  to  twice  the  squares  of 
B  F,  D  F,  together  with  four  times  the 
square  of  A  F.  But,  because  the  base 
Bd  of  the  triangle  FBD  is  bisected  in  E. 
the  squares  of  BF,  DF,  taken  twice,  are 
(40.)  equal  to  four  times  the  squares  of 
B  E,  E  F :  therefore  the  squares  of  A  B, 
B  C,  CD,  DA  are  together  equal  to 
four  times  the  squares  of  A  F,  B  E,  to- 
gether with  four  times  the  square  of  EF ; 
that  is,  to  the  squares  of  AC,  BD, 
(39.  Cor.  2.)  together  with  four  times 
the  square  of  E  F. 

Therefore,  See. 

Cor.  In  a  parallelogram,  and  in  a 
parallelogram  only,  the  points  E  and  F 
coincide,  because  (22.)  the  disjgonals  bi- 
sect one  another :  therefore,  in  a  paral- 
lelogram, and  in  a  parallelogram  only, 
the  squares  of  the  diagonals  are  toge- 
ther equal  to  the  squares  of  the  four 
sides. 

Section  T.^Probletfu. 

Upon  a  piece  of  paper  for  a  plane, 
with  a  pen,*  a  ruler,  and  a  pair  of  com- 
passes, it  is  evident,  that,  first,  a  straight 
line  may  be  drawn  from  any  one  point 
to  any  other  point ;  2ndly,  a  terminated 
straight  line  may  be  produced  to  any 
length  in  a  straight  line ;  3dly,  from  the 
greater  of  two  straight  lines,  a  part  may 
be  cut  off  equal  to  me  less ;  and  4thly,  a 
circle  may  be  described  from  any  centre, 
and  with  any  distance  from  that  centre. 

*  Althonrii  the  paper  be  not  an  exact  plane,  nor 
the  pen  snen  as  nay  lenre  to  draw  an  exact  line, 
these  defects  admit  of  b«inf  remored  to  any  required 
degree,  and  do  not,  in  the  least,  affect  the  accuracy  of 
pnr  oonclnaions,  with  regard  to  exact  lines  and  planes. 

An  edge  which  is  a  right  line,  or  nearly  so,  (becanse 
it  is  the  common  section  of  two  planes,  see  Book  IV.) 
may  be  obtained  by  doubling  over  a  piece  of  paper 
upon  itself,  and  a  right  angle  (def.  10.)  by  doobling 
over  this  edge  npan  itself;  These  are  both  useful 
upon  occasion,  especially  the  right  angle,  which  is 
■o  frequently  required  in  geometrical  construction* 
that  a  ease  of  instruments  is  commonly  provided 
with  one.  Among  practical  mechanics  it  is  known 
under  the  name  of  the  s^pare.  Parallel  lines  also 
oeear  so  frequently,  that  it  is  convenient  to  have  a 
ruler  exnressly  for  drawing  them,  called  ApartUM 
rmUr,  This  may  be  made  of  two  or  three  different 
fof  ms,  the  best  oi  whieh  is  that  of  a  flat  ruler  numing 
nfon  two  equal  roller*. 


Operations  so  simple  require  no  further 
notice. 

Prop.  42.  Prob.  1.  (Euc.  l  1.) 
To  describe  an  equilateral  triangle 
vpon  a  given  finite  straight  line  A  £ 

From  the  points  A,  B, 
as  centres,  with  the  com- 
mon radius  A  B,  describe 
two  circles,  intersecting 
one  another  in  C,  and 
join  C  A,  C  B. 

Then,  because  C  A, 
C  B  are  each  of  them 
equal  to  A  B  (def.  24.), 
they  are  (ax.  I.)  equal  to  one  another, 
and  the  triangle  C  A  B  is  equilateral. 
Therefore,  an  equilateral  triangle  has 
been  described  upon  the  given  finite 
straight  line  AB,  which  was  required  to 
be  done. 

Prop.  43.  Prob.  2.  (Euc.  L  10.) 

To  bisect  a  given  finite  straight 
line  AB. 

Upon  either  side  of  A  B  (42.)  describe 
an  equilateral  triangle :  join  the  vertices 
or  summits  C,D,  and  let  CD  cut  AB  in  E. 

Then,  because  the  triangles  CAD, 
C  B  D  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other, 
each  to  each,  (7.)  they  are  equal  in  every 
respect,  and  the  angle  A  C  D  is  equal 
to  BCD.  Therefore,  the  triangles 
A  C  E,  B  CbE,  having  two  sides  of  the 
one  equal  to  two  sides  of  the  other, 
each  to  each,  and  the  included  angles 
equal  to  one  another,  are  equal  in  eveiy 
respect  (4),  and  A  E  is  equal  to  £B. 

Therefore,  &c. 

Cor.  By  the  same  construction,  a 
straight  line  may  be  drawn,  which  sh|dl 
bisect  any  given  straight  line  at  right 
angles. 

N.  B.  It  is  evident,  from  6.  Cor.  4., 
that  the  same  end  will  be  obtained  l^ 
joining  the  point  of  intersection  C  of 
any  two  equal  circles  described  from  the 
centres  A,  B,  and  cutting  one  another 
above  AB,  with  the  point  of  inter- 
section D  of  any  other  two  equal  circles 
described  from  the  same  centres,  and 
cutting  one  another  either  above  or  be- 
low A  B :  for  C,  D  will  be  the  vertices  of 
isosceles  triangles  upon  the  same  base. 
This  observation  may  bt  of  use  when 
one  of  the  triangles  is  already  described* 
as  in  the  first  method  of  Prob.  4. 

Prop.  44.  Prob.  3.  (Euc.  i.  U.) 
To  draw   a  straight  line  at  right 
angles  to  a  given  straight  line  A  B, 
Jrom  a  given  point  C  in  the  same. 
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F&»/  method.  In  CA  take  any 
polnl  A,  and  make  C  B 
equal  to  CA:  upon 
A  B  describe  (42.)  the 
equilateral  triangle 
DAB,  andjdnDC. 

Tlien,  because  the  triangles  D  C  A, 
D  C  B  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other, 
each  to  each,  (7.)  the  angle  D  C  A  is 
equal  to  D  C  B ;  and  they  are  adjacent 
angles ;  therefore  each  of  them  is  a  right 
angle  (def.  10.),  and  D  C  is  at  right  an- 
gles to  AB. 

Second  method.    Take  any  point  D. 
which  is  not  in  AE,  and  from    the 
centre  D,  with  the  radius  D  C  describe 
the  circle  ACE,  cutting 
the  line  AB  a  second  time 
in  the  point  A :  join  AD, 
and  produce  it  to  meet  the 
circumference  in  E,  and 
join  E  C.    Then  because 
m  the  triangle  £  C  A,  the 
line  D  C  drawn  from  the  angle  C  to  the 
middle  of  the  opposite  side  equal  to 
half  that  ude,  the  angle  C  is  (1 9.  Cor,  4.) 
a  right  angle,  and  C  £  is  at  right  angles 
to  A  B.    If  the  points  A,  C,  coincide, 
D  C  is  (12.  Cor.  3.)  at  right  angles  to 
A  B. 

T*fni  method.      Take  any  sta^ght 
line  M,  and  make  C  A  equal  to  four 
times  M :  from  the  centre  C,  with  a 
radius  equal  to  three  times  M,  descril>e 
a  circle :  from  the  ceAtre  A.  with    a 
radius  equal  to  five 
times  M,  describe  a 
second  circle,  cuttine 
the  former  in  D,  and 
loin  DC, DA.  Then, 
because   the    square 
of  five  times  M  is  (29.  Cor.  3.)  equal  to 
the  square  of  four  times  M,  together 
with  the  square  of  three  times  M,  the 
square  of  A  D  is  equal  to  the  squares 
of  AC,  CD;  and.  therefore,  (36.)  the 
angleACD  is  a  right  angle,  or  DC  is 
at  right  angles  to  A  D. 

Therefore,  &c- 

Thc  last  two  methods  are  pariicularly 
convenient,  when  the  given  point  C  is 
Bear  the  edge  of  the  paper. 
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Prob.4.  (Euc.L  12.) 


to  a  given  etrateht  line  jC. 
given  point  C  without  it, 

^Tit  method.  Take  any  point- D  upon 
the  other  aide  of  AB,  and  join  CD: 


from  the  centre  C, 
with  the  nidius 
C  D,  describe  a 
circle  cutting  A  B 
in  the  points  A, 
B:  bisect  (43.)  AB 
in  E,  and  join  C  E. 

Then,  because  the  triangles  CEA, 
CEB  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other, 
each  to  each.  (7.)  the  angle  CEA  is 
equal  to  CEB,  and  (def.  10.)  C  E  is  at 
right  angles  to  A  B. 

Second  method.  Draw  from  C  to 
AB  any  straight  line  C  A:  bisect  C  A 
(43.)  in  D  :  from  the  centre  D,  with  the 
radius  DA  or  DC,  describe  a  cirde, 
cutting  AB  in  a  second  point  E,  and 
join  C  E.  Then,  for  the  same  reason, 
as  in  the  second  method 
of  the  preceding  pro- 
blem, C  £  is  at  right  an- 
gles to  A  B.  Also,  if 
the  points  A,E  coin- 
cide, C  A  is  at  right 
angles  to  A  B. 

Third  method.  In  A  B  take  any  two 
points  A,  B,  and  from  A,  B,  as  centres, 
with  the  radii  A  C,  B  C,  describe  circles 
cutting  one  another  a 
second  time  in  F :  join 
CF,  and  let  C  P  cut 
A  B  in  E.  Then,  be- 
cause ACF,  BCF, 
are  isosceles  triangles 
upon  the  same  base 
CF,  ihe  line  AB  which 
joins  their  summits,  bisects  the  base  at 
right  angles  (6.  Cor.  4.) ;  that  is,  C  E  is 
at  right  angles  to  A  B. 

Therefore,  &c. 

When  C  A  is  equal  to  CB,  (which 
may  happen,  when  the  points  A,  B  are 
on  different  sides  of  £,)  the  last  of  these 
three  methods  is,  in  practice,  nearly  the 
same  as  the  first  The  last  two  methods 
are  applicable  to  the  case,  in  which  the 
point  Q  falls  near  the  edge  of  the  paper. 

Prop.  46.  Prob.  5.  (Euc.  i.  9.) 
To  bisect  agiven  rectilineal  angle  BAC. 
In  A  B  take  any  point  B :  make  A  C 
equal  to  AB:  join  a  C :  upon  B  C  de- 
scribe (42.)  the  equilateral 
triangle   B  D  C,  and   join 
A  D.  Then,  because  the  tri- 
angles AB  D,  A C  D  have 
the  three  sides  of  the  one 
equal  to  the  three  sides  of 
the  other,  each  to  each.  (7.) 
the  angle  B  A  D  is  equal  to 
the  angle  CAD. 
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Therefore^  &c. 

Cor,  By  repeating  thw  proeew  with 
the  halves,  quarters,  &c  of  the  given 
angle,  it  may  be  divided  into  four,  eight, 
&c.,  equal  parts. 

Scholium, 
There  ii  bo  eonstrueticm  in  PkM 
Geometry,  L  e»  no  construction  practi- 
cable with  the  assistance  of  the  right 
line  and  the  circle  only,  by  which  a  given 
angle  may  be  divided  into  three,  five, 
&c.  equal  parts.  It  is  true  that,  by  the 
description  of  other  lines  wbieh  are 
plane  eurres,  (as  the  hypcrtx)k»  con« 
ehoid,  and  cissoid,)  any  given  an|^ 
laaybe  trisected,  or  divided  into  thr«e 
equal  parts ;  but  such  tonstruetioiis, 
not  beinff  effected  by  the  two  species  of 
lines  which  are  the  subject  of  these  Ele- 
ments, are  for  certain  reasons  (to  be 
found  m  the  application  of  Algebra  to 
Geometry)  said  to  be  out  of  the  range 
of  Plane  Geometry.  There  are,  how- 
ever, some  particular  cases  in  which,  by 
means  of  the  circle,  an  angle  may  M 
divided  int6  three^  five,  and  other  num- 
bers of  equal  part&  Such  is  the  divi- 
sion of  a  ngfatangle  into  three  equal  parts. 
In  this  case  we  are  already  aware,  that, 
since  an  equilateral  triangle  has  its  three 
angles  equal  to  one  another,  and  the  three 
taken  together  equal  to  two  right  angles, 
each  of  them  is  two  thirds  of  a  right  angle. 
The  problem,  therefore,  will  be  served 
by  describing  an  equilateral  triangle 
upon  either  of  the  legs,  taken  of  any 
Mgth  at  pleasure.  In  like  manner,  by 
means  of  an  boscdes  triangle,  each  of 
whose  base-angles  is  double  of  the  verti- 
cal angle,  (see  book  iiL)  and  is,  there- 
fore, four- fifths  of  a  right  angle,  Plane 
Greometry  enaUes  us  to  divide  a  rigl4 
angle  into  five  eoual  parts.  But  these 
are  only  particular  cases,  and  indicate 
no  general  process. 

Prop.  47.  Prob.  6.  (EtiaLas.) 

At  a  given  point  A,  in  a  given 
itraight  Hne  Ad,  to  make  ea%  angle 
equal  to  the  given  reetiiineal  mtgle  C, 

fVom  the  eentre  C,  with  any  radius, 
describe  a  circle,  cutting  the  sides  of 
the  given  an§^  in  tbe  points  D  £,  and 

Join  D  £ :  from  the  centre  A,  with  a 
radius  equal  to  C  ]^  or  C  D,  describe  a 
circle,  cutting  A  BinB«  «iidfiPom  the 
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centre  B  with  a  ndius  equal  to  D  E« 
describe  a  circle  cutting  the  last  cade  m 
F;  and  join  FA,  FB.  Then,  because 
the  triangles  BCD,  FAB  have  ttie 
three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  (7.)  they 
are  eijual  in  every  respect,  and  the  aof^ 
at  A  IS  equal  to  the  angle  at  C. 
Therefore,  &c. 

Prop.  48.    Prob.  7.  (Euc.  L  81.) 

Through  a  given  point  A,  to  draw  a 
etraight  line  paraliel  to  a  given  etraight 
line  BC, 

From  A  to  BC 
drew  any  straight 
line  A  (3,  and  at 
ttie  point  A  make 
the  angle  CAD 
equal  to  A  C  B 
(as  directed  in  Prop.  47.,  or  as  in  the 
adjoined  figure)  :  (ben,  because  these 
Ungles  are  alternate  angles,  A  D  is  (15. 
Cor,  2.)  parallel  to  B  C. 

Therefore,  &e. 

N.  6.— In  ttie  figure,  equal  cbdes  are, 
in  the  first  place,  described  lh)m  the 
centres  A,  C,  the  former  cutting  B  C  a 
second  time  in  B ;  and  the  pomt  D  is 
then  detennined  by  describing  a  circle 
from  tlM  centre  A  with  the  ramus  B  C. 

This  construction  is  equally  short,  in 
praetioe,  with  thai  of  Prop.47. ;  and  when 
It  is  required  to  obtain  the  point  D  at  as 
great  a  distance  as  possible  fix)m  A,  may 
be  prefemd,  the  hne  A  C  being  dbrawn 
more  obliquely  for  that  purpose. 

Prop.  49.    Prob.  8.  (Eua  vi.  9). 
To  divide  a  given  eiraighi  line,  A  B, 
into  any  number  of  equal  parte. 

Let  it  be  required  to  divide  A  B  into 
five  equal  parts.  Draw  A  C,  making  any 
angle  with  A  B,  and  takmg  any  dustance 
M,  set  it  oiFupon  A  C  five  times  from 
AtoC:  join  CB,  and  through  the  points 
of  division  in  A  C,  vis.  D,  E,  &c.  draw 
(48.)  parallels  to  G  B,  cutting  A  B  in  the 
points F,Q,&c.  AB  shall  be  divided 
at  the  latter  points  into  five  equal  parts. 
Through  Fand 
yiL.  JP-^      C^  draw  (48.)  F 

-^  ^^-^/  H  and  GK. 
each  of  them 
parallel  to  A  C. 
'iben,  because 
F  C  is  a  paral- 
lelogram, FH  is  equal  to  DC  (22,); 
and  for  the  Hke  reason  G  K  is  equal  to 
ED:  but  £  D,  D  C,  are  equal  to  one. 
another ;  therefore  (ax.  l.X  1"  H  is  equal 
toGK.  fiutFH,GK,  axesideBirfthe 
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tmn^es  FH  B,0  K  t,  whMi  li&vetlieir 
angles  equal  to  one  ftoothel',  each  to  each» 
because  their  sides  are  parallel  (18.) : 
tiierefore(5.),  thdr  other  sides  are  also 
equal  to  one  another,  and  F  B  is  equal 
to  G  F.  In  like  manner  it  may  be  shown, 
that  each  of  the  other  fire  puis  into 
^Inch  AB  is  divided,  is  equal  to  FB  or  6F* 

And  it  is  evident  that,  by  a  similar 
lirooess,  AB  may  be  divided  into  any 
other  number  of  equal  parts. 

Therefore,  &c. 

It  is  convenient  to  draw  the  parallds 
DF,Ea,&c.  by  making  the  andeABo, 
equal  toB  A  C  (47.), taking Bd,  de,&c. 
cttchequalto  M,  and  Joining  ooirespond- 
iag  points  D  d,  E  «,  «w.  For  the 
straight  &nes  which  }oin  tiie  extremitleB 
of  equal  and  paraBel  straight  lines,  are 
Also  (hemaelres  equal  and  parallel  (2I.>, 
A  similar  process  may  be  recommended* 
whenever  a  number  of  parallels  are  to 
be  drawn  vnthout  the  assistance  of  a 
paralld  ruler. 

Prop.  50.    Frob.  9.  (Bvc.  L  ^H 
Tb  amttfuet  airianglefrom  tkreepartB 
given,  of  wkU^  one,  d  lea«ii  U  a  %id$. 
Case  1.    Let 
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the  given  parts 
be  two  angles 
and  a  side ;  viz. 
the    an^s  A 

B,  and  tne  side 
CD. 

If  the  given 
nde  is  tO'  1)6 
imMerjataU  or 
to  he  between  the  nven  angles,  »aka 
(47.)afttiiep(nntBC,D,tbean^lesDCK, 
C  I)  £,  equal  to  A,  B,  respectively :  and 
the  triangleECDwiU  cvldentiy  be  tha 
triangle  required. 

But  if  C  D  is  to  be  oppMtto  to  one  of 
the  given  angles,  as  B,  make  at  the  point 

C,  the  angles  D  C  E,  E  C  F,  equal  to 
A.B,  respectively,  and  throng  D,  draw 
D £  paiallelto  C  F(48.) :  then  theangie 
C  E  D is  (IS. Cor.  2.)  equal  to  the  alter- 
nate angle  E  C  F,  that  is,  to  B»  and 
EC  D  is  the  triangle  required. 

Case  2.  Let  the  given  parts  be  two 
aides  and  an  ang^e ;  viz*  the  sides  A.  B, 
aadtheaiigle  C. 

If  the  given  angle 
is  to  be  inekuud^ 
takeCD,CE,upQn 
its  sides,  equal  to 
A,  B,  respectively, 
and  join  DS;  the 
triang^  CBEwill 
evidently  be  the  tri* 
aag^e  reqiured. 


But  tf  0  Is  to  be  tpmHie  to  one  oT 
the  given  sides  as  A,  take  C  E  equal  to 
B  as  before :  from  the  centre  E,  with  a 
radius  equal  to  A,  describe  a  circle 
cutting  6D  in  the  points  D,  D ;  and 
Join  ED,  ED.  Then,  if  the  points  D,D 
mil  botii  on  the  same  side  oi  C  with  the 
an^e,  each  of  the  triangles  E  C  D  will 
satisfy  the  ^ven  conditions;  but  if  they 
fall  upon  diiFerent  sides,  only  one  of 
them,  as  E  C  D,  will  satisfy  those  eon« 
ditions,  and  therefore  that  one  will  be 
the  triangle  required. 

If  the  points  D,  D,  bdn^  upon  the 
same  side  with  the  an^e,  coincide  with 
one  another,  which  will  happen  when 
EDO  is  aright  angle  (12.  Cor.  3.),  there 
is  only  one  triang^  ED  C»  which  is  the 
triangle  required. 

Case  3.  Let  ttie  given  parts  be  three 
sides,  viz.  A, 

B,  and  CD.  A 

Fromthecen-  b— - 
tresC,D,with 
radii  equal  to 

A,  B,  respectively,  describe  cuxles  inter- 
secting in  E,  and  loin  EC,  ED:  then 
E  CD  is  evidently  the  triangle  required. 

Therefore,  &c. 

Sisholiwn. 

In  each  of  these  three  cases  we 
have  supposed  the  data,  or  ^ven  parts* 
to  he  such  that  the  problem  is  possible  i 
and  the  same  win  be  supposed  in  all  future 
problems.  Many  of  tnem,  however,  wifl 
oe  found  to  be  of  that  description,  that, 
if  the  relations  of  the  data  tie  not  con- 
fined within  certain  limits,  the  required 
solutions  will  be  impossible.  In  pro- 
blems of  a  more  complex  nature  than 
tile  present,  the  determination  of  these 
limits  is  facilitated  by  the  consideration 
of  hd,  to  be  noticed  hereafter  (in 
Book  III.  Sect  6),  and  which  may  here 
be  expluned  as  circumscribing  the 
range,  if  it  l)e  limited,  within  which 
every  particular  datum  confines  the  solu- 
tion of  the  problem  ;  for  it  is  obvious 
that,  if  a  second  datum  cannot  be  satis- 
fied within  that  range,  the  two  will  be 
inconsisteht,  and  the  solution  impossible. 

In  the  mean  time,  it  may  l>e  ob- 
served, the  limits  of  the  data  are  in 
many  cases  readily  suggested  by  the 
known  properties  of  the  figure,  or  by 
the  necessary  construction  of  the  pro- 
blem. It  is  evident,  for  instance,  that  in 
every  case  of  the  problem  before  us,  there 
are  certain  limits,  beyond  which  the 
solution  will  be  impossible.  This  will 
happen  in  the  fiwt  case  if  the  two  give& 
angles  sboaid  be  togetaer  equal  to  .or 


u 


GEOMETRY^ 


[Ljr. 


greater  than  two  rifi^ht  angles,  for  there 
can  be  no  triangle  having  two  of  its  an- 
gles toother  equal  to  or  greater  than 
two  right  angles  (8.).  The  problem  will 
be  impossible  in  the  second  case,  if 
when  &e  side  A  is  to  be  opposite  to  the 
given  angle  C,  it  should  be  less  than  the 
perpendicular  let  fall  from  £  upon  C  D 
(]  2.  Cor.  4.);  or  again,  if  the  given  an^le 
being  right,  or  obtuse,  the  side  A,  which 
is  to  be  opposite  to  it  be  less  than  the 
side  B,  for  no  triangle  can  have  the  less 
side  opposite  to  the  greater  angle  (9.). 
And  m  the  third  case,  the  problem  will 
be  impossible,  if  every  two  of  the  given 
sides  be  not  greater  than  the  third  side 
(10.). 

Prop.  51.    Prob.  10. 

CHven  the  three  angles  of  a  triangle 
(together  equal  to  two  right  angles), 
and  the  perimeter  A  B,  to  construct  the 
triangle. 

At  the  points  A, 
B,  make  (47.)  the 
angles  BAG,  ABC, 
e^ual  to  two  of  the 
given  angles,  each 
to  each;  bisect  (4 6.) 
the  angles  at  A,  B, 
by  the  straight  lines  A  c,  B  c,  meeting 
in  e,  and  tlurough  c  draw  (48.)  ca,  cb, 
parallel  to  C  A,  C  B,  respectively :  the 
triangle  ABC  shall  h&we  its  an^es  equal 
to  the  three  given  angles,  and  its  peri- 
meter equal  to  the  given  perimeter  A  B. 
The  first  is  evident,  for  its  sides  are  pa- 
rallel to  the  sides  of  the  triangle  CAB, 
which  has  its  angles  at  A  and  B,  and 
therefore  at  C,  equal  to  the^ven  angles 
(18.).  Again,  because  ca  is  parallel  to 
C  A,  the  angle  acA  is  equal  (15.)  to  the 
dtemate  angle  C  Ac,  that  is  to  the  angle 
a  Ac,  and  therefore  (6.)  ac  is  equal  to  a  A ; 
and  in  the  same  manner  it  mav  be 
shown  that  be  is  equal  to  />  B ;  there- 
fore, the  three  sides  of  the  triangle  abc 
are  together  equal  to  A  B,  that  is,  to  the 
given  perimeter. 

Therefore,  8cc. 

Prop.  52.    Prob.  ll. 

Given  two  sides  and  the  included 
angle  of  a  parallelogram,  to  construct 
the  parallelogram. 

Let  AC,  BC,be  the 
two  ^ven  sides,  and  C      f 
the  given  angle.    From     / 
the  centres  A,  B,  with  ^ 
radii  equal  to  B  C,  A  C, 
resTCctively,  describe  circles  intersecting 
in  D,  and  join  D  A,  D  B. 

Tlien  because  the  quadrilateral  A  D 
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has  its  opposite  sides  equal  to  one  ano- 
ther, it  is  a  parallelo^m  (22.) ;  and  it 
has  two  sides  and  the  mcluded  angle  the 
same  with  those  given ;  therefore,  it  is 
the  parallelogram  required. 

Therefore,  &c. 

N.  B.  The  same  end  will  be  obtained 
by  drawmg  parallels  to  C  B,  C  A 
through  the  points  A,  B. 

It  may  be  observed  that  if  A  C  be 
equal  to  B  C,  the  parallelogram  is  a 
rhombus ;  if  A  C  be  at  right  angles  to 
B  C,  it  is  a  rectangle ;  and  if  A  C  be 
both  equal  to  B  C,  and  at  right  angles 
to  it,  it  is  a  square.  This  problem, 
therefore,  includes  the  following  as  parti- 
cular cases ;  1st,  to  descril)e  a  rhombus 
with  a  given  side  and  angle ;  2d,  to  de- 
scribe a  rectangle  with  two  given  sides ; 
and  3d,  to  describe  a  square  upon  a 
given  finite  straight  line. 

Prop.  53.  Prob.  12. 
To  describe  a  triangle  which  shall  be 
equal  to  a  given  quadrilateral  A  B  C  D, 
and  shall  nave  a  side  and  angle  atfaceni 
to  it,  the  same  with  a  given  side  A  B 
and  adjacent  angle  B  of  the  quadri- 
lateral 

Join  AC:  through 
D  (48.)  draw  D  £ 
parallel  to  A  C,  to 
meet  B  C  produced 
in  £,  and  join  A  £. 

Then,  because  D  £ 
is  parallel  to  AC, 
the  triangle  AC£  is  equal  to  ACD 
(27.):  therefore  A  B  C,  A  C  £  together 
are  equal  (ax.  2.)  to  A  B  C,  A  CD  to- 
gether :  that  is,  the  triangle  A  B  £  is 
equal  to  the  quadrilateral  A  B  C  D ;  and 
it  has  the  same  side  A  B,  and  adjacent 
angle  B  with  the  quadrilaterd. 

Therefore,  &c. 

Prop.  54.    Prob.  13. 

To  describe  a  triangle  which  shall 
be  equal  to  a  given  rectilineal  figure 
A  B  C  D  £  F,  and  shall  have  a  side  and 
adjacent  angle  the  same  with  a  given 
Side  AB  and  acgaceni  angle  B  ^  the 
figure. 

Join  A  C,  A  D,  A  £ :  through  F  draw 
FG  parallel  to  A  £  (48.).  to  meet  D  E 
produced  in  G :  through  G  draw  G  H 
parallel  to  A  D,  to  meet  C  D  produced  in 
H ;  through  H  draw  H  K  parallel  to 
H  C,  to  meet  B  C  produced  in  K,  and 
joinAK,AH,AG.» 

Then  because  the  triangle  A  D  G  is 

,  *  A  H  is  not  joined  in  the  ftnn,  to  aToid  oonfa- 
sioB :  for  (he  aAine  reaion,  A  If  and  A  L  are  not 
joined  in  tke  oormiMmding  figure  of  Prop.  55. 


i.§M 


GEOMETRY. 


W 


equal  to  the  quadrilateral  AD  E  F(53.), 
and  that  the  triangle  A  D  H  is  equal  to 
AD  G  (27.), the  triangle  AD  H  is  equal 
to  the  quadrilateral  AD  E  F.  To  each 
of  these  equals  add  the  quadrilateral 
A  BCD;  therefore  the  quadrilateral 
ABCH  is  equal  to  the  whole  figure 
A  B  C  D  E  F.  But  again  (53.)  the  tri- 
angle A  B  K  is  equal  to  the  quadrilate- 
ral ABCH-  therefore  the   triangle 


A  B  K,  is  equal  to  the  figure  A  B  CD 
E  F,  and  it  has  the  same  side  A  B,  and 
adjacent  angle  B  with  the  figure. 
Therefore,  &c. 

Prop.  55.    Prob.  14. 

To  bisect  a  given  triangle  or  rectili- 
neal figure  by  a  straight  line  drawn 
from  a  given  angle. 

Fffst,  let  it  be  required  to  bisect  the 
trian^e  ABC  by  a  straight  line  to  be 
drawn  from  the  angle  A. 

Bisect  (43.)  B  C  in  D, 
and  join  AD.  Then  be- 
cause B  D  is  eqiial  to  D  C, 
thehiangleABDis(27.) 
equal  to  ADC,  and  the 
tnangle  A  B  C  is  bisected 
by  the  straight  line  A  D. 

Next,  let  it  be  required  to  bisect  the 
leclilineal  figure  ABCDEF  by  a 
straight  line,  to  be  drawn  from  the 
angle  A. 

With  the  same  side  A  B  and  angle  B, 
de3cribe(54.)  the  triangle  A  BK,  eo[ual 
to  the  given  rectilineal  figure  :  bisect 
(43.)  B  K  in  L  :  through  L  draw  (48.) 
LM  parallel  to  A  C,  to  meet  C  D  pro- 
duced in  M:  through  M  draw  M  N 
parallel  to  AD,  to  meet  D  E  in  N,  and 


join  A  N,  A  M,  A  L.  Then,  it  may  be 
shown,  as  in  the  last  proposition,  that 
the  triangle  A  B  L  is  equal  to  the  figure 
ABCDN;  but  AB  Lis  equal  to  half 
the  triangle  ABK,  that  is  to  half  of 
the  given  figure;  therefore  the  figure 
ABCDN,  is  also  equal  to  half  of  the 


fiven' figure,  and  Ihe  latter  is  bisected 
y  the  straight  line  A  N. 

Therefore,  &c. 

Cor,  1.  By  a  similar  construcHon, 
any  part  required,  for  example  a  fifth, 
may  be  cut  off  firom  a  given  triangle 
or  rectilineal  figure,  by  a  straight  line 
drawn  fi-om  one  of  its  angles.  For 
in  the  case  of  the  triangle,  if  the  base 
B  C  be  divided  into  five  eaual  parts 
in  the  points  D,  &c.  the  triangles  A  BD, 
&c.  will  be  equal  to  one  another  (27.) ; 
and  therefore  any  one  of  them,  as 
A  B  D,  will  be  equal  to  one  fifth  of  the 
given  triangle.  And  hence  the  passage 
IS  easy  to  the  division  of  the  rectilineal 
figure ;  for  it  is  evident  (53.)  that,  what- 
ever be  the  point  L  taken  in  A  K,  the 
figure  ABCDN,  constructed  as  above, 
will  be  equal  to  the  triangle  A  B  L,  and 
will  therefore  be  a  fifth  part  of  the  given 
figure,  if  AB  L  be  a  fifth  of  the  triangle 
ABK. 

It  is  manifest  in  this  case,  that,  if  the 
given  fractional  part  be  such,  that  B  L 
IS  less  than  BCf,  the  problem  will  be 
solved  at  once  by  joining  A  L. 

Cor.  2.  And  hence  it  api)ears  in  what 
manner  a  triangle  or  rectilineal  figure 
may  be  divided  into  anv  number  of  equal 
parts  by  straight  lines  drawn  from  one  of 
its  angles. 

Prop.  56.    Prob.  15. 

To  bisect  a  given  triangle  or  rectili^ 
neal  figure  by  a  straight  line  drawn 
from  a  given  point  in  one  of  its  sides. 

First,  let  it  be  required 
to  bisect  the  tnangle 
A  B  C,  by  a  straight  line 
to  be  drawn  from  the 
point  D  in  the  side  A  B. 

JoinDC:  bisect (43.)    "  : 

AB  in  E  :  through  E  draw  (48.)  E  F, 
parallel  to  DC,  and  join  DF,  EC.  Then, 
because  D  C  is  parallel  to  E  F,  the  tri- 
angle DEF  is  y^27.)  equal  to  CEF; 
therefore  DEF,  BEF  together,  are 
equal  to  C  E  F,  BEF  together,  that  is, 
the  triangle  DBF,  is  equal  to  the  tri- 
angle C  £B,  or  (27.)  to  half  of  the  tri- 
angle ABC.  Therefore,  ABC  is  bi- 
sected by  the  straight  line  D  F. 

Next,  let  it  be  required  to  bisect  the 
figure  A  B  C  D  E  F,  by  a  straight  line,  to 
be  drawn  firom  the  point  G  m  the  side 
AB 
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DMcrib«  the  tria^^  ABK  (54,) 
equal  to  the  giyen  ii^^are,  and.  as  a]> 
ready  shewn,  bisect  it  by  the  straight 
line  GL,  drawn  from  fee  point  G: 
join  GC,  GD»  &c.;  throui^h  L  draw 
(48.)  LM,  parallel  to  GC,  to  meet 
C  D  produced  in  M :  through  M  draw 
M  N  parallel  to  G  D  to  meet  D  £  in 
N,  and  join  G  N.  G  M,  G  L.*  Then, 
as  in  tlie  last  proposition,  it  may  be 
shown  that  the  figure  GBCDN  is 
equal  to  the  triangle  GEL,  that  ia  to 
half  of  the  given  figure ;  therefore  the 
latter  is  bisected  by  the  straight  line 
GN. 

Therefore,  8(c 

Cor.  1.  Bjr  a  similar  construction, 
any  part  required  ma^  be  cut  off  from  a 
given  triangle  or  rectilineal  figure,  by  a 
straight  line  drawn  from  a  given  pomt 
in  one  of  its  sides.  For  we  have  but  to 
make  C  B  £  the  same  part  of  G  B  A  in 
the  first  case,  and  G  B  L  the  same  part 
of  A  B  K  in  the  case  of  the  rectilmeal 
figure,  and  proceed  as  before, 

if  the  fructional  part  be  such  that 
B  L  is  less  than  B  C,  the  problem  will 
be  solved  at  once  by  joining  GL. 

Cor,  2.  And  hence  a  given  triangle  or 
rectilineal  figure  may  be  divided  into  any 
number  of  equal  parts,  bv  straight  lines 
drawn  from  a  given  point  in  one  of  its 
sides. 

Prop.  57.    Prob,  16,  (Euc  i.  44,) 

Upon  a  given  base  B  D  to  describe  a 
rectangle  which  shall  be  equal  to  a  given 
tnangle  ABC, 

From  the  point  D 
draw  D  £,  at  right  an- 
gles to  B  D  (44.)  ; 
through  A  draw  A  E 
parallel  to  B  D,  to  meet 
D  £  m  £  (48.) :  join 
E  B  :  bisect  B  C  in  F  (43.)  ;  through  F 
draw  F  G,  parallel  to  D  £,  to  meet  B  E 
in  G :  through  G  draw  H  K  parallel  to 
B  D,  and  complete  the  rectangle  D  H : 
D  H  shall  be  the  rectangle  required. 

Complete  the  rectangles  D  L,  DM. 
Then,  because  GM,  GD  are  com];)le- 
ments  of  the  rectangles  FH,  K  L,  which 
are  about  the  diagonal  of  the  rectangle 
D  M,  G  D  is  (23.)  eaual  to  G  M.  There- 
fore,  adding  F  H  to  each,  the  whole 
H  D  is  equal  to  the  whole  M  F,  that  is, 
(26.)  to  twice  the  triangle  AB  F,  or  to 
the  triangle  ABC;  and  H  D  is  de- 
scribed upon  the  given  base  B  D. 

Therefore,  &c.. 

*  G  D  and  G  L  do  not  neoowarily  ooiocide,  m  in 
the  figure. 


"b^^\ — * 
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Cbf.l.  Henec^iQMmagifen  htm,  a 
rectangle  may  be  described  wluch  shall 
be  eqiud  to  a  given  rectilineal  figure :  for 
a  triangle  (54.)  may  be  descril)ed  edual 
to  the  figure,  and  a  rectangle  equal  to 
the  triangle. 

Cor.  2.  It  is  evident  that,  with  a  like 
construction,  a  parallelogram  may.  be 
described  upon  a  given  base  B  D  which 
shall  be  equal  to  a  given  triangle  ABC, 
and  shall  have  one  of  its  angles  equal  to 
a  given  angle  B  D  E. 

Prop.  58.    Prob.  17.  (Euc.  ii.  14). 

To  describe  a  square  which  shall  be 
equal  to  a  given  rectangle  A  B  C  D. 

Produce  A  B  to  E, 
so  that  BE  maybe 
equal  to  B  C :  bisect 
AEinP(43.):  from 
the  centre  P,  with 
the  radius  PA  or 
FE,  describe  a  circle,  and  produce  C  B 
to  meet  the  circumference  in  G :  tlie 
square  of  BG  shall  be  equal  to  the 
rectangle  ABC  D. 

Join  FG,  then,  because  FA  is  equal 
to  FE,  AB  is  equal  to  the  sum,  and 
BE  to  the  difference,  of  FE,  FB: 
therefore  (34.)  the  rectangle  A B,  BE, 
that  is,  the  rectangle  A  B  C  D,  is  equal 
to  the  diflerence  of  the  squares  of  F  £, 
F  B,  that  is  to  the  difference  of  the 
squares  of  F  G,  F  B,  or  (36,  Cor,  1.) 
to  the  square  of  B  G. 

Therefore,  &c 

Cor.  Hence  asquaremay  bedeseribed 
which  shall  be  equal  to  a  given  rec- 
tilineal figure  (57.  Cor. !.). 

Prop.  59.  Prob.  18, 

To  describe  a  square  which  shall  b0 
tqual  to  the  difference  qf  two  given 
squares,  visf.  the  squares  o/ AB,  A  G 

From  the  point  C  draw 
(44.)  CD  pej^ndicular 
A  B,  and  from  the  centre 
A  with  th^  radius  A  B, 
scribe  the  circle  B  D  cat- 
ting C  D  in  D :  the  square  of  C  D  shall 
be  equal  to  the  difference  of  the  squares 
of  AB,  AC.  For  (36.  Cor.  I.)  the 
square  of  C  D  is  the  difference  of  the 
squares  of  A  D,  A  C,  of  which  A  D  is 
equal  to  A  B. 

Therefore,  8cc. 

Cor,  Hence  a  square  may  be  de- 
scribed, which  shall  be  equal  to  the  dif- 
ference of  two  given  rectilineal  figures 
(58.  Cor.). 

Prop.  60.  Probw  19. 
To  describe  a  square  which  shcdl  be 
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eqimi  to  ^  Myn  qf  two,  lAre^,  0r  mty 
mtmber   df  givm  9quare9^   vuf,   ih$ 

Take  D  £  equal  to  A ;  irom  the  point 
D,  draw  D  F  (44.)  at  ti^ht  angles  tQ 
D  £,  and  equal  to  B :  join  £  F:  from 
F.  dr»w  FG  at  right  angles  to  £F,  and 
equal  to  C ;  and  so  proceed  for  the  rest 
of  the  given  squares.  Join  £6.  Then, 
because  £  D  F  is  &  right  angled  triangle^ 
Ihe  square  of  £F  is  equal  to  the 
squares  of  £  D,  D  F  (36.)>  that  is,  to  the 
squares  of  A,B:  af^ain.  hecause  £ F Gr 
is  a  right  angled  triangle,  the  square  of 
K  G  is  equal  to  the  squares  of  £  F,  FG, 
that  is,  to  the  squares  of  A»  B,  C  ;  and 
voon. 


Therefor^  &e. 

Cor.  Henc«  a  square  may  he  de* 
scribed,  which  shall  be  equal  to  the  sum 
of  two,  three,  or  any  number  of  given 
rectilineal  figures  (  J8  Cor.). 

BOOK  11. 
i  I.  JRatiog  of  Commensurable  Magni- 
tudes— $  2.  Proportion  qf  Comment 
mrable  Magnitudes  —  $3.  General 
Theory  of  Proportion— ^  4,  Propor- 
tion of  the  sides  of  Triangles — $  5, 
Proportion  of  the  surfaces  qf  Recti- 
lineal Fifures—i  G.  Properties  of 
Lines  dwided  Harmonically  —  d  7« 
Problems.  ^ 

SscTioif  I.    Ratios  of  Commensurable 

Magnitudes. 
In  the  language,  of  Mathematics,  the 
Latin  ward  ratio  has  been  adopted  to 
e^nress  what  is  more  generally  under- 
stood by  the  term  proportion;  thus, 
instead  of  "the  proportion  which"  one 
thmg  bears  to  another,  we  say  "the 
ratio  which-  one  bears  to  the  other, 
meaning  its  comparative  magnitude — 
instead  of  saying  that  A  is  to  B  "in 
the  proportion  of  5  to  6,"  we  say  "in 
the  ratio  of  5  to  6. 

The  word  proportion  has  on  the 
other  hand  been  appropriated  to  ex- 
press the  equality  of  ratios,  as  here* 
after  defined;  or,  as  it  may  be  here 
less  minutely  explained,  the  case  in 
which  one  magnitude  is  as  many  times 
greater  or  less  than  another,  as  a  third 


laagmtude  is  greater  or  less  than  a 
fourth. 

The  ratio  of  one  magnitude  to 
another  is  independent  of  Uie  kind  of 
magnitudes  compared ;  for  it  is  obvious 
that  oneway  contain  the  other,  or  the 
sixth,  or  twelfth,  or  hundredth  part  of 
the  other  the  same  number  of  times, 
whether  they  be  lines,  or  surfaces,  or 
solids,  or  again,  weights,  or  parts  of 
duration. 

It  is  required  onlv  for  the  comparison 
we  speak  of,  that  tne  ma^tudes  be  of 
the  same  kind,  containing  the  same 
magnitude,  each  of  them,  a  certain  num- 
ber of  times,  or  a  certain  number  of 
times  nearly.  Upon  these  numbers, 
and  upon  tnese  only,  the  ratio  depends, 

Hence  it  apnears  that  this  Uieory 
periains  in  truth  to  Arithmetic,  The 
use  of  Proportion  is,  however,  so  indis- 
pensable in  Geometry,  that  it  has  been 
usual,  either  to  mtroduce  its  theorems 
into  the  hodv  of  the  science,  after  the 
example  of  £uclid,  or  to  premise  a  few 
of  the  most  important  of  them  as  a 
manual  for  reference.  In  the  present, 
and  two  following  sections,  the  subject 
will  be  discussed  at  a  length  commen- 
surate with  its  importance. 

D^.  1.  When  one  magnitude  is  com- 
pared with  anotiier  of  tne  same  kind^ 
the  first  is  called  the  antecedent,  and  the 
second  the  consequent. 

2.  One  magnitude  is  said  to  be  a 
multiple  of  another,  when  it  contains 
that  other  a  certain  number  of  times 
exactly  :  and  the  other  magnitude,  which 
is  coitiained  in  the  first  a  certain  num- 
ber of  times  exactly,  is  said  to  be  a  sub-: 
multiple,  ox  measure,  or  part  of  the  first. 

Hence,  also,  one  ma^itude  is  said  to 
measure  another  when  it  is  contained  in 
the  other  a  certain  number  of  times  ex- 
actly. 

3.  Two  magnitudes  are  said  to  be 
equimultiples  of  two  others,  when  they 
contain  those  others  the  same  number 
of  times  exactly :  and  the  other  magni- 
tudes which  are  contained  in  the  first 
the  same  number  of  times  exactly,  are 
said  to  be  like  parts  of  the  two  first. 

Thus,  7  A,  7  B,  are  equimultiples  of 
A,  B ;  and  A,  B,  are  like  parts  of  7  A, 

4.  Two  magnitudes  are  said  to  be 
commensurable  with  one  another,  when 
a  common  measure  of  the  two  niay  be 
found,  t.  e.  a  magnitude  which  is  con- 
tained in  each  of  them  a  certain  number 
of  times  exacUy. 

In  like  manner,  any  number  of  magr 
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nitudes  are  said  to  be  wmmenmrable, 
when  there  is  some  magnitude  which  is 
contained  in  each  of  them  a  certain 
number  of  times  exactly. 

Magnitudes  which  have  no  common 
measure,  are  said  to  be  incommen* 
curable. 

Magnitudes  A,  B,  which  have  one 
common  measure  M,  have  also  many 
others,  indeed,  an  unlimited  number 
of  common  measmres,  for  (as  will  be 
shown  in  Prop.  I.)  every  magnitude 
which  is  contained  an  exact  number  of 
times  in  M,  is  contained  also  an  exact 
number  of  times  in  A  and  B ;  and 
whether  M  be  divided  into  two,  or  three, 
or  any  other  number  of  equal  parts,  one 
of  these  parts  will  be  contained  an  exact 
number  of  times  in  M 

Among  the  common  measures  of  the 
same  two  mafi;nitudes,  there  is,  however, 
always  one  which  is  greater  than  any  of 
the  others,  and  which  (as  will  be  shown 
in  Prop.  6.)  is  measured  by  every  other. 
This  greatest  common  measure  is  al- 
ways to  be  understood  when  "  the  com- 
mon measure"  is  spoken  of  without 
further  specification. 

5.  The  numerical  ratio  of  one  mag- 
nitude to  another  with  which  it  is  com- 
mensurable, is  a  certain  number,  whole 
or  fractional,  which  expresses  'how 
many,  and  iph€U  parts  of  the  secondare 
contained  in  the  first:  for  example,  if 
the  common  mea|ure  of  A  and  Bbe 
contained  in  A  five  times,  and  in  B  six 
times,  or,  which  is  the  same  thing,  if  A 
contain  fths  of  B,  then  A  is  said  to  have 
to  B  the  numerical  ratio  "5  to  6" 
which  is  thus  written  5  :  6,  or,  in  the 
fractional  form,  |.  • 

In  fact,  the  particular  ratio  of  two 
given  magnitudes,  whether  commensur- 
able or  otherwise,  can  be  conceived 
only  by  means  of  the  numbers  which 
denote  now  often  the  same  magnitude  is 
contained,  or  nearly  contained,  in  each : 
without  these,  no  idea  can  be  formed  of 
their  relative  magnitude ;  they  constitute 
its  measure,  true  or  approximate.* 
To  these  numbers,  therefore,  when 

r iking  of  commensurable  maffnitudra, 
term  "  ratio**  alone,  t.  ^.wiSiout  the 
addition  of  <*  numerical/*  will  be  found 
commonly  applied  in  what  foUows. 


•  Tbe  numerical  imtioit  Mconlinglf  detignAted, 
hf  tome  writen,  **  The  meunre  of  the  ratio"  of  one 
mAgnitode  to  aaother.  Thu  term  has,  howerer, 
beea  applied  in  a  different  tense,  to  which  deference 
is  more  partioolarir  due,  at  it  has  pren  rise  to  the 
WOTd  *•  Ioffarithai,*^of  irhich  it  if  the  literal  iaterpre- 


6.  Thi  terms  of  ihefatio'i^iiirorAng^ 
nitudes,  are  the  numbers  which  denote 
how  often  a  common  tneasure  of  the 
two  is  contained  in  each  of  them.  They 
are  distinguished  by  the  names  of  ante- 
cedent and  consequent,  according  to  the 
corresponding  magnitudes.  In  the  fore- 
going example  5  and  6  are  the  terms  of 
the  ratio  of  A  to  B,  5,  the  antecedent, 
and  6,  the  consequent. 

The  terms  of  the  same  ratio  of  A  to 
B,  will  be  different  according  to  the 
common  measure  by  which  they  are  de- 
termined ;  the  lowest  terms  betnf  in  all 
cases  those  which  are  determined  by  the 
greatest  common  measure.  It  must  be 
observed,  however,  that  no  other  ienaa 
can  express  the  same  ratio,  but  such  as 
are  either  the  lowest,  or  equimultiples  of 
the  lowest  terms;  for  the  magnitudes 
compared,  can  have  no  common  mea- 
sure, which  is  not  either  the  greatest,  or 
contained  a  certain  number  of  times  in 
the  greatest  common  measure.  On 
the  other  hand,  any  terms  whatever 
which  are  equimultiples  of  the  lowest 
terms  will  eiqiress  the  same  ratio :  thus, 
if  A  contain  fths  of  B,  it  will  contain 
also  T^ths  of  B,  T^ths,  and,  generally, 

r ths  of  B,  where  any  number  what 

oxn 

ever  may  be  substituted  for  it. 

The  ratio  of  B  to  A  has  the  same 
terms  with  the  ratio  of  A  to  B,  but  in  an 
inverse  order :  thus,  if  5  !  6  be  the  nu- 
merical ratio  of  A  to  B,  6  :  5  will  be 
that  of  B  to  A. 

The  ratio  of  B  to  A  is  accordingly 
said  to  be  the  inverse  or  reciprocal  of  3ie 
ratio  of  A  to  B. 

If  the  terms  of  the  ratio  of  A  to 
B  be  equal,  it  is  evident  that  the  mag- 
nitudes A,  B,  must  likewise  be  equaL 
In  this  case  the  ratio  is  said  lo  be  a 
ratio  of  equality, 

Def,  [7.]  If  there  be  two  magnitudes  of 
the  same  kind,  and  other  Uvo,  and  if 
the  first  contain  a  measure  of  the  second, 
as  often  as  the  third  contains  a  like  mea- 
sure of  the  fourth ;  or,  which  is  the  same 
thing,  if  the  ratios  of  the  first  to  the 
second,  and  of  the  third  to  the  fourth  be 
expressed  by  the  same  terms ;  the  first 
is  said  to  have  to  the  second  the  same 
ratio  which  the  third  has  to  the  fourth ; 
and  the  four  magnitudes  are  called 
proportionals. 
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For  example,  let  ABC  D,  and 
E  F  G  H  be  two  rectangles,  having 
equal  altitudes,  and  let  their  bases  A  B, 
E  F,  contain  the  same  strais:ht  line  M 
5  and  6  times  respectively :  divide  A  B, 
£  F,  into  the  parts  A  b,  &c.  £/,  &c.  each 
equal  to  M,  and  through  the  points  of 
division  draw  right  lines  b  c,  &c.  fg,  &c. 
parallel  to  AD,  and  EH, thereby  divid- 
ing the  rectangles  A  BCD,  EFGH, 
into  5  and  6  smaller  rectangles  respec- 
tively, A  6  c  D,  &c.  E/g  H,  &C.  all  equal 
to  one  anotiier  (1. 25.).  Then,  5  :  6  is  the 
ratio  of  the  rectangle  AB  C D  to  the 
rectangle  £  PG  H,  l)ecause  A  B  C  D  and 
EFGH  contain  the  same  rectangle  5 
and  6  times  respecUvely ;  and  the  same 
5  :  6  is  also  the  ratio  of  the  base  A  B 
to  the  base  EF,  because  AB  and  £F 
contain  the  same  straight  line  5  and  6 
times  respectively.  Therefore,  the  ratios 
of  the  first  to  the  second,  and  of  the 
third  to  the  fourth,  are  expressed  by 
the  same  terms,  and  the  two  rectangles/ 
and  their  two  bases,  are  proportionals. 

In  the  preceding,  and  in  every  other 
instance  of  commensurable  proportion- 
als, the  first  two,  and  the  second  two, 
have  a  common  numerical  ratio :  and, 
in  every  case,  if  two  magnitudes,  and 
other  two,  have  a  common  numerical 
ratio,  the  four  ma^itudes  are,  accord- 
ing to  this  definition,  proportionals. 

It  is  evident  fi'om  the  observations 
on  def.  6,  that  if  four  magnitudes  be 
proportionals,  any  other  terms  express- 
ing the  ratio  of  the  first  to  the  second, 
must  likewise  express  the  ratio  of  the 
third  to  the  fourth.  For  the  terms  which 
determine  the  proportion,  are  either 
the  lowest  terms,  or  equimultiples  of 
them  (see  Prop.  6.  Cor.  1.):  and  in 
either  case,  the  lowest  terms  which 
express  the  ratio  of  the  first  to  the 
second,  and  of  the  thu-d  to  the  fourth, 
must  be  the  same ;  therefore,  because 
any  other  terms  expressing  the  ratio  of 
the  first  to  the  second  must  be  equi- 
multiples of  the  lowest  terms,  that  is, 
of  the  lowest  terms  of  the  ratio  of  the 
third  to  the  fourth,  such  terms  express 
also  the  ratio  of  the  third  to  the  fourth 
(see  ol>servation$  on  Def.  6.) 

The  same  will  be  demonstrated  more 
at  lar^  in  Prop.  [9]. 

D^.  [8].  If  there  be  two  magnitudes 
of  (he  same  kind,  and  other  two,  the  first 
is  said  to  have  to  the  second  a  greater 
ratio  than  the  third  has  to  the  fourth, 
when  the  first  contains  some  measiure  of 
the  second  a  greater  number  of  times 
tiian  the  third  cooiiuiu  a  like  measure 


of  the  fourth :  also,  when  this  is  the  case, 
the  third  is  said  to  have  to  the  fourth 
a  less  ratio  than  the  first  has  to  the 
second. 

This  definition  can,  in  no  case,  apply 
to  the  same  magnitudes  which  come 
under  def.  [7],  t.  tf.  one  magnitude  cannot 
have  to  another  the  same  ratio  as  a 
third  to  a  fourth  by  def.  [7],  and  at  the 
same  time  Agreater  or  a  less  ratio  than 
the  third  has  to  the  fourth,  by  this  de-* 
finition.  (See  Prop.  9.  Cor,  1  and  2.) 

Much  less  can  one  magnitude  have 
to  another  a  greater  ratio  than  a  third 
has  to  a  fourth,  and  at  the  same  time  a 
less  ratio'  than  the  third  has  to  the  fourth, 
by  this  definition. 

9.  When  four  magnitudes  A,  B,  C,  D« 
are  proportionals,  they  are  said  to  con- 
stitute a  prqpor/ton,which  is  thus  written, 

A:B::C:D. 

t.  e.  "  A  is  to  B  as  C  is  to  D." 

Of  a  proportion,  the  first  and  last 
terms  are  called  the  extremes,  and  the 
second  and  third  the  meems ;  thus  A,  D 
are  the  extremes,  and  B,  C  the  means,  of 
the  proportion  A :  B: :  C :  D.  The  term* 
A  and  C  are  said  to  l)e  homologotis^ 
as  also  B  and  D ;  the  former  being  an- 
tecedents, and  the  latter  consequents,  in 
the  proportion. 

It  is  indifferent  in  the  statement  of  a 
proportion  which  of  the  ratios  precedes 
the  other,  for  it  is  evident,  that  if  A 
has  to  B  the  same  mj^o  as  C  has  to 
D,  C  has  to  D  the  salRiMio jt  AtoB. 
Hence,  A  :B::C  :D,and  O  :D;:A  :  B. 
8ijB:nify  the  same  proporticnio^the  only 
difierence  being,  that  the  extremes  of  one 
expression  are  the  means  of  the  other. 

Since  magnitudes  cannot  be  com- 
pared, except  they  be  of  the  same  kind, 
it  is  manifest  that  the  first  and  second 
terms  of  a  proportion  must  be  of  the  same 
kind,  as  also  tne  third  and  fourth ;  yet  the 
first  and  third  may  be  of  different  kinds : 
e.  g.  lOlbs  :  6U>s: :  15  ft, :  9ft.  is  a  hrue 
proportion ;  for  the  ratio  of  the  first  to 
the  second,  as  well  as  of  the  third  to  the 
fourth,  is  5  :  3,  and  yet  lOlbs.  and  15ft, 
are  not  magnitudes  of  the  same  kind. 

1 0.  TTiree  magnitudes  of  the  same  kind 
are  said  to  be  proportionals  or  in  con* 
tinued  proportion,  when  the  first  has  to 
the  second  the  same  ratio  which  the 
second  has  to  the  third.  Magnitudea 
A,  B,  C,  which  are  in  continued  pro- 
portion, may  be  written  thus,  A  :  B  :  C, 
1.  e.  '•  A  is  /o  B,  0*  B  to  C."  In  this  case- 
B  is  called  a  mean  proportional  or  geo* 
metrical  mean  between  A  and  C,  and 
C  a  third  proportional  to  A  and  B. 
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.  11.  An^mimberqfn^agnitudefo/ihe 
^ame  kind  are  said  to  be  ui  conUnued 
proportion^  when  the  first  is  to  the 
second,  as  the  second  to  the  third,  as  tha 
third  to  the  fourth,  and  so  on.  Magni- 
tudes Afl  B,  C,  t),  &a  which  are  in  con- 
tinued proportion,  may  be  thus  written, 
A:B:C:l):&c. 

.  The  ma^tudes  of  such  a  series  are 
^aid  to  be  in  geometrical  progression  * 
liud  B,  C,  are  called  iuHf  g^eometrical 
means  between  A  and  B  ;  again,  B,  C,  D, 
three  geometrical  means  between  A 
i^id  E ;  and  so  on. 

Also,  in  this  case,  the  first  A  is  said 
to  have  to  the  third  C,  the  duplicate 
ratio  of  that  which  it  has  to  the  second 
B — ^to  the  fourth  D,  the  triplicate  ratio 
of  that  which  it  has  to  B,  and  so  on : 
and  reciprocally,  A  is  said  to  have  to  B 
the  subduplicate  ratio  of  that  which  it 
has  to  C,  the  subtriplicate  ratio  of  that 
which  it  has  to  D,  and  so  on. 

12.  If  there  be  way  number  of  magni- 
tudes of  the  same  kmd.  A,  B,  C,  t),  the 
first  A  is  said  to  have  to  the  last  D  a 
ratio  which  is  compounded  of  the  ratios 
of  A  to  B,  B  to  C,  and  C  to  D. 

Also,  if  K  and  L,  M  and  N,  Pand  Q, 
be  any  other  magnitudes,  an4  if  the  ra- 
tios of  K  to  L.  of  M  to  N,  and  of  P  to 
Q,  be  t^ie  same  respectively  with  the 
ratios  of  A  to  B,  of  B  to  C,  and  of  C  to 
p,  A  is  said  to  have  to  D  a  ratio  which 
ifi  compounded  of  the  ratios  of  K  to  L, 
M  to  N,  and  P  to  Q. 

Axioms.  (Euc.  v.  Ax.  1,  2,  3,  4.) 

1.  Equimultiples  of  the  same  or  of 
equal  magnitudes  are  equal  to  one  ano- 
ther. 

2.  Those  magnitudes  of  which  the 
aame,  or  equal  magnitudes  are  equi- 
multiples, are  equal  to  one  another. 

3.  A  multiple  of  a  greater  magnitude 
is  greater  than  the  same  multiple  of  a 
less. 

4.  That  magnitude  of  which  a  multi- 
ple is  greater  than  the  same  multiple 
6f  another,  is  greater  than  that  other 
magnitude. 

Prop.  I. 

If  one  mof^nitude  be  a  multiple  of  an- 
0ther,  and  \f  this  be  likewise  a  mult^Ae 
cf  a  third  magnitude,  the  first  shalli>e  a 
muUiple  of  the  third. 

Let  A  contain  B  three  times,  and  let 
B  contain  C  four  times ;  then  because  B 
contains  C  four  times,  three  times  B  or  A 
must  contain  C  thrice  as  often,  or  twdva 
times,  t. «.  a  certain  number  of  times  ex- 
actly; thevefore  A  is  a  multiple  of  C.  The 


same  may  be  said,  if  « instead  of  three  and 
four,  any  other  numbers  whatever  be 
taken,  t.  e,  if  A  be  any  multiple  of  B» 
and  B  any  multiple  of  C. 

Therefore,  &c. 

Cor.  I.  If  one  magnitude  measure 
another,  it  will  measure  any  multiple  of 
that  other. 

Cor.  2.  Hence,  the  ratio  of  A  to  B 
being  expressed  by  certain  given  terms, 
as  5 : 6,  the  same  ratio  may  be  expressed 

Sr  any  terms  which  are  equimultiples  of 
e  s:iven  terms,  as  10  x  5 : 1 0  x  6.  For, 
if  M  be  the  common  measure  which  is 
contained  in  A  five  times  and  in  B  six 
times,  any  measure  of  M,  as  the  tenth 
part,  will  also  measure  A  and  B  (Cor.  I.) 
and  will  be  contained  in  A  1 0  x  5  times, 
and  in  B  10  X6  times. 

Cor.  3.  Hence,  also,  reversely,  the 
ratio  of  A  to  B  being  expressed  by  any 
terms,  as  10x5  :  10x6,  which  have  a 
common  factor,  the  same  ratio  may  be 
expressed  by  any  terms,  as  5  :  6,  wnich 
are  like  parts  of  the  given  terms. 

For,  if  M  be  the  common  measure 
which  is  contained  in  A  10x5  times, 
and  in  B  10x6  times,  it  is  evident  that 
1 0  M  will  be  contained  in  A  5  times, 
and  in  B  6  times. 

Prop.  2.  (Euc  v.  3.) 

If  tvDO  magnitudes  be  equimultiples  <^ 
two  others,  and  if  these  be  likewise  equi- 
multiples of  two  third  mcffnitudes,  the 
tuH>  first  snail  be  equimultiples  of  the  two 
third. 

Let  A  and  A'  contun  B  and  B'  respec- 
tively three  times,  and  let  B  and  B'  contain 
C  and  C  respectively  four  times ;  then, 
as  in  the  demonstration  of  the  preceding 
proposition,  A  and  A'  being  equal  to  three 
times  B  and  three  times  B'  respectively, 
contain  C  and  C  respectively  3x4  times, 
i.e.  the  same  number  of  times  exactly  ; 
therefore  A  and  A'  are  equimultiples  of 
C  and  C. 

The  same  may  be  said,  if,  instead  of 
3  and  4,  any  other  numbers  be  taken,  a.  &       I 
if  A,  A'  be  any  e<)uimultiples  of  B,  B', 
and  B,  B'  any  eqmmultipks  of  C,  C. 

Therefore,  &c. 

Cor.  If  two  magnitudes  A.  A'  be  equi- 
Biuttq>les  of  two  others  fi,  B',  and  like- 
wise of  two  third  magnitudes  C,  C,  and 
if  one  of  the  second,  B,  be  a  multiple  of 
the  corresponding  one,  C,  of  the  thud, 
the  other  second,  B',  shall  be  the  same 
multiple  of  the  other  third,  C.  I 

Prop.  3. 
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magfnkides  A  and  B,  meomr^  aUo  their 
sum  A  +  B,  and  their  difference  A^B. 

For, if  M  be  containediD  A  ai^y  num- 
ber of  times,  as  7,  and  in  B  any  num- 
ber of  times,  as  4  ;  it  will  evidently  be 
contained  in  the  sum  of  A  and  B,  7  +  4  or 
1 1  times,  and  in  their  differ- 
ence 7  —  4  or  3  times,  and 
ttierefore  win  measure  their 
sum  and  difference. 

The  same  may  be  said,        E  [  Im 
if,   instead   of  7    and    4, 
any   other     numbers     be 
taken.* 

Therefore,  &C. 

Prop.  4. 
•  If  there  be  two  magnitudes  A,  B,  and 
xfone  of  them  be  contained  in  the  other 
a  certain  number  of  times  toith  a  re- 
mainder; any  common  measure  of  the 
two  magnitudee  shall  measure  the  re- 
mainder, and  any  common  measure  of 
the  remainder  and  the,  leaser  magnitude^ 
shail  measure  the  greater  also. 

Let  B  be  contained  in  A  twice 
with  a  remainder  R,  and  let  M  be 
any  common  measure  of  A  and 
B ;  then,  since  M  is  contained 
a  certain  number  of  times  in  B, 
it  is  also  contained  a  certain 
numlier  of  times  in  twice  B  ( 1  .)t 
and  measures  twice  B :  but  it 
also  measures  A  ;  therefore  (3.) 
it  measures  the  difference  of  A  and 
twice  B,  that  is  R. 

Next,  let  N  be  any  common  measure 
of  R  and  B  :  then,  as  before,  N  mea- 
sures twice  B ;  therefore  (3.)  it  measures 
the  sum  of  R  and  twice  B,  that  is,  A. 

And  the  reasoning,  in  either  case,  is 
independent  of  the  particular  numbers 
assumed. 

Therefore,  &c. 

Cor.  The  greatest  common  measure 
of  the  remainder  and  lesser  magnitude 
is  also  the  greatest  common  measure 
of  the  two  magnitudes.  For,  since 
every  common  measure  of  A  and  B  is 
also  a  common  measm^  of  B  and  R; 
the  ^vatest  common  measure  of  A  and 
B  will  be  found  among  the  common 
measures  of  B  and  R ;  and  it  has  been 

•  The  nample  of  Eaelid  hu  been  followad  in 
owning  straight  lioM  to  Ulutrate  this  and  many 
t«b»«qiient  propositiona,  which  are,  however,  not 
Che  Itm  to  M  nnderBtood  as  applicable  to  and  de>> 
BooAtrated  of  mag nitudea  generally,  as  is  evident 
fro«  the  language  of  the  ennnciation  and  demonstra- 
tioa. 

t  The  rcfereneo  is  here  to  the  first  pn^positlon  of 
Ike  presMnt  Book  {  and  generally,  in  sach  refercncea 
aa  have  no  Romaa  naoMral  to  indicate  th^Book,  the 
Mnsu  Book  U  always  to  b«  niidarsioo4« 


•shown  that  every  one  of  the  latter  mea- 
sures both  A  and  B  i  therefore  the 
greatest  among  them  is  the  greatest 
common  xneasure  of  A  and  B. 

Prop.  5. 

By  repeating  the  process  indicated  to 
the  last  proposition,  vnth  the  remainder 
and  the  lesser  magnitude,  and  again 
with  the  new  remainder  (tf  there  be  one) 
and  the  preceding,  andso  on,  thegreatest 
common  measure  of  ttm  given  commen- 
surable magnitudes  A.,  B  may  be  found. 
Let  B,  for  instance,  be  contained  in 
A  twice  (as  in  the  last  proposition),  with 
a  remainder  R ;  let  R  be  contained  in 
B  three  times,  with  a  second  remainder 
R, ;  let  R,  be  contained  in  R  four  times, 
with  a  third  remainder  R„  and  let  R,  be 
contained  in  R,  five  times  exactly.  Tlien, 
because  (by  4.  Cor,)  the  greatest  com- 
mon measure  of  A  and  B  is  the  greatest 
common  measure  of  B  and  R,  that  is 
(by  the  same  Cor,)  of  Rand  R„  that  is, 
again,  of  R,  and  R„  and  because  R^, 
being  contained  in  itself  once  and  a  cer- 
tain number  of  times  in  R„  is  the  great- 
est common  measiure  of  R,  and  R,,  it  is 
likewise  the  greatest  common  measure 
of  A  andB. 

The  same  may  be  said,  if  instead  of 
2, 3, 4, 5,  any  other  numbers,  supposed  to 
arise  from  a  similar  examination  of  any 
two  given  commensurable  magnitudes,  h^ 
taken.  At  every  step  of  the  process,  the 
remamder,  as  R,is  diminished  by  the  fol- 
lowing remainder  R,  or  by  as  many 
times  R,  as  are  contained  in  it,  that  is. 
in  either  case,  by  a  magnitude  greater 
than  the  supposed  greatest  common 
measure,  to  procure  the  new  remainder 
R,.  In  ail  cases  therefore,  after  a  num- 
ber of  steps,  which  is  less  than  the  num- 
ber of  times  the  lesser  magnitude  con- 
tuns  the  sfupposed  greatest  common 
measure,  a  remainder  will  be  found  which 
is  equal  to  the  greatest  common  measure. 
Therefore,  &c# 

Cor.  1.  If  the  process  admit  of  being 
continued  through  an  unlimited  number 
of  stepsi,  without  arriving  at  a  remainder 
which  measures  the  next  preceding,  the 
magnitudes  which  are  subjected  to  it, 
have  no  common  measure,  t.  e.  they  are 
incommensurable. 

Cor.  2.  By  proceeding  in  a  similar 
manner,  the  ^eatest  common  measure 
of  three  magnitudes  A,  B  and  C  may  be 
found ;  for  if  M  be  taken,  the  greatest 
common  measure  of  A  and  B,  and  M« 
the  greatest  common  measure  of  M  and 
Ca  uiea  because  ^he  greatest  common 
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measure  of  A,  B  and  C  is  to  be  found 
amonz  the  common  measures  of  M  and 
C,  ana  because  every  one  of  the  latter, 
being  a  measure  of  M,  measures  A  and  B 
(l.)>  the  greatest  among  them,  that  is, 
M„  isthe  greatest  common  measure  of 
A,  B  and  C. 

It  is  obvious,  that  in  the  same  manner 
the  Rule  may  be  extended  to  any  num- 
ber of  magnitudes. 

Cor.  3. .  By  help  of  this  proposition 
the  lowest  terms  of  the  ratio  of  two  given 
commensurable  magnitudes  may  \ye  de- 
termined :  for  the  lowest  terms  of  theu* 
ratio  are  the  numbers  which  denote  how 
often  their  greatest  common  measure  is 
contained  in  each  (see  def.  6.). 
Scholium^ 

It  may  be  observed  that  the  forcTOing 
process  mcludes  the  arithmetical  rule  for 
finding  the  greatest  conmion  factor  of 
two  numbers:  which  is  to  divide  the 
greater  number  by  the  lesser,  and  find 
the  remainder ;  the  lesser  by  the  remain- 


common  factor  must  still  remain^  viz. 
the  number  which  denotes  how  oiten  the 
first  is  contained  in  the  greatest  common 
factor. 

Thus,  tne  greatest  common  factor  of 
204  and240is  12,  as  found  bytheRule; 
therefore  those  numbers  have  no  com-* 
mon  factor  which  is  not  a  factor  of  12 ; 
and  if  they  be  divided  by  any  factor  of 
12,  as  6,  the  quotients  34  and  40  have 
still  a  common  factor  2,  which  is  the 
number  of  times  the  factor  6  is  con- 
tained in  12. 

It  is  impossible  to  have  a  clear  and 
correct  apprehension  of  the  subject  be- 
fore us,  without  a  reference,  not  merely 
to  numbers,  but  also  to  the  properties 
just  mentioned  (see  Arithmetic,  art.  54, 
55,  56,  57,  58,  63.). 

Prop.  6. 

ff  a  magnitude  measure  each  of  ttto 
others^  it  shall  either  be  the  greatest 
common  measure  of  the  two,  or  it  shall 


der,  and  find  the  second  remainder,  if  be  contained  an  exact  number  of  times 

there  be  one ;  the  preceding  remainder  in  the  greatest  common  measure, 
by  this,  and  find  the  third  remainder ;       For,  in  the  process  of  Prop.  5,  it  was 

and  so  on,  until  a  remainder  be  found  seen  that  every  common  measure  of  the 

which  is  contained  an  exact  number  of  two  magnitudes  A  and  B  measures  also 

times  in  the  next  preceding ;  this  last  the  successive  remainders,  the  last  of 


remainder  unll  be  the  greatest  common 
factor  required. 

Thus,  if  the  numbers  be  628  and  272, 
the  successive  remainders  will  be  84, 20, 
and  4,  of  which  4  is  contained  in  20  an 
exact  number  of  times :  therefore,  4  is 
the  greatest  common  factor  of  the  num- 
bers 628  and  272. 

If  there  be  found  no  remainder  which 
is  exactly  contained  in  the  preceding, 
until  the  course  of  the  Rule  produces  a 
remainder  1,  the  numbers  have  no  com- 
mon factor  but  I,  and  are  said  to  be 
prime  to  one  anot/ier. 

The  greatest  common  factor  of  two 
numbers  being  thus  found,  if  the  mim- 


which  is  the  greatest  common  measure 
of  A  and  B. 

Therefore.  &c. 

Cor,  1.  The  lowest  terms  of  the  ratio 
of  two  magnitudes  being  determined  by 
the  greatest  common  measure  of  the 
two,  and  any  other  common  measure 
being  contained  an  exact  number  of 
times  in  the  greatest,  any  other  terms 
expressing  the  same  ratio  must  be  equi- 
multiples of  the  lowest  terms. 

This  corollary  has  been  cited  by  an- 
ticipation in  the  observations  upon 
def.  6. 

Cor,  2.  The  numerical  ratio  of  two  mag- 
nitudes being  given,  if  not  already  in  its 


bers  be  divided  by  it,  the  quotients  unll,  lowest  terms,  may  be  reduced  to  them  by 

manifestly,   be  prime  to  one  another,  dividing  the  terras  by  their  greatest  com- 

With  regard  to  other  common  factors  of  mon  factor :  for  the  lowest  terms,  being 

the  same  two  numbers,  tft^^  ofA^  com*  determined   by  the    greatest   common 

mon  factor  must  be  contained  an  exact  measure  of  the  two  magnitudes,  must  be 

number  of  times  in  the  greatest:  for  it  prime  to  one  another,  and  there  is  no 

is  contained  an  exact  number  of  times  other  common  factor  but  the  ^eatest, 

in  each  of  the  remainders  of  the  Rule,  by  which  if  two  numbers  be  divided,  the 


the  last  of  which  is  the  greatest  common 
factor. 

Hence  it  follows,  that,  any  two  num^ 
bers  being  given,  there  is  no  other  com 


quotients  will  be  prime  to  one  another. 
(See  Prop.  5.  Scholium.) 

For  example,  the  terms  of  the  ratio 
628  ;  272  have  4  for  their  greatest  com- 


mon/oc/orou/  the  greatest,  by  which  if  mon  factor :  therefore,  dividing  them  by 

the  numbers  be  divided,  the  quotients  4,  the  quotients  157  and  68  are  the 

will  be  prime  to  one  another;  for,  after  lowest  terms  in  which  the  ratio  can  be 

division  by  any  other  common  factor,  a  expressed. 
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Cor.  3.  If  this  Rule  be  applied  to  two . 
liamerical  ratios  which  are  differently 
expressed,  it  will  show  whether  they  are 
different  ratios  or  only  different  forms  of 
the  same  ratio:  viz.  according  as  the 
lowest  terms  of  the  two  are  different  or 
the  same. 

Prop.  7. 

1/  a  magnitude  A  be  measured  by  each 
^two  others  M  and  N,  a  common  mea^ 
sure  of  these  two  may  be  found;  andt 
conversely^  if  two  magnitudes  be  com- 
mensurable,  a  magnitude  may  be  found 
which  is  measurM  by  both. 
Let  A  contain  M  4  times, 
and  N  &  times :  then,  if  A 
be  divided  into  4x5,  or  20 
equal  paiis,  M  will  contain 
5  and  N  4  of  those  parts ; 
and,  therefore,  one  of  those 
parts  being  contained  an 
exact  number  of  times  in  M, 
and  an  exact  number  of  times  in  N,  is 
a  oonunon  measure  of  M  and  N. 

Next,  let  M  contain  a  magnitude  a 
5  times,  and  let  N  contain  the  same  a  4 
times :  then,  if  there  be  taken  a  magni- 
tude A,  which  contains  a  5x4,  or  20 
times,  A  will  contain  M  4  times,  and  N 
5  times,  and,  therefore,  will  be  mea- 
sured by  each  of  the  magnitudes  M 
andN. 

And  the  demonstration  will  be  the 
same  whatever  numbers  are  taken. 

Therefore,  &c 
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L  and  B,  and 
I  measure  ot       f"  1 
hen.  (7.)  be-       | 
0,  M,  N,  are  I 


Prop.  8. 

If  (here  be  three  magnitudes  A,  B,  C, 
the  first  of  which  is  commensurable  with 
the  second,  and  the  tecond  with  the 
third,  the  first  shall  be  commensurable 
with  the  third. 

Let  M  be  a  common 
measure  of  A  and  B,  and 
N  a  common 
B  and  C.  Then, 
cause  the  two,  _  _,  _  ,  „.  _ 
both  of  them  measures  of 
the  same  magnitude  B,  a 
common  measure  m  ot 
these  may  be  found.  And,  because  m 
measures  M,  it  measures  also  A,  which 
b  a  multiple  of  M  (1.  Cor.  J .) ;  and  in  the 
same  manner,  because  it  measures  N, 
it  measures  C,  which  is  a  multiple  of  N. 
Therefore  m  is  a  common  measure  of 
A  and  C,  that  is,  A  and  C  are  com- 
mensurable. 

Cor,  1.  If  there  be  any  number  of 
magnitades*  the  tni  of  woich  is  com- 


mensurable with  the  second,  the  second 
with  the  third,  the  third  with  the  fourth, 
and  so  on  to  the  last,  all  the  magnitudes 
shall  be  commensurable. 

Cor.  2.  If  two  magnitudes  be  com- 
mensurable with  one  another,  and  if 
one  of  them  be  incommensurable  with 
a  third  magnitude,  the  other  shall  like- 
wise be  incommensurable  with  the  third. 

Section  2,^Proportion  of  Comment 
surable  Magnitudes. 

In  the  foregoing  Section  it  has  been 
seen  how  the  greatest  common  measure, 
and  hence  the  lowest  terms  of  the  ratio, 
of  two  mas:nitudes  may  be  determined 
(5.  and  5.  Cor.  3.).  It  has  been  seen, 
also,  that  every  other  common  measure 
of  the  same  two  magnitudes  is  contained 
in  the  greatest  a  certain  number  of  times 
exactly,  and  hence  that  no  other  terms 
but  such  as  are  equimultiples  of  the 
lowest  can  express  the  same  ratio  (6.  and 
6.  Cor.  1.);  which  last  simple  relation 
affords  an  easy  Rule  for  reducing  any 

fiven  terms  to  the  lowest  terms,  and 
ence  determining  whether  two  given 
numerical  ratios  which  are  differently 
expressed  be  the  same  or  not  (6.  Cor. 
2  and  3). 

We  now  proceed  to  the  theorems  of 
proportion,  the  end  of  which  is  for  the 
most  part  to  show,  that  if  two  magni- 
tudes have  the  same  ratio  with  other 
two,  magnitudes  which  are  related  after 
a  certain  manner  to  the  two  former,  will 
have  the  same  ratio  to  one  another  with 
mafi;nitudes  which  are  similarly  related 
to  the  two  latter. 

In  the  demonstration  of  these  theo- 
rems, an  illustration  by  particular  num- 
bers will  be  preferred,  for  the  sake  of 
the  less  practised  reader,  to  the  use  of 
general  symbols  for  numbers.  In  fol- 
lowing tms  plan  hitherto,  we  have  had 
occasion  to  observe  at  the  conclusion 
of  each  demonstration,  that  the  steps 
are  not  upon  this  account  the  less  gene- 
ral, but  apply  equally  to  any  other 
numbers  which  may  bie  substituted  in 
place  of  the  particular  numbers  as- 
sumed. The  same  observation  will  be 
found  equaUy  true,  and  is  accordingly 
here  premised  with  regard  to  particular 
numbers,  wherever  they  are  introduced 
in  the  following  demonstrations.  The 
demonstrations  are  exactly  similar, 
whatever  numbers  be  substituted  in  the 
place  of  them;  and,  accordingly,  the 
^eral  propositions  are  not  less  evident 


than  if  the  reasoning  had  been  con- 
ducted by  general  symbols. 

The  present  Section  treats  only  of 
commensurable  proportionals  as  de- 
scribed in  def.  [7].  The  theorems,  how- 
ever, (that  is,  all  of  them,  the  first  ex- 
cepted which  is  expressly  enunciated 
of  commensurables)  are  likewise  true 
with  regard  to  the  more  general  descrip- 
tion of  proportionals  to  be  considered 
in  Section  3.  Hence  the  brackets 
which  the  rewler  will  have  already 
noticed  in  "  def.  [7]"  and  "  def.  [8V*  and 
in  which  the  numbers  9,  10,  &c.  of 
the  following  propositions  are  inclosed. 
Hence,  too,  the  absence  of  all  reference 
to  Euclid,  whose  theorems  on  the  sub- 
ject of  Proportion  are  stated  ndt  of 
commensurable  magnitudes  only,  but 
of  such  as,  whether  commensurable  or 
otherwise,  come  under  a  more  general 
definition  of  proportionals.  In  the  next 
Section,  these  propositions,  (prop.  [9] 
excepted)  will  be  repeated  with  refer- 
ence to  a  similar  general  definition,  the 
brackets  will  be  removed  from  the  num- 
bers 9,  10,  &c„  and  the  references  to 
Euclid  will  be  annexed  as  usual. 

Prop.  [9], 
Jf there  he  four  magnitudes  K,  B,  C,  D, 
which  are  commensurable  proportionals , 
the  second  and  fourth  ^ana  any  like  parts 
of  the  second  and  fourth^  shall  be  con- 
tained in  the  first  and  third  the  same 
number  of  times  exactly^  or  the  same 
number  of  times  with  corresponding 
remainders  less  than  the  parts. 

Let  the  common  ratio  of  A  to  B  and 
C  to  D  be  any  whatever,  for  example, 
84  :  6  ;  and  first,  let  the  second  and 
fourth,  viz.  B  andD,  be  taken:  B  and  D 
shall  be  contained  in  A  and  C  respec- 
tively, the  same  number  of  times  ex- 
actly, or  the  same  number  of  times  with 
corresponding  less  remainders. 

Let  M  and  N  be  the  common  mea- 
sures of  A  and  B  and  of  C  and  D,  by 
which  the  ratio  84  :  5  is  determined j 
and  which  are  therefore  contained  in  B 
and  D  respectively  5  times,  and  in  A  and 
C  respectively  84  times.  Then,  because 
M  and  N  are  contained  in  A  and  C 
respectively  84  times,  and  that  B  and  D 
contain  M  and  N  respectively  6  times ; 
B  and  D  are  contained  in  A  and  C  re- 
spectively, as  often  as  the  number  6 
is  contained  in  84,  that  is,  the  same 
number  of  times  exactly,  if  5  be  exactly 
contained  in  84,  or  the  same  number  of 
times  with  corresponding  remainders,  if 
6  be  contained  in  84  wifli  a  remainder. 
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Next,  let  any  like  parts,  for  exampl« 
the  6ths  of  B  and  D,  be  taken :  these 
shall  be  contained  in  A  and  B  the  same 
number  of  times,  either  exactly,  or  with 
corresponding  less  remainders. 

Let  M  and  N  be  the  common  mea- 
sures of  A  and  B  and  of  C  and  D,  as 
before,  by  which  the  ratio  84 : 5  is  deter- 
mined ;  and  which  are  therefore  con- 
tained in  B  and  D  respectively  5  times, 
and  in  A  and  C  respectively  84  times. 
And  let  M  be  divided  into  6  parts  each 
equal  to  m,  and  N  also  into  6  parts  each 
equal  to  n.  Then  it  is  evident  that  m 
and  n  must  be  contained  in  A  and  C 
respectively  84  x  6  times,  and  in  B  and 
D  respectively  5x6  times  (1.).  And, 
because  the  sixth-parts  in  question,  t.  e. 
the  sixth-parts  of  B  and  D,  are  con- 
tained in  a  and  D  respectively  6  times, 
they  must  contain  m  and  n  respec- 
tively 5  times.  Therefore,  the  parts  in 
question  are  contained  in  A  and  C  re« 
spectively  as  often  as  the  number  5  is 
contained  in  84  x  6,  that  is,  the  same 
number  of  times  exactly,  if  5  be  exactly 
contained  in  84  x  6,  or  the  same  num- 
ber of  times  with  corresponding  re- 
mainders, if  5  be  contained  in  84  x  6 
with  a  remainder. 

Therefore,  ficc. 

Cor.  1.  Hence  it  appears  that,  if  two 
magnitudes  and  other  two  have  a  com- 
mon numerical  ratio,  any  other  terms 
expressing  the  ratio  of  the  first  to  the 
second  must  also  express  the  ratio  of 
the  third  to  the  fourth;  as  was  ob- 
served in  the  remarks  upon  def.  [7]. 

Cor.  2.  Hence  it  appears,  alsp,  that 
A  cannot  be  said  to  have  to  B  the  same 
ratio  which  C  has  to  D,  according  to 
def.  [7],  and  at  the  same  time  a  greater 
or  a  less  ratio  thin  C  has  to  D,  accord- 
ing to  def.  [8];  as  was  observed  at 
def.  [8]. 

Cor.  3.  And  much  less  can  A  be  said 
to  have  to  B  a  greater  ratio  than  C  has 
to  D,  according  to  def.  [8],  and  at  the 
same  time  a  less  ratio  than  C  has  to  D, 
according  to  the  same  definition.* 

•  As  the  General  Theory  of  Proportion  in  Section 
3.  contains  the  remaioinf  propoMtionii  of  this  8co- 
tioa  with  reference  to  the  new  definitions  7  and  8 
there  given,  the  reader  may,  if  he  pleases,  pans  o«  to 
that  Section,  or  rather,  to  the  concluding;  Scholium 
of  the  present  one;  by  which  he  will  omit  nmttiog 
that  will  be  cited  in  the  future  pages  of  this  treatise. 
On  the  other  hand,  it  is  recommended  to  bcglnnrn. 
and  snch  as  are  not  cnrioas  about  the  general  and 
complete  theory  of  proportion,  to  peniste  with  car« 
the  remainder  of  the  present  Section,  with  the  opea* 
ing  paragraphs  of  Section  3.,  and  then  pa^s  on  to 
Section  4. ;  which  they  may  do  with  the  aMnrmacfe  of 
no  dificttlty  being  presented  to  them  npon  that  acoooul 
ia  tht  remainder  of  the  treatise. 
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Prop.  [lb]. 


Equal  magnitudes  have  the  same  ratio 
to  the  same  magnitude:  and  the  same 
ha»  the  same  ratio  to  equal  magnitudes. 

For  if  any  part,  as  a  A  xj  « 
5th,  of  C  be  contained  in 
A  any  number  of  times* 
as  4,  and  if  B  be  equal 
tp  A«  the. same  part  of 
*C  will  evidently  be  con- 
tuned  in  B  the  same  number  of  times, 
*4  ;  aiid  therefore,  4  :  6  will  be  the  com- 
mon ratio  of  A  to  C,  and  of  B  to  C. 

Again,  if  any  part  of  A,  as  a  4th,  be 
contained  in  C  any  number  oF  times,  as 
6,  and  if  B  be  equal  to  A,  the  like  part 
of  B  (ax.  i.)  will  evidently  be  contained 
in  C  the  same  number  of  times,  5  ;  and, 
^herefore^  5  ;  4  will  be  the  common 
ratio  of  C  to  A,  and  of  C  to  B. 

Therefore,  fee. 

Cor.  If  a  ratio  which  is  compounded 
'of  two  ratios  be  a  ratio  Of  equality,  one 
of  these  must  be  the  reciprocal  of  the 
other.  For  if  there  be  three  magni- 
tudes of  the  sam^  kind  A,  B,  and  C, 
imd  if  A  be  equal  to  C,  the  ratio  of  B 
to  C  must  be  the  same  with  the  ratio 
of  B  to  A :  in  other  words,  if  i^e  ratio 
of  A  to  C,  which  is  compounded  of  the 
ratios  of  A  to  B  and  of  B  to  C,  be  a 
ratio  of  equality,  the  ratio  of  A  to  B 
must  he  the  reciprocal  of  the  ratio  of 
BtoC,  (def.  6.  andl2.). 

Prop.  [11]. 

Cftwo  unequal  magnitudes  the  greater 
has  a  greater  ratio  to  the  iame  magni^ 
iude;  and  tfte  same  magnitude  has  a 
greater  ratio  to  the  lesser  of  the  two. 

For,  the  magnitudes  A,  B, 
and  C,  being  supposed  to 
be  commensurable,  if  A  be 
greater  than  B,  it  must  con- 
tain the  common  measure  of 
A,  B,  and  C,  that  is,  a  measure 
of  C,  a  greater  numbei:  of 
timea  than  B  contains  the 
same  measure  of  C,  and  therefore  (def. 
fS])  A  has  to  C  a  greater  ratio  tiian  B 
has  to  C. 

Again,  if  A  be  greater  than  B,  and  if 
C  be  any  magnitude  commensurable 
with  each  of  them,  like  measures  of  A 
and  B  may  be  found,  which  are  each  of 
them  contained  a  certain  number  of 
times  in  C.  For,  since  A,  B,  and  C  (9.) 
contain  the  same  magnitude  M,  each  of 
them  a  certain  number  of  times,  let 
them  be  equal  to  7  M,  5  M,  and  12  M, 
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lr6spectively.  Then,  if  a  and  i  he  takeiu 
the  35th  parts  (7  x  5)  of  A  and  B,  a  win 
be  a  5th  part  of  M,  and  therefore  will  be 
contained  an  exact  number  of  times  in  C^ 
and  b  a  7th  part  of  M,  and  thereforf 
also  contained  an  exact  number  of 
times  in  C  (1.  Cor.  1.).  But  any  mea- 
sure of  A  is  greater  than  the  like  mea- 
sure of  B  (ax.  4.);  therefore,  of  the  lik^ 
measures  in  question,  viz.  a  and  b,  C 
will  contain  that  of  A  a  less  number  of 
times  than  it  contains  that  of  B.  There- 
fore (def.  [8])  C  has  to  A  a  less  ratio 
than  it  has  to  B,  or  a  greater  ratio  to 
B  than  it  has  to  A. 

Therefore,  &c. 

Cor,  1.  Magnitudes  which  have  the 
same  ratio  to  the  same  magnitude^ 
are  equal  to  one  another :  as  likewise 
those  to  which  the  same  magnitude  has 
the  same  ratio  ([9]  Cor,  2.) 

Cor.  2.  A  ratio  which  is  compounded 
of  two  ratios,  one  of  which  is  the  reci- 
procal of  the  other,  is  a  ratio  of  equality. 
For,  if  there  be  three  magnitudes  of  this 
same  kind.  A,  B,  and  C,  and  if  the 
ratio  of  B  to  C  be  the  same  with  the 
ratio  of  B  to  A,  A  must  be  equal  to  C : 
in  other  words,  the  ratio  of  A  to  C. 
which  is  compounded  of  the  ratios  ox 
A  to  B  and  of  B  to  C,  one  of  which  ii 
the  reciprocal  of  the  other,  is  a  ratio  of 
equality,  (def,  6.  and  12.). 

Cor,  3.  If  one  of  two  magnitudes 
have  a  mater  ratio  to  the  same  mag- 
nitude than  the  other  has,  the  first 
must  be  greater  than  the  other  :  and 
if  the  same  magnitude  have  a  ereateir 
ratio  to  one  of  two  magnitudes  than  it 
has  to  the  other,  the  first  must  be  less 
than  the  other  ([9]  Cor,  2,  3.). 

Prop.  [12]. 

Magnitudes  A,  B  and  C,  D,  which 
have  the  same  ratio  with  the  same  mof' 
nitudes  P,  Q,  have  the  same  ratio  with 
one  another. 

For,  since  A,  B  have  the  same  ratio 
•with  P,  Q,  some  part  of  B  is  contained 
in  A  as  otten  as  a  like  jjart  of  Q  is  con- 
tained in  P ;  therefore,  if  any  other  part 
of  Q  be  contained  a  certain  number  of 
times  in  P,  a  like  part  of  B  will  be  con- 
tained as  often  in  A  ([9]). 

But,  because  C,  D  have  the  same 
ratio  with  P,  Q,  some  part  of  D  is  con- 
tained in  C  as  often  as  a  like  part  of  Q 
is  contained  in  P.  Therefore,  whatever 
part  this  be,  which  is  taken  of  D,  and 
^contained  in  C  as  often  as  the  like  part 
of  Q  in  P,  the  like  part  of  B  i^  coa^ 
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tained  99  often  in  A;  fhat  is,  A  ;  B:; 
C:D. 

Therefore,  &c. 

Cor.  1  .'If  A  have  to  B  the  same  ratio 
as  C  to  D,  and  C  to  D  a  greater  or  a 
less  ratio  than  E  to  F,  A  shall  have  to 
B  a  greater  or  a  less  ratio  than  E  to  F. 
For,  from  what  we  have  seen  r[9])  it  fol- 
lows, that  whatever  part  of  D  it  be  that 
is  contained  in  C  a  greater  or  less  num« 
ber  of  times  than  the  like  part  of  F  i$ 
contained  in  E,  the  like  part  of  B  must 
be  contained  in  A  the  same  greater  or 
less  number  of  times. 

Cor,  2.  And  in  the  same  manner  it 
may  be  shown,  that  if  A  have  to  B  a 

rater  or  a  less  ratio  than  C  to  D,  and 
to  D  the  same  ratio  as  E  to  F,  A 
shall  have  to  B  a  greater  or  a  less  ratio 
than  E  has  to  F. 

Prop.  [13]. 

If /our  magnitudes  be  proportionals^ 
and  if  the  first  be  any  multiple  or  part 
of  the  second,  the  third  mall  be  the 
fcune  multiple  or  part  of  the  fourth :  and 
conversely,  if  one  magnitude  be  the 
same  multiple,  or  part,  of  another, 
that  a  third  magnitude  is  of  a  fourth^ 
the  four  magnitudes  shall  be  propor- 
tionals. 

For,  if  A,  B,  C,  D  be  proportionals, 
and  if  the  second,  or  any  part  of  the 
second,  be  contained  a  certain  number  of 
times  in  the  first,  the  fom  th,  or  a  like 
part  of  the  fourth,  will  be  contained  the 
same  number  of  times  in  the  third  ([9]). 
Therefore,  if  the  second  be  contained  in 
the  first  seven  times,  the  fourth  will  also 
be  contained  in  the  third  seven  times  ; 
or  again,  if  a  seventh  part  of  the  second 
be  contained  in  the  first  once,  a  seventh 
part  of  the  fourth  will  also  be  contained 
in  the  third  once. 

•  Again,  if  A  contsun  B  seven  times, 
and  C  also  contain  D  seven  times.  A,  B 
and  C,  D  have  a  common  ratio  7:1; 
and,  in  like  manner,  if  Abe  contained  in  B 
seven  times,  and  C  in  D  also  seven  times, 
A,  B,  and  C,  D,  have  a  common  ratio 
1  :  7.  Therefore,in  either  case,  A,B,  CD 
iu-e  proportionals. 

Therefore,  &c. 

Prop.  [14]. 

If  four  magnitudes  A,  B,  C,  D,  be 
proportionals,  and  if  the  first  be  greater 
than  the  second^  the  third  snail  be 
greater  than  the  fourth,  if  equal,  equal, 
and  tfless,  less. 

For  if  A  be  greater  than  B,  any  com- 
mon measure  M  of  A  and  B  will  be  con- 


tained  a  ^aler  number  of  times  in  A 
than  it  is  m  B,  and  therefore  ([9])  the 
like  measure,  N  of  D,  will  be  contained 
in  C  a  greater  number  of  times  than  it 
is  in  D,  that  is,  C  will  be  greater  than  D. 

And  in  like  manner  it  may  be  shown, 
that  if  A  be  equal  to  B,  C  will  be  equal 
to  D,  and  if  less,  less. 

Therefore,  &c. 

Prop.  [15]. 

If  four  magnitudes  A,  B,  C,  D,  he 
proportionale,  they  shall  also  be  prO' 
portionals  when  ^oA^n- inversely ;  that 
is,  invertendo*  B  :  A::D  :  C. 

For  if  7  :  5  be  the  common  ratio  of  A 
to  B  and  of  C  to  D,  there  will  be  common 
measures  M,  N,  the  first  of  A  and  B, 
and  the  other  of  C  and  D,  which  are 
contained  in  B  and  D  respectively  five 
times,  and  in  A  and  C  respectively  seven 
times ;  and  therefore  5  :  7  will  be  a  com* 
mon  ratio  of  B  to  A  and  of  D  to  C. 

This  may  be  statlid  as  follows^ 
"the  reciprocals  of  equal  ratios  are 
equal  to  one  another.**  * 

Therefore,  &c 

Prop.  [16]. 

If  four  magnitudes.  A,  B,  C,  1)  be 
proportionals,  and  if  there  be  taken  any 
equimultiples  of  the  first  and  third,  and 
ciso  any  eouimultiples  of  the  second  and 
fourth  ;  these  equimultiples  shall  like- 
wise be  proportionals. 

Let  4  A,  4  C  be  any  equimultiples  of 
A,  C,  and  6  B,  6  D,  any  equimultiples 
of  B,  D :  and  let  7  :  5  be  the  common 
ratio  of  A  to  B,  and  of  C  to  D,  as  in  the 
last  proposition.  Then,  if  the  measures 
M  and  N  by  which  it  is  determined  be 
taken,  because  M  and  N  are  contained 
in  A  and  C  respectively  7  times,  tbey  are 
contained  in  4  A  and  4  C  respectively 
4x7  times  ;  and  in  like  manner  it  nu^ 
be  shown  that  they  are  contained  in  6  B 
and  6  D  respectively  6x5  times.  There- 
fore 4x7:6x5  is  at  once  the  ratio  of 
4  A  to  6  B,  and  of  4  C  to  6  D. 

Therefore,  &c. 

•  The  Latia  worta  ••  UTerteodo,'*  ••  altemando.** 
*•  dif  idendo/'  •*  conTertendo."  •*  componeBdo.**  "  ex 
•qualiin  proportione  direeti,"  **  miK«n<iA^"  m,tA 

inn  all    in    «tvnnAv»I#M>A    «vA«.n<J 


'*  mitcendo,"  and  ** 


wiUi  them,  particttlarlf  to  meh  as  ar«  •t/aarrm 
to  the  lanpiafe,  an  air  of  myierj  we  should  rather 
hare  dispensed  wiUi.  Ther  are  in  saeh  constant  use. 
however,  that  we  cannot  well  do  without  them.  They 
mean  no  more  than  *•  by  inTertinr/'  ••  by  altem». 
Un^."  "by  separating."  ••  by  exchaajing/-  by  coo- 
bining,"  "^y  reason  of  equal  interrala  m  diraet  pro- 
portion," ••  by  miKing."  and  "  by  reason  of  eq«af  in- 
tervals in  cross  proportion:"  and  they  serve  as 
fo  many  titles  to  thetr  respective  theorems,  which  am 
those  most  fraquentiy  eited  out  of  the  whale  thcorv 
«f  proportion.  ' 
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A    B  M  S 


Cor.  If  A,  B,  C,  D  be  proportionals, 
and  if  any  like  parts  of  the  first  and 
third  be  taken,  and  also  any  like  parts 
of  the  second  and  fourth,  these  like 
parts  ¥riU  likewise  be  proportionals. 

Prop.  [17]. 

Magnitudes  have  the  same  ratio  to 
one  another^  which  their  equimultiples 
have. 

"LA  llir,  N  be  equimul- 

Siles  of  A,  B :  that  is,  let 
,  N  contain  A,  B  the 
same  number  of  times 
respectively,  as  5  :  then 
it  is  evident  that  if  any 
measure  K  of  B  be  con- 
tained in  A  a  certain  num- 
ber of  times,  the  like  mea- 
sure 5  K  of  5  B,  or  N 
will  be  contained  in  5  A,  or  M,  the  same 
number  of  times.  Therefore  A  :  B  ;: 
M  :  N. 

Therefore*  &c. 

Cor.  1.  Magnitudes  have  the  same 
ratio  to  one  another,  which  their  like 
parts  have. 

Cor.  2.  If  A,B,C,D  be  proper- 
tionals,  and  if  equimultiples  be  taken  of 
the  first  and  second,  ana  also  equimul- 
tiples of  the  third  and  fourth,  these 
equimultiples  mil  likewise  be  propor- 
tionals. 

The  same,  it  is  evident,  may  be  stated 
with  regard  to  any  like  parts  taken  of 
ttie  first  and  second,  and  also  of  the 
third  and  fourth. 

Peop.  [18]. 

IffovT  magnitudes  of  the  same  kind 
be  proportionals,  and  if  the  first  be 
greater  than  the  thirds  the  second  shall 
be  greater  than  the  fourth;  if  eaual^ 
eqwil;  and  if  less,  less.  • 

Let  A,  B,  C,  D  be  proportionals,  and 
let  M  and  N  be  the  common  measures 
of  A  and  B  and  of  C  and  D,  by  which 
their  common  ratio  is  determined ;  that 
is,  let  M  and  N  be  like  parts  of  B  and 
D,  which  are  contained  the  same  num- 
ber of  times  in  A  and  C  respectively, 
(def.  [7]).  Then,  because  M  and  N 
are  like  parts  of  A  and  0,  it  is  evident 
that  if  A  be  greater  than  C,  M  must  be 
greater  than  N ;  and  therefore  also  B, 
which  is  a  multiple  of  M,  greater  than 
D,  which  is  the  same  multiple  of  N 
(•X.3.X 

In  the  same  manner  it  ma]^  be  shown, 
that  if  A  be  equal  to  C,  B  will  be  equal 
ioD;  and  if  less,  less* 

Therefine,  Sec 


Cor.  Hence  also,  if  four  magnitudes 
of  the  same  kind  be  proportionals,  and 
if  the  second  be  greater  than  the  fourth, 
the  first  will  be  greater  than  the  third ;  if 
equal,  equal ;  and  if  less,  less. 

Prop.  [19]. 

If  four  magnitudes  A,  B,  C,  D  of 
the  same  kind  be  proportionals t  they 
shall  also  be  proportionals  when  taken 
alternately :  that  is,  altemando  A :  C 
::B:D. 

For,  if  M  and  N  be  the  common  mea- 
sures of  A  and  B  and  of  C  and  D,  by 
which  their  common  ratio  is  determined ; 
then,  because  A  and  C  are  equimultiples 
of  M  and  N  ([17]).  A  :  C::M  :  N,— 
and,  for  the  like  reason,  B  :  D: :M  :  N. 
Therefore  ([12].)  A :  C ; :  B :  D. 

Therefore,  &c. 

Pfiop.  [20]. 

If  four  magnitudes  A,  B,  C,  D  be 
proportionals,  they  shall  also  be  pro- 
portionals when  taken  dividedly;  that 
is,  the  difference  of  the  first  and  second 
shall  be  to  the  second  as  the  difference 
of  the  third  cmd fourth  to  the  fourth  i^» 
or  dividend©,  A-B  :  B*: :  C-D :  D.* 

For,  M  and  N  being  taken  as  in  the 
preceding  propositions,  if  they  be  con- 
tained in  A  and  C  7  times,  and  in  B  and 
D  4  times,  they  will  be  contained  in  A-'B 
and  €--0,  7-4  or  3  times;  and  there- 
fore 3:4  will  be  the  ratio  of  A-B  to  B, 
and  also  of  C*D  to  D.  Therefore 
A-B:B:!C-D:D. 

And  the  same  may  be  said,  when 
A  and  C  are  less  than  B  and  D  respec- 
tively. 

Therefore.  &c. 

Cor.  1 .  If  four  magnitudes  A,  B,  C,  D 
be  proportionals,  they  shall  also  be  pro- 
poxlionals  by  conversion;  that  is,  the 
first  shall  be  to  the  difference  of  the 
first  and  second,  as  the  third  to  the 
difference  of  the  third  and  fourth;  or 
convertendo  A :  A-B: :  C :  C-D. 

For  invertendo,  B  :  A:  :D :  C,  divi- 
dendo,  A-B:  A::C-D:(i,  and  inver^ 
/«idb  A:A-B::C:C-D. 

Cor.  2.  If  four  magnitudes  A,  B,  C,  D 
of  the  same  kind  be  proportionals,  the 
greatest  and  least  of  them  together 
shall  be  greater  than  the  other  two  to- 
gether. 

*  The  sign  »  pUced  between  two  letters  denotes 
the  difference  of  the  maffnUndes  which  sre  represput. 
ed  br  them,  witbonc  napposing  the  fint  to  be  tb« 
grefttsr.  m  is  the  ease  when  we  write  A^-B  bj  itseXf* 
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For,  if  one  of  the  ex- 
tremes, as  A,  be  the 
rjatest,  then,  hecause 
is  less  than  A,  D  is 
less  than  C  ([14]),  and 
because  C  is  less  than 
A,  D  is  less  than  B 
([18]);  therefore  D  is 
the  least.  But,  because 
A :  B : !  C :  D,  dividendo, 
A— B :  B  ; :  C— D :  D  ;  and  because  in 
this  proportion  B  is  ^eater  than  D, 
A-B  is  greater  than  C  -D  ([18].  Cor.) 
Therefore,  if  B+D  be  added  to  each, 
the  sum  of  A  and  D  will  be  greater 
than  the  sum  of  C  and  B.  If  one 
of  the  means,  as  B,  should  be  greatest, 
then  invertendo  B  :  A::D  :  C  ;  and 
hence,  as  before,  the  sum  of  B  and 
C,  that  is,  of  the  greatest  and  least,  is 
greater  than  the  sum  of  A  and  D. 

Cor.  3.  If  three  magnitudes  be  propor- 
tionals, the  sum  of  the  extremes  will  be 
greater  than  twice  the  mean,  and  there- 
fore half  the  sum  greater  than  the  mean. 
For,  if  three  magnitudes  be  propor- 
tionals, and  if  the  mean  be  greater  tlian 
one  of  the  extremes,  it  must  be  less 
than  the  other;  or  again,  if  it  be  less 
than  one,  it  must  be  greater  than  the 
other  ([14]  or  [18]).  Therefore,  the 
two  extremes  are  the  greatest  and  least. 
Half  the  sum  of  two  magnitudes,  being 
Bs  much  greater  than  the  one  as  it  is 
less  than  the  other  (1.  ax.  9.).  is  called  an 
arithmetical  mean  between  the  two. 
It  appears  therefore,  that  the  arithme- 
bcal  mean  between  two  magnitudes  is 
greater  than  the  geometrical  mean.  * 

Prop.  [21], 

If  four  magnitudes  A,  B,  C,  D  be 
proportionale,  they  shall  also  be  pro- 
portionals when  taken  conjointly ;  that 
is,  the  sum  of  the  first  and  second  shall 
be  to  the  second,  as  the  sum  of  the  third 
and  fourth  to  the  fourth ;  or  compo- 
nendo  A+B:B::C-hD:D. 

For  the  measures  M,  N  remaining 
as  in  the  preceding  proposition,  that  is, 
being  contained  in  A  and  C  respectively 
7  times,  and  in  B  and  D  respectively  4 
times,  are  contained  in  A+ B  and  C  +D 
respectively  7+4  or  U  times;  and, 
therefore,  11 : 4  will  be  the  ratio  of  A+ 
B  to  B,  and  also  of  C +D  to  D,  There- 
fore A+B :  B ::  C +D :  D. 

Therefore,  &c. 

•  The  case  \n  here  excepted  ta  which  the  mani- 
inaes  are  eqaal  w  one  another ;  for  in  that  case  U  ia 
"™ 'y  ^*'f '  *••*  arithmetical  meaa  is  eqaal  to  the 
geometrical  mean. 
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Cor.  Hence,  invertendo  and  com- 
ponendo,  (after  the  order  of  Cor.  1.  in 
the  preceding  proposition,)  if  four 
magnitudes  A,  B,C,  D  be  proportion- 
als, the  first  shall  be  to  the  sum  of  ihe 
first  and  second,  as  the  third  to  the 
sum  of  the  third  and  fourth ;  or,  A :  A 
+  B:1C:C+D.* 

Prop.  [22], 

If  one  magnitude  be  to  another  at  a 
magnitude  taken  from  the  first  to  a 
magnitude  taken  from  the  other,  the  re- 
mainder shall  be  to  the  remainder  in  the 
same  ratio. 

Let  A,  B  be  any  two  ma^itudes, 
from  which  respectively  let  there  be 
taken  the  magnitudes  A ,  B',  which  have 
to  one  another  the  same  ratio  which 
A  has  to  B ;  the  remainders  A— A'  and 
B  — B'  shall  be  to  one  another  in  the 
same  ratio. 

For,  because  A  :  B  : :  A' :  B',  alter* 
nando,  A :  A' : :  B  :  B' ;  therefore,  divi- 
dendo,  A-A' :  A' ::  B-B' :  B':  and 
again,  altemando.  A— A' :  B— B' : :  A' 
:B',  that  is  ([12])  : :  A  :  B. 

Therefore,  &a 

Cor.  1.  If  there  be  any  number  of 
magnitudes.  A,  B,  C,  D,  &c.,  in  geo- 
metrical progression,  the  differences 
A-B,  B-(5,  (>D,  &c.  will  form  a  geo- 
metrical  progression,  in  which  the  suc- 
cessive terms  have  the  same  ratio  with 
the  successive  terms  of  the  former. 

For  B  is  to  C  as  A  to  B,  C  to  D  as 
B  to  C,  and  so  on ;  therefore,  A-B  is  to 
B-C  as  A  to  B,  B-C  to  C-D  as  B  to  C, 
t.  c.  as  A  to  B,  t.  e.  as  A-B  to  B-C 
([12]);  and  so  on. 

Cor.  2.  And  conversely,  any  number 
of  magnitudes  A,  B,  C,  D,  &c.  in  geo- 
metrical progression,  may  be  considered 
as  the  differences  of  other  magnitudes, 
A'.  B',  C,  D',  E'.  &c.  forming  a  geo- 
metrical  progression,  in  which  the  first 
term  A'  is  to  A  as  A  to  A-B,  and  the 
successive  terms  have  the  same  ratio 
with  the  successive  i&rms  of  the  former. 

•  It  U  usual,  when  two  demonstrations  are  eqaallr 
short  and  obvious,  to  prefer  that  which  is  thp  most 
eleoientary,  or  approaches  neare«t  to  first  principles. 
how.  It  may  be  observed  of  this  corollary,  the  oorre- 
anonding  corollary  of  Prop.  [28].  and  other  parts  of 
the  preaent  section,  as  the  theorem  jkiseendo,  and 
Prop,  [2d],  that,  stated,  as  is  here  the  case,  of  com- 
mensurable proportionalsi,  they  may,  at  least,  as  obri- 
ously  and  briefly,  be  referred  to  def.  [71  as  they  mav 
fte  derived  from  other  propositions.  The  connected 
demonstrations  have  in  this  case  been  preferred  with 
a  view  to  the  next  Section,  where  nearJy  all  the  pro- 
positions  of  this  Sectitm  will  be  re.stati!d,  and  such 
as  have  been  referred  to  def.  [7],  will  have  to  b« 
reconsidered  with  reference  to  a  more  e^neml 
dehnition.  A  umilar  eoBsideratton  will  be  found  to 
h4re  directed  the  arrangtmeat  uf  the  propoaitiom. 
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For,  if  such  a  progression  be  taken ^ 
A',  B',  C,  &c.  in  which  A'  is  to  A  as 
A  to  A-B,  and  A'  to  B'  as  A  to  B ; 
then  because  A' :  B'  :  :  A  :  B,  conver- 
tendo.  A'  :  A'*B' ::  A  :  A-B;  but  A' : 
A  ::  A  :  A-B;  therefore  ([12])  A'  : 
A'  -  B' : :  A' :  A ;  and  because  in  this 
proportion  the  first  term  is  the  same 
with  the  third,  the  second  is  equal  to  the 
fourth  ([18)1,  that  is,  A'-B'  is  equal  to  A. 
But  (by  Cor.  1.).  A'^B',  W^C\  C'-D', 
&c  form  a  progression  in  which  the 
successive  terms,  as  A'-B',  B -C,  have 
the  same  ratio  with  A',  B',  that  is,  with 
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A,  B  ([12]).  Therefore,  also,  B'-C  is 
equal  to  B  (ns]),  and  hence  again  C'-^D' 
is  equsd  to  C,  and  so  on.    In  fact,  tiie 


S recessions  A,B,  C,D,  &c  and  A'-B', 
r-C.  C'-D',  D'^E',  &c.  having  the 
same  first  terms,  and  the  same  common 
ratio  of  their  terms,  cannot  but  be 
identical 

Prop.  [23]. 

If  one  magnitude  be  to  another  as  a 
third  magnitude  of  the  same  kind  to  a 
fourth,  me  sum  of  the  first  and  third 
shall  be  to  the  sum  of  the  second  and 
fourth  in  the  same  ratio. 

Let  A,  B  be  any  two  magnitudes,  to 
which  respectively  let  there  be  added  the 
magnitudes  A',B ,  which  have  the  same 
ratio  to  one  another  which  A  has  to  B  : 
the  wholes  A+A'  and  B+B'  shall  be 
to  one  another  in  the  same  ratio. 

For,  because  A  :  B  : :  A' :  B',  alter- 
nando,  A  :  A'  *. '.  B  :  B' ;  therefore  com^ 
ponendo,  A+A' :  A':  :B+B' :  B';  and 
a^in.  alternando,  A+A' :  B+B':  '.A' : 
B',thatis,(tl2.1)::A:B. 

Therefore,  &c 

Cor.  I.  Hence,  if  there  be  any  num- 
ber of  magnitudes  of  the  same  kind 
antecedents,  and  as  many  consequents, 
and  if  every  antecedent  have  the  same 
ratio  to  its  consequent,  the  sum  of  all 
the  antecedents  shall  have  the  same  ratio 
to  the  sum  of  all  the  consequents. 

Cor.  2.  If  the  ratio  of  A'  to  B'  be  not 
the  same  with  the  ratio  of  A  to  B,  the 
ratio  of  A+A'  to  B+B'  will  not  be  the 
same  with  the  ratio  of  A  to  B  ;  but  leis«, 
if  A'  be  to  B'  in  a  less  ratio,  or  greater, 
if  A'  be  to  B'  in  a  greater  ratio. 

For  if  A'  have  to  B'  a  less  ratio  than  A 
has  to  B,  A'  must  be  less  than  a  magni- 
tude P,*  which  has  to  B'  the  same  ratio 

•  It  is  here  a«sumed  that  to  two  given  roagnifudea 
of  the  jMime  kind  and  a  third  there  i«  some  roagnitnde 
which  is  a  fourth  proportional :  a  truth  obTtoua 
eaoogh  in  the  c*:i€  of  comanmsnrable  proportion 
here  supposed ;  fur  if  there  be  takrn  a  common 
nefttmre  of  tK«  fiTst  two  mai^nitndes  and  a  part 
which  i«  contained  ia  tho  third  a«  often  »•  that 


as  A  to  B  ([i  i]  Cor.  3.) ;  and  therefore 
A+A'  must  have  a  less  ratio  ([11])  to 
B  +  B' than  A+P  has  to  B  +  B';  but 
A  +  P  has  lo  B  +  B'  the  same  ratio  as  A 
to  B,  by  the  proposition :  therefore  A+A' 
has  to  B  +  B'  a  less  ratio  than  A  hai 
to  B  ([12]  Cor.  2.) :  and  the  other  case 
in  which  A'  has  to  B'  a  greater  ratio  than 
A  to  B,  admits  of  a  similar  demonstra- 
tion. 

Cor.  3.  Hence,  if  the  ratio  of  A'  to  B 
be  not  the  same  with  the  ratio  of  A  to  B, 
the  ratio  of  A+A'  to  B+B'  will  lie  be- 
tween the  ratios  of  A  to  B,  and  of  A'  to 
B' ;  that  is,  it  will  be  greater  than  the 
lesser  of  the  two,  and  less  than  the 
greater  of  the  two. 

Prop.  [24]. 
If  there  bethreemagnitudes  of  the  same 
kind  A,  B,  C.  and  other  three  A',  B'.  C\ 
iphich,  taken  two  and  two  in  order,  have 
the  same  ratio,  viz.  A  to  B  the  same 
ratio  as  A'  to  B',  and  B  to  C  the  same 
ratio  as  B'  to  C ;  then  ex  sequali  in  pro- 
portione  directs  (or  ex  aequoj  the  first 
shall  be  to  the  third  of  the  first  mag7ii» 
tudes,  as  the  first  to  the  third  of  the 
others;  or,  as  it  may  be  more  oriefly 
stated, 

t/A:B::A':B' 

und  B;C:;B';C', 

ih6n  ex  aequali,  A  :  C::A' :  C\ 

Let  3  :  4  be  the  common  ratio  of  A 
to  B  and  of  A'  to  B',  and  5  :  7  the 
common  ratio  of  B  to  C  and  of  B'  to 
C.  Then,  if  B  be  divided  into  4  x  5  or 
20  equal  parts,  one  of  these  parts  will 
be  contained  3  x  5,  or  15  times  m  A,  and 
4  X  7  or  28  times  in  C,  because  3  :  4, 
or  3  X  5  :  4  X  5  (1.  Cor.  2)  is  the  ratio  of 
A  to  B,  and  5  :  7,  or  4  x  5  :  4  x  7  is  the 
ratio  of  B  to  C.  And  for  the  like  reason, 
if  B'  be  likewise  divided  into  20  parts* 
one  of  these  parts  will  be  contained  3x5 
or  15  times  in  A',  and  4  x  7  or  28  times  in 
C.  Therefore,  15  :  28  is  the  ratio  of  A 
to  C,  and  also  of  A'  to  C;  and,  con- 
sequentlyArC  :A'::C'. 

Therefore,  850 

Cor.  1.  The  same  maybe  stated  of 
any  numbei*  of  magnitudes  A,  B,  C,  D* 
and  A',  B',  CD':  that  is* 

ifA:B::A':B' 

andB  :C::B':C' 

andC  :D;;C':D' 

then,  ex  eequali,  A  :  D:  :C'  :  D'. 

For  by  the  first  two  proportions  A  ;  C 

common  measure  b  contained  in  the  first,  a  maltipla 
nontitininir  ihiu  part  a»  of  ten  as  that  oummon  mea- 
gnre  in  eontaincA  in  ihe  second  will  be  .the  fourth 
oroportional  K<iuired.  The  ca»e  of  general  propor- 
tionwiU  te  noUced  at  prop.  S3,  of  the  neat  se^"""- 
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. :  A' :  C,  and  from  this  combined  with 
the  third,  A  :  D  : :  A' :  D' ;  and  so  on 
for  any  number  of  proportions. 

This  may  be  stated  in  the  following 
words  :  "  ratios,  which  are  compounded 
of  any  number  of  equal  ratios  in  the 
same  order,  are  equal  to  one  another." 
(def.  12.) 

Cor,  2.  By  help  of  this  proposition 
another  property  of  proportionals  may 
be  demonstrated,  which  is  copunonly 
cited  by  the  word  miscendo  :*  viz. 

If  four  magnitudes  A,  B,  C,  D  be 
proportionals,  the  sum  of  the  first  and 
second  will  be  to  their  diflFerence,  as  the 
sum  of  the  third  and  fourth  to  their  dif- 
ference. 

For,  since  A  :  B  : :  C  :  D, 
componendo  A+B  :  B  : :  C  H-D :  D. 
And  agam,  because  invertenda  B :  A  : : 
D:  C,  convertendo BiA'-'B  ::D:  C-D. 
Therefore,  ex  ne^ucUi  A+B  :  A-»'B  : : 
C-t-D  :  C-D,  which  is  the  property  in 
question. 

Prop.  [25]. 

Tftwo  proportions  have  the  samecorue- 
quents,  tJie  sum  of  the  first  antecedents 
shall  be  to  their  conseqiMnt,  as  the  sum 
of  the  second  antecedents  to  their  con- 
sequent ;  that  is,  if  A :  B  :  :  C  :  D,  and 
ir  A' :B::C':J>,  then  A+  A'  :  B  :  : 
C  +  C':D. 

Because  by  the  first  proportion  A :  B 
: :  C  :  D,  and,  by  the  second  proportion, 
invertendo,  B  :  A' :  :  D :  C ;  e*  €equalt, 
A  :  A' : :  C  :  C  :  hence,  componendo, 
A+ A' :  A' :  C  +  C  :  C,  and  on  account 
of  the  second  proportion,  viz.  A' :  B  :: 
C  :  D.  ex  epqualt,  A  +  A' :  B  :  :  C  + 
C  :  D,  which  is  the  property  in  question. 

Therefore,  &c. 

Cor,  1.  The  same  may  be  stated  of  any 
number  of  proportions  having  the  same 
consequents :  that  is,  the  sum  of  all  the 
first  antecedents  shall  be  to  their  con- 
sequent, as  the  sum  of  all  the  second 
antecedents  to  their  consequent. 

Cor,  2.  In  like  manner  also  it  may 
shown  (by  "  dividendo*"  instead  of"  com" 
jxmendo"),  that  if  two  proportions  have 
the  same  consequents,  the  difference  of 
the  first  antecedents  shall  be  to  their 
consequent  as  the  difference  of  the  se- 
cond antecedents  to  their  consequent. 

Cor.  3.  Hence,  if  ttiere  be  any  number 
of  magnitudes  of  the  same  kind  A,  B,  C, 
D,  E,  F,  and  as  many  others,  A',  B',  C', 
D',  Ef ,  F  ;  and  if  the  ratios  of  the  first  to 
the  second,  of  the  second  to  the  third,  of 
the  third  to  the  fourth,  and  so  on,  be 

*  Sometimes  aJm,  and  more  apprnpriatel/,  by  the 
Smfhs^  words  **  hj  •  «m  iiad  differenM.*' 


respectively  the  same  in  ftke  two  series, 
any  two  combinations  by  sum  and  dif- 
ference of  the  magnitudes  of  the  first 
series,  e.g.  A+C  —  E  and  B  —  C  +  D, 
shall  be  to  one  another  as  two  similar 
combinations  of  the  corresponding  mag- 
nitudes of  the  second  series,  viz.  A'  + 
C  -  E'  and  B'  -  C  +  D'. 

For,  because  A  :  F  : :  A' :  F  Ox 
aqualij ;  and  again,  C  :  F : :  C ;  F',  by 
the  proposition  A+  C  :  F : :  A'+  C  :¥*; 
but  E  :  F  : :  E' :  F;  therefore,  by  the 
preceding  corollary,  A  +  C  —  E  :  F  : : 
A'  +  C  —  E' :  F.  In  the  same  maimer, 
it  maybe  shown  that  B  —  C  +  D  :  F  : : 
B'  -  C  +  ly  :  F ;  therefore,  invertenda 
and  ex  cequali  A  +  C  — 1^  :  B  — C  +  D 
::A'-t-a-E':B'-C'  +  D'.  And  a 
similar  demonstration  may  be  applied  to 
any  other  combinations  by  sum  and  dif- 
ference. 

Prop.  [26l. 
If  there  be  three  magnitudes  of  the 
same  kind  A,  B,  C,  and  other  three 
A',  B',  C,  which  taken  two  and  two,  but 
in  a  cross  order,  have  the  same  ratio,  viz. 
A  to  B  the  same  ratio  as  B'  to  C,  andB 
to  C  the  same  ratio  as  A'  to  B' ;  then, 
ex  aequali  in  proportione  perturbatd  {or 
ex  aequo  perturbato)  the  first  shall  be  to 
the  third  of  the  first  magnitudes,  as  the 
first  to  the  third  of  the  others;  or,  as  it 
may  be  more  briefly  stated^ 

ifA:B::Bf:a 
and  B:C::A':B' 

then  ex  aequo  perturbato,  A :  C : :  A' :  C. 

For,  if  3  : 4  be  the  common  ratk)  of  A 
to  B,  and  of  B' to  C,  and6  :  7  the  com- 
mon  ratio  of  B  to  C  and  of  A'  to  B',  it 
may  be  shown,  exactly  in  the  same  man- 
ner as  in  the  demonstration  of  Prop.  24, 
that  the  ratio  of  A  to  C  is  3  x  6  :  4  x  7, 
that  is  15  :  28,  and  in  like  manner  that 
the  ratio  of  A'  to  C  is  5x3  :  7x4,  that 
is  again  15  :  28.  Therefore,  15  :  28  is 
the  ratio  of  A  to  C,  and  also  of  A'  to  G', 
and  consequently  A  :  C  : :  A' :  C. 

Therefore,  &c. 

Cor.  The  same  may  be  stated  of  any 
number  of  magnitudes  A,  B,  C,  D,  and 
A',  B',  C'.iy;  that  is,  if  A  :B : :  C :  ly 
andB:C::B':C' 
andC:D::A^:B^ 

then  ex  cequo  perturbato  A :  D : :  A' :  D'^ 
for  by  the  two  first  proportions,  A  :  C 
: :  B' :  D',  and  from  uiis  combined  with 
the  third  proportion,  A  :  D  : :  A' :  D', 
and  so  on  for  any  number  of  proportions. 
This  may  be  stated  in  tlie  following 
words :  **  Ratios  which  are  compounded 
of  any  number  of  equal  ratios,  but  in  a 
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reverse  order,  are  equal  to  one  another." 

(2>^.  12.) 

Prop.  [27]. 
RoHoM  whidi  are  compounded  of  the 
%ame  ratioi,  in  tohaUoever  orders,  are  the 
^une  with  one  another . 

The  case  of  ratios  which  are  com- 
Dounded  of  the  same  ratios  in  the  same 
^er  is  that  of  [24].  dyr,  1.  The  c^e. 
asain,  of  ratios,  which  are  compounded 
of  the  same  ratios  in  a  reverse  order,  is 
that  of  [26].  Car.  1.       ^  ,^     ,        , 

Let  the  rado  of  A  to  D.  therefore,  he 
compounded  of  the  ratios  of  A  to  B.  of 
B  to  C.  and  of  C  to  D,  and  let  the  ratio 
oC  A'  to  B'  be  compounded  of  the  ratios 
of  A'  to  B',  of  B'  to  C,  and  of  C  to  D', 
which  are  the  same  respechveY  with  the 
ratios  of  which  the  ratio  of  A  to  D  is 
compounded,  but  without  regard  to  or- 
der :  thus,  let  3  :  4  be  the  common  ratio 
of  A  to  B,  and  of  B'toC'.  5  : 7  thecom- 
mon  ratio  of  B  to  C  and  of  A' to  F,  and 
11  :  8  the  common  ratio  of  C  to  D  and 
of  C  to  ly.  Then  it  is  evident,  from  the 
demonstration  of  Prop.  [24],  that  the  ratio 
of  A  to  C  is  3  X  5  : 4  X  7,  and  hence 
again,  the  ratio  of  A  to  D,  3  x  5  x  11  : 
4x7x8.  And  on  the  other  hand,  the 
ratio  of  A'  to  C  is  5x3  :  7  x  4,  and 
hence  the  ratio  of  A' to  D',  5  x  3  x  11 
:  7  x  4  X  8 ;  which  is  the  same  with 
3x5x11:4x7x8,  because  5x3x11 
is  the  same  with  3x5x11,  viz.  165,  and 
7x4x8  is  the  same  witli  4x7x8,  viz. 
224  •  Therefore  165  :  224  is  the  ratio 
bothof  AtoD,andof  A'  to  IV,  and  con- 
scquentW  A :  D  : :  A' :  D'.  But  the  ratio 
of  A  to  D  is  compounded  of  the  same 
catios  with  that  of  A'  to  IV,  without  re- 
ga2xl  to  order. 

Therefore,  &c.  ,        ^ 

Cor.  I.  If  there  be  any  number  of 
ratios  as  those  of  A  to  B,  of  C  to  D,  of 
E  to  F,  &c.,  magnitudes  which  have  to 
one  another  a  ratio  compounded  of  any 
two  of  these  shall  have  the  same  ratio  to 
one  another  with  any  other  mapuhides 
which  have  to  one  another  a  ratio  com- 
pounded of  the  same  two ;  and,  in  like 
manner,  magnitudes  which  have  to  one 
another  araSo  compounded  of  any  three 
of  these  shall  have  the  same  ratio  to  one 


4» 


of  them  will  have  to  One  another  a  ratio 
which  is  the  same  with  the  duplicate 
ratio  of  A  to  B :  and  in  like  manner, 
magnitudes  which  have  to  one  another 
a  ratio  compounded  of  any  three  of  them 
will  have  to  one  another  a  ratio  which 
is  the  same  with  the  triplicate  ratio  of  A 
to  B ;   and  so  on. 

6V.  3.  Ratios  which  are  the  dupli- 
cate,  or  triplicate,  &c.  of  the  same  ratio 
are  the  same  with  one  another. 

Cor.  4.  In  the  composition  of  ratios 
any  two  which  are  reciprocals  of  one 
another  may  be  neglected,  without 
affecting  the  resulting  compound  ratio. 
(See  [10.]  Cor.) 

Cor,  5.  If  the  ratio  of  A  to  C  be 
compounded  with  the  ratio  of  C  to  B, 
that  b,  with  the  reciprocal  of  B  to  C,  the 
ratio  A  to  B  will  be  obtained,  which 
being  compounded  with  the  direct  ratio 
B  to  C,  reproduces  the  ratio  of  A  to  C  : 
that  is,  if  one  ratio  be  compounded  with 
the  reciprocsd  of  another,  a  ratio  will  be 
obtained,  which  being  compounded  with 
that  other,  will  again  produce  the  first. 
This  compounding  of  the  reciprocal  is 
sometimes  called  subducting,  or  taking 
away  the  direct  ratio,  and  the  result  is 
termed  the  remaining  ratio. 

It  appears,  therefore,  from  the  pro- 
position, that  if  two  ratios  be  equal 
to  one  another  (and  therefore  com- 
pounded of  equal  ratios  having  any  or- 
der in  the  composition  of  each),  and  if 
any  of  the  equal  ratios  be  subducted  or 
taken  away  (L15]).  the  remaining  ratios 
wiifl  he  equal  to  one  another. 

Scholium, 
The  demonstrations  which  have  been 
given  of  Prop.  [24],  [26],  and  [27],  as 
above  stated  of  commensurable  magni- 
tudes, are  derived  from  a  property  of  nu- 
merical  ratios ;  viz.  that  "  if  the  ratio  of 
A  to  B  be  any  whatever,  as  3  :  4,  and. 
again,  the  ratio  of  B  to  C  any  whatever, 
as  5  :  7,  the  ratio  of  A  to  C  will  be  deter- 
mined from  these  by  multiplying  their 
antecedents  for  a  new  antecedent,  and 
their  consequents  for  a  new  consequent." 
See  the  demonstration  of  Prop.  [24], 
which  is  referred  to  in  the  demonstra- 
tions of  Prop.  [26]  and  [27].    It  foDows 
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another  with  any  other  ms^itudes  wluch  ^^^  ^  similar  rule  may  be  observed  with 

have  to  one  another  a  ratio  compounded  ^^^^  ^q  ^ny  number  of  ratios  which  are 
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of  the  same  three ;  and  so  on. 

Cor.  2.  If  the  ratios  of  A  to  B,  of  C 
to  D.  of  £  to  F,  &c.  be  all  equal  to  one 
another,  magnitudes  which  have  to  one 
another  a  ratio  compounded  of  any  two 

•  Ste  AritluneUe,  art.  S3* 


compounded  according  to  Def.  12  ;  viz. 
"  In  all  cases  in  which  the  several  nu- 
merical ratios  of  A  to  B,  B  to  C.  C  to  D, 
can  be  assigned,  f .  e.  when  the  magni- 
tudes A,  bT  C.  D,  are  commensurable 
(8  Cor,  1  .)f  the  compound  ratio,  or  that 
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of  the  first  A  to  the  last  D,  will  be  ex- 
pressed by  aa  antecedent  which  is  the 
product  of  all  the  antecedents,  and  a 
consequent  which  is  the  product  of 
all  the  consequents."  Hence,  also, 
a  numerical  ratio  is  frequently  said  to 
be  compounded  of  two  or  of  any  other 
number  of  numerical  ratios,  when  its 
antecedent  is  the  product  of  all  their  an- 
tecedents, and  its  consequent  the  pro- 
duct of  all  their  consequents :  for  the 
majpitudes  whose  ratio  it  denotes  will  in 
jsuch  a  case  have  to  one  another  a  ratio 
which  is  compounded  of  the  ratios  ex- 
pressed by  those  others. 

In  a  geometrical  progression  A,  B,  C, 
D»  &c.  of  commensurable  magnitudes, 
the  successive  terms  have  a  common 
numerical  ratio,  e.  g.  5:7;  therefore, 
the  ratio  of  A  to  C,  t.e,  the  duplicate  of 
A  to  B,  is  5  X  5  :  7  X  7.  the  ratio  of  A 
to  D,  f .  e.  the  triplicate  of  A  to  B,  is  5  x  5 
X^i7  x7  xl  \  and  so  on. 

Prop.  [28]. 

If  there  he  two  fixed  magnitudes,  A 
ana  B,  which  are  the  limits  of  two  others, 
P  and  Q,  (that  is  to  which  P  and  Q,  by 
increasing  together  or  by  diminishing 
together,  mau  be  made  to  c^pproach  more 
nearly  than  by  any  the  same  given  dif- 
ference), and  if  Y  be  to  Q  always  in  the 
same  given  ratio  ofC  to  D,  A  shall  be 
to  B  in  the  same  ratio. 

Fh-st,  let  P  and  Q  approach  to  A  and 
B  respectively  by  a  continual  increase, 
so  that  P  and  Q  can  never  equal,  much 
less  exceed,  A  andB,  but  may  be  made 
to  approach  to  A  and  B  more  nearly 
than  by  any  the  same  given  difference. 
And  let  a  magnitude  B' be  taken*  such 
that  A  :  B' : :  C  :  D.  Then,  if  B'  is  not 
equal  to  B,  it  must  either  be  less  than 
B  or  greater  than  B.  First,  let  it  be 
supposed  less,  as  by  any  difference  b. 
Then,  because  P  :  Q  : :  C  :  D,  and  A  : 
B'::C:D,([12])A:B'::P:Q;  but 
A  is  always  greater  than  P ;  therefore, 
B'  is  always  greater  than  Q  [(18)]. 
Wherefore,  because  Q  is  always  less 
than  B',  which  is  less  than  B  bv  *,  Q 
cannot  approach  to  B  within  the  dif- 
ference 0,  which  is  against  the  sup- 
position. .  Therefore,  B'  cannot  be  less 
thanB. 

Ajjain,  if  B'  be  supposed  greater  than 
B,  take*  A'  such  that  A'  :  B'::A  :  B. 
Then,  because  B  is  less  than  B',  A  is  less 
than  A'  ([18]),  as  by  some  difference 
«.  And,  because  A'  :  B'::A  :  B,  and 
P:Q:;A;B,([12])A^  ; B';:P  :  Q  : 

•  Sm  note  at  prop.  [23]^ 
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but  B'  is  always  greater  than  Q,  be- 
cause it  is  supposed  to  be  greater  than  B, 
which  is  greater  than  Q ;  therefore  A'  » 
always  greater  than  P  ([18]).  Wherefore, 
because  P  is  always  less  than  A',  which 
is  less  than  A  by  a,  P  cannot  approach 
to  A  within  the  difference  a,  which  i^ 
against  the  supposition.  Tlierefore  B' 
cannot  be  greater  than  B. 

Therefore,  in  this  case,  B'caimot  but 
be  equal  to  B  ;  that  is,  A  :  B::C  ;  D. 
And  the  other  case,  in  which  P  and  Q  ap* 
proach  to  A  and  B  respectively,  by  a 
continual  decrease,  maybe  demonstrated 
after  the  same  manner ;  indeed  in  the 
same  words,  if  the  word  "  greater"  be 
everywhere  substituted  for  **  less,"  and 
"less"  for  "greater." 

Therefore,  &c. 

This  proposition  will  be  found  of  very 
extensive  application  in  Geometry.  By 
help  of  it,  the  lengths  of  plane  curves, 
and  the  areas  bounded  by  them,  the 
curved  surfaces  of  solids,  and  the  con- 
tents they  envelope,  may  in  many  in- 
stances be  brought  into  comparison  with 
little  greater  difficulty  than  right  lines, 
rectilineal  areas,  and  solids  bounded  by 
planes.  This  will  be  exemplified  in  sub- 
sequent parts  of  the  present  treatise  in 
cases  which  sujipose  the  magnitudes 
compared  to  be  similar,  or  of  the  same 
form ;  but  the  use  of  the  proposition  is  by 
no  means  confined  to  these.  It  may  be 
regarded  as  one  of  the  first  steps  to  what 
is  called  the  hig"her  Geometry,  and  in  this 
view,  likewise,  is  well  worth  the  attention 
of  the  student. 

General  Scholium 

On  the  proportion  of  commensurable 
magfdtudes. 
It  was  shown  m  the  first  proposition 
of  this  section  ([|9].)  that  if  four  magni- 
tudes be  proportionals,  and  if  any  mea- 
sure of  the  second  be  contained  a  cer- 
tain  number  of  times  in  the  first,  a  like 
measure  of  the  fourth  shall  be  contained 
the  same  number  of  times  in  the  third. 
Hence  it  follows,  that  any  terms  ex- 
pressing the  ratio  of  the  first  to  the 
second,  express  also  the  ratio  of  the 
third  to  the  fourth.  But  no  terms  can 
express  the  ratio  of  two  magnitudes  ex- 
cept the  lowest,  and  such  as  are  equi- 
multiples of  the  lowest  terms;  that  is, 
except  m,  n,  if  m,  n  are  the  lowest  terms, 
and  I  X  m,  I  x  n,  where  Hs  a  number 
multiplying  the  lowest  terms  (6.  Cor.  1.). 

And  ~=- (Anth.art.80.). There- 

n     i  X  n 

fore,  if  four  magnitudes  be  proportionals^ 
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and  if  a  and  b  be  the  numbers  of  times  any 
common  measure  of  the  first  and  second 
is  contained  in  them  respectively,  and 
c  and  d  the  numbers  of  times  any  com- 
mon measure  of  the  second  and  fourth  is 

contained  in  them,  r  =  ^  Tlie  converse 

d      c 
is  likewise  true,  that  i«»  ^  "T  =  J"   *^® 

four  magnitudes  must  be  proportionals : 
for  it  may  easily  be  shown,  that  fractions 
do  not  represent  the  same  part  of  the 
whole  unit,  or,  which  is  the  same  thing, 
are  not  equal  to  one  another,  except 
they  be  reducible  to  the  same  lowest 

terms,  as  !^ :  •  and  these  lowest  terms 

n 
will  express,  at  once,  the  ratio  of  the 
first  to  the  second,  and  of  the  third  to 
the  fourth  (I.  Cor.  3.). 

The  same  conclusion  may  be  stated  in 
other  words,  as  follows : 

If  four  magnitudes  he  proportionals^ 
and  rf  A,  B,  C,  D,  represent  those  wiog- 
nihtdesnumerioallu,  that  w,  if  A  anoB 
represent  the  numbers  of  times  the  unit 
o/iheir  kind  is  contained  in  the  ttoofirst, 
and  if  C  and  D  represent  the  numbers 
of  times  the  unit  cf  their  kind  is  con- 
tained in  ike  tieo  hst,  the  quotient  or 

A  C 

fracHon^shaUbe  equal  to  ^  :  asid  con- 

versdy. 

A  C 
This  equation  h  =  ^  *^  ^®  founda- 
tion of  the  theory  of  ]^roportion  as  it 
b  treated  in  Arithmetic  or  Algebra, 
(see  Arithmetic^  art  127  and  128.)  and 
leads  with  great  fecility  to  all  the  theo- 
rems of  the  foregoing  section.    Thus, 


*  It  is  akowa  in  the  treatite  oo  Aritlimetie  (art. 
610  ^^^  tl^o  Mate  namber  can  have  but  one  set  of 
pr'tne  £actor9 :  from  this  it  follows,  that  if  a  X  <'=^Xe 

(as  is  the  ease  when  -7  s.—  ,   Arith.  art  IS?.),  aod 

0  d 
ifei  be  prime  to  b,  the  other  factor  d  on  the  firit  side 
BoateoBtaiab,  and  therefore  most  be  of  the  form 
I X  fc«  where  /  is  some  whole  namber  multiplying  ihe 
wbole  number  6 ;  and  hence  it  is  evident  that  c  is 
likewise  of  the  form  <  X  a,  where  /  is  the  same  whole 
aomber  asultiplylng  tb<  whole  namber  a.    Therefore 

a      e 
U  r^"*  *  ud  if  a  be  pHme  to  b,  e  and  d  most  be 

•qainvltiplea  of  a  and  6,  that  is  --  is  tedacible  to  ^ 

d  Q 

by  diridrng  and  4  bv  their  greatest  common  factor 

(see  Piop.  5.  Schounm);  and  lience   likewise   if 

r-  =  ^ ,  and  if  a  be  not  prime  to  5,  nor  e  prime  to  d, 

0  c 

tkefnetioBs-^  and—  must  be  reducible  to  the  same 

•         d 
leweet  turns  by  dividing  a  and  h  by  their  greatest 
common  factor,  and  c  and  4  by  th^r  greateat  cum- 
awftfjietor. 


...        ,    .  ,      .,      A+B      C+D 

adding  1  to  each  side,  —^^  =  -—— 

D  U 

which  is  the  theorem  cited  by  Ihe  Latin 

word  componendo;    again   subtracting 

,    .  ,   A-B    C-D,     , .  ,    . 

1   from  each,  — =—  =  — =r — ,  which  is 
Jo  D 

that  cited  by  the  word  dividendu :  di- 

B     D 
viding  1  by  each  side,  -j  =  pt  and  mul- 

B  A     B 

tiplying^  into  each,  p  =  :=r,  which  are 

the  theorems  cited  by  the  words  inveP" 
tendo  and  altemando  respectively.  And 
with  equal  readiness  the  rest  may  be 
derived  from  the  same  equation.  As 
they  are  all  however  sufficiently  con- 
sidered in  their  several  places,  the  re- 
mainder of  this  scholium  wiU  be  confined 
to  the  explanation  of  certain  rules  com- 
monly practised  in  the  treatment  of  pro- 
portions, which  suppose  the  terms  A,  B, 
C,  D  to  be  numbers,  and  are  at  once  de- 

A    C 
rivable  from  the  equation  «  =fi ' 

Rule.  1.  If  four  magnitudes,  which  are 
numerically  represented  by  A,  B,  C,  D, 
be  proportionals,  the  product  of  the  ex- 
tremes wiQ  be  equal  to  the  product  of 
the  means,  t.  e.  if  A  :  B::C  :  D,  AxD 
=B  X  C :  and  conversely  if  AxD =B  x  C 
the  magnitudes  represented  by  A,  B, 
C,  D  will  be  proportionals. 

A    C 
For,  since  g  =  rt.  multiplying  each  side 

byBxD,AxD=BxC:  and  hence,con* 
versely,  dividing  each  side  by  BxD» 

A    C 

-  ==-,  i,e.  A,  B,  C,D  are  proportionals. 

B     D 

Rule  2.  The  same  things  being  sup- 
posed, any  common  factor  M ,  which  is 
found  in  both  the  antecedents,  or  in 
both  the  consequents,  or  in  both  the 
antecedent  and  consequent  of  the  same 
ratio,  may  be  expunged. 

For  if  -g —  =  -g— »  dividmgboth 
sides  by  M,  g  =  g  *• 

A      C 
both  sides  by  M,  g*  =  |^ : 

KxM        C 


Or  if  ;=— iv  =   vr. 


D' 


K     C     . 


LxM 
KxM^K 

LxM      h' 

Or  the  Rule  may  be  thus  stated : 
Expunge  all  common  factors,  except 
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they  be  common  only  fo  the  two  ex- 
tremes, or  to  the  two  means.  For,  in 
ail  other  cases,  if,  as  before,  KxM  and 
Lx  M  be  the  terms  having  a  common 
factor,  and  if  P  and  Q  be  the  terms  not 
having  a  common  factor,  by  multiplying 
extremes  and  means,  K  x  P  x  M  =: 
LxQxM,  and  dividing  each  side  by 
M,  KxP  =  LxQ. 

Of  these  three  cases,  the  one  which 
occurs  most  frequently  is  the  last,  viz. 
that  in  which  the  common  factor  is 
found  in  the  terms  of  the  same  ratio. 

Rule  3.  If  there  ]ye  two  or  more  pro- 
portions, the  products  of  the  corre- 
sponding antecedents  and  consequents 
shall  constitute  a  proportion. 

^®'  ^  B=  5'  ^^  ^  ^^^  B'=D^ 
multiplying  together  the  quantities  upon 
the  left  hand,  and  also  those  upon  the 
l^ht  of  the  two  equations. 
Ax  A'    CxC 


Bx 

B'" 

Dx 

D' 

t.Aif  A 

:B: 

:C 

D 

and  A' 

:B': 

;C' 

D' 

AxA':BxB'::CxC':DxD'. 

Again,  if  there  be  a  third  proportion 
A"  :^"  : :  C"  :  D".  the  terms  of  this 
being  multiplied  into  those  of  the  pre- 
ceding, Ax  A'x  A"  :  BxB'xB'' : ;  Cx 
C'xC":DxD'xD";  and  so  on,  if 
there  be  any  number  of  proportions. 

When  this  Rule  is  applied,  the  result- 
ing proportion  is  said  to  be  compounded 
of  the  others,  and  hence  the  rule  is 
called,  "  compounding  the  proportions.'* 
We  may  observe  that  the  compound 
proportion  commonly  admits  of  reduc- 
tion by  Rule  2.,  on  account  of  the  same 
term  or  terms  occurring  in  more  than 
one  of  the  component  proportions. 

Jf,  for  example,  A  :  B  ::  C  :  D 
and  B':  A  ::D  :C' 
andA^^  C^;;B^D^ 
the  proportion  which  is  compounded  of 
these  is  AxB'x  A"  :  BxAxC  :  :  Cx 
D  X  B' :  D  x  C  X  D":  which  is  reducible 
byRule2.toA":B::C:D". 

The  terms  are,  however,  seldom  (or 
never)  so  intermixed  as  in  this  example. 
The  end  which  is  usually  proposed  in 
the  compounding  of  proportions  is  to 
obtain  the  ratio  of  one  magnitude  K  to 
another  L  by  means  of  a  number  of 
intermediate  magnitudes;  in  order  to 
which,  K  is  made  the  antecedent  of  the 
leading  ratio  of  the  first  proportion,  and 
L  the  consequent  of  the  like  ratio  in  the 
ksU 


Thus  if  K  :  B 
and  B  :  B' 
andB':  L 


:c  : 

::c" 


jy 


by  compounding  the  proportions,  KxB 
xBiBxB'xL::  CxC'xC":Dxiy 
x  D",  and  hence  by  Rule  2,  K  :  L  •  • 
CxC'xC":DxD'xD". 

Sbctioft    3. — The  General  Theory  of 

Proportion, 
The  foregoing  theorems  have  been  es- 
tablished  upon  the  supposition  that  the 
magnitudes  spoken  of  are  commensu- 
rable. This,  however,  is  not  always  the 
case  with  magnitudes :  there  are  some 
(examples  will  appear  in  a  future  page) 
which  have  no  common  measure,  and 
which  are  therefore  said  to  be  incam* 
mensurable. 

In  the  present  section,  the  similar  re- 
lations of  such  magnitudes  will  be  briefly 
considered ;  a  new  definition  will  be  laid 
down,  comprehending  that  already  given 
(def.  [7])  of  the  proportion  of  commen- 
surable magnitudes,  at  the  same  time 
that  it  does  not  require  that  the  magni- 
tudes which  satisfy  it  shall  be  commen- 
surable ;  and  to  this  new  definition  the 
theorems  of  the  preceding  section  will 
be  shown  to  apply  equally  as  to  the 
former. 

In  the  first  place,  then,  it  is  evident 
that,  incommensurable  magnitudes  hav- 
ing no  common  part,  their  ratio  can 
never  be  exactly  expressed  by  numbers. 
Numbers  may  nevertheless  be  obtained 
which  shall  serve  to  compare  two  nich 
magnitudes  AandB  to  any  required  de^ 
gree  ofaceuracif. 

Let  B  be  divided  into  any  large  num- 
ber of  equal  parts,  a  million  for  ex- 
ample: then  A  will  contain  a  certain 
number  of  these  parts  with  an  excess 
which  is  less  than  one  of  them,  less, 
that  is,  than  a  millionth  part  of  B ;  so 
that  if  we  take  no  account  of  this  excess 
in  our  estimate  of  their  relative  magni- 
tude, we  shall  commit  an  error  of  less 
than  one-millionth.  And  it  is  plain  that, 
in  this  manner,  by  dividing  B  into  a  still 
greater  number  of  equal  parts,  the  error 
of  our  estimate  may  be  made  as  small 
as  we  please. 

It  is  found,  for  example,  (by  methods 
which  will  be  noticed  hereafter)  that, 
if  the  diameter  of  a  circle  be  divided  into 
7  equal  parts,  the  circumference  will 
contain  not  quite  22  of  those  parts ;  if, 
again,  the  diameter  be  divided  into  1 13 
ecjual  parts,  the  circumference  will  con- 
tain not  quite  355  of  those  parts ;  if  into 
1 0,000»000,  the  circumference  will  coo- 


11*  i  f'l 


GEOMETRY. 


49 


tain  not  quite  31»415,927 ;  and  so  on. 
Thef«fore  the  ratio  of  the  circumference 
to  the  diameter  is  expressed  by  the 
ratio  22 : 7  nearly ;  more  nearly  by  355  : 
133;  8tin  more  nearly  by  31,415,927  : 
10,000.000;  and  so  on:  nor  is  there 
any  limit  to  the  accuracy  of  this  ap- 
proach, aldiou^  there  should  (as  is 
redly  the  case)  be  no  two  numbers  by 
which  it  can  be  expressed  exactly. 

This  consideration  brings  us  directly 
to  ike  only  case  in  which,  consistently 
with  the  view  already  taken  of  the  sub- 
ject of  equal  ratios,  hoo  magnitudes  may 
oesaidto  be  sindlarly  rioted  for  in  the 
same  ratio)  to  two  others  of  the  same 
kind  respectively,  with  which  they  care 
inoommensurahie.  The  ratios  of  the  for- 
mer to  the  latter,  each  to  each,  must  ad- 
mit of  being  approximaiely  represented 
by  the  same  numbers,  to  how  great  an 
extent  soever  the  degree  of  approxima- 
turn  may  be  carried  :  in  other  words,  any 
like  parts  whatsoever  of  the  two  latter 
magnitudes,  however  minute  they  may 
be  taken,  must  be  contained  in  the  two 
former,  each  in  each,  the  same  number 
of  times,  with  corresponding*  remain- 
jden  less  than  the  parts. 

It  has  been  ab^ady  observed  that 
this  ol}tains  with  regard  to  the  propor- 
tionals of  de£  [7].  When  four  magnU 
tades  are  proportionals  by  that  defini- 
tion, which  supposes  the  first  two  and 
second  two  to  be  commensurable,  there 
are,  indeed,  some  like  parts  of  the  se- 
cond and  fourth  which  are  contained  in 
the  first  and  third  the  same  number 
of  times  without  remainders ;  viz.  the 
greatest  common  measures  of  the  first 
two  and  aeooud  two,  and  any  like  parts 
of  the  greatest  common  measures :  it  is 
easy  to  perceive,  however  (and  the  same 
has  been  demonstrated  at  large  in  Prop. 
[9]),  that  any  other  like  psuls  of  the 
second  and  fourth  will  be  contained  in 
the  &rst  and  third  the  same  number  of 
times,  with  corresponding  less  remain- 
ders. The  following,  therefore,  is  to  be 
compered  as  the  general  test  of  two 
ma^tudes  A  and  C,  having  the  same 
ratio  to  two  others  B  and  D,  of  the 
same  kind  with  the  former  two  re- 
epeehvdy. 

Drf,  7.  The  first  of  four  magnitudes 
b  said  to  have  the  same  ratio  to  the  se- 


*  Bf  tiM  word  ■*  eorresipondiim;"  here  uBed,  it  is 
acfdy  islffiiled  to  point  out  Ihe  fsct  of  there  being 
tvoTvflwiaders,  i.«.  »  remainder  in  the  eoinpsriiioa 
•f  the  two  fimt  magDitade*,  uod  a  remainder  conw- 
yearfiay  to  it  ia  the  oompariMn  of  the  two  last.  And 
im  the  same  M«ae  the  word  is  to  Iks  andcrstood  ia 
whientat  paMages  on  the  »aaie  sabject.^ 


cond  which  the  third  has  to  the  fourth, 
when  any  like  parts  whatsoever  of  the 
second  and  fourth  are  contained  in  the 
first  and  third  the  same  number  of  times 
exactly,  or  the  same  number  of  times 
with  corresponding  remainders  less  than 
the  parts. 

For  example:  let  ABCD,  EPGH  be 
two  rectan^es  having  the  same  altitude, 
and  let  A  B,  £  F  be  their  bases.  Let 
the  base  £  F  be  divided  into  any  number 
of  equal  parts  £  /,  &c.,  and  the  rect- 
angle £  F  6  H  into  as  many  equal  rect- 
angles,  £/^H,  &c.  by  lines  drawn 


^ 


^  WJ 


tt 


through  the  points  of  division  parallel 
to  £  H.  Then  if  A  b,  &c.  be  taken  , 
equal  to  £  /,  and  if  straight  lines  be 
drawn  through  the  points  6,&c.  parallel 
to  AD  :  the  base  A  B,  and  the  rectangle 
A  B  C  D,  will  contain,  the  one  a  certain 
number  of  parts  equal  to  £/,  and  the 
other  the  same  number  of  rectangles 
equal  to  E/g"  H,  either  exactly,  or  with 
corresponding  remainders  less  than  £/ 
and  E/^  H .  And  this  will  always  be  the 
case,  whatsoever  be  the  number  of  parts 
into  which  £  Fis  divided.  Therefore, 
according  to  def.  7.,  the  two  rectangles 
and  their  two  bases  are  proportionals. 

Def  8.  If  the  first  of  four  magni- 
tudes contain  any  part  of  the  second  a 
greater  number  or  times,  with  or  with- 
out a  remainder,  than  the  third  con- 
tains the  like  part  of  the  fourth,  the  first 
is  said  to  have  to  the  second  a  greater 
ratio  than  the  third  has  to  the  fourth 
also,  in  this  case,  the  third  is  said  to 
have  to  the  fourth  a  less  ratio  than  the 
first  has  to  the  second. 

As  from  Prop.  [9]  with  regard  to 
commensurable  proportionals,  so  from 
the  terms  of  our  new  general  definitions 
7.  and  8.  with  regard  to  the  propor- 
tionals described  in  def.  7.  it  is  at  once 
evident  that  of  four  magnitudes,  A,  B, 

C,  D,  the  first  A  cannot  be  said  to 
have  to  the  second  B  the  same  ratio 
which  the   third  C  has  to  the  fourth 

D,  according  to  defl  7,  and  at  the  same 
time  a  greater  or  a  less  ratio  than  C 
has  to  D,  acconling  to  def.  8. :  much 
less  can  A  be  said  to  have  to  B  at  the 
same  time  both  a  greater  and  a  less  ratio 
than  C  has  to  D.* 

•  See  note  at  Prop.  l».  j 
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We  proceed  to  the  ftfopertlei  of  thig 
more  general  deseription  of  propor- 
tionals, nvhich  will  be  found  the  same 
with  those  already  demonstrated  in  the 
preceding  Section  of  commensurable 
proportionals.  They  will  be  considered 
accordingly  in  the  same  order,  and  will 
have  the  same  numbers  affixed  to  them. 
It  will  be  observed,  also,  that  they  are 
stated  in  the  same  words,  with  the  excep- 
tion of  Prop.  9.,  which  is  little  more  thaii 
another  form  of  expressing  def.  7.,  and 
its  corollaries,  which  again  express  the 
same  thing  in  different  terms,  the  2d. 
of  them  being,  in  fact,  £uclid*s  cele- 
brated definition  of  proportionals. 

Prop.  3. 

If  four  magnitudes  A,  B,  C,  D  be 
proportionals^  the  first  and  third  shail 

contain  respectively  -^^  of  the  second 
and  fourth,  or  both  more  than  '-^^  or 

both  less  than  -^  whatsoever  values 

may  be  given  to  m  and  n ;  and  conversely , 
if  this  be  the  case  unthfour  magnitudes, 
they  shall  be  proportionals. 
For,  by  def.  7.,  if  A  contain  exactly 

— «^  of  B,  C  must  contain  exactly 
ft 

—thj  of  D :  or,  again,  if  A  contain  more 

than  m  of  the  n*^  parts  into  which  'A 
is  divided,  as  m^  (suppose),  or  m'  with  a 
remainder,  where  m'is  greater  than  m, 
C  must  also  contain  m'  parts,  or  m'  with 
a  remainder,  that  is,  more  than  m  of  the 
n^^  parts  into  Which  D  is  divided :  and 
in  liKe  manner,  if  A  contain  less  than 

-  ^  of  B,  C  will  likewise  contain  less 
n 

than -t»»ofD. 
n 

Next,  let  this  be  the  case  with  four 
magnitudes.  A,  B,  C,  D,  whataoeyer 
numbers  be  substituted  for  m  and  n: 
A,  B,  C,  D  shall  be  proportionals. 

For,  if  A  and  C  contain  exactly  m  of 
the  n  ^  parts  into  which  B  and  D  are 
divided,  the  four  A,  B,  C,  D  are  com- 
mensurable proportionals,  according  to 
def.  7  ;  and,  therefore,  also  (by  Prop. 
^9"}  of  the  last  Section,  as  has  been  al- 
leady  observed)  proportionals  accord- 
ing to  def.  7.  Again,  if  A  contain  more 
than  m,  as  171^  and  a  remainder,  that  is 
more  than  m^  and  less  than  W+l  parts 


B»  0  win  eontaiili  akd,  by  the  mipposi** 
fion,  more  than  tfif  and  less  than  mf-^  I 
of  the  like  parts  of  D,  that  is,  the  same 
number  rit  of  these  with  a  remainder, 
and  this,  whatever  be  the  ralue  of  n. 
Therefore,  (def«  7.)  A,  B,  C,  D  are  pro- 
portionals. 

Therefore,  fee. 

Cor.  1.  The  same  had  beeH  expressed 
by  saying,    "  if  A»  B»  C,  D  be  propof^ 

At 
tionals,  and  if  A  be  greater  ftun  -  B» 

n 

C  shall  be  likewise  greater  than  — D^ 

if  equal  equal,  and  if  less  less,  whatso- 
ever values  may  be  given  to  tn  and  n : 
and,  conversely,  if  this  be  the  case  with 
four  magnitudes*  they  shall  be  propor^ 
tionals.'* 

Cor.  2.  (Euc.  y.  def.  5*)  Or,  again, 
"  if  A,  B,  C,  D  be  proportionals*  and  if 
fi  A  be  greater  than  ma,  n C  shall  like- 
wise be  greater  than  mD,  if  equal  equal, 
and  if  less  less,  whatsoever'  values  maj 
be  given  to  m  and  n :  and,  conversely,  if 
this  be  the  case  with  four  magnitudes^ 
they  shall  be  proportionals.** 

For  nA,  mB,  nO,  mD  are  eqnimnU 

tiples  of  A,  -  B,  C|  -  D ;  atid  of  tba 
n  n 

equimultiples  of  two  magmtudes,  one 
will  be  greater  than,  or  equal  to,  or  less 
than  the  other,  according  as  the  corre- 
sponding magnitude  is  greater  than,  or 
equal  to,  or  less  than  the  corresponding 
magnitude  of  the  other;  and  con- 
versely (ax.  1,  2,  3,  4).* 


*  "Tlia  first  of  fbttt  iiitfBit«des  it  said  to  Wt*  t1i« 
•ftme  ratio  to  the  Mcond,  wh'ich  the  third  haa  to  tho 
fourth,  when  aoy  equimultiplet  whatsoerer  of  the 
first  and  third  beiog  taken,  and  any  eqaimoltiplet 
whatsoeTer  of  the  second  and  fourth ;  if  the  mnltiplo 
of  the  fint  be  less  than  that  of  the  second,  the  mnui- 
ple  of  the  third  is  also  less  than  that  of  the  foarth  t 
or,  if  Che  nnltiple  of  the  first  be  eqnal  to  that  of  tba 
•econd,  the  multiple  of  the  third  is  also  etMai  to 
that  of  the  fourth ;  or,  if  the  multiple  of  the  fint  b« 
f  reater  than  that  of  the  second,  the  multiple  of  lla 
third  is  also  greater  than  that  of  the  lourtk.**^ 
Hoc.  ▼.  def.  5. 

This  definition  of  proportionals  has  been  sometime 
fbund  fault  with  as  too  abatmseand  reoondite  for  be- 
ginners;— which  would  not  perhaps  hare  been  tb« 
case,  haid  its  connexion  with  the  more  obrions  but 
confined  tiew  of  def.  [7  ]  been  alwajs  pointed  <mt. 
For,  we  hare  seen  that  a  general  theorjr  of  pnppor- 
tion,  which  shall  embrace  iadiflerratljr  all  magni- 
tudes, whether  commensurable  or  otherwise,  admits 
of  uc  test  essentially  different  from  that  which  ia 
here  adopted.  The  greatest  geometen  in  dwelliiif 
upon  this  part  of  the  Elements  have  erer  foand 
cause  to  admire  the  profnundness  and  aa|raeitf  of 
their  author.  Witness  the  energetic  testimony  off 
Barrow,  '*  That  there  is  nothing  in  the  whole  hudf 
of  the  Elements  of  a  more  snblik  inTentioa,  Dothinjp 
more  solidiTestabltthcd,Ormore  accurately  haadl«<^ 
than   the  doctrine  of  proportionals.**    Eselid  haa« 
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00-.  S.  O^ue.  t.  def.  f.)  In  like  tnan- 
Her,  it  mfty  be  shown,  thai,  if  there  he 
four  magnitudes  A,  B,C,I),  and  if  a 
multiple  of  A«  as  m  A,  can  be  found 
which  is  ^ater  than  a  multiple  of  B 
as  n  B,  while  the  corresponding  multiple 
of  C,  viz.  m  C,  is  not  greater  than  the 
corresponding  multiple  of  D,  viz.  nD, 
A  has  to  B  a  greater  ratio  than  C  has 

toD.    For»  A  will  be  greater  than  - 

n 

of  B,  but  C  will  not  be  greater  than 

^      of  D ;  that  is,  the  ft*h  part  of  B 

win  be  contahied  in  A  m  times  or  more 
with  a  Temainder^  but  the  n^  part  of 
D  will  not  be  contain^  in  C  so  much  as 
m  times  with  a  remaioden  (See  de£  8.) 

Prof.  10.  (Buc.V.  7.) 

Eaual  magrniudei  have  ike  samB  ratio 
i9  ihB  tome  me^mttide :  and  the  same 
hoe  ike  eame  raito  to  equal  magnitudes. 

IW,  atijr  the  same  part  of  the  same 
magnitude  will  be  contained  the  same 
number  of  times  in  equal  magnitudes 
with  eonrespondin^  less  remainders. 
And,  again,  anjr  like  parts  of  equal 
magnitudes,  being  e^ual  to  one  another 
(ax.  2),  will  be  eontamed  the  same  num- 
ber <^  times  with  the  same  remainder  in 
the  same  magnitude* 

Tlierelbre,  &ei 

Cor.  If  a  ratio  whieh  is  compounded 
of  two  ratios  be  a  ratio  of  equality,  one 
of  these  must  be  the  reciprocal  of  the 
other.  (See  [10]  Cor^ 

Pbop.  11.  (Eccv.  8.) 
Of   two    unequal   ma^itudes,    the 
greaUr  has  a  greater  ratio  to  the  same 
tnagttUude  :  am  the  same  magnitude  has 
arreaterratio  to  the  lesser  (^  the  two. 

The  first  is  evident :  for,  of  any  the 
same  magnitude  a  part  may  be  found 
less  than  the  di£ferenoe  of  two  unequal 
magnitudesi  which  part  must  evidently 
be  contained  a  greater  number  of  times 
m  the  mater  than  in  the  lesser  of  the  two. 
In  me  second  place,  therefore,  let  A 
and  B  be  any  two  magnitudes  of  which 
A  is  the  greater,  and  let  C  be  any  third 
magnitude:  C  shall  have  to  the  greater 
A  a  less  ratio  than  the  same  C  has  to 
the  ether  B. 

doM  hf  raecMding  writer*,  but  to  follow  bit  »(«{» 
as  rkwlj  m  tbey  are  »bl«:  tbe  principles,  ike 
111— ff  ■♦  tbe  detoomatrmtioae  Atj  are  in  eearah  of 
are  aU  to  be  ibaad  ia  tbie  oae  muterpteee,  and  for 
tbe  Hkeet  part  aader  tSe  f  «tttplc«t  form.  Kroin  tbU 
it  will,  oi  course,  be  eaeil)  enatntood  baw  large  a 
lartiM  af  tba  »i«Mnt  Stctlaii  i4  'swnoffS  £r»a>  '^ 

ltoBvali9flktsioMik3, 


Let  D  be  the  difilsrence  of  A  and  B : 
then,  whether  B  and  D  be  or  be  not  both 
of  them  greater  than  C,  multiples  mB, 
m  D  may  be  taken  of  them  which  are  both 
ereater  than  C.  And,  because  C  is  less 
than  m  B,  let  multiples  of  C  be  taken,  as 
2  C,  3C,  &C.  untU  a  multiple  be  found, 
as  jp  + 1  .C,  which  is  the  first  greater  than 
m  B.  Then,  because  m  B  is  not  less  than 
the  preceding  multiple  p  C,  and  because 
mD  is  greater  than  C,  the  two  mB,  mD 
together  are  greater  thanp  C  and  C  toge- 
ther, that  is,  than  pTT.C.  But,  because 
Ais  equal  toB  andDtogether,  it  is  evi* 
dent  that  m  A  is  equal  to  m  B  and  m  D 
together.  Therefore  m  A  is  greater  than 
p+l.C,  and  mB  less  tlian  p+l.C. 
Therefore  the  jp+1*^  part  of  A  is  con- 
tained in  C,  not  so  much  as  m  times, 
and  the  p + It*  part  of  B  is  contained  in 
G,  m  times  with  a  remainder.  There- 
in (def.  8.)  C  has  a  less  ratio  to  A  than 
it  has  to  B,  dr  a  greater  ratio  to  B  than 
it  has  to  A.  (See  also  9.  Cor.  3.) 

Therefore,  &c. 

Cor.  1.  (Euc.v.9.)  Magnitudes  which 
have  the  same  ratk>  to  the  same  ma^- 
tude  are  equal  to  one  another :  as  hke- 
wise  those  to  which  the  same  magnitude 
has  the  same  ratio. 

Cor.  2.  A  ratio  which  is  compounded 
of  two  ratios,  one  of  which  is  the  reci- 
procal of  the  other,  is  a  ratio  of  equdity : 
fbi^)  A  having  to  C  a  ratio  which  is  com- 
jpounded  of  the  ratios  of  A  to  B  and 
of  B  to  C,  if  the  latter  be  the  same 
With  the  ratio  of  B  to  A»  A  must  be 
equal  to  C. 

Cor.  3.  (Euc.  V.  1 0.)  If  one  of  two  mag- 
nitudes have  a  greater  ratio  to  the  same 
magnitude  than  the  other  has,  the  first 
must  be  greater  than  the  other :  and  if 
the  same  magnitude  have  a  greater  ratio 
to  one  of  two  magnitudes  than  it  has  to 
the  other,  the  first  must  be  less  than  the 
other* 

Pnop.  12.  (Euc.  V.  11.) 

Magnitudes  A^B  and  C,D,  ichich 
have  Me  same  ratio  with  the  same  mag* 
mtudes  P,  Q«  have  the  same  ratio  wtth 
one  another. 

For  any  part  of  B  will  lie  contained 
in  A  exactly  or  with  a  remamder,  as 
often  as  a  Uke  part  of  Q  is  eontamed  in 
P  exactly  or  with  a  remainder,  because 
A  :  B  ::  P:Q,  that  is,  as  often  as  a 
like  part  of  D,  is  contained  in  C  exactly, 
or  with  a  remainder*  because  C:D;: 
P:Q. 

Therefore,  &c. 
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C(^.  1.  (Eua  V.  13.)  If  A  have  to  B 
the  same  ratio  as  C  to  D,  and  C  to  D  a 
greater  or  a  less  ratio  than  E  to  F,  A 
shall  have  to  B  a  greater  or  a  less  ratio 
than  E  has  to  F. 

C(yr.  2.  If  A  have  to  B  a  greater  or 
a  less  ratio  than  C  to  D,  and  C  to  D 
the  same  ratio  as  E  to  F,  A  shall  have 
to  B  a  greater  or  a  less  ratio  than  £ 
has  to  F. 

Prop,  13.  (Euc.  v.  D  and  C.) 

If  four  magnitudes  be  proportionate , 
and  if  the  first  be  any  multiple  or  part 
of  the  second,  the  third  shall  be  the  same 
multiple  or  part  of  the  fourth :  and 
conversely,  if  one  magnitude  be  the  same 
multiple  or  part  of  another,  that  a  third 
magnitude  is  of  a  fourth,  the  four  mag^ 
nitudes  shall  6e  proportionals. 

The  first  is  evident  from  del  7. ;  for 
it  is  supposed  in  that  definition  that  if 
any  part  of  the  second  be  contained  a  cer* 
tain  number  of  times  in  the  first  exactly, 
a  like  part  of  the  fourth  will  be  contained 
the  same  number  of  times  in  the  third  ex- 
actly. And,  in  the  second  place,  if  A  be 
the  same  multiple  or  part  of  B  that  C  is 
of  D,  A^  B,  C,  D  will  be  commensurable 
proportionals,  and  therefore  (  [9]  )  also 
proportionals  by  def.  7, 

Therefore,  &c. 

Prop.  14.  (Euc.  v.  A.) 

If  four  magnitudes  A,  B,  C,  D  be  pro* 
portionals,  and  if  the  first  be  greater 
than  the  second,  the  third  shall  be 
greater  than  the  fourth ;  if  equal,  equal  i 
and  if  less,  less. 

For,  if  A  be  greater  than  B,  a  part  of 
the  latter  may  be  found  which  shall  be 
less  than  their  difference,  and  which 
shall  therefore  be  contained  a  greater 
number  of  times  exactly,  or  with  a  re- 
mainder, in  A,  than  in  B :  therefore, 
because  A,B,  0,D  are  proportionals, 
tlie  like  part  of  D  will  also  be  contained 
a  greater  number  of  times  exactly  or 
with  a  remainder  in  C  than  in  D,  that 
is,  C  will  be  greater  than  D. 

And,  in  the  same  manner  it  may  be 
shown,  that  if  A  be  equal  to  B,  C  will 
be  equal  to  D ;  and  if  less,  less. 

Therefore,  &c. 

Prop.  15.  (Euc.  v.  B.) 
If  four  magnitudes  A,  B,  C,  D  be  pro* 

portionals,  they  shall  also  be  proportion^ 

als  when  taken  inversely:  that  %s>  inver- 

tendo,  B  :  A  : :  D :  C. 

Of  A,   C    take    any    equimultiples 

whatever  m  A,   m  C,  »ia  of  B,  D, 


any  equimultiples  whatever  rB,  nl). 
Then,  according  as  n  B  is  equal  to, 
or  greater  than,  or  less  than  m  A,  it 
is  nlain  that  m  A  will  be  equal  to, 
or  less  than,  or  greater  than  n  B ; 
and,  therefore,  on  account  of  the  pro- 
portion, (9.  Cor.  2.)  m  C  will  be  likewise 
eoual  to,  or  less  than,  or  greater  than 
nD,  that  is,  nD  will  be  equal  to,  or 
greater  than,  or  less  than  mC.  And 
this  will  be  the  case,  whatever  be  the 
niunbers  n  and  m.  Therefore  (9.  Cor.  2.) 
B,  A,  D,  C  are  proportionals. 
Therefore,  &a 

Prop.  16.  (Euc.  v.  4.) 

If  four  magnitudes  A,  3,0,1}  be  pnh 
portionals,  and  if  there  be  taken  any 

Ximultiples  of  the  first  and  third  ;  and 
I  any  equimultiples  of  the  second  and 
fburth :  these  equimultiples  shall  like- 
toise  be  proportionals. 

Let  mA,  mQ  be  any  equimultiples 
whatever  of  A, C^  and  ft  B,  nD  any 
equimultiples  whatever  of  B,  D.  Take 
K,  M  any  equimultiples  whatever  of 
m  A,  mOy  and  therefore  (2.)  like- 
wise equimultiples  of  A,  C  ;  also  L,  N 
any  equimultiples  whatever  of  n  B, 
n  U,  and  tiierefore  likewise  equimuhi 
pies  of  B,  D.  Then,  because  A:B:: 
C  :D,  if  K  be  greater  than  L,  M  will 
be  greater  than  N ;  if  equal,  equal ; 
and  if  less,  less  (9.  Cor,  2.).  But  K,  M 
are  any  eauimultiples  whatever  of  m  A, 
m  C,  ana  M,  N  any  equimultiples 
whatever  of  n  B,  n  D.  Therefore 
(9.  Cor.2.)mA:  nB::mC:nD. 

Therefore,  &c 

Cor.  If  A,  B,  C,  D  be  proportionals, 
and  if  any  like  parts  of  the  first  and  thiixl 
be  taken,  and  also  any  like  parts  of  the 
second  and  fourth,  these  hke  parts  will 
likewise  be  proportionals. 

Prop.  17.  (Euc.  v.  15,^ 

Magnitudes  have  the  same  ratio  to  one 
anotMr  which  their  equimultiples  have. 

For,  if  m  A,  m  B  be  any  equimulti- 
ples whatever  of  A,  B,  it  is  evident,  that 
any  part  P  of  B  will  be  contained  in  A 
exactly,  or  with  a  remainder,  as  often  as 
m  times  that  part  or  m  P  is  contained  in 
mA  with  a  remainder.  Also,  what- 
ever part  P  is  of  B,  m  P  is  the  like  part 
of  m  B.  Therefore,  A:  B  : :  m  A  : 
m  B  (def.  7). 

Therefore,  &c. 

Cor.  1.  Magnitudes  have  the'same 
ratio  to  one  another  which  their  like 
parts  have. 

Cor.  2.  If  A,  B,  C,  D  be  proportion* 
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ala,  and  if  any  equimultiples  whatever  be 
taken  of  the  first  and  second,  and  also 
any  equimultiples  whatever  of  .the  third 
and  fourth,  these  equimultiples  will  like- 
wise be  proportionius  (12). 

Hie  same,  it  is  evident,  may  be  stated 
with  regaidto  any  like  parts  taken  of  the 
first  and  second,  and  also  of  the  third 
and  fourth. 

Prop.  18.  (Euc.  v.  14.) 

Jf/our  magnitudei  of  the  same  kind 
be  proportionale^  and  if  the  firH  be 
greater  than  the  third,  the  second  shall 
oe  greaihr  than  the  purth;  if  equals 
eqtud  ;  and  if  less,  less. 

Let  A,  B,  C,  D,  be  proportionals,  and 
first,  let  A  be  greater  than  C  ;  B  shall. 
be  greater  than  D. 

For  A,  being  greater  than  C,  has  to  B 
a  greater  ratio  (II.)  than  C  has  to  B : 
therefore  (12.  Cor,  1.)  C  has  also  to 
D  a  greater  ratio  than  the  same  C  has 
toB  :therefore^  (11.  Cor. 3.) Bb greater 
thanD. 

And,  in  like  manner  it  may  be  shown» 
that  if  A  be  equal  to  C«  B  must  be  equal 
toD;  and  if  less,  less. 

Tfauerefore^  &c. 

Cor.  Hence,  also,  if  four  magnitudes 
of  the  same  kind  be  proportionals,  and 
if  the  second  be  greater  than  the  fourth, 
the  first  will  be  greater  than  the  third ; 
if  equal,  equal ;  and  if  less,  less. 

Peop.  19.  (Euc.  V.  16.) 

If  four  magnitudes  A,B,C,D  qf  the 
same  kind  be  proportioruds,  they  shall 
also  be  proportionals,  when  taken  alter- 
nate ;  tnal  is,  altemando  A :  C  : : 
B:D. 

Of  A,  B  take  any  equimultiples  what- 
ever m  A,  m  B,  and  of  C,  D  any  eaui- 
multiples  whatever  n  C,  n  D :  then 
(17.  Cor,  2.)  m  A,  m  B,  n  C,  fi  D  are 
proportionals;  and,  therefore,  (18.)  if 
m  A  be  greater  than  n  C,  m  6  will  also 
be  greater  than  n  D ;  if  equal,  equal ; 
if  less,  less.  But  m  A,  m  B  are  anv  equi- 
multiples whatever  of  A,  B,  and  n  C, 
fi  D  any  equimultiples  whatever  of  C,  D. 
Therefore,  (9. Cor.  2.)  A:  C  :  :B:  D. 

Therefore,  &c. 

Pbop.  20.  (Euc.  V.  17.) 

If  four  magnitudes  A,  B,  C,  D,  be 
proportionals^  they  shall  also  be  propor- 
tionals, Ufhen  taken  dividedly :  thai  is, 
the  difference  of  the  first  and  second  shall 
be  to  the  second  as  the  diffiBvence  of  the 
third  and  fourth  to  the  fourth;- 
dividendo  A^B  :  B  : :  C^D:  D. 


For,  if  any  like  parts  whatever,  as  the 
n**»,  of  B  and  D  be  contained  in  A  and 
C  the  same  number  of  times,  m,  exactly, 
or  with  corresponding  remainders,  tiiey 
will  be  contained  in  A-B  and  C*D,  the 
same  number  of  times,  m-^,  exactly,  or 
with  the  same  remainders.  Therefore, 
(def  7.)  A-B  :  B  : :  C-D  :  D. 

Therefore,  &c. 

Cor.  1.  (Euc.  v.  E.)  If  four  magni- 
tudes A,  B,  C,  D  be  proportionals,  then 
convertendo,  A  :  A-B : :  C :  C-D  (See 
[20]  Cor.  1.) 

Cor.  2.  (Euc  V.  25.)  If  four  magni- 
tudes of  the  same  kind  be  proportionals, 
the  greatest  and  least  of  tnem  together 
shall  be  greater  than  the  other  two  to- 
gether.   (See  [20]  Cor.  2.) 

Cor,  3.  If  three  magnitudes  be  pro- 
portionals, half  the  sum  of  the  extranes 
shall  be  ereater  than  the  mean :  in  other 
words,  the  arithmetical  mean  between 
two  magnitudes  is  greater  than  the  geo- 
metrical mean  between  the  same  two. 
(See  [20]  Cor.  3.) 

Pnop.  21.  (Euc.  V.  18 

If  four  magnitudes  A,  B,  C,  D,  be 
proportionals,  they  shall  also  be  proitor- 
tionals  when  taken  conjointly ;  that  is, 
the  sum  of  the  first  and  second  shall  be 
to  the  second,  as  the  sum  of  the  third 
and  fourth  to  the  fourth:  or,  compo- 
nendo,  A+B  ;  B : :  C+D :  D. 

For,  if  any  like  parts  whatever,  as  the 
n*,  of  B  and  D  be  contained  in  A  and  C 
the  same  number  of  times,  m,  exactly,  or 
with  corresponding  remainders,  they 
will  be  contained  m  A+B  and  C+D 
the  same  number  of  times,  m+n,  exactly, 
or  with  the  same  remainders.  There- 
fore, {dtf,  7.)  A+B :  B  :  :  C+D  :  D 

Therefore  Sec. 

Cor,  If  four  magnitudes  A,  B,  C,  D 
be  proportionals,  A :  A+B : :  C  :  C +D. 
(See  [21]  Cor.) 

Prop.  22.  (Euc.  v.  19.) 

If  one  magnitude  be  to  another  as  a 
magnitude  taken  from  the  first  to  a 
magnitude  taken  from  the  other,  the  re- 
meander  shall  be  to  the  remainder  in  the 
same  ratio. 

See  the  demonstration  of  [22] 
Cor.  1.  If  tliere  be  any  number  of 
magnitudes  A,  B,  C,  D»  &c.  in  geome- 
tricd  promssion,  the  differences  A-^-B, 
K*C,  C-5,&c.  wiU  form  a  geometrical 
progression  in  which  the  successive 
terms  have  the  same  ratio  with  the  suc- 
cessive terms  of  the  former  (See  [22] 
Cor.  1.) 
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Cor.  9.  And  eonrariely.  any  number 
of  magnitudes  A-,  B,  C,  D,  &c  m  geome- 
trical progression  may.be  considered 
as  the  differences  of  other  magnitudes 
A',  B',  C,  jy,  E',  &C.  forming  a  geome- 
trical progression,  in  which  the  first 
term  A'  is  to  A,  as  A  to  A-B,  and  the 
successive  terms  have  the  same  ratio 
with  the  successive  terms  of  the  former. 
(See  [22].  Cor.  2.) 

Paop.  23. 

If  one  mugrdtude  he  to  another  a»  a 
third  magnitude  of  the  earns  kind  to  a 
fourth,  Ste  sum  of  the  first  and  third 
shall  be  to  the  sum  of  the  second  and 
fourth  in  the  same  ratio. 

See  the  demonstration  of  [23]. 

Cor.  1.  (Euc.  V.  12.)  Hence,  if  there 
be  any  number  of  magnitudes  of  the 
same  kind  antecedents,  and  as  many 
consequents,  and  if  eveiy  antecedent 
have  the  same  ratio  to  its  consequent, 
the  sum  of  all  the  antecedents  shall  have 
the  same  ratio  to  the  sum  of  all  the 
consequents. 

Cor.  2.  If  the  ratio  of  A'  to  B'  be  not 
the  same  with  the  ratio  of  A  to  B,  the 
ratio  of  A  +  A'  to  B+B'  will  not  be  the 
same  with  the  ratio  of  A  to  B ;  but  Jess, 
if  the  magnitudes  added  be  to  one  ano- 
ther in  a  less  ratio,  or  greater,  if  the 
magnitudes  added  be  to  one  another  in 
a  greater  ratio.*    (See  [23],  Cor,  2.) 

Cor.  3.  Hence,  if  the  ratio  of  A'  to 
B'  be  not  the  same  with  the  ratio  of  A 
to  B,  the  ratio  of  A+  A'  to  B  +  B'  wiU 
lie  between  the  ratios  of  A  to  B  and  of 
A'  to  B' ;  that  is,  it  will  be  greater  than 
the  lesser  of  the  two,  and  less  than  the 
greater  of  the  two. 

Prop.  24. 

If  there  be  three  magnitudes  of  the 
same  kind.  A,  B,  C,  and  other  three 
A',  B',  C\  which,  taken  two  and  two  in 
order,  have  the  same  ratio ;  viz.  AtoB 
the  same  ratio  as  A'  to  B',  and  B  to  C 
the  same  ratio  as  B'  to  C ;  then  ex 

*  It  is  required  in  the  d«moiistntion  of  this  Coroir 
larj,  b/  hel{>  of  the  proposition,  as  ia  [S31.  Cor.  S., 
that  to  two  f  iren  magnitudes  of  the  same  kind,  and  a 
third,  there  may  be  foand  a  fourth  proportional. 
The  ease  ia  which  the  two  first  ma^itodes  are  com* 
mensurable  has  been  alreadf  noticed  in  the  note 
upon  [23]-  Cor.  9. :  in  the  other  case,  i,  e.  when  they 
are  incommensnrable,  we  can  only  approximate  to 
the  fourth  proportional  as  we  approximate  to  the  ratio 
of  the  two  magnitudes  nnraerieany,  as  in  the  opening 
of  this  section.  Since,  however,  such  approximation 
maybe  continued  without  limit,  and  magnitudes  can 
be  obtained  which  are  In  a  greater  and  leu  ratio  to 
the  given  magnitude,  accoraing  to  def.  8.,  we  pre- 
aume  that  there  is  some  magnitude  between  them 
which  is  to  the  given  third  magnitude  ia  the  eama 
ratio  which  the  second  has  to  the  first— that  is, 
some  magnitude  which  is  a  fonrti  proportiaDal  to  <>t 
thria, 


equali  in  proportione  direeti  ior  ez 
aequo)  the  first  shall  be  to  the  Otird  of 
^  first  magnitudes,  as  the  first  to  the 
third  of  tM  others  ;  or,  as  it  may  be 
more  bri^  stated, 

if  K.B'..A!iW 
andB.C'.iWia 

then,  ex  eequali  A  :  C  : :  A' :  C. 

Of  A,  A'  talce  any  equimultiples  mA, 
m  A',  of  B,  B'  any  equimultij^es  n  B, 
ft  B\  and  of  C,  C  any  equimultiples p  C, 
pC'i  then,  because  A,  B,  A',  B  are 
proportionals,  9nA,nB, mA',  tiB'  are 
also  proportionals,  (16.):  and,  in  like 
manner,  because  B,  C,  B',  C  are  pro- 
portionals, n  B,  p  C,  n  B',  p  C  are  also 
proportionals. 

Now,  if  mAbe  greater  thanpC,  it 
will  have  to  nB  a  greater  ratio  thiaiip  C 
has  (11.);  and  therefore,  (12.  Cor.  I.) 
mA'  will  also  have  to  nB'  a  greater 
ratio  than  p  C  has  to  n  B ;  tliat  is,  on 
account  of  the  proportionals  pC,  nB, 
p  C,  nB'  (15.),  a  greater  ratio  than  oC 
has  to  nB'  (12.  Cor,  2.);  therefore, 
also,  m  A!  will  be  greater  than  p  O 
(11.  Cor.  3.).  In  the  same  manner  it 
may  be  shown,  that  if  m  A  be  equal  to 
|>Cr,mA'wiU  also  be  equal  topCr;  and, 
if  less,  less.  And  the  numbers  mjf  may 
be  any  whatever.  Therefinre  (9.  ^^.  8.) 
A,  C,  A',  C'  are  proportionala,  and 
A:C::A':(}'.      *^    *^ 

Therefore,  &c. 

Cor.  1.  (Euc.  V.  22.)    Hence,  also. 
A:B::A':B' 
and  B  :  C  : :  B* :  (y 
and  C  ;  D  ; ;  C  ;  ly 

ex  tequali  A  :.D : :  A' :  IV  ;  and  the 
same  is  true  whatever  be  the  number  of 
magnitudes  A,  B,  C,  D,  &c.  A',  B',  Ciy, 
&c. 

This  may  be  stated  in  the  following 
words :  "  Katios,  which  are  compounded 
of  any  number  of  equal  ratios  in  the 
same  order,  are  equal  to  one  another.** 

Cor.  2.  If  four  magnitudes  A,  B,C,D 
be  proportionals,  then  miscendo  A  +  B 
:A*B  ::C  +  D:C-D.  (See  [24] 
Cor.  2.) 

Prop.  25.  (Euc.  v.  24.) 

If  two  proportions  have  the  same  con- 
sequents, the  sum  of  the  first  antecedents 
shall  be  to  their  consequent,  as  the  sum 
qf  the  second  antecedents  to  their  conse- 
quent;  that is,if  A  :B::C  :D,andif 
A':B::C  :  D,  <Am  A  +  A' :  B::C+ 
C':D. 

See  the  demonstration  of  [25]. 

Cor.  1.    The  same  may  be  stated  of 
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•ay  number  of  oroportions  having  the 
same  consequents ;  that  is.  the  sum  of 
•n  the  first  antecedents  shall  be  to  their 
consequent  as  the  sum  of  all  the  second 
antecedents  to  their  consequent. 

Car.  2.  In  like  manner,  also,  it  may  be 
shown  Ojj  **  tUffidendo*'  instead  of  "  com- 
ponentkT}  that  if  two  proportions  have 
the  same  consequents,  the  difference  of 
the  first  antecedents  shall  be  to  their 
consequent  as  the  diflferenoe  of  the  se- 
cond antecedents  to  their  consequent. 

Cor.  3.  Hence  if  there  be  any  number 
of  magnitudes  of  the  same  kind  A,  B,  C, 
D,  E,  F,  and  as  many  others  A',  B',  C, 
D',E',  V,  and  if  the  ratios  of  the  first 
to  the  seeond,  of  the  second  to  the 
thhrd,  of  the  third  to  the  fourth,  and 
BO  on,  be  respectively  the  same  in  the 
two  series;  any  two  combinations  by 
sum  and  difference  of  the  magnitudes 
of  the  first  series,  «.^.  A  +  C  -  E  and 
B— C  +  D  shall  be  to  one  another  as 
two  siinilar  combinations  of  the  cor- 
re«M>nding  magnitudes  of  the  second 
senes,    v».    -^  +  O'-E'  and  B'- 

C'  +  iy. 

Prop.  26. 

If  there  be  three  magnUudee  qf  the 
eame  kind  A,  B,  C,  md  other  three 
A\  B\  C,  tMeh  taken  two  and  two,  but 
M  a  eroee  order,  have  the  eame  ratio,  vut, 
A^toBthe  eame  ratio  aeW  to  C,  and  B 
IdC  theeameraUo  a»  A! toW  \  then,ex 
flequali  in  proportione  perturbatd  (or 
ex  equo  p^urbato),  thefiret  shall  be  to 
the  third  €(f  the  fret  magnitudeeae  the 
firet  to  the  thirdof  the  others;  or,  ae  it 
moM  bemorebriefki  etated, 

ifA:B::Wi(y 
ondBiCr.A'iB* 

ex  aequo  perturbato  A :  C ; :  A' :  C. 

Of  A,  B  and  A'  take  any  equimul- 
tiples mAy  mB  and  mA',  and  of  C,  B' 
and  Cf  any  equimultiples  n  C,  fiB'  and 
II C:  tiien,  because  A,  B.  B',  C,  are 
proportionals,  fit  A,  mB,  itB',  nC  are 
also  (nroportionals  (17.  Cor.  2,);  and, 
because  B,  C,  A',  W  are  proportionals, 
mB,  II C,  mA',  nW  are  also  propor- 
tionals (16). 

Now,  if  m  A  be  greater  than  n  C,  it 
will  have  to  m  B  a  greater  ratio  than  n  C 
has  to  mB  (11.);  and  therefore,  (12. 
Cor.i.)iiB' will  also  have  tonC'agreater 
ratio  tihan  n  C  has  to  m  B,  that  is,  on  ac- 
count of  the  proportionals  n  C,  m  B,  n  B', 
III  A'  (16.),  a  greater  ratio  than  itB'  has 
to  m  A'  (12.  Cor.  2.):  therefore,  also, 
wt  A' vfiUbe  greater  thann  C'(ll.  Cor.3.). 
In  the  same  maimer,  it  may  be  shown 


that  if  m  A  be  equal  to  »  C,  m  A'  will 
also  be  equal  to  n  C,  and  if  less,  less. 
And  the  numbers  m,  n  may  be  any 
whatever.  Therefore  (9.  Cor.  2.),  A, 
C,  A',  C  are  proportionals,  and  A ;  0 
::A':C'. 

Therefore,  &o. 

Cor.  1.  (Euc  V.  23.)    Hence,  also, 
if  A;B::C':D' 
and  B:C::B';C' 
and  C;D;;A  :B' 
ex eequo perturbato  A  :  D  ::  A': D';  and 
the    same   is    true   whatever   be    the 
number  of  magnitudes  A,  B,  C,  D,  &c. 
A,  B',  C,  D'T&c. 

This  may  be  stated  in  the  following 
words :  **  ratios  which  are  compounded 
of  any  number  of  equal  ratios,  but  in  a 
reverse  order,  are  equal  to  one  another.** 

Prop.  27.    (Euc.  v.  F.) 

Batioe  which  are  compoundied  qf  the 
eame  ratios,  in  whatsoever  ordere,  are 
the  same  with  one  another. 

The  case  of  ratios  which  are  com- 
pounded of  the  same  ratios  in  the  same 
order  is  that  of  24.  Cor,  1. 

The  case,  again,  of  ratios  which  are 
compounded  of  the  same  ratios  in  a  re- 
verse order,  is  that  of  26.  Cor.  1. 

Let  the  ratio  of  A  to  D,  therefore,  be 
compounded  of  the  ratios  of  A  to  B,  of 
B  to  C,  and  of  C  to  D :  and  let  these 
ratios  be  the  same  respectively  with  the 
ratios  of  C  to  D',  of  A'  to  B'^  and  of  B' 
to  C,  of  which  the  ratio  of  A'  to  D'  is 
CompoundttJ,  but  in  a  different  order: 
the  ratio  of  A  to  D  shall  be  the  same 
with  the  ratio  of  A'  to  D'. 

For,becauseB:C::A':B 

andC?D;;B^C^ 

exafquali,B:D:;A':C' 

but  again,  A:B;;C^D^ 

Therefore  ex  mquo 

perturbato  .  .  .A:D::A':iy. 

And,  in  a  similar  manner,  the  case  of 
ratios  which  are  compounded  of  the 
same  three  ratios  in  any  other  order, 
may  be  demonstrated.  For,  if  K,  L,  M 
represent  the  three  ratios  in  one  order, 
in  whatever  other  order  they  may  be 
arranged,  two  of  them  will  be  found 
which  are  contiguous  in  both  arrangje« 
ments ;  commencing  with  which  two,  the 
demonstration  will  differ  little  from  the 
Ahovfi 

Hence,  again,  it  may  be  shown,  that 
ratios  which  are  compounded  of  the 
same  four  ratios  K,  L,  M,  N  in  what- 
soever orders,  are  the  same  with  one 
another;  as  for  instance,  in  the  orders 
K,L,M,N,  and  M,K,N,L:    for  the 
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latter  ratio  is  the  same  with  the  ratio 
which  is  compounded  of  the  same  ratios 
in  the  order  M,K,L,N,  because  the  ratio 
which  is  compounded  of  K,  N,  L,  is  the 
same  with  that  which  is  compounded  of 
K,  L,  N  ;  and,  for  a  similar  reason,  the 
ratio  which  is  compounded  of  M,  K,  L, 
N,  is  the  same  with  that  which  is  com- 
pounded of  K,  L,  M,  N. 

And  the  same  reasoning  may  be  ex- 
tended to  five,  six,  or  any  other  number' 
of  ratios. 

Therefore,  &c 

Cor,  1  (Euc.  V.  G.)  If  there  be  any 
number  of  ratios  as  those  of  A  to  B,  of 
C  to  D,  of  E  to  F,  &c.  magnitudes  which 
have  to  one  another  a  ratio  compounded 
of  any  two  of  these  shall  have  tne  same 
ratio  to  one  another  with  any  other  mag- 
nitudes which  have  to  one  another  a 
ratio  compounded  of  the  same  two ; 
and,  in  Uke  manner,  ma^itudes  which 
have  to  one  another  a  ratio  compounded 
of  any  three  of  these  shall  have  the  same 
ratio  to  one  another  with  any  other 
majgnitudes  which  have  to  one  another  a 
ratio  compounded  of  the  same  three; 
and  so  on. 

Cor,  2.  If  the  ratios  of  A  to  B,  of  B 
to  D,  of  E  to  F,  &c.  be  all  equal  to  one 
another,  ma^itudes  which  have  to  one 
another  a  ratio  compounded  of  any  two 
of  thiem  will  have  to  one  another  a  ratio 
which  is  the  same  with  the  duplicate 
ratio  of  A  to  B :  and  in  like  manner^ 
magnitudes  which  have  to  one  another 
a  ratio  compounded  of  any  three  of  them 
will  have  to  one  another  a  ratio  which 
is  the  same  with  the  triplicate  ratio  of  A 
to  B ;  and  so  on. 

Cor.  3,  Ratios  which  are  the  duplicate, 
or  triplicate,  &c  of  the  same  ratio  are 
the  same  with  one  another. 

Cor.  4.  In  the  composition  of  ratios 
any  two  which  are  reciprocals  of  one 
another  may  be  neglected,  without  af- 
fecting the  resulting  compound  ratio. 
(See  10.  Cor.) 

Cor,  5.  Hence,  if  two  ratios  be  equal 
to  one  another  (and  therefore  com- 
pounded of  equal  ratios,  having  an^ 
order  in  the  composition  of  each),  and  if 
any  of  the  equal  ratios  be  subducted  or 
taken  away,  the  remaining  ratios  will  be 
equal  to  one  another.  (Sec  [27]  Cor.  5.) 

Prop.  28. 
jy  there  be  tvx)  fixed  magnitudes  A  and 
B,  which  are  the  limits  of  ttvo  others  P 
and  Q  {that  is,  to  which  P  and  Q,  by 
increasing  together,  or  by  diminishing 
together,  may  be  made  to  t^jproach  more 


nearlythan  byanythesamegwendifir^ 
ence)  and  if  r  be  to  Q  always  in  the  same 
given  ratio  qfC  to  D\  AshaUbetoBin 
the  same  ratio. 

See  the  demonstration  of  [28.]  and 
the  note  at  23.  Cor,  2. 

It  has  been  already  observed,  that  this 
proposition  ia  of  extensive  application 
m  Geometry,  and  the  uses  have  been 
mentioned  to  which  it  will  be  found  ap- 
plied in  subsequent  parts  of  this  treatise. 
The  present  section,  or  rather,  the 
passing  from  a  property  demonstrated 
of  commensurable  proportionals  to  the 
demonstration  of  the  same  property 
with  regard  to  incommensurable  pro« 
portionals,  offers  an  immediate  illus- 
tration of  it ;  which  seems  also  the 
rather  not  to  be  passed  by  in  this  place, 
as  we  here  take  leave  of  the  abstract 
theory  of  proportion,  to  consider  its 
application  to  the  proper  subjects  of 
Greometry,  viz.  hnes,  sur^EUses  and 
soUds;  and  a  theory  of  proportion 
would  scarcely  appear  complete  with- 
out some  notice  of  the  equahty  existing 
between  ihe  products  of  the  extremes  and 
means.  In  what  sense  this  expression 
IS  to  be  interpreted  with  regard  to  a  pro- 
portion of  four  magnitudes  of  any  kind 
A,  B,  C,  D,  was  pomted  out  in  the  Ge- 
neral Scholium  at  the  end  of  Section  II. ; 
viz.  that  it  supposes  the  magnitudes  to 
be  commensurable,  and  is  to  be  under- 
stood of  the  numbers  which  stand  for 
them.  But  we  have  seen  that  the  term 
product  is  sometimes  also,  for  the  sake 
of  brevity,  used  synonymously  for  reet-^ 
angle,-''-eA  whenever  tne  product  of  two 
hnes  is  spoken  of,  meaning  the  rect- 
angie  which  they  contain. 

We  propose  then  to  demonstrate 
generally,  that,  if  four  straight  lines 
A,B,  C,D  be  proportionals,  {whether 
commensurable  or  otherwise,)  the  red' 
angle  under  the  extremes  will  beeqvalto 
the  rectangle  under  the  means  ;  and  that 
in  such  a  manner  as  may  serve  to  illus- 
trate the  use  of  Prop.  26. 

First,  let  A  and  B 
be  commensivable,  and 
therefore  also  O  and 
D :  and  let  their  com- 
mon ratio  be  any  what- 
ever, as  7:5;  that  is,  A  .v  o  .i  t 
let  there  be  common  I  J. 
measures  M,  N,  the  ^ 
first  of  A  and  B,  and  the  second  of  C 
and  D,  which  are  contained  in  A  and  C 
respectively  7  times,  and  in  B  and  D  re- 
spectively 5  times.  Then  because  A 
contains  fH  1  times,  and  that  D  contains 
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N  5  tunes,  the  rectangle  Ax D  eontafaui 
the  leetan^e  M  X  N,  7  X  5  (1. 29.  Cor.  1 .) 
that  is  35  times:  and  for  a  like  reason, 
the  rectangle  B  x  C  contains  the  rect- 
angle M xN,  5 X 7  or  35 times.  There- 
fore (ax.  1 .)  the  rectangle  A  x  D  is  equal 
to  the  rectangle  BxC. 

In  the  next  place  let  the  straight  lines, 

A,  B,  and  therefore  also  C,  D,  be  in- 
eommensurable.  A,  B,  C,  D,  being  pro- 
portionals according  to  def.  7.  Then 
(def.  7.)  straight  lines  P  and  Q  may  be 
found,  which  approach  nearer  to  A  and 
C,  than  by  any  assigned  difference,  and 
contain  like  parts  of  B  and  D ;  so  that 
by  what  has  been  just  demonstrated, 
PxD  =  QxB.  But  PxD,  andQxB 
may  be  made,  by  increasing  together, 
to  approach  more  nearly  to  A  x  &,  and 
CxB,  than  by  any  assigned  difference, 
because,  by  taking  the  like  parts  of 

B,  D  continually  less  and  less,  P  and  Q 
may  be  made  to  increase  towuxls  A  and 
C  within  any  assigned  difference.  There- 
fore (Prop.  28.)  A  x  D  ==  C  x  B  or  B  x  C. 

Therefore,  &c. 

The  same  will  be  demonsbrated  after 
a  different  manner  in  Section  5,  to  the 
subject  of  which  Section  the  theorem 
pn^>eriy  bdongs.* 

*  Unm  qoittiiiff  this  subject,  the  consideration  of 
which  Bas  carrica  as  to  so  great  a  lenfth,  it  maf  be 
well  to  obeenre  why  the  common  arithmetical  or  at* 
gcbimical  method  of  truiting  the  same  appears  in- 
a«tteicBt  for  the  pnrpoees  of  Qcometrjr.  In  the  first 
place,  that  method  does  not  represent  the  maf  nitodes 
tLensclves  as  constitutbg  the  proportion,  out  only 
tte  anmbers  by  which  the  manitades  are  measnred ; 
npon  which  aceonnt,  shoold  the  method  be  adopted, 
the  task  would  still  remain  of  explaining  its  appllea- 
tioB  to  magnitndes  in  general,  before  it  was  applied 
to  the  magnitndes  treated  of  in  Geometry.  In  the 
■ext  place,  it  does  not  famish  a  general  test  of  pro* 
portioa.  bnt  distiagnishes,  io  ererr  instance,  the  two 
casei  of  nttiooal  aambers  and  sacn  as  are  irrational, 
eonespoadiag  to  onr  cases  of  commensnrable  mag- 
mmdes  and  sach  as  are  incommensarable — a  separa- 
rioa  which,  thonghit  has  been,  for  the  sake  of  sim- 
plicity, admitted  into  the  theory  of  the  foregoing 
sections,  is  aroided  in  their  application  both  b^  the 
definition  of  Eaclid,  and  by  oar  similar  definition  in 
Section  3.  Lastly,  the  arithmetical  method  is  so 
CQoetac.  that  it  becomes  necessary  to  develops  it  in 
its  application,  and  to  state  anew  the  important 
tnles  it  famishes  for  the  txeatmeat  of  proportions ; 
whether  with  the  tiew  of  deriving  a  new  proportion 
from  one  taken  singly,  or  with  that  of  combining  two 
or  more  proportions  in  order  to  obtain  from  them  a 
ffBgia  pioportioB,  which  could  resnlt  from  neither  of 
them  taken  alone.  The  manner  in  which  it  has  been 
attempted  to  supply  these  desiderata  in  the  present 
treatise,  aad  to  famish  a  theory  which,  at  the  same 
tiaae  that  it  shonld  be  complete  and  general,  might 
be  easily  apprehended,  and  easily  applied,  is  nn- 
iomhUMf  proliz,  thongh  not  more  so  than  the  im- 
portaaoe  of  the  snlneet  seemed  to  demand.  The 
embarrassments  of  the  beginner  have  been  obviated 
aad  (^it  is  hoped)  m  a  neat  measnre  removed  by 
the  more  simple  theory  M  commensnrable  proportioo 
of  Soctioo  9.,  taacrted  chiefly  with  this  view ;  nor  is 
the  snUect  left  so  lame  and  incomplete  as  woald  have 
been  the  case  had  the  general  discns^on  of  Section 
a.  bMS  eatinl J  omitted.    (See  note  st  prop.  [9]). 


SxcTiON  4.-- Proprft'on  oftheSitUg^ 
Triangles,  \ 

Def.  13.  Two  straight  lines  are  said  to 
be  similarly  divided,  when  any  two  ad- 
joining parts  of  the  one  have  to  one 
another  the  same  ratio  with  the  cor- 
responding parts  of  the  other. 

It  is  eviaent  (ex  €equaH\  that  when 
this  is  the  case,  any  two  parts  whatso- 
ever of  the  one  will  have  to  one  ano- 
ther the  same  ratio  as  the  corresponding 
parts  of  the  other. 

14.  (Euc.  vi.  Def.l.)  Two  rectilineal 
figures  are  said  to  be  similar  when  they 
have  all  their  angles  equal,  eachtoeacli, 
and  the  sides  about  the  equal  angles 
proportionals.* 

(Euc.  vi.  21 .)  It  is  evident  from  this 
definition  that  rectilineal  figures,  which 
are  similar  to  the  same  rectuineal  figure, 
are  similar  to  one  another.  (I.  ax.  iTand 
II.  12.) 

15.  Homologous  sides  of  similar 
figures  are  those  which  lie  between 
equal  angles,  and  are  antecedents,  or 
consequents,  of  the  same  proportion. 

16.  Two  straight  lines  are  said  to  be 
similarly  placed  in  two  similar  figures, 
when  they  cut  ciirreBponding  sides  of 
the  figures  proportionally. 

Prop.  29.  (Euc.  vL  2.) 

Hf  a  siraifht  line  be  drawn  paraUe*  to 

the  base  of  a  triangle,  it  shall  cut  the 

sides,  or  the  sides  produced,  proportum- 

aUy :  and,  conversely,  if  a  ttrmght  line 

*  This  definition,  like  some  others  to  be  foond  in 
the  Elements,  is  excessive.  To  contain  no  more  thas 
is  strictly  necessarv  (or,  indeed,  thu  as  ^et  has  ap* 

C;ared  to  be  possible)  it  shonld  be  modified  as  fol- 
ws.  Two  rectilineui  Hguret  are  taid  to  heshrilar, 
when  the  Jirit  hai  all  tt*  sides  but  one  profortioMtt 
to, the  sides  of  the  other,  and  the  an^s  included  hy 
those  sides  equal  to  the  angles  included  fry  the  corrt- 
tpondinff  sides  of  the  other.  For  a  figure  of  any  nan  - 
ber  of  sides,  as  o,  being  determined  by  5  of  those  sides 
placed  at  given  angles,  it  is  sufficiently  evident,  that 
a  figure  of  6  sides  may  be  constmcted,  which  shall 
have  5  of  those  sides  in  the  same  ratio  respectively  to 
5  sides  of  a  given  six-sided  figure,  and  the  four  in- 
cluded angles  in  ordrr,  eqaal  to  the  four  correi^nd- 
ing  angles  of  that  figure  :  but  it  is  not  sufficiently 
evident  thatt  being  so  constructed,  it  will  have  its 
6th  side  in  the  same  ratio  to  the  6th  side  of  the  other 
fij^ure,  and  the  two  adjacent  angles  eoual,  respeO- 
tively,  to  the  corresponding  angles  of  tne  other. 

This  kind  of  excess  in  a  definition  is,  in  the  accu- 
rate language  of  mathematics,  always  more  or  less 
Objectionable;  especially  as  instanoes  areaot wanting, 
in  which  it  is  assumed,  without  proof,  as  the  founda- 
tion of  certain  properties  of  the  thing  defined.  Such 
is  the  case,  for  example,  when  parallel  straight  lines 
are  defined  to  be  8ucb,that  any  two  points  whatsoever 
in  the  one  are  at  equal  distances  from  the  other; 
whereasi  it  cannot  be  stated  a  priori  of  two  straight 
lines,  that  more  than  two  points  of  the  oae  shall  beat 
equal distonces  from  the  other.  Whert speaking,  there- 
fore, for  the  first  time  of  similar  figures  in  38.  Cor.  I, 
it  wiU  be  our  care  to  demonstrate  that  part  of  Def. 

li,  which  is  assumed,  retaining  it  in  the  text  as  al- 
lowedly more  concise  and  obvious  to  apprrhension 

than  under  the  restricted  form. 
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\t(iHM  ndei  of  a  triangUy  or  the  9idn 
*rodkiced,  proporiionaUyj  it  shall  be  pa* 
rallel  to  the  base  of  the  triangle. 

Let  AB  C  be  a  trianf^le,  and  let  the 
ftraight  line  DE,  which  is  drawn  pa- 
rallel to  the  base  B  C,  cut  the  sides  AB, 
A  C,  or  tlie  sides  A  B,  AC  produced,  in 
thepoinU  D,£,:  AD  shall  be  to  AB 
asAEtoAC. 


Let  AB  be  divided  into  an^^  number 
of  equal  parts  B  6,  &c.:  then  it  may  be 
shown,  as  in  1. 49,  that  AC  will  be  divided 
into  as  many  eaual  parts  0  c,  &c  by 
lines  drawn  parallel  to  B  C :  also,  if  in 
A  D  there  be  taken  as  many  parts  D  d^ 
ficc.  equal  to  B  6,  as  can  be  found  in  it, 
exactly,  or  with  an  excess  less  than  B  6, 
and  if  throuj^h  the  points  d,  &o.  lines 
be  drawn  parallel  to  BC  or  DE,  there 
will  be  found  in  AE,  the  same  number 
of  parts  E  e,  ficc  equal  to  C  <;,  exactly, 
or  with  a  corresponding  excess  less  than 
C  c  And  this  will  be  the  case,  how 
great  soever  be  the  number  of  parts 
Sito  which  AB,  AC  are  divided; 
therefore,  (Z>^.7.)AD:  AB::AE: 
AC. 

Next,  let  AD  be  to  AB  asAE  to 
AC:  DE  shall  be  parallel  to  B  C. 
For,  if  there  be  any  line  whatever,  B  C^ 
parallel  to  D  E,  then,  by  the  first  part  of 
me  proposition,  AEistoAC'asAD 
to  AB,  that  is,  as  AE  to  A  C  :  there- 
fore, (18.)  A  C  is  equal  to  A  C,  that  is, 
the  points  C  and  C  coincide,  and  B  C 
is  parallel  to  D  E. 

Therefore,  &c. 

Cor,  In  the  same  manner  it  may  be 
shown,  that  if  the  sides  of  an  angle  be 
cut  by  anv  numbor  of  parallels,  any  two 
parts  of  the  one  will  have  to  one  another 
the  same  ratio  as  the  correspondinff 
parts  of  the  other,  that  is,  the  sides  wiU 
DC  similarly  divided  in  the  points  of 
section  (deL  13.) 

Prop.  30. 

Jfa  straight  line  be  drawn  parallel  to 

the  base  of  a  triangle,  and  be  terminated 

by  the  sides,  or  ^  the  sides  produeeti, 

any  straight  line  tMch  passes  through 


the  verteao,  and  a  point  qfthe  bass,  shall 
divide  the  base  and  its  parallel  in  tka 
same  ratio :  and,  converwy,  if  the  bas0 
and  its  parallel  bedividedin  the  same 
ratio,  the  straight  line  whioh  joins  the 
points  qf  dwiston,  or  that  straight  lina 
produced,  shall  pas*  through  the  vertex 
of  the  triangle. 

Let  AB  0  be  a  triangle,  and  let  th« 
straight  Une  D  E,  which  is  drawn  pa« 
rallel  to  the  base  BO. 
cut  the  sides  AB, 
AC  in  the  points 
D,  E  respectively : 
then  if  any  straight 
line  AF  be  drawn 
through  the  vertex, 
to  cut  the  base  in  F 
and  its  parallel  inG, 
B  F  shall  be  to  FC  as  DG  to  GE. 

Through  F  draw  FH  parallel  to  AD. 
to  meetD  E  in  H.  Then.  (29.)  D  G  is 
to  H  G,  as  AGtoFG,  and, eonvertendo, 
DG  is  to  DH,  as  AG  to  AF.  But 
D  H  is  equal  to  B  F  (L  22.)  •  therefore, 
D  G  is  to  B  F  as  AG  to  A  F.  In  the 
same  manner  it  may  be  shown,  that  G  E 
istoFC  as  AG  to  AF.  Therefore, 
(12.)  D  G :  B  F  : :  G  E  :  F  C ;  and  altera 
nomib,  DG:GE::  BF:FC. 

In  the  next  place  let  B  F  be  to  F  C 
as  DG  to  GE;  and  let  the  points 
F,G  be  joined:  the  straight  line  FG, 
or  F  G  produced,  shall  pass  through 
the  point  A.  For,  let  AF  (produwd 
if  necessary)  cut  D  E  in  any  point 
whatever  Gk  :  then,  by  the  former  part 
of  the  proposition,  DO':  GTE  ;  :  BF: 
FC,  but  D  G  :  GE: :  BF  :  FC,  there- 
fore,  (12.)  D  G  :  G'  E  : :  D  G  :  G  E, 
Therefore  the  straight  line  D  E  is  di- 
vided in  the  same  ratio  in  the  points  Q* 
and  G.  But  two  points  cannot  divide 
the  same  straight  line  in  the  same  ratio 
except  they  coincide :  for  if  H,  for  ex- 
ample, be  any  other  point  than  G  in 
the  Une  D  E,  and  if  D  H  be  less  than 
D  G,  the  ratio  of  D  H  to  G  E  will  be 
less  (11.)  than  the  ratio  of  DG  to 
GE  :  and  the  ratio  of  D  H  to  H  £  still 
less  than  the  ratio  of  D  H  to  G  £,  be* 
cause  HE  is  greater  than  G  £  :  much 
more  then  is  the  ratio  of  D  H  to  H  E 
less  than  the  ratio  of  DG  to  GE.  And 
in  the  same  manner  it  may  be  shown, 
that  if  DH  be  greater  than  DG,  DH 
will  be  to  H  E  in  a  greater  ratio  than 
DG  to  G  £.  Therefore,  a^  was  before 
stated,  two  points  cannot  divide  the 
same  straight  line  in  the  same  ration 
except  they  coincide.  Therefore  the 
points  G'^  6  coincide,  i,  «.  A  F  G  k 
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no  other  than  a  stnught  line,  and  FG 
prodaeed  passes  through  A. 

Therefore,  &c. 

Cot,  1.  If  two  paraM  straight  lines 
be  cat  by  any  number  of  strai^t  lines 
whidi  pass  through  the  same  point,  they 
shall  be  similarly  dirided  in  the  points  of 
section. 

CoTn  2,  It  has  been  seen  in  the  course 
of  the  demonstration  that  the  parts  of 
the  base  are  to  the  parts  of  the  parallel 
respective^  in  the  same  ratio,  viz.  as 
A  G  to  A  F,  or,  which  is  the  same  thing 
(29.),  as  AB  to  AD:  therefore  also 
the  whole  base  (23.)  is  to  the  whole 
parallel  as  AB  to  A  D ;  that  is,  as  the 
aide  of  the  triangle  to  the  segment  next 
the  vertex  which  is  cut  off  by  the  pa- 
raDd  from  the  side,  or  from  the  side 
produced. 

The  same  is  at  once  made  evident  by 
drawing  through  C  a  parallel  to  A  D. 

Cor,  3.  It  has  also  been  seen  in  the 
eoune  of  the  demonstration  that  a 
strai^t  line  D  £  can  be  divided  in  the 
same  ratio  in  one  point  only.  Here 
BE  and  E  D  are  considered  as  differ- 
ent straight  lines,  viz.  differing  in  their 
iSrst  points. 

PR0P.31.(Euc.vi.4.  5.) 

•  jytiffotrianglei  are  eqttiangiilar,  they 
ahaU  have  the  tides  about  the  equal 
angles  proportionalSf  those  which  are 
opposite  to  the  equal  angles,  being  the 
antecedents  or  consequents  of  the  ratios 
and,  conversely. 

Let  ABC,  DEF  be  two  triangles 
having  the  three  angles 
A,  By  C  of   the  one  r> 

equal  to  the  three  angles      j.  A 

D,  E,  F  of  the  other,     A         /  \ 
each  to  each :  the  sides  /_\      /_^ 
about  any  two  equal  a   <* 
anglea  A,  D,    '   "  ' 
proportionals, 
AB  shall 
DEtoDF. 

In  D  E,  D  F,  or  in  D  E,  D  F  pro- 
daeed, take  D6,  DH  equal  to  AB> 
A  C  respectively ;  and  join  G  H.  Then^ 
because  the  triangles  ABC,  DGH, 
have  two  sides  of  the  one  equal  to  two 
aides  of  the  other,  each  to  each,  and  the 
included  angles  equal,  they  are  equal 
in  every  respect  (I.  4.),  and  the  angle 
BGH  is  equal  to  ABC,  that  is,  to 
DEF.  Therefore,  (1. 1 5.)  G H  is  pa- 
rallel to  £  F,  and  (29.)  D  G  :  D  E  ::  D  H 
:  DF;  ibertfon,altemando,'DG  :  DH 
::D£:DF,that  is,AB:AC::D£ 
-.DF. 


ly  two  equal  "   **«  ' 
.,D,  shall  be         A 
nals,   that  is,       /_\ 
IbetoACas      VTM 


In  the  same  manner  it  may  be  shown 
that  A  B  is  to  B  C  as  D  E  to  £  F;  and 
again,  A  C  to  C  B  asDF toFE. 

Next,  let  the  triangles  ABC,  DEF 
have  their  sides,  each  to  each,  in  the 
same  ratio,  that  is,  A  B  to  A  (3,  as  D  B 
to  DF,  AC  to  CB,  as  DF  to  FE, 
and  therefore,  ex  taquali,  (24.)  A  B  to 
BC,  asDEtoEF:  the  triangle  ABC 
shall  have  its  three  an^es  A,  B,  C 
equal  to  the  three  angles  D,  £,  F  of  the 
triangle  DEF,  each  to  each. 

Let  K  L  M  be  a  triangle  having  its 
three  angles  K,  L,  M  equal  to  theSiree 
angles  D,  E,  F  respectively,  and  its  side 
K  L  equal  to  A  B  (1. 50.).  Then,  by  the 
first  part  of  the  proposition,  because  the 
triangles  K  L  M,  D  E  F  are  equiangular. 
KL:LM::DE:EF,  but  D£:£F 
::AB  :  BC,  therefore,  (12.)  KL: 
LM::  AB:BC:but  KL  is  equal  to 
AB;  therefore,  (18.)  LM  is  equal  to 
B  C.  And  in  the  same  manner  it  may 
be  shown  that  KM  is  equal  to  AC;. 
Therefore,  the  triangles  A  B  C,  K  L  M 
have  the  three  sides  of  the  one  equal  to 
the  three  sides  of  the  other,  each  to  each, 
and  are,  conseouently  (I.  7.),  equal  in 
every  respect  Therefore  A  B  C  is  equi« 
angular  with  K  L  M,  that  is,  with 
DEF. 

Therefore,  &c. 

Cor.  1.  Equiangular  triangles  are 
similar  {Def.  14.) 

Cor,  2.  Triangles  which  have  the  sides 
of  the  one  parallel  to  the  sides  of  the 
other,  or  perpendicular  to  the  sides  of 
the  other,  are  similar.  For  such  trian- 
gles are  equiangular  (L  18.). 

Cor.  3.  The  same  may  be  said  of  tri- 
angles which  have  the  sides  of  the  one 
making  any  equal  angles  with  the  sides 
of  the  other  toward  the  same  parts 
(L  18.  Cor.). 

Scholium, 

This  is  not  necessarily  the  case  with 
other  rectilineal  fijpres ;  that  is,  it  can- 
not be  said,  that  if  any  two  rectilineal 
figures  be  equiangular,  the  sides  about 
the  eoual  angles  will  be  proportionals. 
And  tne  reason  of  this  difference  between 
a  triangle,  and 'a  rectilineal  figure  of  four, 
or  a  sreater  number  of  sides,  is  obvious. 
For,  in  the  triangle,  D  £  F,  a  line  G  H, 
which  is  drawn  paralld  to  one  of  the 
sides  £  F,  will  cut  off  firom  the  other 
sides,  or  from  those  sides  produced,  parts 
less  or  greater  than  them  in  the  same 
proportion  in  which  it  is  itself  less  or 
greater  than  EF:  and,  accordingly,  the 
new  triangle  DGH,  which  is  equiaah 
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gnlar  with  D  E  F  (1. 15.)  has  its  sides 
respectively  less  or  greater  than  the  cor- 
responding sides  of  the  triangle  D  E  F, 
in  the  same  ratio.  But,  in  a  quadrila- 
teral figure  as  G  E  F  H,  or  generally  any 
rectilineal  figure,  which  has  more  than 
three  sides,  a  straight  line  drawn  pa- 
rallel to  one  of  the  sides,  as  E  F,  and 
th^efore  cutting,  as  before,  tlie  two  ad- 
joining sides,  or  those  two  sides  pro- 
duced, will  diminish  or  increase  those 
two  sides  of  the  figure  only,  and  even 
those  not  necessarily  in  the  proportion  in 
which  it  is  itself  less  or  greater  than  E  F ; 
and,  accordingly,  the  new  rectilineal 
figure,  which  is  equiangular  with  the 
former,  has  its  sides,  with  the  exception 
of  three,  the  same  with  the  sides  of  the 
former ;  while  these  three  are  diminished 
or  increased.  Therefore,  although  equi- 
angular triangles  have,  necessarily,  their 
corresponding^  sides,  each  to  each>  in 
the  same  ratio,  equiangular  rectilineal 
figures  of  a  greater  number  of  sides 
have  not,  necessarily,  their  sides  so 
related. 

Prop.  32.  (Euc.  vi.  6.) 

If  two  triangles  have  one  angle  of  the 
one  equal  to  one  angle  of  the  others  and 
the  Sides  about  the  equal  angles  prO' 
portionals  the  two  triangles  shall  be 
similar. 

Let  the  triangles  AB  C,  DE  F  (see 
the  last  figure,)  have  the  angle  at  A 
equal  to  the  ande  at  D,  and  the  sides 
about  the  equsu  angles,  that  is,  AB, 
AC,  DE.  DF,  proportionals:  the  tri- 
ande  A  B  C  shall  be  similar  to  D  E  F. 

In  DE,  DF,  or  in  DE,  DF  pro- 
duced, take  DG,  DH  equal  to  AB, 
A  C  respectively,  and  join  G  H.  Then 
the  triangles  A  B  C,  D  G  H  are  equal  in 
every  respect  (1. 4.).  And,  because 
D  G  :  D  H  : :  D  E  :  D  F.  altemando 
D  G:  DE :  :D  H  :  D  F.  Therefore  (29.) 
GH  is  parallel  to  E  F:  and  (1. 15.)  the 
angles  D  G  H  and  D  H  G  are  equal  to 
the  angles  at  E  and  F  respectively :  but 
DGHis  equalto  B,  andDH(itoC: 
therefore  the  angles  at  B  and  C  are 
equal  to  the  angles  at  E  and  F,  each  to 
each  ;  and  the  triangle  ABC  (31.  Cor.) 
is  similar  to  D  E  F. 

Therefore,  &c. 

Cor.  ].  Hence  it  may  easily  be  shown, 
that,  if  any  two  rectuineal  figures,  as 
ABCDEF,  abcdef  have  all  their 
angles  but  two  equal  in  order,  viz.  B, 
C,  D,  E,  to  6,  c,  dy  et  each  to  each,  and 
the  corresponding  sides  about  the  equal 
angles  proportionals,  t}ieir  remaining 


angles  shall  be  equal,  each  to  each,  vis. 
the  angles  A  and  F  to  the  angles  a  and 
f^  and  their  remaining  sides  A  F,  a  / 
in  the  same  ratio  with  any  other  two 
corresponding  sides  A  B,  a  6 :  that  is, 
the  rectilineal  figures,  ABCDEF, 
abed ef  shall  be  similar  according  to 
Def  14. 


Join  AC,  AD,  A  E,  ac,  arf.  ae. 
Then,  because  the  triangles  A  B  C,  a  6  c 
have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about 
the  equal  angles  proportionals,  tli^ 
are  similar  (32.);  therefore,  the  angle 
A  C  B  is  equal  to  a  c  ft,  and  A  C :  C  B 
Wac'.cb.  And,  because  the  whole 
angle  B  C  D  is  equal  to  the  whole  an- 
gle body  and  that  the  angles  ACB, 
ocft  are  equal  to  one  another,  the  re- 
maining angle  ACD  is  equal  to  the 
remaining  angle  acd:  also,  because- 
AC:CB  ::  acrcftandCB:  CD;: 
ch  :  cd^ex  wquali  KQ^\Q>T>  \\ac  :  cd. 
Therefore  (32.)  the  triangles  ACD, 
aedKc^  similar :  and  in  the  same  man- 
ner it  may  be  shown  that  the  triangles. 
ADE,  AEF  are  similar  to  the  tri-, 
angles  ade^  aef  respectively.  There- 
fore, the  angles  at  F,/ are  equal  to  one 
another,  and  because  the  several  angles, 
making  up  the  angle  FAB  are  equal 
respectively  to  those  which  make  up  the 
angle  fab,  the  angles  FAB,/ai  are 
likewise  equal.  Also,  because  A  F  is  to 
AE,  as  a/to  ae,  and  AEto  AD  asatf 
to  ad,  and  AD  to  AC,  asa(2toac,and 
AC  to  A  B  as  a  c  to  a  ft,  ex  €oquali, 
A  F is  to  A B  as  a/  to  aft,  and  alter- 
nandoAY:af::AB  :ab. 

Cor,  2..  It  appears  from  the  preceding 
corollary,  that  similar  rectilineal  figures 
maj^  be  divided  into  the  same  number  of 
similar  triangles,  and  that  their  corre- 
sponding or  homologous  sides  are  to 
oae  another  in  the  same  ratio,  each 
to  each. 

Cor,  3.  It  appears  also  firom  Cor.  1., 
that  lines  similarly  drawn  in  similar 
figures  cut  the  sides  at  equal  angles,  and 
are  to  one  another  as  the  homologous 
sides  of  the  fibres. 

For  if  the  sides  A  B,  a  ft  of  the  similar 
figures  ABCDEF  and  abcdef,  be 
divided  in  tlie  same  ratio  in  the  points 
P,  p,  it  may  easily  be  shown  (23.)  tliat 
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PBistop&as  ABtoa6,  orasBC  to 
be;  that  is,  aliemando.  PB  :  B  C  :: 
J96  :  be.  And,  in  the  same  manner,  if 
any  other  corresponding  sides,  as  E  F 
and  ef  be  divided  in  the  same  ratio  in 
the  points  Q,  9,  it  may  be  shown  that 
Q  £  :  £  D  ::  qe,ed^  or,  invertendo, 
that  DE:E  Q::de:e(f,  Therefore, 
by  Cor.  1.,  the  straight  hnes  PQ  and 
p  q,  which  join  the  pomts  P,  Q  and  p,  q, 
make  equal  angles  with  A  B,  a  6  respec- 
threly,  and  with  E  F,  ef,  respectively, 
ftndPQis  to  pq  as  PB  to  pb,orsa 
KB  to  ab. 

Prop.  33.  (Euc.  vi.  7.) 

If  two  triangles  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  and 
the  sides  about  two  other  angles  pro- 
portionals; and,  if  one  of  the  remaining 
anftles  be  a  right  angle,  or  if  they  be 
both  greater,  or  both  less  than  right 
angles;  the  two  triangles  shall  be 
similar* 

Let  ABC,  DEF  be  two  triangles, 
whidi  have  the  angle  at  A  equal  to  the 
angle  at  D,  and 
the  sides  about 
two  other  angles, 
B  and  E,  propor- 
tionals: then,  if 
one  of  the  re- 
maining angles, 
as  C,  be  a  right 
ang^,  or  if  both  of  them,  C,  F,  be 
greater,  or  both  less,  than  right  angles, 
the  triande  ABC  shall  be  similar  to 
thetri^lbeDEF. 

At  the  point  E  make  the  angle  D  E  G 
equal  to  A  B  C,  and  let  the  line  E  G  meet 
D  F,  or  D  F  produced  in  G.  Then,  be- 
cause the  triangles  A  B  C,  D  E  G  have 
two  angles  of  tne  one  equal  to  two  an- 
^bes  of  the  other,  each  to  each,  they  are 
equiangular :  therefore  (31.)  D  E :  E  G 
r:AB:BC,butAB:BC::DE:EF: 
therefore  (12.)  DE:EG::DE:EF,  and 
(18.)  £  G  is  equal  to  E  F. 

And  first,  if  one  of  the  angles  A  C  B, 
DFE  be  a  right  angle,  whether  it  be 
ACB  or  DFE,  one  of  the  lines  EG, 
EFwiD  beat  right  angles  toBF;  and 
therefore,  if  E  G  do  not  coincide  with 
S  F,  there  will  be  an  isosceles  triangle 
E  FG,  which  has  one  of  the  angles  at 
the  base  a  right  angle,  and  therefore 
(L  6.)  the  other  likewise  a  right  angle, 
and  tlie  two  together  equal  to  two  right 

•  Asffles  which  are  both  greater  or  both  less  than 
licktaaffles  ate  said  to  beo/fA«  »ame  qftetton: 
hMt,  inatead  of  saying  '*  both  greater  or  both  lesf 
tkaa  right  angle*,-  this  propoeition  is  sometimes 
^Bttaeiated  by  isTiiig  **  both  of  the  same  affecUoa.'' 
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angles,  which  is  impossible  (1. 8.) : 
therefore,  in  this  case,  E  G  cannot  but 
coincide  with  E  F,  that  is,  the  angle 
DEF  cannot  but  be  equal  to  the  angle 
DEG,  that  is,  to  ABC. 

Aga'm,  if  the  angles  A  C  B,  D  F  E  be 
both  greater  than  right  angles,  they  will 
be  together  greater  than  two  right  an- 
gles ;-— or,  if  thev  be  both  less  than  right 
angles,  they  will  be  together  less  than 
two  ri^t  angles :  but,  if  EG  do  not  coin- 
cide with  BF,  these  same  two  angles  will 
be  together  equal  to  the  angles  D  G  E, 
DFE, that  is,  to  the  angles  DGE,  EGF, 
(1. 6.)  because  E  G  is  equal  to  EF,  that 
is,  to  two  right  angles  (1. 2.), — which  is 
impossible :  therefore  in  these  cases,  also, 
E  G  cannot  but  coincide  with  E  F,  that 
is,  the  angle  DEF  cannot  but  be  equal 
to  the  angle  DEG,  that  is,  to  AB  C. 

And,  because  the  triangles  ABC, 
DEF  have  two  angles  of  the  one  equal 
to  two  angles  of  the  other,  each  to  each, 
they  ore  equiangular  (1. 19.  Cor,  1.),  and 
therefore  similar  (31.  Cor.  1.). 

Therefore,  &c 

Prop.  34.  (Euc.  vL  8.) 
In  a  right-angled  triangle,  if  a  fer- 
pendicular  be   drawn  from  the  right 
angle  to  the  hypotenuse,  the  triangles 

rn  either  side  of  it  shall  be  similar  to 
u'hole  triangle,  and  to  one  another. 

Let  A  B  C  be  a  right-angled  triangle, 
and  from  the  right  angle  A,  let  there 
be  drawn  to  the  hy- 
potenuse    the    per- 
pendicular A  D :  the 

triangles  DBA,  DAC        

shall  be    similar  to       S  »~o 

the     whole   triangle 
ABC,  and  to  one  another. 

Because  the  angles  B  D  A,  B  A  C  are 
right  angles,  and  because  the  angle  at 
B  is  common  to  the  two  triangles 
D  B  A,  A  B  C,  their  third  angles  (1. 19. 
Cor.  1.)  are  equal  to  one  another ;  and 
therefore  the  triangle  DBA,  being  ec[ui- 
angular  with  the  triangle  ABC,  is  simi- 
lar to  it  (3 1  .Cor.  1 .).  In  the  same  manner 
it  maybe  shown  that  DAC  is  equiangular 
with  ABC,  and  .therefore  similar  to  it 
And,  because  D  B  A,  D  A  C  are  equi- 
angular with  the  same  triangle,  they  are 
equiangular  with,  and  therefore  similar 
to,  one  another. 

Therefore,  &c 

Cor.  (Euc.  vi.  8,  Cor.)  The  perpendi- 
cular A  D  is  a  mean  proportional  be- 
tween the  segments  BD.DC  of  the 
hypotenuse ;  and  either  side,  as  A  B, 
is  a  mean  proportional   between  Uie 
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whole  hvpotennae  B  C,  and  the  g^- 
ment  B  D,  which  is  adjacent  to  it. 

Fbr,  because  the  angles  BAD,  ACD, 
are  equal  to  one  another,  the  sides  BD, 
A  D  of  the  similar  triangles  BDA,  ADC 
are  homologous,  and  the  angles  BDA, 
A  D  C  are  equal  to  one  another ;  there- 
fore (31.)  B  D  t  DA ::  AD  or  DA  :  DC  : 
and,  in  Uke  manner,  because  the  sides 
B  D,  B  A  of  the  similar  triangles  BDA, 
B  A  C  are  homologous,  and  the  angles 
at  B  equal,  BD :  f  A ::  BA :  B  C. 

SactiON  5.— Proportion  of  the  Burfacei 
ofReeHlineal  Figurei, 

Paop.  35. 

Reetofifhs  which  have  the  eame  or 
equal  altttudei,  are  to  one  <moUier  ae 
their  bates. 

For,  if  the  base  of  one  of  the  rect- 
angles be  divided  into  anjr  number  of 
e^ual  parts,  the  rectangle  itself  will  be 
dividea  into  as  many  equal  rectangles 
b^  straight  lines  drawn  parallel  to  its 
side  through  the  points  of  division. 
Also,  the  oase  of  the  other  rectangle 
will  contain  a  certain  number  of  parts 
equal  to  those  into  which  the  first  base 
is  divided,  exactly  or  with  an  excess  less 
than  one  of  those  parts,  and  that  rect- 
angle will  contain  as  many  rectangles 
equal  to  those  into  which  the  first  rect* 
angle  is  divided,  exactly  or  vrith  a  cor- 
responding excess  less  than  one  of 
theuL  And  this  will  be  the  case  what- 
soever be  the  number  of  parts  in  the 
first  base  and  rectangle.  Therefore, 
(dcf.  7.)  the  first  rectangle  is  to  the 
second  as  the  base  of  the  first  is  to  the 
base  of  the  second ;  that  is,  rectanelei 
of  the  same  altitude  are  to  one  anomer 
as  their  bases. 

Therefore,  &c. 

The  same  demonsbation  has  been 
already  given,  with  a  figure,  to  illus- 
trate the  definition  of  Proportionals  in 
Section  3.  (See  def.  7.) 

Cor.  (Euc.  vi.  1  part  of)  In  the  same 
manner  it  may  be  shown,  that  ^any  two 
parallelograms  which  have  the  same  or 
equal  altitudes  are  to  one  another  as 
their  bases;  or,  the  same  may  be 
directly  inferred  fi*om  this  proposition, 
for  every  paralldogram  is  equal  to  a  rect- 
angle, having  the  same  base  and  altitude. 

Proportions  of  this  kind,  in  which  the 
two  first  terms  stand  in  tlie  same  rela- 
tion to  the  two  last  respectively,  as,  in 
the  above  instance,  in  the  relation  of  a 


rectangle  of  giren  altitude  to  its  base, 
are  of  perpetual  occurrence  in  the 
Mixed  Sciences,  and  are  commonlf 
enunciated,  as  in  the  proposition,  uj 
the  word  om.  They  constitute,  indeed* 
a  peculiar  class,  which  has  received 
the  name  of  Variatiom ;  one  quanti^ 
being  said  to  vary  as  another  when  it 
increases  and  decreases  in  the  same 
proportion  with  that  other.  We  have 
aheady  had  one  instance  in  a  rectangle 
of  given  altitude  and  its  base.  To  take 
another  perhaps  more  familiar,  we  say 
commonly,  that  the  weight  of  a  mass  df 
lead  is  in  pro];)ortion  to  its  magnitude ; 
and  the  same  is  understood,  when  it  is 
said,  that  the  weight  of  such  a  mass  ie 
a»  its  ma^itude,  or  varies  as  its  mag- 
nitude. Again,  the  distance  a  horse 
runs  in  a  eiven  time  "  is  in  proportion 
to  his  speea,**  or  "  is  as  his  speed,**  or 
"  varies  as  his  speed."  It  is  evident  that 
the  use  of  the  word  as  in  these  and  the 
hke  cases  enables  us  to  avoid  the  fol- 
lowing and  similar  enunciations.  "  The 
weight  of  one  mass  of  lead  is  to  the 
weight  of  another,  as  the  magnitude  of 
the  first  to  the  magnitude  of  that 
other.**  "  The  distance  a  horse  runs  in 
a  given  time  with  one  velocity,  is  to  the 
distance  he  would  run  in  the  same  time 
with  another  velocity,  as  the  first  velo« 
city  to  that  other.**  (See  Arithmetic^  art* 
136.) 

Prop.  36. 

Any  two  rectangles  are  to  one  another 
in  the  ratio  which  is  compounded  of 
the  ratios  of  their  sides. 

Let  A  C,  £  F  be  two  rectangles,  and 
let  an  angle  of  the  one  be  made  to 
coincide  (1. 1.  and  ax.  1 1.) 
with  an  angle  of  the  other, 
as  at  B:  the  rectangle 
A  C  shall  be  to  the  rect- 
angle £  F  in  the  rafio 
which  is  compounded 
of  the  ratios  of  A  B  to 
E  B,  and  of  B  C  to  B  F. 

For  the  rectangle  A  C  is  to  the  rect- 
angle £  F  in  the  ratio  which  is  com- 
pounded of  the  ratios  of  A C  to  EC, 
and  of  £  C  to  £  F.  (def.  12.)  But,  be- 
cause the  rectangles  A  C,  E  C  have  the 
same  altitude  B C,  AC  Is  to  EC  as 
A  B  to  E  B  (35.) ;  and,  in  like  manner, 
because  the  rectanries  E  C,  E  F  have 
the  same  altitude  £  B,  £  C  is  to  £  F  as 
BC  to  BF.  Therefore,  (27.  Cor.  1.)  the 
ratio  which  is  compounded  of  the  ratios 
of  A  C  to  E  t.  and  of  E  C  to  E  F,  is  the 
same  with  the  ratioi  whieh  is 


i 


and  if  A 

and  A': 
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pounded  of  the  ratios  of  AB  to  £B, 
and  B  C  to  B  F;  that  is,  the  recjtangle 
A  C  is  to  the  rectanffle  E  F  in  the  ratio 
which  is  compounoed  of  the  ratios  of 
AB  to  E  B,  and  of  B  C  to  EF. 
Therefore,  &c.  ^     ^ 

Cor.   I.  (Euc.  vi.  23.)  In  the  same 
manner  it  maybe  shown  that  any  two 
parallelofframs  AC,  EF.  which  have  one 
ttngie  of  the  one  equal  to  one  angle 
of  the  other,  are  to  one 
another  in  the  ratio  which 
is  compounded  of  the  ra- 
tioB  of  the  sides  about  the 
equal  angles.  For  if  the 
•qual  angles  be  made  to 
coincide,  as  at  B.  the   parallelogmm 
AC  is  to  the  parallelogram  E  F  in  the 
ratio  which  is  compouimed  of  the  ratios 
of  AC  to  iC,  and  of  EC  to   EF, 
thai  is  (35.  Car,)  in  the  ratio  which  is 
•ompoimdcd  of  the  ratios  of  A  B  to  E  B, 
ind  of  B  C  to  BF. 

Cor.  2.  It  appears,  also,  from  the 
proposition,  that  any  two  parallelograms 
whatever  are  to  one  another  in  the  ratio 
whidi  is  compounded  of  the  ratio  of 
their  bases  and  altitudes ;  for  the  rect 


Cor.S.  If  A,  B,  CD  be  fom' straight 
lines,  and  A'   B\    C',  '^' * 


C 

::C' 


D'  four  others* 


)  one  angle 
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then  AA  :  BB' ::  CC  :  DD'i  that 
is,  if  four  straight  lines  A,  B,  C,  D  be 
proportionals,  and  likewise  four  others 
A', B',  C'.iy ;  the  rectangles  A  A', B  B', 
C  C,  D  !>',  whieh  are  contained  under 
the  corresponding  antecedents  and  con» 
sequcnts,  shall  also  be  proportionals. 
9oT  ratios  which  are  compounded  of  the 
same  ratios  are  the  same  with  one  too- 
ther (27).  And  hence  it  is  evident,  con- 
versely, that  if  AA,  BB',  CC,  DD'  be 
proportionals,  and  A',  B',  C,  D'  likewise 
proportionab ;  A»  B,  C,  D  must  also  be 
prc^ortionals. 

Vor,  4.  If  four  straight  lines  A,  B, 
C,  D  be  proportionals,  their  squares 
A*,  B>,  C>,  D'  shall  likewise  be  proporw 
tionals;  and  conversely* 

Prop.  38.  (Euc.  vi  16.) 

j[f/our  siraighi  lines  he  proporiionaU 
the  rectangle  contained  by  the  extremee 
ehalt  he  e^ial  to  the  rectangle  contained 


angles,  to  which  (L  24.  dor.)  they  w  ^  j^  f^^f,  '^tJT''^f^'Cii^ 

aoSaL  are  in  that  ratio.  rectangle  contained  hy  two  straight  Ixn^ 

CHUM,  iHv  lu  iUM  «»uu.  ^  ^^^^  ^  ^^  rectangle  contained  hy 

Prop.  37  other    two,    the    four    straight   lines 

V  ike  Uraight    line  K  he  to  the  »haU  amstitute  a  proportion,  in  which 

9§rSLhtliZ^in  one  ratio,  and  the  ^/t^Pf  onerecto^le  are  extremes. 

i^hiu^A'tothestraightlineWin  «^^A™fl?/i*^^^^ 


straight  { 

aniMer  raiiOf  the  rectangle  A  A'  shaU 
be  to  the  rectangle  B  W  in  the  ratio 
whieh  is  eompounded  qf  these  two  ratios* 

Tikis  proposition  is  the  same  with  the 
preceding,  which  is  here  stated  under  a 
different  form,  as  well  for  the  sake  of 
rendering  more  obvious  such  references 
as  may  be  made  to  it  under  this  form,  as 
to  separate  the  following  corollaries  from 
those  of  Prop.  36.  Its  demonstration  is 
aoeordingly  contained  in  that  of  Prop.  36. 

Cor.l.  If  Abe  toB  as  A' to  B',  the 
rectangle  A  A'  will  be  to  the  rectande 
B  B'  in  the  duplicate  ratio  of  A  to  B. 
Fbr^if  Cbe  taken  a  third  proportional  to 
A  and  B,  then,  because  B  is  to  C  as  A 
to  B,  that  is  as  A'  to  B',  the  ratio  which 
is  eompounded  of  the  ratios  of  A  to  B 
and  of  A'  to  B'  is  the  same  with  the 
ratio  of  A  to  C,  that  is  (Def.  11.)  with 
the  duplicate  ratio  of  A  to  B. 

Cor.  2.  Heiice  if  three  straight  Imes 
A,  B.  0,  be  proportionals,  the  square  of 
the  first  shaU  be  to  the  square  of  the  se^ 
eond  as  the  first  is  to  the  third;  that  is, 
the  duplicate  ratio  of  two  straight  lines  is 
tbtt  sattM  with  the  ratio  of  their  squares. 


The  first  part  of  this  proposition  has 
been  already  demonstrated  ui  the  Scho- 
lium on  Prop.  28.,  Sect.  3. :  which  de- 
monstration the  reader  is  here  desired 
to  consult,  as  depending  immediately 
upon  the  definition  of  proportionals  in 
Sect.  3. 

So  important  a  theorem,  however, 
cannot  be  considered  in  too  many  points 
of  view.  The  following  proo(  by  hel^* 
of  Prop.  35.,  is  therefore  added,  being  in 
effect  the  same  with  that  of  Euclid. 

Let  AB,  AC,  AD. 
A  E  be  the  four  pro- 
portionals, of  wnich 
the  extremes  AB,  AE 
are  placed  at  right 
angles  to  one  ano- 
ther, and  contain  the 
rectangle  B  E,  and 
the  means  A  C,  A  D 
are  placed  inBA,  EA 
produced,  and,  being  for  that  reason 
( 1. 3.)  likewise  at  right  angles  to  one  ano- 
ther, contain  the  rectangle  C  D.  Com- 
plete the  rectangle  C  E.  Then,  because 
the  rectan^s  B  £,  C  E  have  the  same 
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altitude  AE,  the  rectanele  BE  is  to  the 
rectangle  CE  as  AB  to  AC  (35.) :  and,  in 
like  manner,  because  the  rectangles  CD, 
CE  have  the  same  altitude  AC,  the  rect- 
angle CD  is  to  the  rectangle  C  E  as  AD 
loAE;  but  the  line  AB  is  to  AC  as  AD 
to  AE ;  therefore,  the  rectangle  BE  is  to 
CEasCDtoCE.  And,  because  the 
rectangles  BE,  CD  have  the  same  ratio 
to  the  same  rectangle  CE,  they  are 
equal  to  one  another  (11.  Cor.  !.)• 

Next,  let  the  rectangle  under  AB, 
AE,  be  equal  to  the  rectangle  under 
AC,  AD ;  the  lines  AB,  AC,  AD,  AE, 
shall  be  proportionals,  AB,  AE  being 
extremes,  and  AC,  AD  means. 

For,  the  rectangles  being  placed  as 
before,  and  the  rectangle  CE  being  com- 
pleted, BE  is  to  CE  as  CD  to  CE  (10.); 
but  BE  is  to  CE  as  AB  to  AC  (35.),  and 
CD  to  CE  as  AD  to  AE ;  therefore  (1 2.) 
AB  is  to  AC  as  AD  to  AE.* 

Therefore,  &c. 

The  principle  of  this  demonstra- 
tion is  contained  in  10.  Cor.  and  11. 
Cor,  2.,  by  the  use  of  ^Wch  corollaries 
it  may  consequently  be  put  under  a 
more  concise  form. 

Cor.  1.  (Euc.  L  17.)  If  three  straight 
lines  be  proportionals,  the  rectangle  un- 
der the  extremes  shall  be  equal  to  the 
square  of  the  mean ;  and,  conversely,  if 
the  rectangle  under  the  extremes  be 
equal  to  the  square  of  the  mean,  the 
tluee  straight  unes  shall  be  propor- 
tionals. 

Cor.  2.  It  appears  from  the  propo- 
sition that  rectandes  which  have  their 
sides  about  the  ri^t  angles  reciprocally 
proportional,  are  equal ;  and,  conversely, 
that  equal  rectangles  have  their  sides 
about  the  right  angles  reciprocally  pro- 
portional. 

Cor.  3.  (Euc.  vL  14.)  And,  in  the 
same  manner,  it  may  be  shown,  that  any 
two  parallelograms  which  have  one  an- 
gle of  the  one  equal  to  one  angle  of  the 
other,  and  their  sides  about  the  equal 
angles  reciprocally  proportional,  are 
equal  to  one  another ;  and  conversely. 

For,  if  the  equal 
angles  be  placed  ver- 
tically as  in  the  fi- 
gure, and  the  paral- 
lelogram CE  be  com- 
pleted, the  demon- 
stration of  this  m 
general  case  will 
the  same  with  that 


in.  S ». 

35.  Cor,  being  cited 


lemon-      ^f — 4^ ^ 

i  more       /     /  / 

vill  be      /      /  / 


•  Or  wc  may  Kay.  *«AD:A£::AB:A  C,"  in 
.which  ca««  A  C  aod  AD  will  be  extremes,  and  A  B, 
A  t,  mean*. 


Scholium. 

By  help  of  this  proposition  the  pro- 
portion of  four  lines  is  convertible  into 
the  equality  of  two  rectangles^  and  the 
reverse.  Thus  it  appears,  that  I.  36. 
Cor.  2.  and  3.,  in  which  it  is  inferred 
that  the  squares  of  the  sides  of  a  right 
angled  triangle  are  respectively  equal 
to  the  rectarijgles  under  the  hwotenuse 
and  its  ae^oining  segments,  ana  that  the 
square  of  the  perpendicular  t>  eqital  to 
the  rectangle  under  the  segments  of  the 
hypotenuse,  may  be  stated  in  the  words 
of  34.  Cor.,  in  which  it  is  inferred  that 
either  side  is  a  mean  proportional  be- 
tween the  hypotenuse  ana  segment  ad- 
jacent to  it,  and  that  the  perpendicular 
is  a  mean  proportional  between  the  s^- 
ments  of  the  hypotenuse.  Again,  I.  38. 
in  which  it  is  demonstrated  that,  in  every 
triangle,  if  a  perpendicular  be  drawn 
from  the  vertex  to  the  base,  or  to  the  base 
produced,  the  difference  of  the  squares 
of  the  sides  is  equal  to  the  difference  of 
the  squares  of  tne  segments  of  the  base, 
or  of  the  base  produced,  may  be  stated 
thus : — the  base  is  to  the  sum  of  the  sides 
as  the  difference  of  the  sides  to  the  differ- 
ence of  the  segments  of  the  base,  or  sum  of 
the  segments  of  the  base  produced.  For  it 
is  shown  (1.38.)  that  the  difiference  of  the 
squares  of  two  straight  lin^s  is  equal  to 
the  rectangle  under  their  sum  and  dif- 
ference. 

Many  other  instances  will  occur  in 
the  remaining  part  of  this  treatise,  in 
which  the  demonstrations  are  consider- 
ably abridged  by  the  use  of  this  very 
important  theorem. 

We  shall  conclude  the  present  Scho^ 
Hum  by  applying  it  to  the  demonstration 
of  the  following  Lemmas  (or  auxiliary 
theorems)  which  will  be  found  of  ser- 
vice in  such  problems  as  have  the  sum 
or  the  difference  of  the  sides  of  a  tri- 
angle amon?  their  data.  (See  Book  III. 
Sect  7.)  It  will  be  seen  that  they  be- 
long, according  to  our  arrangement,  to 
the  subject  of  the  preceding  Section ;  to 
which  they  should  have  been  subjoined, 
had  they  admitted  of  an  easy  demon- 
stration without  the  aid  of  this  38th  Pro- 
position. 

Lemma  1. 

If  a  perpendicular  be  drawn  from  the 
vertex  of  a  triangle  to  the  base,  and  if 
the  base  be  equally  produced  both  ways, 
so  that  the  base  produced  may  be  a 
third  proportional  to  the  base  and  th« 
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sum  of  the  sides,  the  sides  shall  be  to 
one  another  as  the  corresponding  seg- 
ments of  the  base  produced. 

Let  ABC  be  a  triangle,  and  from  the 
rertex  A  to  the  base  B  C  let  there  be 
drawn  the  perpendicular  AD ;  also  let 


A 


"S    o'.  x>  o 


^^ 


the  base  BC  be  equally  produced  both 
ways  to  the  points  E  and  F ;  so  that 
BC  may  be  to  BA  +  AC  as  BA+ AC 
to  £  F.  B  Ashall  be  to  AC  as  ED  to 
DF. 

Bisect  BC  in  G :  then  because  EB  is 
equal  to  C  F,  £  F  is  likewise  bisected  in 
6.  Therefore  the  difference  of  ED,  DF 
is  equal  to  twice  GD.  But  twice  GD  is 
equal  to  the  difference  or  to  the  sum  of 
BD,  DC,  according  as  the  point  D  is  in 
BC,  or  in  BC  produced.  Therefore  the 
difference  of  £  D,  D  F,  is  equal  to  the 
difference  of  BD,  DC,  or  to  the  sum  of 
BD»  DC,'  according  as  the  point  D  lies 
in  BC,  or  in  BC  produced.  Again,  be- 
cause AD  is  perpendicular  to  BC,  the  dif- 
fereneeof  the  squares  of  B  A,  AC  is  equal 
to  the  difference  of  the  sauares  of  B  D, 
D  C  (1.  38.)  or,  which  is  tne  same  thing 
(1.34.),  the  rectangle  under  the  sura  and 
difference  of  B A,  AC  is  equal  to  the 
rectangle  under  the  sum  and  difference 
of  BD,  DC.  Therefore  (38 .)  B A-AC  : 
BD  If  D  C  : :  B  D  ±  D  C  :  B  A+ AC  ;• 
that  IS,  since  the  second  term  is  equal 
to  ED-^D  F,  and  the  third  to  BC,  BA^ 
AC  :  ED-DF  ::  B  C  :  BA  +  AC.  that 
is, :: BA-*- AC  :  E D +D  F,  by  the  sup- 
position. Therefore,  altemando  (19.) 
BA-.AC:BA-fAC::ED-DF:ED 
+  D  F :  and,  by  sum  cmd  difference  (24. 
Cor.  2.)  2BA:2AC::2ED:2DF, 
that  is,  (1 7, Car.  2.)  BA  :  AC  I :  ED :  DF. 

Therefore,  &c. 

Cor.  IfDEbetakentoABasBA+ 
AC  to  BC,  or,  which  is  the  same  thing, 
in  a  ratio  which  is  the  subdupUcate  of 
GE  to  GB,  then  the  other  se^ent  DF 
of  the  base  equally  produced  m  the  op- 
posite direction  shall  be  to  the  other  side 
AC  in  the  same  ratio. 

*  Tlieaipa  ±  d«iiotM  that  the  sum  or  difference  is 
o  be  tak«a  according  to  one  or  other  of  two  8 
ns«*,  that  is,  in  the  present  instance,  aecoi 
ttC  D  lies  in  B  C,  or  ia  B  C 


the 
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« taken  accordinf 


Lemma  2. 

If  a  perpendicular  be  drawn  from  the 
vertex  of  a  triangle  to  the  base,  and  if 
the  base  be  equally  reduced  both  ways, 
so  that  the  base  reduced  may  be  a  third 
proportional  to  the  base  and  the  differ- 
ence of  the  sides,  the  sides  shall  be  to 
one  another  as  the  corresponding  seg- 
ments of  the  base  reduced. 

The  demonstration  is  so  similar  to 
that  of  Lemma  U  that  it  will  be  readily 
apprehended  from  the  following  outline, 
with  reference  to  the  adjoined  figures. 

ABC  is  the  triangle,  AD  the  perpen- 
dicular upon  the  base,  EF  the  base 


equally  reduced  both  ways,  so  that  EF 
:  B  A- A  C  :  B  C,  and  G  is  the  middle 
point  of  the  base.  Then,  because  BE = 
C  F,  the  point  G  bisects  also  E  F,  and 
ED+DF=  2  GD,  that  is.  =BD  q:  DC. 
according  as  the  point  D  lies  in  BC,  or  in 
BC  produced.  Now,  converting  BA«* 
AC«=BD«  -DC*  into  a  proportion,  as  in 
Lem.  1 ,  B A  +  AC :  BD  q:  DC  : :  BD  ± 
DC  :BA-AC,orBA-fAC  :ED  + 
DF::BC  :  BA-AC,thatis,  ::BA 
-AC:EF  (orED-DF).  Therefore 
altemando,  BA  +  AC  :  BA- AC  ::  ED 
+DF  :  ED-DF:  and  hence,  by  sum  and 
difference,  B  A  :  AC  ::  ED  :  DF. 
Therefore,  &c. 

Prop.  39.  (Euc.  vL  1.,  first  part  of.) 

Triangles  which  have  the  same  ot 
equal  altitudes  arjs  to  one  another  as  their 
bases. 

For  such  triangles  are  the  halves  of 
rectang:les  which  are  upon  the  same  bases 
respectively,  and  have  the  same  or  equal 
altitudes :  and  because  these  rectangles 
are  as  the  bases  (35.).  the  triangles.which 
are  their  halves,  have  to  one  another  the 
same  ratio  (17.  Cor,  1.), 

Otherunse :  As  in 
35.it  is  demonstrated 
of  the  rectangles,  so 
here  it  may,  after  the 
same  manner,  be  de- 
monstrated of  the 
two  triangles  ABC, 
A  D  E,  and  the  two 
bases  B  C,  D  E,  that  they  are  propor^ 
F 
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tionals  according  to  de£  7, ;  1. 27.  being 
cited  instead  of  I.  25. 

Therefore,  &c. 

Cor.  1.  Jn  like  manner  it  may  be 
shown  that  triangles  which  have  the 
same  or  equal  bases  are  to  one  another 
as  their  altitudes. 

Cor,  2.  Also  any  two  triangles  are  to 
one  another  in  the  ratio  which  is  com- 
pounded of  the  ratios  of  their  bases  and 
of  their  altitudes. 

Cor,  3.  Wherefore  if  the  base  of  one 
triangle  be  to  the  base  of  another  ajs  the 
altitude  of  that  other  to  the  altitude  of 
the  first,  the  two  triangles  will  be  equal 
to  one  another  (11.  Cor.  2.). 

Prop.  40. 

Triangles  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  other, 
are  to  one  another  in  the  reUio  which  is 
compounded  of  the  ratios  of  the  sides 
about  the  equal  angles. 

For,  if  the  triangles  be  completed  into 
parallelograms  having  the  same  equal 
angles  and  the  same  sides  containing 
them,  these  parallelograms  (36.  Cor.  1.) 
will  be  to  one  another  in  the  ratio  which 
is  compounded  of  the  ratios  of  the  sides ; 
therefore  the  triangles,  which  are  their 
halves,  will  be  to  one  another  in  the 
same  ratio.  (17.  Cor.  1.) 

Otherwise:  As  in  36.  it  is  demon- 
strated of  the  rectangles,  and  in  36. 
Cor.  1.  of  the  parallelograms,  so  here 
it  may,  after  the  same  manner,  be  de- 
monstrated of  the  two  triangles  ABO, 
£  B  F,  by  making  the  equal  angles  coin- 
cide, as  at  B,  and  completing  the  trian- 
gle EBC,  that  the  tri- 
angle ABC  is  to  the  hi- 
angle  E  B  F  in  the  ratio 
which  is  compounded  of 
the  ratios  of  A  B  to  £  B 
and  of  BC  to  BF;  39. 
being  cited  instead  of  35. 

Therefore,  &c. 

Cor.  IViangles,  which  have  one  angle 
of  the  one  equal  to  one  angle  of  the  other, 
are  to  one  another  as  the  rectangles 
under  the  sides  about  the  equal  anirles 
(37.). 

Prop.  41.  (Euc.  vL  15.) 
Triangles  which  have  one  angle  of 
the  one  equal  to  one  angle  qfthe  other, 
and  their  sides  about  me  eqtud  angles 
reciprocally  proportional,  are  equS  to 
one  another ;  and,  conversely,  equal  tri^ 
angles  which  have  one  angle  qf  the  one 
eaual  to  <me  angle  of  the  other,  have 
their  sides  about  the  equal  angles  red' 
procally  proportional. 


For,  if  the  triangles  be  completed  into 
parallelograms  having  the  same  equal 
angles  and  the  same  aides  containiiig 
them,  these  parallelograms  (38.  Cor.  3.) 
wiU  be  equal  to  one  another,  because 
they  have  the  sides  about  the  equal 
angles  reciprocally  proportional;  and 
therefore  the  triangles,  which  are  their 
halves,  are  likewise  equal  (I.  ax.  5.). 

And  in  like  manner  the  converse  trom 
the  converse  part  of  the  same  38.  Cor.  3. 

Otherwise:  As  of  the  rectangles  in 
Prop.  38.,  so  here  it  may,  after  the 
same  manner,  be  demonstrated  of  the 
two  triangles  A  B  C,  A  D  E,  by  niakin; 
the  equal  anries  vertical,  as  at  A,  ^ 
completing  the  triangle  A  C  D,  that  if 
the  sides  t>e  reciprocally  propottiona], 
thatis,ifABbetoAD 
as  A  E  to  AC.  the  tri- 
angles ABO,  ADE 
will  have  the  same  ratio 
to  the  triangle  A  0  D, 
and  therefore  will  be 
equal  to  one  another: 
and,  conversely,  that  if 
ABC,  ADE  be  eaual 
to  one  another,  and  therefore  have  the 
same  ratio  to  the  triangle  A  C  D,  A  B 
will  be  to  AD  as  A  E  to  A  C,  that  is, 
the  sides  about  the  equal  angles  wiU  be 
be  reciprocally  propo^ional ;  39^  bein^ 
cited  instead  of  35. 

Therefore,  &c. 

Prop.  42.  (Euc.  vi.  19.) 
'  Sifmlar  triangles  are  totme  mnoiker 
in  the  duplioMte  ratio  of  their  homoh^ 
gous  sides. 

LetABCDEP 
be  similar  triangles, 
and  let  the  sides  BC» 
£  F  be  homolcwous ; 
the  triangle  AB  O 
i^iall  have  to  the  tri- 
angle D  E  F  the  du- 
plicate ratio  of  that  which  B  C  has  to  E  P. 
Because  the  angle  at  B  is  equal  to  the 
angle  at  £,  the  triangle  A  B  C  is  to  the 
triangle  D  £  F  in  the  ratio  which  is 
compounded  of  the  ratios  of  A  B  to  D  E, 
and  of  B  C  to  £  F  (40.).  But,  because 
the  triangles  are  similar,  A  B  is  to  B  O 
as  D£  to  E  F,  and  aUemando  AB  : 
D  E  ::  B  0  :  E  F:  therafore  the  ratio 
which  b  compounded  of  the  ratios  of 
AB  to  D£,  and  of  BC  to  E  F,  is  the 
duplicate  of  the  ratio  of  B  0  to  £  F 
(37.  Cor.  1.).  Therefore  the  triangle 
ABC  has  to  the  triangle  DEF  tiie 
duplicate  ratio  of  that  whidi  B  C  twa 
toEP, 
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OtkerttfiM:  Take  B  G  ft  thifd  propor- 
tional to  B  C  and  EF,  and  join  AG. 
Then  the  triangle  ABC  is  to  the  tri* 
an^  ABGas  BC  to  BG,  that  is, 
(def.  U.)  in  the  duplicate  ratio  of  B  C 
to  E  F.  But  because  AB  is  to  D  £  as 
B  C  to  E  F,  that  is,  (12.)  as  E  F  to  BG, 
the  triangles  A  B  G,  DEF  have  their 
sides  about  the  equal  angles  B  and  E 
reciprocally  proportional :  therefore  the 
triangle  A  B  G  is  equal  to  the  triangle 
DEF  (41.).  Therefore  the  triangle 
ABC  is  to  the  triangle  DEF  in  Uie 
duplicate  ratio  of  B  C  to  E  F» 

Therefbre,  &c. 

Car.  Since  the  duplicate  ratio  of  two 
straight  ^nes  is  the  same  with  the  ratio 
of  their  squares  (37.  Cor,  3.)  it  appears 
that  similar  triangles  are  to  one  another 
as  the  squares  of  tneir  homdogous  sides. 

Prop.  43.  (Euc.  vi.  20.) 

Similar  rectiUneai  figures  are  to  one 
another  in  the  duplicate  ratio  of  their 
homologoM  tides  4  and  their  perimeters 
are  as  those  tides. 

For  it  has  been  seen  (32.  Cor.  2.)  that 
any  two  similar  rectilineal  figures  A  B 
C  D  E  F,  ah c def,  may  be  divided 
into  the  same  number  of  similar  tri- 
angles by  straight  lines  drawn  from  oor^* 
responding  angles  A,  a ;  and  the  homo- 
logous sides  of  these  triangles,  which  are 
the  same  with  the  homologous  sides  of 


the  figures,  are  to  one  another,  etch  to 
each,  in  the  same  ratia  But  similar 
trian^es  sre  to  one  another  in  the  du- 
plicate ratio  of  their  homologous  sides. 
Therefore  the  triangles  into  which  the 
figure  A  B  C  D  £  F  IS  divided,  are  to  the 
nmilar  triangles  into  which  the  figure 
sbcdef  is  divided,  each  to  each,  in 
the  same  ratio  (37.  Cor.  4.)  viz.  in  the 
duplicate  ratio  of  that  which  AB  has 
to  ab.  Therefore  the  sum  of  all  the 
farmer  is  to  the  sum  of  all  the  latter 
(23.Cor.  1.)  that  is,  the  figure  ABCDEF 
is  to  the  figure  abcdef  in  the  same 
ratio. 

Again,  because  the  sides  AB,  B  C, 
fce.  of  the  one  figure  are  to  the  homolo- 
gous sides  06,  6e,  &c.  cf  tlie  other 
figure  in  the  same  ratio,  the  sum  of  the 
fonner  is  to  the  sum  of  the  latter  in  the 
lame  ratio ;  that  is,  the  perimeter  of  the 


one  figure  is  to  &•  perimeter  of  the 

other  as  A  B  to  a  6. 

Therefore,  && 

Cor.  1.  Similar  rectilineal  figures  are 
to  one  another  as  the  squares  of  their 
homologous  sides  (37.  Cor,  2.). 

Cor,  2.  (Euc.  vi.  22.).  If  fi)ur  straight 
lines  be  proportionals,  any  similar  recti- 
lineal figures  described  upon  the  first 
and  second  shall  be  to  one  another  as 
any  similar  rectilineal  figures  described 
upon  the  third  and  fourth ;  and  con- 
versely (37.  Car.  4.). 

Prop.  44.  (Euc.  vi.  31.) 
tn  a  right-angl&i  triangle,  if  similar 
rectilineal  figures  be  similarly  described 
upon  the  hypotenuse  €md  the. two  sides^ 
the  figure  tmon  the  hypotenuse  shall  be 
equal  to  the  sum  of  the  figures  upon 
the  two  sides. 

For  the  figure  upon  one  of  the  sides  is 
to  the  similar  figure  upon  the  hypote- 
nuse, as  the  square  of  that  side  to  the 
square  of  the  hypotenuse  (43.Cor.l.),  and 
the  similar  figure  upon  the  other  side  is 
to  the  figure  upon  the  hypotenuse  as  the 
SQuare  of  that  other  side  to  the  square 
of  the  hypotenuse — proportions  having 
the  same  consequents:  therefore  (25.) 
the  sum  of  the  figures  upon  the  two  sides 
is  to  the  figure  upon  the  hypotenuse  as 
the  sum  of  the  squares  of  the  two  sides 
to  the  sq^uare  of  the  hypotenuse,  that  is 
(I.  36.),  in  a  ratio  of  equality. 
Therefore,  Sec 

Sbctiow  6. — Of  Lines  in  Harmonical 
Progression. 

Def  17.  Three  straight  lines  are  said 
to  be  tn  harmonical  progression  when 
the  first  is  to  the  third  as  the  difference 
of  the  first  and  second  to  the  difference 
of  the  second  and  third.* 

Of  three  lines  A,  B,  C,  which  are  in 
this  progression,  B  is  said  to  be  an  har- 
monioal  mean  between  A  and  C,  and 

*  This  progrMiion  wm  oalled  harwfnical  from  its 
kaTioff  been  first  notieed  (it  is  said,  hy  PythagorAs) 
in  the  leo^hs«f  chords  which,  hariog  thosame  ihicfe- 
aess  and  tMuim,  produce  the  sounds  of  a  certain 
note,  its  fifth  and  its  octave.  These  lengths  are  as 
1,  ^,  and  4,  of  which  it  is  plain  that  (h«  first  is  to 
the  Uiird  as  the  difference  of  the  first  and  second  to 
tiie  difference  of  the  second  and  third. 

It  is  obsenrable  that  if  harmonica]  means  be 
inserted  between  the  numben  aboTe  mentioned* 
leaf  ths  will  be  fo«nd  among  them  producing  the 
other  notes  of  the  major  scale. 

''  If  a  musical  stnng  C  O  and  its  paxts  D  O.  £  0. 
F  O.  O  O,  A  O,  BO,  0  0,  be  in  proportion  to  one 
another  as  the  numben 

1,  h  h  \*  *•  f .  -iV.  +, 

tlieir  TibraUons  will  exhibit  the  system  of  8  sounds* 
which  musicians  denote  by  the  letters  C,  D.  E,  F,  0^ 
A,  B,  e."    Smith'i  HmMwei,  Sect.  II.  Art  1, 

Fa 
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C  a  third  harmomcal  progresiional  to    monicalltf  divided,  when  the  distances 
A  and  B.  of  one  extremity  of  the  line  and  of  the 

After  the  same  manner,  also,  three    points  of  division  from  the  other  cxtre- 
magnitudes  of  any^  other  kind  are  said    °uty,  are  in  harmonical  progression, 
to  be  in  harmonical  progression,  viz.        Thus,  AD  is  said  to  be  harmonically 

divided,  when  the 


when  the  first  is  to  the  third  as  the  dif- 
ference of  the  first  and  second  to  the 
difference  of  the  second  and  third ;  and 
the  terms  harmonical  mean  and  third 
harmonical  progressional  are  applied  to 
them  in  the  same  sense. 

18.  Any  number  of  straight  lines. 


points  B,  C  are  ^ 
so    taken     that 


^^ 


A  B,  A  C,  AD  are  in  harmonical  pro- 
gression. 

It  will  be  shown  in  Prop.  45.,  that,  if 
the  line  AD  be  harmonically  divided  in 
or  other  maipitudes.  A,  B,  C,  £),  &c.  are    the  points  B,  C,  the  line  D  A  will  like- 
said  to  be  m  harmonical  progression,    wise  be  harmonically  divided   in  the 


when  every  consecutive  (or  following) 
three  are  in  harmonical  progression. 
19.  A  straight  line  is  said  to  be  har^ 

Now  4-  i*  iu^  hannonical  mean  between  1  and  -{-» 
4  the  seeond  of  two  Iianmrnieal  means  between  1 
and  4,  and  -f-  the  first  of  three  harmonieai  meant  be- 
tween 1  and  4-.  Again.  |-  is  the  first  of  two  har- 
monical means  between  -f  *u^  in  *'^  iV  ^*  ^**^ 
of  three  harmonical  means  between  -f  ^"^  "¥• 
In  fact,  talcing  the  original  progression  1,  -J-t  -f » 


same  points :  that  is,  that  if  A  B,  A  C, 
and  AD  be  harmonical  progressionals. 
DC,  DB,  and  DA  shall  likewise  be 
harmonical  pro^ssionals. 

20.  Four  straight  lines  are  said  to  be 
harmonioals,  when  they  i>ass  through 
the  same  point,  and  divide  any  one 
straight  line  harmonically. 

Prop.  45. 

TjTAB,  A  C,  AD  be  harmomcal  fmh 


and  inserting  first  one  harmonical  mean  between  its    greenonols  in  the  Same  straight  line, 

.  ..  :._  ,    *   .    *  D  C,  DB,  D  A  shall  likewiee  be  har- 

monical progreeeionaU,    (See  figure  of 
def.  19.). 

Because  A  B,  A  C,  A  D  are  in  har- 
monical progression,  (def.  1 7.)  A  B  :  A  D 
::  B  C  :  CTd  ;  therefore,  alternando. 
A  B  :  B  C  ::  D  A  :  C  D,  and,  in- 
veriendo,  D  C  :  D  A  ::  B  C  :  A  B. 
Therefore  DC,  DB,  DA  are  three 
straight  lines,  such,  that  the  first  is  to 
the  third  as  the  difference  of  the  first 
and  second  to  the  difference  of  the 
second  and  third;  that  is,  (def.  17.) 
D  C,  D  B»  D  A  are  in  harmonical  pro- 
gression. 
Therefore,  &c. 


terms,  we  get  the  progression  li  -f-,  -}-»  -f*  4-  *  m- 
oondly-,  two  harmonical  means  between  its  terms, 
l.f.  \f  h  f,  -A-,  iJ  "d  thirdly,  three  har- 
monical means  between  its  terms,  1,  ^,  ^^  ^^  ^^ 

•A-»  -f » iVf  -rj  'rom  which  progressions,  rqeeting 
such  fractions  as  admit  7i  11.  and  13  in  the  denomi- 
nator, that  is,  such  as  haye  other  numbers  entering 
into  their  terms,  besides  S,  8, 5,  and  their  product^ 
those  ^hich  remain  will  represent  the  lengths  of 
strings  prodnoing,  with  the  same  thickness  and  ten- 
sion, the  sounds  denoted  by  G,  D,  £,  F,  O,  A,  B,  e. 
The  abore  obserration,  striking  and  ingenions  as 
it  is,  mnst  not,  however,  lead  the  student  to  suppose 
that  the  theory  of  Harmonics  has  any  mysterious 
connexion  with  the  properties  of  lines  harmonically 
dirided.  Why  such  lengths  only  as  are  related  by 
the  aambers  a,  3,  6,  and  their  products,  produce  a 
gradation  of  sounds  pleasing  to  the  ear  as  those  of 
the  gamut,  it  is  for  that  theory  to  explain ;  bat  the 
disooyery  of  these  relations,  by  taking  harmonical 

means,  is  attribuubie  to  the  simple  property,  that        Cor.  If  a  given  line  A  C  be  divided 

tte  reciprocals  of  numbers  in  harmonical  prorressioa     :..  .  a*     •  °  i.i.  •   j  -n         j    •>  a  TrT 

are  in  aHthmeacal  progression.  Thus  the  VecTpro^lus     ^^  ^X  ^^^  ^   ^^^  POmt  B,  and  if  A  O 

•f  1.  *,  h  T^r.  h  t't,  h  -iV,  i.  that  is  of    produced  be  divided  in  the  sune  ratio 
-    ,     ,      ,       -^     8     _e    _e      .  in  the  point  D  (SO  that  DA  may  be  to  DC 

t.  T.  -ffr,  TT.  iV,  tV,  tV,  tV,  tV,  *«    as  A  B  to  B  C),  the  whole  line  A  D  wiU 

be  harmonically  divided  in  the  points 
B  and  C.  For  it  is  obvious  that  D  A 
is  harmonically  divided  in  the  points 
B  and  C ;  that  is,  that  D  A,  DB,  D  C 
are  harmonical  progressionals:  there- 
fore, also,  A  D,  A  C,  A  B  are  harmonic 
cal  pro^ssionals,  and  A  D  is  divided 
harmonically  in  the  points  B  and  C. 

Prop.  46. 

If  AB,  A  C,  AD  be  harmonieai  pro^ 
greseionaU  in  the  same  straight  line. 
and  if  the  mean  AC  be  bisected  in  K, 
KB,  KC,KD  shall  be  in  geometrical 
progression:  and  conversely. 


fractions  haying  the  common  denominator  8,  and  8, 9, 
10, 1 1,  Spc.  for  their  numerators,  that  is,  are  in  arith- 
metical profnression.  And,  ^erally,  if  a,  &,  e  be  in 
harmonical  progression,  t'.  e.  if  a\:  c: :  a^h :  &<wc,  nml- 
tiplyiog extremes  and  means,  a  h'^»ac^a  C'^he^  and 

^.  ..  u  iL  1  ^  11.  Ill 
diyidiag  by  o  ft  c,  —  -»—  =  —  «•—»  I. «.  — »  — » — 

c      b        ha  a     h    c 

are  in  an  thmetieal  ^rorressioo .  1 1  follows  as  a  neees* 

sary  inference,  that,  if  tne  lengths  of  the  strings  which 

pnrance  harmonious  soand<i,bear  to  each  other  a  ratio 

which  can  be  exoressed  in  whole  numbers,  howeyer 

great,  they  maybe  made  terms  in  eosie  harmonical 

series ;  the  sinfolar  result  which  arises  from  this  ratio 

bring  expressed  in  terms  inyolying  only  the  numbers 

9, 3,  D,  and  their  products,  is  that  the  whole  series  is 

obaincd  by  the  interoosition  only  of  two  and  of  three 

harmonical  means  between  the  note  and  its  fifth 

and  the  fifth  and  octaye ;  for,  |  being  comprised 

la  the  series  which  results  from  the  interposition  of 

three  msaas,  that  of  one  meaa  may  be  neglected. 
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Tn  the  first  place,  because  AB  :  AD 
::  B C  :  C D,  and  that  AD  is  greater 
than  CD.  AB  is  also  greater  than 
BC,(18.Cor.). 

Wherefore  the  y  > j.^.— .,  ■    ■, 

point  K,which     ^       ^^^ 
bisects   A  C, 

lies  between  A  and  B.  Again,  alter" 
nando,  AB'.BC  ::  AD:CD:  there- 
fore, by  non  and  difference,  A  B-B  C  : 
AB  +  BC::  AD-CD:AD+CD. 
But  the  first  term  of  this  proportion  is 
equal  to  2KB,  the  second  to  2KC, 
the  third  likewise  to  2KC.  and  the 
fourth  to  2  K  D.  Therefore  2  K  B  : 
2  K  C  ::  2K  C  :  2  K  D ;  and  hence, 
(17.  Cor.2.)  KB:KC  ::  KC:KD, 
that  is,  K  B,  K  C,  KD  are  in  geome- 
trical progression. 

NexU  let  K  B,  K  C,  K  D  be  in  geo- 
metrical  progression,  and  let  KA  be 
taken  equal  to  KC:  AB,  AC,  AD 
shall  be  m  harmonical  progression. 

For  smce  KBiKC  ::  KC:KD, 
by  ntm  and  difference  KB -\-KC:KB^ 
KC::KC  +  KD:KC-KD,that  is, 
AB  :  BC  ::  AD  :  CD.  Therefore,  alter^ 
fumdo,  AB  :  AD  ::BC  :  CD,  or  AB, 
AC,  AD  are  in  harmonical  pro- 
gression. 

Therefore,  &c. 

Prop.  47. 
The  same  being  eupposedy  D  A,  D  K, 
D  B,  D  C  shall  Ss proportionals. 

Because  DA  is  equal  to  the  sum, 
and  D  C  to  the  difference  of  D  K,  KC, 
the  rectangle  under  D  A,  D  C  is  equal 
to  the  difference  of  the  squares  of  D  K, 
K  C  (L  34.).  Again,  because  K  C  is  a 
mean  proportional  between  KB  and 
K  D,  the  square  of  K  C  is  equal  to  the 
rectan^  under  K  B,  K  D,  (38.  Cor,  I  .)• 
Therefore  the  rectangle  under  D  A,  D  C 
is  eaiial  to  the  difference  of  the  square  of 
D  K,  and  the  rectangle  under  K  B,  K  D ; 
that  is,  ( 1. 30.  Cor.)  to  the  rectangle  D  K, 
DB.  Therefore  (38.)  DA,  D K,  D B, 
DC  are  proportionals. 

Therefore,  &c. 

Cor.  I.  If  KB,  KC,  KD  be  propor- 
tionals in  the  same  straight  line,  and  if 
KA  be  taken  in  the  opposite  direction 
equal  to  the  mean  KC ;  D  A,  DK,  DB 
and  D  C  shall  be  proportionals  (46.). 

Cor.  2.  Yrom  this  proposition  it  ap- 
pears that  the  harmonical  mean  D  B 
between  two  straight  lines  DA  and 
DC  is  a  third  proportional  to  the 
arithmetical  meanDK,  and  the  geo- 
metrical mean  M  between  the  same 
two.    ForDBxDK=DAxDC=M' 


if  M  be  a  geometrical  mean  between  DA 
and  DC :  and  because  DB  x  DK  =  M*, 
DK,  M,  and  D  B  are  proportionals. 
Prop.  48. 

If  four  straight  lines  pass  through 
the  same  point;  to  whichsoever  qf  the 
four  a  parallel  be  drawn,  its  parts  in* 
tercepted  by  the  other  three,  shall  be  to 
one  another  in  the  same  ratio. 

Let  the  four  straight  lines  P  A,  PB, 
P  C,  PD  pass  through  the  same  point 
P ;  through  A,  any  point  in  PA,  draw 
AC  parallel  to  PD,  and  let  it  be  di- 
vided by  the  other  three  P  A,  PB,  P  C 
into  the  parts  Ab,  be;  through  c 
draw  Bd  parallel  to  P  A,  and  let  it  be 
divided  by  the  other  three   into  the 


parts  Bc,cd;  through  d  draw  C  a  pa- 
rallel to  PB,  knd  let  it  be  divided  by 
the  other  three  into  the  parts  Cd,da; 
lastly,  through  a  draw  D  ^  parallel  to 
P  C,  and  let  it  be  divided  by  the  other 
three  into  the  parts  Da,  a ^ :  then,  A  b 
shall  be  to  6 c,  as  cd  to  Bc,BaCdio 
da,  and  as  a ^  to  Do. 

Because  Ac  is  parallel  to  PD,  and 
cd  to  FA,  Ad  IS  a.  parallelogram, 
therefore  (1.22.)  Pd  is  equal  to  Ac. 
And,  by  similar  triangles  BFd,  Bbc, 
Tdibc  ::Bd:  Be,  (31.):  butPrfls 
equal  to  A  c ;  therefore,  dividendo,  A  b 
\oc  II  cd'.B  c.  In  the  same  manner 
it  may  be  shown  that  ed  :  B c  \lC  d: 
da\  and  again,  that  Cd  :  da  \\  all  : 
Do.  Therefore  the  ratio  of  A^  \.obc 
is  the  same  with  the  ratio  oi  cdio  B  c, 
which  is  the  same  again  with  that  of 
Cd  \.oda,  which  is  the  same  with  that 
of  a 6^  to  Da.  And  any  strai^t  lines 
parallel  to  these  (30.)  wiU  be  divided  in 
the  same  ratio. 

Therefore,  &c. 

It  will  be  observed  that,  if  the  parts 
be  considered  as  proceeding  in  a  parti- 
cular direction,  viz.  from  A  towards 
B,  C,  D,  theptroportional  parts  are  con- 
tinually in  an  inverted  order :  thus,  A  6. 
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bto^ffnotasBcto  ed^  but  m  cd  to 
B  c  and  so  on. 

Cor,  If  four  itraight  lines  pass 
through  the  same  point,  and  if  a  paral- 
lel to  one  of  them  has  equ«l  parts  of  it 
intercepted  by  the  other  three,  a  paral- 
lel to  any  of  the  others  shall  likewise 
have  equal  parts  of  it  intercepted  by  the 
other  three, 

Prop.  49. 

If  four  straight  Hnes  pass  through 
the  same  point,  and  divide  any  one 
etraight  line  harmomoaUy;  they  shall 
divide  every  straight  line,  which  is  cut 
by  them,  harmonically. 

Let  the  four  straight  lines  PA,  P  B, 
PC,  PD  pass  through  the  same  point 
P,  and  let  the  straight  line  A  D  be  har- 
monically divided  by  them  in  the  points 
B,  C :  then,  if  any  other  straight  line 
a  6  be  cut  by  the  same  four  lines,  the 


(12.)  that  is,  a  i  is  hwrmonioally  divided 
in  the  points  o,  dL 

Theiefbre,  &o. 

Cor.  1.  If  there  be  four  straight  lines 
harmonicals  (def.  20),  and  if  a  paraUd 
be  drawn  to  any  one  of  them,  equal 
parts  of  the  parallel  shall  be  interoepted 
hy  the  other  three. 

.  Cor.  2.  And,  inversely,  if  four 
straight  lines  pass  through  the  same 
point,  and  if,  a  parallel  being  drawn  to 
any  one  of  them,  equal  parts  of  the  pa- 
raAel  be  intercepted  by  the  other  three, 
those  four  straight  Imes  shall  be  har- 
monicals. 

Thus,  the  two  sides  of  a  triansle,  a 
line  drawn  from  the  vertex  to  the  bisec- 
tion of  the  base,  and  a  tine  drawn  through 
the  vertex  parallel  to  the  base,  ajre  har* 
monicals. 

Prop.  50.  (Euc.  vL  3.  &  A.) 

If  the  vertical  and  exterior-vertical 
angles  of  a  triangle  be  bisected  by 
straight  lines  which  cut  the  base  and 
the  base  produced,  the  base  and  likewise 
the  base  produced  shall  be  divided  in 
the  ratio  of  the  sides :  and  conversely. 

Let  AB  C  be  a  triangle;  and  first, 
let  the  vertical  angle  B  A  C  be  bisected 


straight  line  a  b  shall  likewise  be  divided 
harmonically. 

Through  C  draw  E  F  parallel  to  P  A, 
and  let  it  cut  PB,  PD  in  the  points 
E,  F  respectively.  Then,  by  similar  tri" 
angles  BPA,  B  E  C,  (31.)  the  ratio  of 
A  P  to  £  C  is  the  same  with  that  of 
A  B  to  B  C.  Again,  by  similar  trian^ 
glesDFK  DFC,  the  ratio  of  APto 
C  F  is  the  same  with  the  ratio  of  A  D 
to  DC.  But,  because  AD  is  har- 
monically divided,  A  B  has  to  B  C  the 
same  ratio  as  AD  to  D  C,  (def.  19.): 
therefore,  (12.)  AP  has  to  EC  the 
same  ratio  as  A  P  to  C  F,  and  (ll.Cor.l.) 
£  C  is  equal  to  C  F. 

And,  because  £  F,  which  is  parallel  to 
V  A,  has  equal  parts  of  it  intercepted  by 
PB,  PC,  PD,  if  through  the  point  d 
fa  which  a  b  cuts  P  D,  the  straight  line 
ef  be  drawn  parallel  to  P  B  and  ter- 
minated by  PC,  PA,  the  line  ef  will 
likewise  be  divided  ecjually  in  <ff  48.  Cor.). 
But,  by  similar  triangles  e'Pb,  ced^ 
cb:  eaiiFbied,  and  by  similar  tri- 
angles aPft,  afd,  abiad  ::  ¥b:df 
(or  ed):  ther^bie  cb:cd:;ab  :aa^ 


by  the  straight  line  A  D  which  euts  the 
base  B  C  in  D :  B  D  shall  be  to  D  C 
as  BA  to  AC. 

Through  C  draw  CE  parallel  to 
A  D,  and  let  it  meet  B  A  produced  in 
E:  then,  because  the  angles  AEC« 
A  C  £  are  (L  15.)  equal,  respectively,  to 
the  halves  of  the  bisected  angle,  they 
are  equal  to  one  another:  wherefore 
A  C  is  equal  to  A  E,  (1. 5.).  But,  a^^ein, 
because  C  E  is  parallel  to  D  A,  B  D  : 
DC::BA:  AE,(29.):  thereforeBD 
:DC::BA:AC. 

And,  conversely,  ifBBbetoDCas 
BA  to  AC,  AD'  shaU  bisect  the  ver- 
tical angle.  For,  C  E  being  drawn  (as 
before)  paralld  to  A  D,  l)ecause  B  A  is 
to  A  C  as  B  D  to  D  C,  that  is  (because 
C  E  is  parallel  to  DA)  as  B  A  to  AE 
(29.),  A  C  is  (11.  Cor.  1.)  equal  to  A  E. 
Therefore  the  angle  AE  C  is  equal  to 
A  C  E  (L  6.),  and  the  parts  of  the  an^e 
in  question  beuig  equal  to  A  EC, 
ACE  respectively  (1. 15.),  are  equal  to 
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one  another ;  that  is,  it  is  bisected  by 
the  line  A  D. 

And,  in  the  same  words,  it  may  be 
demonstrated,  that  if  the  exterior  verti- 
cal angle  be  bisected  by  the  line  A  d^ 
which  cuts  the  base  produced  ind,Bd 
shall  be  to  rfC  as  B A  to  AC;  and 
that,  conversely,  if  B  rf  be  to  rf  C  as  B  A 
to  AC,  Ad  shall  bisect  the  exterior 
vertica]  angle :  the  letters  d,  e,  being  sub- 
stituted for  D,E. 

Therefore,  &c 

When  the  sides  AB,  AC  are  equal  to 
one  another,  A  D  bisects  the  base  B  C 
at  right  angles  (I.  6.  Cor.  3.)  ;  and  Arf 
is  parallel  to  the  base  B  C ;  for  A  £{  is 
always  at  right  angles  to  A  D,  because 
the  angle  D  A  if  is  equal  to  the  halves  of 
the  two  angles  B  A  C,  C  A  E  together, 
that  is,  to  the  half  of  two  right  angles. 

Cor.  Since  the  ratios  of  B  D  to  D  C. 
and  of  B  ^  to  ^C,  are  each  of  them  the 
same  with  the  ratio  of  B  A  to  A  C,  they 
are  the  same  with  one  another  (12.)»  and 
Bd  is  harmonically  divided  in  the 
points  D.  C.  Therefore  the  two  sides  of 
a  triangle,  and  the  lines  which  bisect 
the  yerlieal  and  exterior-vertical  angles, 
ai«  hannooiools  (def.  20.)« 

SxcnoN  7. — Problems^ 

Det  21.  A  straight  line  is  said  to  be 
divided  in  extreme  Sid  mean  ratio,  when 
the  whole  line  is  to  the  greater  segment 
as  the  greater  segment  is  to  the  less. 

A  straight  line  so  divided  is  also  said 
to  be  divided  medially ;  and  the  ratio  of 
its  segments  is  called  tf^e  medial  ratio. 

Ftop.  51,  Prob.  1.  (Euc.  vi*  18,) 

Tbjhui  a  mean  proportional  between 
two  given  straight  lines  A  B  and  B  C. 

Let  the  straight  lines  A  B,  B  C  be 
placed  in  the  same  straight  line:  from 
the  point  B  (1. 44.)  draw  B  D  at  right  an- 
ises to  AC:  Insect  AC 
in  £  (L  43.),  and  from 
the  centre  E,  with  the 
radius  £  C,  descril>e 
circle  cutting  B  D 
D:  BD  shall  be  the 
mean  proportional  required. 

For,  the  angle  E  B  D  being  a  right 
angle,  the  square  of  B  D  is  (I.36.Cor.  1.) 
equal  to  the  difference  of  the  squares  of 
E  B,  E  D.  But,  because  E  A  and  E  C 
are,  each  of  them,  equal  to  E  D,  A  B  is 
equal  to  the  sum,  and  B  C  to  the  differ- 
ence of  E D,  E B:  therefore  (1.^4.)  the 
square  of  B  D  is  equal  to  the  rectangle 
under  AB,  B  C,  and  (38.  Cor.  1.)  BD 


om      .x*""*^^ 


is  a  mean  proportional  between  AB. 
BC.    . 
Therefore,  &c. 

Prop.  62.  Prob.  2.  (Euc.  vi.  11.) 

To  find  a  third  proportional  to  two 
given  straight  lines  A  B,  B  C. 

Let  A  B,  B  C  be  placed  in  the  same 
straight  line:  from  the  point  A  draw 
A  D,  making  any  an- 
gle with  A  C,  and 
make  AD  equal 
to  BC:  join  BD, 
and  through  C  draw  -^  b 

(I.  48.)  C  E  parallel 
to  B  D,  to  meet  A  D  produced  in  E. 

Then,  because  (29.)  AB  is  to  B  C  as 
AD  (or  B  C)  to  DE,  DE  is  the  third 
proportional  required. 

Therefore,  &c. 

Prop.  53.   Prob.  3.    (Euc.  vi.  12.) 

To  find  a  fourth  proportional  to  three 
given  straight  lines  A  B,  B  C,  and  D. 

Let  the  straight  lines  AB,  B  C  be 
placed  in  the  same  straight  line ;  from 
the  point  A  draw  A£,  making  any 
angle  with  AC, 
and  make  AE  equal 
toD:joinBE,and 
through  C  draw  £ 
CF  parallel  to  BE 
(L48.),tomeet  AE  produced  in  F. 

Then,  because  (29.)  A  B  is  to  B  C  aa 
AE  (orD)  toEF,  EF  is  the  fourth 
proportional  required. 

Therefore,  ficc. 

Prop.  54.   Pirob.  4.    (Euc.  vi.  10.) 

To  divide  a  given  straight  line  A,  #i'»ii- 
larly  to  a  given  dhided  straight  line  BC. 

Method!.  Draw  BD  making  any 
angle  with  B  C,  and  make  B  D  equal  to 
A :  join  C  D,  and 
through  the  seve* 
ralpomts  in  which 
B  (5  is  divided, 
draw  lines  parallel 
to  CD  (1.48.):  then 
(29.  Cor.),  because  these  lines  are  pa- 
rallel to  CD,  the  B^aight  hne  DB, 
that  is,  A,  is  divided  b}  them  similarly 
to  the  given  divided  straight  line  B  C. 

Methods.  UponBC  describe(L42.)the 
equilateral  triangle 
DBC:  take  DE, 
DF  each  of  them 
equal  to  A,  and  join 
£  F ;  and  from  D 
through  the  several 
points  in  which  B  C 
IS  divided,  draw 
straight  lines  cut- 
ting EF. 
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Then,  because  D  E  is  equal  to  D  F, 
and  DB  to  DC,  the  triangles  DEF, 
DBC  are  similar  (32.):  but  B  C  is 
equal  to  B  D ;  therefore  E  F  is  equal  to 
£  D,  that  is,  to  the  given  straight  line 
A ;  and,  for  the  same  reason,  the  antcle 
DEF  is  equal  to  the  angle  DBC: 
therefore  (I.  15.)  E  F  is  parallel  to  B  C. 
And,  because  E  F,  B  C  are  parallels, 
E  F,  that  is.  A,  is  divided  similarly  to 
B  C  by  lines  drawn  from  the  point  D 
(30.  Cor.  1.). 

Therefore,  Sec. 

Prop.  55.  Prob.  5. 

Tu  divide  a  given  strodghi  line,  or  a 
given  straight  line  produced,*  in  a  given 
ratio. 

Let  AB  be  the 
^ven  straight 
ime,  and  let  the 
given  ratio  be 
that  of  the 
straight  line  P 
to  the  straight 
line  Q. 

Draw  AC  mak- 
ing any  angle  with 
AB;  make  AC  equal  to  P  and  CD 
equid  to  Q  ;  join  D  B,  and  through  C 
draw  C  E  parallel  to  D  B  to  meet  A  B, 
or  A  B  produced  in  E.  Then  because 
AE  is  to  EB  as  AC  to  CD  (29.), 
that  is,  as  P  to  Q,  AB,  or  AB  pro- 
duced, is  divided  in  the  point  E  in  the 
given  ratio. 

Therefore,  &c. 

Prop.  56.    Prob.  6. 

To  divide  a  given  straight  line  A  B, 
or  A  B  produced,  so  that  the  rectangle 
under  the  segments  may  be  equal  to  a 
given  square,  viz,  the  square  of  C. 

Bisect  AB  in  D,  and  take  DE  such 
that  the  square  of  D  E  may  be  equal 
to  the  difference  or  to  the  sum  of  the 
squares  of  D  B  and  C  (I.  59.  or  60.),  ac- 
cording ab  A  B  is  to  be  divided  or  A  B 


A  SB 

e 
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produced;  then,  because  A  E  is  equal 
to  the  sum,'  and  E  B  to  the  difference 
of  D  B,  D  E,  the  rectangle  under  A  E, 
EB  is  equal  to  the  difference  of  the 

*  A  lioe  or  a  lin«  prodaeed  is  said  to  be  divided  in 
a  given  ratio,  "when  the  segmentti  of  the  line  or  of 
the  line  prodaeed  are  to  one  another  in  that  ratio. 
Bv  the  ugmenU  of  a  line  piodnced  ate  meant  tha 
wh<49  line  proditoed  aad  the  part  produced. 


squares  of  D  B,  D  E  (1. 34.),  that  is,  to 
the  square  of  C;  and  AB  is  divided, 
as  required,  in  the  point  £. 

Therefore,  &c. 

Cor.  Hence  also  a  given  straight  line 
AB  or  AB  produced  may  be  so  di- 
vided, that  the  rectangle  under  the  s^- 
ments  may  be  equal  to  a  given  rect- 
angle (I.  58.). 

N.  B.  In  the  first  case,  viz.  when  the 
point  E  is  to  be  found  between  A  and  B, 
the  problem  will  be  impossible  if  C  be 

f  eater  than  the  half  of  AB  ;  for  AE  x 
B  is  equal  to  the  difference  of  the 
squares  of  D  B,  D  E,  which  is  never 
greater  than  the  square  of  DB.  Tlie 
second  case  is  not  thus  limited. 

We  may  remark  also,  that  in  both 
cases,  two  points  E  may  be  found  satis- 
fying the  given  conditions,  viz.  one  upon 
each  side  of  the  point  D :  in  the  first  case, 
when  C  is  equal  to  the  half  of  AB, 
these  two  points  coincide  at  D. 

Prop.  57.    Prob.  7. 

To  find  an  harmonical  mean  between 
two  given  straight  lines  A  B  and  A  C. 
Divide  BC  in  the  c     »    « 

point  Din  the  ratio     ' * 

of  B  A  to  A  C  (55.) :  tlien,  because  AB : 
AC::BD  :  DC,  the  three  lines  AB, 
A  D,  and  A  C  are  in  harmonical  pro- 
gression (def.  17.),  and  AD  is  an  har- 
monical mean  between  A  B  and  AC 

Therefore,  &c. 

Prop.  58.    Prob.  8. 

To  find  a  third  harmonical  progres- 
sionaito  two  given  straight  lines  A  B, 
A  \j. 

Divide  AC  produced  in  the  point  D 
in  the  ratio  of  A  B  to  B  C  (55.) : 
then,  because  AD  :  CD  ::  AB  :  BO, 

a.- 9 — P u 


altemando  AD  :  AB  ::  CD  :  B  C; 
therefore  (deL  17.)  A  B,  A  C.  A  D, 
are  in  harmonical  promssion,  and  AD 
is  a  third  progressional  to  A  B,  A  C. 
Therefore,  &c. 

Prop.  59.    Prob.  9.  (Euc.  vi.  30.) 
To  divide  a  given  straight  line  A  B 

in  extreme  and  mean  ratio. 
From  A  draw  A  C 

perpendicular  to  A  B 

(1. 44.),  and  make  it 

equal  to  the  half  of 

A  B  :  join  CB :  from 

the  centre  C  with  the 

radius  C  A   describe  a  circle  cutting 

CB  in  D,  and  from  the  centre  B  with 


c 


II.  §7.1 


GEOMETRY. 


^3 


the  radins  B  D  describe  a  circle  cutting 
A  B  in  E :  A  B  shall  be  divided  in  ex* 
treme  and  mean  ratio  in  the  point  E. 

Because  (1.36.)  the  squares  of  C  A» 
A  B  are  together  equal  to  the  square  of 
C  B.  that  IS  (I.  32.).  to  the  squares  of 
C  D,  D  B,  together  with  twice  the  rect- 
angle C  D,  D  B,  and  that  the  square  of 
C  A  is  equal  to  the  square  of  C  D  (1. 25. 
Car.);  the  remaining  square  of  A  B  is 
equal  to  the  square  of  D  B,  together 
with  twice  the  rectangle  CD,  D  B,  or, 
which  is  the  same  thing,  to  the  square 
of  B  E,  together  with  the  rectangle  A  B, 
B  £,  for  B  E  is  equal  to  D  B,  and  A  B 
to  twice  CD. 

But  (1. 30.  Cor,)  the  square  of  A  B  is 
a]so  equal  to  the  rectangle  A  B,  A  E, 
together  with  the  rectangle  A  B,  B  £. 
Therefore  the  square  of  BE,  together 
with  the  rectanj^e  A  B,  B  E,  is  equal  to 
the  rectangle  A  B,  A  E,  together  with 
the  rectangle  A  B,  B  E.  Therefore  the 
rectangle  AB,  AE  is  equal  to  the  square 
of  BE  (1.  ax.  3);  and  (38.  Cor,  1.) 
AB:BE::BE:  AE,  that  is,  A B  is 
divided  in  the  point  E  in  extreme  ana 
mean  ratio,  (def.  21.) 

Therefore,  &c. 

Scholium, 

The  parts  of  a  line  thus  divided  be- 
long to  a  certain  class  of  incommen- 
surable magnitudes,  described  in  the 
following  general  theorem. 

If  P,  Q  be  two  magnitudes  of  the 
same  kind,  and  such  that  P  is  contained 
in  Q  a  certain  number  of  times  with  a 
remainder  which  is  to  P  as  P  is  to  Q ; 
the  magnitudes  P  and  Q  shall  be  incom- 
mensurable. 

For,  let  P  be  contfined  in  Q  5  times, 
and  let  R  be  the  remainder ;  then,  be- 
cause R  :  P::P  :  Q,  5  R  :  5  P:: 
P:Q  (17.  Cor.  2.);  therefore,  alter* 
nando,  5  R  :  P ::  5  P  :  Q,  and  Art- 
«fci«fo,  5R-P:P  ::  5P-Q:Q.  But 
P  :  R  ::  Q  :  P:  therefore,  ex  ceguali, 
5R-P  :  R  ::  5P-Q  (or  R)  :  P;  in 
which  proportion  the  third  term  is  less 
than  the  fourth:  therefore  the  first  term 
is  less  than  the  second  (14.)*  that  is,  R 
is  also  contained  in  P  5  times,  with 
a  remiunder  5R-*P  orR,,  which  is  to  R 
as  R  to  P.  Therefore,  a^ain,  R,  is  con- 
tained in  R  5  times  with  a  remainder 
R,  which  is  to  R,  as  R,  to  R ;  and  so 
on :  t.  e.  every  following  remainder  is  al- 
ways contained  in  the  preceding  5  times 
with  a  new  remainder,  and  there  is  no 
remainder  which  is  contained  in  the  pre- 
ceding a  certain  number  of  Umes  ex* 


aetly ;  therefore  P  and  Q  have  no  eom- 
inon- measure  (5.  Cor.  1.). 

Therefore,  &c. 

Now  it  is  evident  that  the  segments  of 
aline  medially  divided  are  magnitudes 
of  this  description,  for  the  greater  seg- 
ment E  B  bemg  contained  in  the  whole 
line  AB  once  with  a  remainder  AE 
which  is  to  E  B  as  E  B  to  AB,  it  fol- 
lows,  as  in  the  p^receding  demonstration, 
that  AE  likewise  is  contained  in  £  B 
once  with  a  remainder,  which  is  to  A  E 
as  A£  to  E  B ;  and  therefore  AE,  E  B 
are  incommensurable. 

Another  instance  of  incommensurables 
of  this  class  is  afforded  by  the  side  and 
diagonal  of  a  square. 

Let  A  B  be  a  side, 
and  A  C  one  of  the 
diagonals  of  the 
square  AB  CD.  Pro- 
duce AC  to  £  so  that 
C  £  may  be  equal  to 
C  B  ;  and  from  C  A  cut  off  C  F  like- 
wise eaual  to  C  B.  Then  because  A  E 
is  equal  to  the  sum,  and  A  F  to  the  dif- 
ference of  A  C,  C  B,  the  rectangle  under 
AF,  AE  is  (I.  34.)  equal  to  the  differ- 
ence  of  the  squares  of  A  C,  C  B,  that  is 
(I.  36.  Cor,  1.),  to  the  square  of  AB. 
Therefore  (38.  Cor.  1  .>,  AF  is  to  A  B  as 
AB  to  AE.  But,  because  A  B  is  equal 
to  B  C,  and  that  E  F  is  equal  to  2  B  C, 
AB  is  contained  in  A  £  twice  with  the 
remainder  A  F.  Therefore  A  B,  A  E 
are  magnitudes  of  the  same  kind  with 
P,  Q  in  the  above  theorem,  and  are  in- 
commensurable. And  because  A  £  is 
incommensurable  with  A  B,  and  that 
its  part  C  E  is  equal  to  A  B,  the  re-* 
mainder,  that  is,  tne  diagonal  A  C,  is 
incommensurable  with  A  B. 

We  shall  conclude  this  Scholium  with 
ftn  easy  method  of  approximating  nume- 
rically to  all  ratios  of  this  description. 

To  explain  it,  let  us  suppose,  as  in 
the  latter  instance,  that  there  are  two 
magnitudes,  P  and  Q,  and  that  P  is 
contained  in  Q  twice  with  a  remainder 
R,  which  is  to  P  as  P  to  Q :  the  ratio  of 
P  to  Q  shall  lie  between  any  two  conse- 
cutive  ratios  of  the  series  ]  :  2,  2:5, 
5  :  12, 12  :  29, 29  :  70, 8cc.  the  terras  of 
which  are  formed  from  the  two  first, 
by  making  every  new  term  equal  to 
twice  the  last,  together  with  the  last  but 
one ;  that  is,  it  shall  lie  between  1  : 2 
and  2:5;  again  between  2  :  5  and  5  : 
12,  &c.,  the  ratios  of  each  successive 
pair  approaching  always  more  nearly  to 
one  another,  and  therefore  to  tlie  ratio 
sought. 
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For,  since  P  is  contained  in  Q  twice 
with  a  remainder  R.  Q  =  2  P+ R :  there- 
fbreR:P::P;2P+R;  that  is.  a  ratio 
the  same  with  that  of  R  to  P  is  formed 
by  taking  P  for  a  new  antecedent,  and 
twioe  P  together  with  R  for  a  new  con- 
sequent. 

The  same  may  be  shown  of  the  ratio 
2P  +  R:5P  +  2R,  which  is  formed 
from  this  last  accoxx!ing  to  the  same 
rule,  viz.  that  it  is  Ukewise  the  same  with 
the  ratio  from  which  it  is  formed,  that 
is,  with  the  original  ratio ;  and  so  on. 
Let  these  successive  ratios  be  written 
one  after  another  in  the  order  in  which 
theyarederived;(a)R:P;(ft)  P:  2P 
+  R,(c)2P+R:5P  +  2R;(d)5P+ 
2R:  12P  +  5R;(tf)12P+5R:29P 
+ 1 2  R,  &c.  Now,  of  these  ratios,  each 
of  which  is  equal  to  the  ratio  sought,  the 
ratio  (c)  lies  between  (23.  Cor,  3.)  2  P  : 
5  P  and  R :  2  R,  that  is  (def.  5.)  between 
2  :  5  and  1:2;  in  like  manner,  (d)  lies 
between  5  :  12  and  2  :  6,  (e)  between  12 
:  29  and  5  :  12,  &c.  Again,  5  :  12  is 
formed  by  adding  the  terms  of  2  x  2  : 
2  X  5  to  those  of  1 : 2,  and  therefore 
l)ing  between  2  :  5  (1.  Cor.  3.)  and  1 : 2 
approaches  more  nearly  to  2:5  than 
1 :  2  ai>proaches ;  in  like  manner,  12  : 
29  is  formed  by  adding  the  terms  of 
2x5  :  2x12  to  those  of  2:  5,  and  there- 
fore lying  between  5:12  snd  2:5,  ap- 
proaches more  nearly  to  5  :  12  than  2 :  5 
does ;  and  so  on.  Not  onlv,  therefore, 
does  the  ratio  sought  lie  between  the 
suooessive  ratios  of  the  aeries  1 : 2,  2 : 5, 
5  :  12, 12  :  29,  &c. ;  but  these  approach 
continually  more  and  more  nearly  to 
one  another,  and  therefore  to  the  ratio 
sought 

In  the  same  manner,  if  F  were  con- 
tained in  Q  5  times,  we  might  approxi- 
mate to  their  ratio  b^  means  of  the  series 
1,  5,  26,  135,  &c.  which  is  formed  from 
the  two  furst  terms  by  making  every  fol- 
lowing term  equal  to  5  times  the  last» 
together  with  the  last  but  one:  whence 
the  application  of  the  Rule  to  any  given 
case  is  sufficiently  apparent 

In  the  case  of  the  medial  ratio  the 
aeries  becomes  1,  1,  2,  3,  5,  8,  13,  21, 
34«  55,  &c.  which  is  formed  from  the 
two  first  terms  by  making  every  follow* 
ing  term  equal  to  the  sum  of  the  two 
last  terms;  and  this  is  the  simplest  case 
possible.* 

*  T1i«  eoBTttripn^  ratios  ia  tli«  text  art  alMdcm- 
able  froa  tht  doolnoe  of  Contmaed  Fraction*.  Th« 
Mriet  are  of  llie  kind  called  recurrtn^  series, becania 
•▼ery  term  has  afriren  lalation  to  a  certain  nunber 
M  the  tenoa  precadiag  it.    I(  maf  also  be  remarked, 
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Prop.  60.    Pirob.  10. 

Ujxm  a  given  hypotenuse  A  B,  to 
describe  a  right  angled  triangle^  which 
shall  have  its  three  sides  proportionais. 

Divide  AB  medially 
(59.)  in  the  point  C, 
and  from  C  draw  CD 
(1. 44.)  perpendicular 
to  AB;  bisect  AB 
in  E,  and  from  the 
centre  £,  with  the  radius  E  A  describe  a 
circle  cutting  C  D  in  D ;  join  D  A,  D  B, 
DE;  ADB  shall  be  the  triangle  required. 

For  the  triangle  AD  B  is  right-angled 
at  D,  because  ED  is  equal  to  EAorEB 
(I.19.Cor.4.).  AlsoAD«istoDB«a8 
the  rectangle  (1.  36.  Cor.  2.)  under  A  C, 
A  B,  to  the  rectansrle  under  CB,  AB, 
that  is,  as  AC  to  CB  (35.);  andDB> 
is  to  B  A'  as  the  rectangle  under  C  B, 
B  A,  to  the  square  of  B  A,  that  is  (35.) 
as  C  B  :  B  A.  But  because  A  B  is  me- 
dial^ divided  in  C,  AC  :  CB::CB  : 
BA;  therefore  (12.)  A  D«  :  D  B«  :  : 
DBi:BA*,  andAD:DB::DB:BA 
<37.  Cor.  4.);  that  is,  AD,  DB,  BA 
are  proportionals. 

Therefore,  &c. 

Prop.  61.    Pfob.  11. 

Through  a  given  point  A,  to  draw  a 
straight  line  nich  that  the  parte  of  it 
intercepted  by  the  lees,  B  C,  B  D,  of  a 
given  angle  B,  may  oe  to  one  another  in 
a  given  ratio. 

Let  the  given  ratio  be  that  of  the  two 
straight  hues  P,  Q,  of  which  the  latter 
is  &;reater  than  the  distance  of  A  from 
BE.  From  A  to  BD  draw  the  straight 
line  A£  equal  to  Q.  and  take  AF  equal 


A. 


to  P ;  througli  F  draw  FC  parallel  to 
B  D  (1. 48.),  and  draw  the  straight  line 
A  C  D.  Then,  because  A  C  is  to  AD 
as  AF  to  AE  (29.),  that  is,  as  P  to  Q, 
C  D  is  the  straight  line  required. 

Therefore,  &c. 

In  the  solution  of  this  problem  the 
ratio  is  supposed  to  be  tiiat  of  two 
given  straight  Unes  P,  Q.  If  Q  be  less 
than  the  perpendicular  drawn  from  A 

that  tke  iacommensnrable  ratios  of  the  tejit  are  all 

iacladed  ia  the  surd  fonnnla  4  (si  +  >/  b*  -f  4)» 
where  si  is  the  namber  of  times  P  is  contained  ia  Q ; 
and  may  therefore  be  readily  obtained  b/  the  process 
for  extracting  the  square  root. 
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to  B  E,  take  any  line  Q'  whic^  is  not 
less  than  that  perpendioular,  and  P' 
siich  that  F  :  Q' ::  P  :  Q  (53.X  and 
proceed  with  F,  Q'»  ^  above. 

Pjiop.  62.    Piob.  12. 

J%rQtigh  a  given  point  P,  to  draw  a 
Mtrm^fU  line  which  shall  pas9  through 
the  tntersection  of  two  given  strcaght 
litut  AB,  CD,  that  intersection  beir^ 
withovU  the  HnUts  of  the  driMtght,* 

Through  P  draw 
any  straight  line 
cuttio^  the  given 
lines  in  the  points 
Ap  C ;  and  throng 
wry  point  B  in  AB 
draw  BD  parallel  to 
AC  to  meet  CDin 
!>.([.  48.)  Take  Pa 
e<ju«]  to  twice  PA, 
and  Pc  equal  to 
twicePC:joinaB, 
e  D,  and  let  them 
be  produoed  to  meet 
one  another  in  Q ; 
and  join  PQ;  PQ 
shall  be  the  line  required. 

For,  let  BD  cut  P  Q  in  E ;  then,  be* 
cause  BD  is  parallel  to  ac,  BE  is  to  EB 
as  «  P  to  Pc  (30.).  that  is,  as  AP  to  PC 
(17.);  and  therdbrethe  line  PQ  pro- 
duced (30.)  passes  through  the  intersec- 
tion of  AB,  CD. 

Therefore,  &o. 

Prop.  63.    Prob.  13« 

Tojind  two  straight  hnes  whUi  sheM 
contain  a  reetangh  equal  to  a  given 
rectangle,  and  have  one  to  th^  other  a 
given  ratio. 

Let  the  rectangle 
AB.BC  be  the  given 
rectangle,  and,  A  B 
making  any  angle 
with  B  C,  let  B  C 
be  produced  to  D, 
so  that  A'B  may  be 
ko  BD  in  the  given  ratio  (53.).  Join 
AD ;  take  B  E  a  mean  proportional  (51.) 
between  B  C  and  B  D,  and  through  £ 
draw  BF  parallel  to  AD  (I.  48.).  to 
meet  ABinF;  BE,BF  shaU  be  the 
straight  lines  required. 

For  (  29. )  they  are  evidently  in  the  given 
ratio ;  and  because  BF  is  to  B  A  as  BE 

*  Tkis  operfttion  ocean  sofrequentlT  in  penpeo* 
tiw  dnwtDs*,  that  It  u  eonreiiient  to  have  a  ral«r 
exprcMljr  eonstraeted  for  the  parpose,  called  a  cen- 
tniimgad.  ftoch  an  iaatrameat  was  a  d«sid«ratiiiii 
awMf  dnocbtoani,  antil  it  wm  nOfU«d  by  th«  in* 
'  geaosty  of  Mr.  P.  Niekolsm. 


to  BD,  the  rectangle  under  BF,  BE  is  to 
the  rectangle  under  B  A,  BD  as  the  square 
of  B  E  to  the  square  of  B  D  (37.  Cor.  1. 
and  2. ),  that  is.  as  B  C  to  B  D.  But  the 
rectangle  under  AB.  B  C  is  likewise  to 
the  rectangle  under  A  B,  B  D,  as  B  C  to 
BD  (35.)  ;  therefore  the  rectangle  under 
£  B,  B  F  is  equal  to  the  rectangle  under 
AB.BC  (11.  Cor.  1.). 
Th^eibre,  &o. 

Prop.  64.    Prob.  14. 

CHven  any  number  of  straight  lines 
A,  A,,  A,.  A4,  antecedents,  and  as 
many  B,  B,,  B,.  B4,  consequents,  to  find 
a  straight  line  such  that  A  shall  bear 
to  it  the  ratio  which  is  compounded  of 
the  ratios  of  A  to  B,  At  toB,,  A,  toB^, 
and  A4  to  B4. 

Find  (530  the  straight  line  P  such  that 
B  :  P  ::  A,  :  B„  Q  such  that  P  :  Q  :: 
A,  :  B„  and  R  such  that  Q  :  R ::  A*  : 
B4:  R  shall  be  the  straight  line  requir^.. 

For  the  ratio  of  A  to  R  is  compounded 
(def.  12.)  of  the  ratios  of  A  to  B,  B  to  P, 
P  to  Q.  and  Q  to  R.  that  is,  of  the  ratios 
of  A  to  B,  A,  to  B„  A,  to  B,,  and  A 
toB^. 

Therefore,  &c. 

Prop.  65.    Prob.  15.    (Euc.  vi.  18.) 

Upon  a  given  straight  line  A  B,  to 
describe  a  rectilineal  flgure  similar  to  a 
given  rectilmeal  figure  C  D  £  F  6. 

Method  1.  Join  C  E,  C  F;  at  the 
points  A,  B  (I.  47.)  make  the  angles 
BAK,   ABK,   equal  to  the   angles 


D  C  E,  C  D  E  respectively ;  and  because 
these  two  angles  are.  together,  less  than 
two  right  angles  (1.8.)  AK,  BK  will 
meet,  if  producecL  in  some  point  K 
(1. 15.  Cor,  4.).  Again,  at  the  points 
A,  K,  make  the  angles  KAL,  AKL 
equal  to  the  angles  E  C  F.  C  E  F  re- 
spectively, and  (as  before)  let  A  L,  K  L 
meet  one  another  in  the  point  L :  lastly, 
at  the  points  A,  L  make  the  andes 
LAM,  ALM  equal  to  FCG,  CFG 
respectively,  and  let  A  M,  L  M  meet  one 
another  in  the  point  M :  the  rectilineal 
figure  AB  KLM  shall  be  similar  to 
CDEFG. 

For  the  angles  of  the  two  figures  are 
evidently  eaual,  each  to  each,  because 
they  are  the  sums  of  corresponding 
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angles  of  equiangular  triangles.  Also, 
because  the  triangles  K  B  A,  E  D  C  are 
similar,  B  K  is  to  K  A  as  DE  to  E  C  ; 
and  for  the  like  reason,  K  Ais  to  K  L 
as  EC  to  EF:  therefore,  e*  eequali, 
BK:KL::DE  :  EF.  And  in  the 
same  manner  it  may  be  demonstrated, 
that  the  sides  about  the  other  equal 
angles  of  the  two  figures  are  propor- 
tionals. Therefore,  the  figure  described 
upon  A  B  is  similar  to  the  given  figure 
CDEFG.(def.  14.) 

Method  2.  Place  A  B  parallel  to  C  D, 
and  join  CA,  D  B.  Then,  if  A B  be 
not  equal  to  C  D,  C  A  will  not  be  pa- 
rallel to  D  B  (I.  21.  and  14.  Cor.  2.), 
and  C  A,  D  B  will  meet,  if  produced,  in 
some  point  P:  join  P  E,  P  F,  P  G: 
through  B  draw  BK  paraUel  to  DE 
(I.  48.),  and  let  it  meet  PE  in  K: 
through  K  draw  K  L  parallel  to  EF, 
and  let  it  meet  P  F  in  L :  through  L 
draw  L  M  parallel  to  F  G,  and  let  it  meet 
PG  in  M;  and  join  AM:  the  fi^re 
A  B  K  L  M  shall  be  similar  to  the  given 
figure  CDEFG. 


For,  because  PC  :PA::PD  :PB 
(29.).  that  is,  ::P  E  :  PK,  that  is!! 
PF:  PL,  that  is,  ::PG:PM,  AMis 
parallel  to  C  G ;  and  because  the  sides 
of  the  two  figures  are  parallel,  each  to 
each,  they  are  eauiangular  (I.  18.)witK' 
one  another.  Also,  because  the  tri- 
angles C  D  P,  A  B  P  are  similar,  C  D  : 
D  P : :  A  B  :  B  P,  and  for  the  like  reason 
DP:DE!:BP:BK;  therefore,  ex 
isquali,  CD:DE::AB:BK.  And 
in  the  same  manner  it  may  be  demon- 
strated, that  the  sides  about  the  other 
equal  angles  of  the  two  figures  are  pro- 
portionals. Therefore  the  figure  upon 
A  B  is  similar  to  the  given  figure.  When 
A  B  is  equal  to  C  D,  C  A  is  parallel  to 
B  D,  and  the  lines  E  K,  FL,  GM,  in- 
stead of  being  drawn  to  a  point  P,  must 
be  drawn  parallel  to  C  A  or  B  D,  The 
demonstration  that  the  figure  ABKLM, 
so  constructed,  will  be  both  similv  and 


equal  to  CD  £  FG,  mar  then  be  easily 
derived  from  I.  21. 

Therefore,  &c. 

The  last  method  will 
appear  under  a  still 
more  simple  and  conve- 
nient form,  if  A  B  be 
made  to  coincide  with 
C  D,  and  B  with  D,  as  in  the  adjoined 
figure. 

Prop.  66.  Prob.  16. 

To  describe  a  rectilineal  J^re,  which 
shall  be  similar  to  a  given  rectilineal 
figure  CDEFG,  and  shall  have  its  peri- 
meter equal  to  a  given  straight  line  AQ. 

RxKiuce  C  D  to  R,  (see  the  second 
figure  of  Prop,  65.)  so  that  C  R  may  be 
equal  to  the  perimeter  of  the  given 
figure  CDEFG;  take  A  B  (53.)  a 
fourth  proportional  to  CR,  AQ,  and 
CD,  and  upon  AB  (65.)  describe  a 
rectilineal  figure  ABKLM  similar  to 
the  given  figure.  Then,  because  the 
figures  ABKLM  and  CDEFG  are 
similar,  the  perimeter  of  the  first  is  to  the 
perimeter  of  the  other  (43.),  as  A  B  to 
CD,  that  is  (12.),  as  A Q  toCR:  but 
the  perimeter  of  C  D  E  F  G  is  equal  to 
C  R:  therefore  (18.  Cor.)  the  perimeter 
Of  AB  K  L  M  is  equal  to  A  Q,  that 
is,  to  the  given  perimeter.  Therefore, 
AB  K  L  M  is  the  figure  required. 

Therefore,  &c. 

Prop.  67.  Prob.  1 7.  (Euc.  vi.  25.) 

To  describe  a  rectilineal  figure  which 
shall  be  similar  to  a  given  rectilineal 
figure  ABC,  and  sluUl  have  its  area 
equal  to  the  area  of  another  given  recti' 
lineal  figure  DEF. 
Find  (1. 68.  Cor.) 
the  straight  lines 
G,  H  such  that 
their  squares  may 
be  equal  to  the  n- 
gures  ABC,  DEF 
respectively  :  take 
K  L  a  fourth  pro- 
portional (  53^.)  to 
G,  H,  and  B  C, 
and  upon  K  L  (65.)  describe  the  figure 
KLM  similar  to  the  figure  BCA. 
Then,  because  the  figure  A  B  C  is  to  the 
figure  M  K  L  as  the  square  of  B  C 
to  the  square  of  K  L  (43.),  that  is,  (37. 
Cor.  4.)  a.«?the  square  of  Gto  the  square 
of  H,  and  that  the  figure  ABC  is  equal 
to  the  square  of  G,  the  figure  K  L  M  is 
(18.)  equal  to  the  square  of  H,  that  is, 
to  the  figure  DEF:  and  it  is  similar  to 
ABC ;  tlierefore  it  is  the  figure  requirec). 
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Prop.  68.  Prob.  18, 


To  divide  a  given  rectilineal  figure 
A  B  C  D  E  F  in  a  pven  ratio,  by  a 
straight  line  drawn  from  one  of  its  an- 
gles, or  from  a  given  point  in  one  of 
its  sides. 

In  the  first  place,  let  A  be  the  given 
an^  from  which  the  line  of  division  is  to 
be  drawn. 

Describe  (X.  54.)  the  tnan^e  A  B  G, 
equal  to  the  figure  AB  C  DEF,  and 
naving  the  side  AB,  and  angle  ABC 
the  same  with  it:  divide  (55.)  the  base 
B  G  in  the  given  ratio  in  the  point  H : 
join  AC  and  AD:  through  H  draw 
H  K  parallel  to  AC,  to  meet  C  D  pro- 
duced in  K  ;  through  K  draw  K  L  pa- 
rallel to  A  D  to  meet  D  £  in  L,  and 
join  AL:  AL  shidl  be  the  line  re- 
quired. 

For,  hy  the  construction,  which  is  si- 
milar to  that  of  1. 55.,  it  is  evident,  that 
the  figure  AB  C  D  L  is  equal  to  the 
triangle  A  B  H  :•  but  the  whole  figure  is 
equal  to  the  triangle  A  B  G :  therefore, 
the  part  A  L  E  F  is  equal  to  the  triangle 
AHG.  Therefore,  the  parts  of  the 
figure  are  as  the  triangles  A  B  H,  A  H  G, 
that  is  (39.)  as  the  bases  BH,  HG, 
that  is,  in  the  given  ratio. 

Next,  let  P  be  the  given  point  in  the 
side  A  B,  from  which  the  line  of  division 
is  to  be  drawn. 


Describe,  as  before,  (I.  54.),  the  tri- 
an^  A  B  G  equal  to  the  given  figure, 
and,  by  drawing  AG' parallel  to  rG, 
make  the  triangle  PB  G^  equal  to  A  B  G 
(as  in  L  56.):  divide  (55.)  BG'  in  the 
given  ratio  in  the  point  H:  join  PC 
and  PD :  through  H  draw  H  K  paral- 
Id  to  P  C,  to  meet  C  D  produced  in  K : 
through  K  draw  K  L  parallel  to  PD  to 
meet  DE  in  L,  and  join  P  L.    Then, 


as  before,  the  part  PBCDL  of  the 
given  figure,  is  equal  to  the  triangle 
P  B  H,  and  the  remaining  part  PAF  E  L 
to  the  triangle  P  H  G'.  Therefore,  the 
carts  of  the  figure  are  as  the  bases  B  H, 
H  G'  (39.),  that  is,  in  the  given  ratio. 
iWefore,  &c. 

Prop.  69.  Prob.  19. 

Given  a  triangle  A.  a  point  B,  and 
two  straight  lines  C  D,  (J  E,  forming 
an  angle  D  C  E ;  to  describe  a  triangle 
which  shall  be  equal  to  the  triangle  A, 
§0  that  it  may  have  the  angle  D  C  Efor 
one  of  its  angles,  and  the  opposite  side 
passing  through  the  voint  B. 

In  Sie  solution  or  this  problem  we 
have  three  cases  to  consider ;  first,  when 
the  point  B  is  in  one  of  the  given  lines 
as  CD ;  secondly,  when  the  point  B  is 
without  the  given  angle  DCE;  and 
thirdly,  when  B  is  within  the  angle  DCE. 

Case  I .  Let  the  point  B  be  in  the  line 
C  D.  Take  C  D  equal  to  a  side  of  the  tri- 
angle A,  and  upon  C  D  (1. 50.)  describe 
a  mangle  CDF,  which  shall  have  its  two 
remaining  sides  ec[ual  to  the  two  remain- 
ing sides  of  the  triangle  A,  each  to  each, 
and  therefore  (I.  7.)  shall  be  equal  to  the 


•  TiM  lina  AH 
PB  M  i«  lifca  m 


wanting  ia  tUt  figvrt;  and 
waatiaf  ia  the  figure  below. 


triangle  A  in  every  respect :  through  F 
(I.  48.)  draw  F  E  parallel  to  D  C :  join 
D  E,  B  E  :  through  D  (I.  48.)  draw  DG 
parailel  to  BE  to  meet  (^E  in  G,  and  join 
GB:  the  triangle  CBG  shall  be  the 
triangle  required. 

For,  because  EB  is  parallel  to  GD, 
the  triangle  GEB  (I.  27.)  is  equal  to 
DEB:  therefore,  adding  the  triangle 
ECB  to  each,  the  whole  triangle  GCB  is 
equal  to  E  C  D,  that  is  (because  E  F  is 
parallel  to  C  D)  to  F  C  D,  that  is,  to  the 
given  triangle  A. 
Case  2.  Let  the 
point  B  be  with- 
out the  angle 
DCE.  Through 
B  (L  48.)  draw 
B  D  parallel  to  ^ 
CEto  meet  CD 
inD,  and  by  the  construction  pointed  out 
in  Case  1.  describe  a  triangle  DCP 
havingthe  given  side  D  C  and  the  given 
angle  D  C  E,  and  equal  to  the  given  tri- 
angle A:   in   CF  produced  take  tba 
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point  G  9ueh  that  0  G  x  G  F  may  be 
equaltoBDxCF(56.):  joinBG,  and 
let  BG  cut  C  D  in  H:  C  HG  shaU  be 
the  trianfcle  required. 

Join  HF.  Then,  because  C  G  x  G  F 
iaequaltoBDxCF,  CF  :  FG::CG 
:  BD  (38.),  that  is,  since  D  H  B  and 
C  H  G  are  (I.  15.)  equiangular,  ::  C  H 
:  H  D.  Therefore  (29.)  H  F  is  parallel 
to  DG ;  and  hence,  as  before,  the  trian- 
gles DHF  and  GHF  are  (I.  27)  equal  to 
one  another,  and  CHG  is  equal  to  CDF, 
that  is  to  A. 

Ca»eS.  Let  the 
point  B  be  within 
ttie  angle  D  C  £. 
Through  B  (I.  48.) 
draw  BD  parallel  to 
EC  to  meet  CD  in 
D,  and,  by  the  con- 
struction pointed  out  ^ 
m  Case  1,  describe^ 
a  triangle  D  C  F,  having  the  ^ven  side 
CD  and  the  given  angle  DC£,  and  equal 
to  the  given  triangle  A  :  in  CF  (if  it  be 
possible)  take  tlie  point  G  such  that 
CGxGF  maybe  equal  to  BDxCF 
(56.  Cor,):  jom  BG,  and  let  GB  pro*- 
ducedcutCpinH;  C  H  G  shall  be  the 
triangle  required. 

Jom  HF.  Then,  by  a  demonstration 
which  may  be  given  in  the  same  words 
as  that  of  Case  2,  the  trianele  C  H  G  is 
equal  to  C  D  F»  that  is  to  the  given  tri- 
angle A. 

In  this  last  case  a  solution  will  be 
impossible  if  BD  exceed  a  fourth  of 
CF;  for  then  BDxCF  will  exceed  a 
fourth  of  the  square  of  C  F,  that  is 
(I.  29.  Cor.  2.)  the  square  of  half  C  F ; 
and  no  point  G  can  be  taken  in  C  F 
such  that  CG  X  GF  may  exceed  the 
square  of  half  C  F  (56.  N.  A). 

We  may  remark  also  that,  whenever 
the  solution  is  possible  in  the  last  case, 
two  points  G  may  be  found  such  that  C  G 
X  GFssBD  xCF,(56.)  and  therefore 
two  lines  G  H  may  be  drawn  satisfjring 
the  given  conditions.  When  B  D  is  ex* 
actly  a  fourth  of  C  F,  these  two  points 
coincide  with  one  another  and  with  the 
middle  point  of  C  F,  and  therefore  the 
two  solutions  become  identical. 

If  B  be  in  one  of  the  lines  D  C,  E  0 
produced,  or  within  the  angle  which  is 
vertical  to  D  C  F,  the  solution  will  be 
manifestly  impossible. 

SchoUuTn. 

Had  the  problem  been  proposed 
under  the  following  form :  "  through 
%  givHi  point  B  to  draw  »  atraight  line 


which  shall  form 
with  two  given 
straight  lines  CD 
C  £  eutting  one 
another  in  C  a 
triangle  equal  to 
a  given  triangle 
A ;"  we  should 
have  had  four 
solutions,  two 
of  them  corre- 
sponding to  the 
angle  in  which 
B  lies,  and  une 
for  each  of  the  adjacent  angles ;  as  is 
apparent  from  the  foregoing  construc- 
tions applied  to  the  adjoined  figure. 
When  B  D  is  equal  to  a  fourth  of  C  F, 
two  of  these  become  kientical;  when 
B  D  exceeds  a  fourth  of  C  F,  the  same 
two  become  impossible,  but  the  other 
two,  viz.  those  which  correspond  to  the 
adtjacent  angles,  are  always  possible,  ex- 
cept when  B  is  in  one  of  the  lines  as 
CD.  This  last-mentioned  position  is 
peculiar :  it  has  likewise,  however,  two 
solutions,  one  for  each  of  the  adjoining 
angles. 

BOOK  IIL 

$  1.  First  Properties  of  the  Circle^ 
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angles  uiwr  the  segments  of  Chords 
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and  Plane  ioct— }  7.  Problems. 

Section  l.^Rrst  Properties  of  the 
Circle. 

Def.  1.  Any  portion  of  the  circum- 
ference of  a  circle  is  called  an  are;  and 
the    straight  line  which  _ 

joins  the  extremities  of 
an  arc  is  called  the  chord 
of  that  arc. 

When  the  chord  passes 
through  the  centre,  it  is 
a  diameter,  and  the  arcs 
upon  either  side  of  it,  being  equal  to 
one  another,  are  called,  each  of  them, 
a  semi-eireumferenoe.* 

2.  the  figure  which  is  contained  by 
an  nxc  and  its  chord  is  called  a  segment. 

•  That  erery  dUmetcr  diTides  a  eirde  nod  tU  clr 
foaferenoe  into  two  equal  parts,  i*  •TiiJIent  from  the 
aymmetrical  character  ot  the  circle^  The  same  may 
he  proyed  by  doublino:  the  fi^re  upon  the  diameter ; 
for,  evary  point  of  u»  ctrrnmfereace  beiag  at  the 
MMMdiataacefrvaa  the  ontre^tha  parts  so  appU«4 
(whether  of  oirQumfertace  or  area)  wtU  5«tr*fnri4^ 
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A  flcgment  which  is  oontained  by  a  semi- 
circumfa:ence  and  a  diameter,  is  equal 
te  half  the  circle,  and  is  therefore  called 
^semicircle, 

3.  An  angle  in  a  segment  is  the 
angle  contaii^  by  two 
straight  lines  drawn 
from  any  point  of  the 
arc  of  the  segment  to 
the  extremities  of  its 
base  or  chord. 

4.  A  sector  of  a  oir- 
ck  is  the  figure  con- 
tained by  any  arc,  and 
the  radii  drawn  to  its 
extremities. 

5.  Equal  drdes  tie  those  which 
have  equal  radii 

By  this  is  intended  no  more  than  that 
when  the  term  '*  equal  circles  **  may  be 
hereafter  used,  those  which  have  equal 
radii  are  to  be  understood.  That  such 
cirdes,  howe w.  have  also  e^ual  areas, 
is  at  once  evident  bv  applying  one  to 
the  other,  so  that  their  centres  may 
cotncide. 

6.  Concentric  circles  axe  those  which 
have  the  same  centre. 

7.  (Euc.  ill  de^  3.)  A  straight  line  is 
saud  to  touch  a  circle,  when  it  meets  the 
circumference  in  any  point,  but  being 
produced  does  not  cut  it  in  that  point 
Such  a  line  is  frequently,  for  brevity's 
sake,  called  a  tangent;  and  the  point 
in  which  it  meets  tne  circumference  is 
called  the  point  qf  contact, 

8.  Circles  are 
said  to  tow^  one 
another,  when  they 
meet,  but  do  not 
cut  one  another. 

9.  A  rectilineal  figure  is  said  to  be 
inscribed  in  a  circle,  when  all  its  angular 
points  are  in  the  cir- 
cumference of  the  cir- 
cle. Also,  when  this 
is  the  case,  the  circle 
is  said  to  t>e  eiroum' 
scribed  about  the  rec- 
tilineal Jigure. 

10.  A  rectilineal  figure  is  said  to  be 
circumscribed  about 
a  circle,  when  all 
its  sidea  touch  the 
drde.  Also,  when 
this  is  the  case,  the 
circle  is  said  to  be 
inscribed  in  the  rec* 
aUs^al  figure* 


O 


Prop.  1.  (Eire.  iii.  2.) 

If  a  straight  line  meet  the  cireum- 
/erence  of  a  circle  in  two  points ,  it  shall 
out  the  circle  in  those  points ;  and  the 
part  of  the  straight  line  which  is 
between  them  shall  faU  within  the 
circle. 

Let  the  straight  line  AB  meet  the 
circumference  of  a  circle  having  the 


centre  C  in  the  points  A  and  B :  it 
shall  cut  the  circle  in  those  points,  and 
the  part  AB  shall  fall  within  the 
drcle. 

Join  C  A,  C  B :  bisect  A  B  in  D,  and 
join  C  D  :  take  also  the  pomts  £  and  F 
in  the  line  A  B,  the  former  between  A 
and  B,  the  latter  upon  the  other  side  of 
B,  and  join  C  E,  C  F. 

Then,  because  C  A  is  equal  to  C  B, 
CAB  is  an  isosceles  triangle ;  there- 
fore (1. 6.  Cor,  3.)  CD,  which  is  drawn 
from  the  vertex  to  the  bisection  of  the 
base,  is  perpendicular  to  A  B.  And, 
because  C  E  is  nearer  to  the  perpendi- 
cular than  C  B  is,  (I.  12.  Cor,  2.)  C  E 
is  less  than  C  B ;  therefore  the  point  E 
is  within  the  circle!  on  the  other  hand, 
because  C  F  is  farther  from  the  perpen- 
dicular than  C  B  is,  C  F  is  greater  than 
C  B ;  and  therefore  the  point  F  is  with- 
out the  circle.  And  the  same  may  be 
said  of  the  parts  about  A.  Therefore 
the  straight  line  in  question  cuts  the  cir^ 
cle  in  the  points  A  and  B. 

Also,  because  eveiy  point,  as  E,  of 
A  B,  is  at  a  less  distance  from  C  than 
the  radius,  the  part  AB  falls  within 
the  circle. 

Therefore,  &c. 

Cor,  1.  A  straight  line  cannot  meet  a 
circle  in  more  than  two  points, 

Cor,  2.  A  straight  line  which  touches 
a  circle  meets  it  in  one  point  only. 

Cor,  3.  A  circle  is  concave  towards 
its  centre. 

Prop.  2.  (Euc.  iii.  16.) 

The  straight  line,  which  is  drawn  at 
right  angles  to  the  radius  of  a  circle 
from  its  extremity,  touches  the  circle; 
and  no  other  straight  line  can  touch  it 
in  the  same  point. 
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From  the  point 
A  in  the  circum- 
ference of  a  circle 
having  the  centre 
C,  let  the  straight 
line  A  The  drawn 
at  right  angles  to 
the  radius  C  A: 
AT  shall  touch 
the  circle. 

For,  C  A  being  shorter  (1. 12.  Car.  3.) 
than  any  other  Ime  which  can  be  drawn 
from  C  to  A  T,  every  other  point  oi 
AT  lies  without  the  circle:  therefore 
A  T  meets  the  circle  in  the  point  A  but 
does  not  cut  it,  that  is,  it  touches  the 
circle. 

In  the  next  place,  let  D  E  be  any 
other  strught  line  passing  through  the 
same  point  A :  D  £  shall  cut  the  circle. 

For,  C  A  not  being  perpendicular  to 
D  E,  let  CE  be  perpendicular  to  it  Then, 
because  C  E  is  less  than  CA  (I.  12. 
Cor.  3.).  tiie  point  E  is  within  the  circle. 
But  if  D  be  a  point  in  D  E  upon  the 
other  side  of  A,  C  D  will  be  farther  from 
the  perpendicular  than  C  A ;  wherefore 
C  D  bemg  (1. 12.  Cor,  2.)  greater  than 
C  A,  the  point  D  will  be  without  the 
circle.  Therefore  the  straight  line  DE 
cutsthe  circle ;  and  the  same  may  be 
demonstrated  of  every  other  straight  line 
which  passes  through  A,  except  the 
straight  line  A  T  only,  which  is  at 
right  angles  to  A  C. 

Therefore,  &c. 

Cor.  1.  (Euc.  iii.  18.)  If  a  straight 
line  touches  a  circle,  the  straight  hne 
drawn  from  the  centre  to  the  point  of 
contact,  shall  be  perpendicular  to  the 
line  touching  the  circle. 

Cor,  2.  (Euc.  iii.  19.)  If  a  strtdght 
line  touches  a  circle,  and  from  the 
point  of  contact,  a  straight  line  be 
drawn  at  right  angles  to  me  touching 
line,  the  centre  of  uie  circle  shall  be  in 
that  line. 

Cor.  3.  Tangents  T  A,  T  B  which 
are  (frawn  to  a  circle  from  the  same 
point  T,  are  equal  to  one  another.  For, 
CAT,  CBT  being  right-angled  tri- 
angles which  have  uie  common  YiyjyQ- 
tenuse  CT,  and  their  sides  CA,  OB 
equal  to  one  another,  their  remaining 
sides  T  A,  T  B  are  likewise  equal  (1. 1 3.) 

Cor.  4.  Tangents  which  are  at  the 
extremities  of  ttie  same  diameter  are 
paraUel  to  one  another. 

Prop.  3.  (Euc.  iii  3.) 

If  a  diameter  cut  any  other  chord  ai 
right  angles,  it  shall  bisect  it;  and 
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conversely^  if  a  diameter  bisect  any 
other  chord,  it  shaU  cut  it  at  right 
angles. 

Let  AB  be  a  diameter  of  the  circle 
ADE,the  centre  of 
which  is  C ;  and, 
first,  let  it  cut  the 
chord  DE  at  ri^ht 
angles  in  the  pomt 
F:  DE  shaU  be 
bisected  in  F. 

Join  C  D,  C  E.  Then,  because  C  D  E 
Is  an  isosceles  triangle,  the  straight  line 
C*F  which  is  drawn  from  the  vertex  C 
at  right  angles  to  the  base  D  E,  bisects 
the  base,  that  is,  DF  is  equal  to 
FE.  (1.6.  Cor.  3.) 

Next  let  D  E  be  bisected  in  F  bv  the 
diameter  A  B ;  the  angles  D  F  A,  E  F  A 
shall  be  right  angles.  For  in  the 
isosceles  triangle  ODE,  the  straight 
line  which  is  drawn  from  the  vertex  C 
to  the  middle  point  of  the  base  D  E 
is  at  right  angles  to  the  base.  (I.  6. 
Cor.  3.)   • 

Therefore,  &c. 

Cor,  1.  A  diameter  bisects  all  chords 
which  are  parallel  to  the  tangent  at 
either  extremity  of  the  diameter. 

Cor.  2.  The  straight  line  wliich  bi- 
sects any  chord  at  nght  angles  passes 
tlirough  the  centre  of  the  circle. 

Cor.  3.  If  two  circles 
have  a  common  chord, 
the  straight  line  which 
bisects  it  at  right  angles 
shall  pass  through  the 
centres  of  botn  the 
circles. 

Cor. 4.  (Euc.  iii.  4.)  It  appears  from 
the  proposition,  that  two  chords  of  a 
circle  cannot  bisect  one  another  except 
they  both  of  them  pass  through  the 
centre. 

For,  rf  only  one  of  the  chords  pass 
through  the  centre,  it  cannot  be  bisected 
by  the  other  which  does  not  pass 
through  the  centre. 

And  if,  when  neither  of  them  passes 
through  the  centre,  it  were  possible  that 
they  should  bisect  one  another,  (he 
diameter  passing  through  the  supposed 
P|oint  of  mutuu  bisection  would  he  at 
right  angles  to  each  of  them,  whidi  is 
absurd. 

Faop.  4.    (Eve.  iii.  15.) 

The  diameter  is  the  greatest  straight 
line  in  a  circle;  and,  of  others,  wit 
which  is  nearer  to  the  centre  is  greater 
than  the  more  remote :  also  the  greatet 
ii  nearer  to  the  centre  than  the  less. 
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Let  A  B  be  a  dia- 
meter   of  the  circle 
AB  D,  the  centre  of 
which  is  C  :  let  D  E, 
FG  be  any  two  chords 
to    which    perpendi- 
culars C  H,  C  K  are 
drawn;    and  let  the 
distance  C  H  be   less  than   C  K:  the 
diameter  A  B  shall  be  greater  than  the 
chord  D  E,  and  the  chord  D  E  shall  be 
greater  than  the  chord  F  G. 

Join  C  D,  C  E.  C  F.  Then,  becaiwe 
C  A  is  equal  to  C  D,  and  C  B  to  C  E, 
the  whole  A  B  is  equal  to  C  D  and  C  E 
together:  but  C  D  and  D  £  together 
(I.  1 0.)  are  greater  than  D  E :  therefore 
A  B  is  greater  than  D  £.  Again,  be- 
cause C  H  D,  C  K  F  are  right-angled 
triangles,  and  that  C  D-square  is  equal 
to  C  F-square,  the  squares  of  C  H,  H  D 
to^rether  (1. 26.)  are  equal  to  the  squaies 
of  C  K,  K  F  together:  but  the  square 
of  C  H  is  less  than  the  square  of  C  K; 
therefore  the  square  of  HD  is  greater 
than  the  square  of  K  F,  that  is,  H  D  is 
greater  than  KF.  And  DE,  FGare 
double  of  H  D,  K  F  respectively,  be- 
cause the  perpendiculars  C  H,  C  K 
TOWS  through  the  centre  (3.) :  therefore 
D  E  is  greater  than  F  G. 

Next,  let  the  chord  DE  be  greater 
than  F  G ;  it  shall  also  be  nearer  to  the 
centre.  For,  C  H  and  C  K  being  drawn 
as  before,  the  squares  of  C  H,  HD 
together  are  equal  to  the  squares  of 
C  K,  KF  to|;eiher;  but  the  square  of 
H  D,  which  is  half  of  D  £,  is  greater 
than  the  square  of  K  F,  which  is  half 
of  FG :  therefore  the  square  of  C  H  is 
less  than  the  square  of  C  K,  and  C  H  is 
less  than  C  K,  that  is,  D  £  is  nearer  to 
the  centre  than  F  G  is. 

Therefore,  &c. 

Cor.  (Euc.  iil  14.)  Equal  straight 
lines  in  a  circle  are  equally  distant  fi^m 
the  centre ;  and  those  which  are  equally 
distant  from  the  centre  are  equal  to  one 
another. 

Prop.  5.  (Euc,  iii.  9.) 

jy  a  point  be  taken,  from  which  to  the 
circumference  of  a  circle  there  fall  more 
than  two  equal  straight  lines,  that  point 
shall  be  the  centre  q^  the  circle. 

Let  ABC  be  a  circle, 
and  let  D  be  a  point  ta- 
ken, such  that  the  three 
straight  lines  D  A,  D  B, 
D  C  drawn  from  the 
point  D  to  the  circum- 
ference, are  equal  to 
one  another :   the  point 
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shall  be   the  centre  of  the  circle 
ABC. 

Join  AB  andB  C,  and  bisect  them  in 
the  points  £  and  F  respectively ;  and  join 
P  £,  D  F.  Then,  because  D  A  B  is  an 
isosceles  triangle,  the  straight  line  D  £• 
which  is  drawn  from  the  vertex  D  to 
the  bisection  of  the  base  A  B,  is  at  right 
angles  to  A  B  (L  6.  Cor.  3.) ;  and,  be- 
cause D  E  bisects  the  chord  A  B  at  rigHt 
angles  {9-.  Cor.  2.),  it  passes  through  the 
centre  of  the  circle.  In  the  same  man- 
ner it  may  be  shown  that  the  straight 
line  p  F  passes  through  the  centre  of 
the  circle.  But  the  only  point  through 
which  each  of  the  straight  lines  D  E, 
D  F  passes,  is  their  point  of  intersec- 
tion D.  Therefore  D  is  the  centre  of 
the  circle. 

Therefore,  &c. 

Cor.  1.  From  any  other  point  than 
the  centre  there  cannot  be  drawn  to 
the  circumference  of  a  circle  more  than 
two  straight  lines  that  are  equal  to  one 
another,  whether  the  point  Ims  within  or 
without  the  circle.  (Euc.  iil  7  and  8 
parts  of.) 

Cor.  2.  It  appears  from  the  demonstra- 
tion that  if  three  points  A,  B  and  C  be 
given  which  are  not  in  the  same  straight 
line,  a  circle  may  be  found,  the  circum- 
ference of  which  shall  pass  through  the 
three  points  A,  B  and  C ;  the  circle, 
nameljTf  which  has  for  its  centre  the  in- 
tersection of  the  two  lines  which  bisect 
A  B  and  B  C  at  right  angles. 

Prop.  6. 

If  two  circles  have  the  same  centre, 
either  they  shall  coincide,  or  one  of  them 
shall  fall  wholly  within  the  other ^ 

For  if  the  radii  of  two 
concentric  circles  be 
equal  to  one  another,  it 
is  manifest  that  every 
point  in  the  circum- 
ference of  the  one  must 
be  at  the  same  distance 
from  their  common  cen- 
tre, with  every  point  in  the  circum- 
ference of  the  other ;  and  therefore  the 
two  circumferences  cannot  but  coincide. 
But  if  the  radii  be  unequal,  every  point 
in  the  circumference  of  that  which  has 
the  lesser  radius  is  at  a  less  distance 
from  the  common  centre,  and  therefore 
must  fall  within  the  circumference  of 
the  greater  circle. 

Therefore,  &c. 

Cor.  (Euc.  iii.  5  and  6.)  If  two  cir- 
cles cut  or  touch  one  another^  they  can- 
not have  the  same  centre. 
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Prop.  ^  (Euc.iii.  10.) 

The  circumferences  of  two  circles 
cannot  intersect  one  another  in  more 
than  two  points. 

For  if  they  should  have  three  points 
in  common,  those  three  points  could 
not  be  (1.)  in  the  same  straight  line. 
Therefore  a  point  mijrht  be  found 
(5.  CorJ)  equally  distant  from  the  three, 
which  point  would  (5.)  be  the  centre  of 
each  of  the  circles ;  that  is,  there  would 
be  two  circles  cutting  one  another  and 
having  the  same  centre,  a  thing  impos- 
sible. 

Therefore^  &c. 

Prop.  8/  ^     , 

If  the  circumferences  of  two  circles 
meet  one  another  in  a  point  which  is 
not  in  the  straight  line  joining  their 
centres,  or  in  that , straight  line  pro- 
duced ;  they  shall  meet  %gni^  another 
in  a  second  point  upoifth^  other  side 
of  that  straight  line,  and  shall  cut  one 
another. 

Let  A,  B  be  the  centres  of  two  circles, 
the  circumferences  of  which  meet  one 
another  in  the  point  C,  which  is  not  in 
A  B,  nor  in  A  B  produced :  from  C 
draw  C  D  perpendicular  to  A  B  or  to 
A  B  produced,  and  produce  C  D  to  E 
80  that  D  E  may  be  equal  to  D  C  :  the 
circumferences  shall  meet  one  another 
in  the  point  E,  and  shall  cut  one  another 
in  each  of  the  points  C,  E. 


Join  A  C,  A  E,  B  C,  B  E.  Then  be- 
cause the  triangles  ADC,  A  D  E  have 
two  sides  of  the  one  equal  to  two  sides  of 
the  other,  and  have  also  the  included 
angles  ADC,  ADE  equal  to  one 
another,  the  base  AC  (I.  4.)  is  equal  to 
A  E :  therefore,  the  point  E  is  in  the 
circumference  of  the  circle  which  has  the 
centre  A.  In  the  same  manner  it  may 
be  shown,  that  the  same  point  is  in  the 
circumference  of  the  other  circle.  There- 


fore, the  two  circumferences  meet  one 
another  in  the  point  E. 

Again,  let  the  circumference  of  the 
first  circle  cut  the  line  A  B  produced  in 
the  points  F,/,  and  let  the  circumference 
of  the  other  circle  meet  the  same  line 
A  B,  in  the  points  G,  g,  the  points  F 
and  G  being  towards  the  same  parts,  as 
also /and  g:  then,  AG  is  equal  to  the 
sum,  and  A^  to  the  difference  of  A  B, 
B  C.  But,  because  A  B  C  is  a  trianele 
(I.  10.),  the  sum  of  the  sidjfs  A  B.  B  C 
is  greater,  and  their  difference  is  less, 
than  the  side  A  C,  that  is,  than  A  F  or 
A/.  Therefore,  A  G  is  greater  than 
AF,  and  Aj^  is  less  than  A/.  But, 
because  (7.)  the  circumferences  cannot 
have<more  than  the  two  points  C,  E  in 
common,  it  is  evident  that  if  the  artrs 
C  G  E,  C  F  E  do  not  coincide,  the  one 
must  be  wholly  without  or  wholly  within 
the  other :  and  the  same  may  be  said 
of  the  arcs  CgE,  C/E.  Conse- 
quently, the  arc  C  G  E  of  the  second 
circle  is  without  the  first,  and  the  arc 
C  ^  E  of  the  same  circle  within  the  first, 
that  is,  the  circumferences  cut  one 
another  in  the  points  C  and  E. 

I'herefore,  &c. 

Cor.  I.  (Kuc.  iii.  11,  12,  and  13.) 
Circles  that  touch  one  another  meet  in 
one  point  only,  which  point  is  in  the 
strai^t  line  that  joins  their  centres,  or 
in  that  straight  line  produced. 

For,  should  they  meet  in  two  points, 
they  would  have  a  common  chord,  which 
common  chord  would  (3.  Cor.  3.)  be  bi- 
sected by  the  straight  line  joininsr  their 
centres;  and,  therefore,  the  points  of 
meeting  being  upon  either  side  of  this 
straight  line,  the  circles,  as  in  the  pro- 
position, would  not  only  meet,  but  cut 
one  another. 

Cor.  2.  Hence,  if  two  circles  touch 
one  another,  the  distance  between  their 
centres  must  be  equal  to  the  sum  or  to 
the  difference  of  their  radii ;  the  sura  if 
they  touch  externally,  the  difference  if 
they  touch  internally. 

SehoUtan, 

We  may  remark  that  from  the  second 
part  of  the  demonstration  of  this  pro- 
position, it  likewise  follows  that — 

1 .  If  a  point  A  be  taken  in  the  dia- 
meter of  a  circle  CGE,  which  is  not 
the  centre  (see  the  lower  figure),  of  all 
the  straight  lines  which  can  be  drawn 
from  that  point  to  the  circumference, 
the  greatest  is  that  which  passes  through 
the  centre,  viz.  AG,  and  the  other  part 
A^  of  that  diameter  is  the  least;  also 
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of  uny  ofhors  tiiat  which  is  nearer  to 
the  greatest  is  greater  than  the  more 
remote.  (Euc.  iii.  7.  part  o£) 

2.  If  a  point  A  be  ti^en  without 
a  circle  C  6  E  (see  the  upper  Hgure), 
and  straight  lines  be  drawn  from  it  to 
the  circmnference,  whereof  one  AG 
paasee  through  the  centre;  of  those 
which  fall  upon  the  concave  circum- 
ference, the  greatest  is  that  which  passes 
through  the  centre,  viz.  AG;  and  of 
the  rest,  th§t  which  is  nearer  to  the  one 
passing  through  the  centre  is  always 
greater  than  one  more  remote  i  but  of 
those  which  fall  upon  the  convex  cir- 
camference,the  least  is  that  between  the 
point  without  the  circle  and  the  dia- 
meter; and  of  the  rest,  that  which  is 
nearer  to  the  least  is  always  less  than 
the  more  remote.  (Euc.  iii.  8.  part  of) 

The  parts  of  the  circumference  which 
■re  here  termed  concave  and  convex 
towards  the  point 
A,  are  determined 
by  the  points  H 
and  K,  in  which 
tangents    drawn  a? 
from  A  meet  the 
circumference, — 
the  part  HGK 
being     concave^ 
and  H  ^  K  convex.   • 

l-BOP.  9.  ^ 

ytke  circumferenc€$  of  two  circles 
fneet  one  another  in  a  point  tehick  is  in 
the  Mtratght  Unetoimng  their  centres, 
or  in  that  straight  line  produced,  they 
shall  meet  in  no  other  point ;  the  cir- 
cum/erence  of  that  which  has  the  greater 
radius  shall  fall  wholly  without  the  cir- 
cumference of  the  other;  and  the  two 
circles  shall  touch  one  another. 

Let  A,  B  be 
the  centres  of 
two  circles,  the 
eircumferences 
of  which  meet 
one  another  in 
the  point  C, 
which  is  in  the 
line  A  B,  or  in 
AB  produced: 
and  let  the  ra- 
dius of  the  first 
drcle  be  greater 
than  tlie  radius 

of  the  other :  the  circumference  of  the 
first  shall  fall  wholly  without  the  cir- 
cumfo-ence  of  the  other,  and  the  circles 
shall  touch  one  another  in  C. 

Let  D  be  any  point  in  the  circum- 


83 

ference  of  the  circle  which  has  the 
centre  A ;  and  join  A  D,  D  B.  Then,  be- 
cause A  D  B  is  a  triangle,  the  side  D  B 
(I.  10.)  is  greater  than  the  difference  of 
A  B,  A  D,  that  is,  greater  than  B  C  :  but 
B  C  is  the  radius  of  the  circle  which  has 
the  cenh-e  B :  therefore,  the  point  D  lies 
without  the  latter  circle.  And  the  same 
may  be  demonstrated  of  every  point  in 
the  circumference  of  the  greater  circle. 
Also,  because  the  arcs  E  C,  c  C  of  the 
one  circle,  lie  upon  the  same  side  of  the 
arcs  DC,  rfC  of  the  other,  the  circles 
meet,  but  do  not  cut  one  another  in  the 
point  C  ;  that  is,  they  touch  one  another. 

Therefore,  &c. 

Cor.  L  Ciiy^les  that  cut  one  another 
meet  in  two  points,  one  upon  either  side 
of  the  straight .  line  which  joins  their 
centres.  For  circles  meeting  in  a  point 
which  is  in  that  straight  line  do  not  cut, 
but  touch  one /another,  as  is  shown  in 
the  proiybsitjon :  and  such  as  meet  in  a 
point  which*  is  ^ot  in  that  straight  Une, 
meet  also  (S.)  in  a  second  pomt  upon 
the  other'side  of  it. 

Cor.  2.  Hence,  if  two  circles  cut  one 
another,  the  straight  line  which  joins 
their  centres  must  be  less  than  the  sum, 
and  greater  than  the  difference  of  their 
radii.  (L  10.) 

Prop.  10. 

If  the  circumferences  of  two  circles  do 
not  meet  ofie  another  in  any  point,  the 
distance  between  their  centres  shall  be 
greater'  thar  the  sum,  or  less  than  the 
difference  of  their  radii,  according  as 
each  of  the  circles  f>  without  the  other 
or  one  of  them  within  the  other. 

Let  A,  B  be 
the  centres  of 
the  two  circles, 
and  let  the 
line  AB,  or 
that  line  pro- 
duced, cut 
the  circum- 
ferences in  the 
points  C,  D. 
Then,  it  is 
evident  that  A  B  is  equal  to  the  sum,  or 
to  the  difference  of  A  C,  B  C,  accoivl- 
in^  as  each  of  the  circles  is  without  the 
other,  or  one  of  them  within  the  other. 
If  it  be  equal  to  the  sum,  then,  be- 
cause B  C  is  greater  than  B  D,  the 
sum  of  A  C,  B  C  is  greater  than  the  sum 
of  AC,  B  D ;  that  is.  the  distance  of 
the  centres  is  greater  than  the  sum  c 
the  radii :  and  if  it  be  equal  to  the  dif- 
ference, then,  for  the  same  reason,  tht 
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difference  of  AC,  B  Cis  less  thanthfe 
difference  of  A  C,  B  D,  that  is,  the 
distance  of  the  centres  is  less  than 
the  difference  of  the  radii 

Therefore,  &c. 

Cor.  1.  Hence  it  appears,  conversely, 
that  two  chtjles  will,  !•,  cut  one  another ; 
or  2*,  touch  one  another ;  or  3',  one  of 
them  fall  wholly  without  the  other ;  ac- 
cording as  the  distance  between  their 
centres  is,  !•,  less  than  the  sum,  and 
greater  than  the  difference  of  their  radii ; 
or  2*',  equal  to  the  sum,  or  to  the  differ- 
ence of  their  radii ;  or  3",  greater  than  the 
sum  or  less  than  the  difference  of  their 
radii. 

Cor,  2.  Therefore,  !•,  if  two  circles 
cut  one  another,  the  distance  of  their 
centres  must  be  at  the  same  time  less 
than  the  sum  and  greater  than  the  dif- 
ference of  their  radii ;  and  conversely, 
if  this  be  the  case,  the  circles  will  cut 
one  another. 

2«.  If  two  circles  touch  one  another, 
the  distance  of  their  centres  must  be 
equal  to  the  sum  or  to  the  difference  of 
their  radii,  according  as  the  contact  is 
external  or  internal ;  and  conversely, 
if  either  of  these  be  the  case,  the  circles 
win  touch  one  another. 

3*.  If  two  circles  do  not  meet  one 
another,  the  distance  of  their  centres 
must  be  ^eater  than  the  sum  or  less 
than  the  difference  of  their  radii,  ac- 
cording as  each  is  without  the  other,  or 
one  of  them  within  the  other;  and  con- 
versely, if  either  of  these  be  the  case, 
tlie  circles  will  not  meet  one  another, 

Section  2,— Of  Angles  in  a  Circle, 
Prop.  11. 

Xn  the  same,  or  in  equal  circlee,  the 
greater  chord  subtenas  the  greater 
angle  at  the  centre :  and  conversely,  the 
greater  angle  at  the  centre  is  subtended 
by  the  greater  chord. 

Let  C  be  the  centre  of 
a  circle  A  B  D,  and  let 
A  B,  D  £  be  two  chords 
in  the  same  circle,  of 
which  AB  subtends  a 
n'eater  angle  at  C  than 
DEdoes:  A  B  shall  be 
greater  than  D  £. 

For,  the  radii  A  C,  C  B  being  equal 
to  the  radii  DC,  C  E  respectively, 
CAB  and  C  D  E  are  triangles  having 
two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  but  the  angle 
A  C  B  greater  than  P  C  £ :  therefore, 


the  base  A  B  (1. 11 .)  Is  likewise  greater 
than  the  base  D  E. 

And,  conversely,  if  A  B  be  greater 
than  DE,  it  shsdl  subtend  a  greater 
angle  at  C :  for  C  A  B  and  CD  £  are,  in 
this  case,  two  triangles  having  two  sides 
of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  but  the  base  AB 
greater  than  the  base  D  £ :  there- 
fore the  angle  A  C  B  (1. 11.)  is  likewise 
greater  than  the  angle  D  C  £. 

The  same  demonstration  may  be  ap* 
plied  to  the  case  of  equal  circles. 

Therefore,  &c. 

Cor,  In  the  same  or  in  equal  circles, 
equal  chords  subtend  equal  angles  at 
the  centre;  and  conversely* 

Prop.  12.    (Eire.  iii.  26  and  27*  first 
parts  of) 

In  the  same  or  in  equal  circles^  equal 
angles  at  the  centre  stand  upon  equal 
arcs;  and  conversely. 

Let  C,  c  be  the  cenbres  of  two  equal 
circle^  and  let  AC B,  ac 6  be  equal 


angles  at  the  centres ;  the  arc  AB  shall 
be  equal  tothe arc  a b. 

For  if  the  circles  be  applied  one  to 
the  other,  so  that  the  centre  C  may  be 
upon  c,  and  the  radius  CA  upon  ca^  the 
radius  CB  will  coincide  with  cb,  because 
the  an^le  AC  B  is  equal  io  a  cb.  Also 
the  pomts  A  B  will  coincide  with  the 

§  pints  a,  b  respectively,  because  the  ra- 
ii  C  A,  C  B  are  equal  to  the  radii  c  a, 
cb.  Therefore  the  are  A B  coincides 
with  the  are  a  6,  and  is  equal  to  it. 

And  conversely,  if  the  arcs  AB,  a5 
be  equal  to  one  another,  the  angles 
A  C  B,  acb  shall  be  likewise  eaual. 
For,  if  not,  let  any  other  angle  aea  be 
taken  equal  to  A  C  B  ;  then,  by  the  for- 
mer part  of  the  proposition,  the  arc  a  V 
is  equal  to  A  B,  that  is,  to  a  b,  which  is 
absurd ;  therefore,  the  angle  acb  can- 
not but  be  equal  to  A  C  B. 

In  the  next  place,  let  A  C  B,  D  C  E  be 
equal  angles  in  the  same  cirele :  then,  ifc 
be  the  centre  of  a  second  cirele  equal  to 
it,  and  if  the  angle  acbbe  made  equal  to 
ACB  or  DCE,  the  are  a  6  will  be  equal 
to  AB  or  D  E ;  therefore,  the  arcs  A  B, 
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D  E  are  equal  to  one  another.  And,  ia 
like  manner,  the  converse. 

Therefore,  &c. 

Cor.  1.  (Euc.  iii.  28  and  29.)  In 
the  same  or  in  equal  circles,  eaual  arcs 
are  subtended  by  equal  chords;  and 
conversely  (11.  Cor*). 

Cor,  2.  By  a  similar  demonstration 
it  may  be  shown  that  in  the  same  or  in 
equal  circles,  equal  sectors  stand  upon 
equal  arcs ;  and  conversely. 

Prop.  13.    (Euc.  vi.  33,  part  of.) 

In  the  same  or  in  equal  circles,  any 
angles  at  the  centre  are  as  thearce  upon 
which  they  stand;  so  also  are  the 
sectors. 

Let  C,  r  be  the  centres  of  two  equal 
circles ;  and  Jet  A  C  B,  ac6,  beany  an- 


l^les  at  the  centre :  the  ansle  ACB  shall 
be  to  the  angle  acb  as  the  arc  AB  to 
the  arc  a  6. 

Let  the  angle  acb  be  divided  into 
any  number  of  equal  angles  by  the 
radii  cd,  ce,  cf,  eg,  and  therefore  the 
Mrcab  into  as  many  equal  parts  (12.) 
by  the  points  d,  e,f,  g.  Then,  if  the  aro 
AD  be  taken  equal  to  ad,  and  if  C  D  be 
joined,  the  angle  AC D  will  be  (12.) 
equal  to  acd;  and  if  the  arc  AD  be 
oontained  in  AB  a  certain  numl>er  of 
times  with  a  remainder  less  than  AD, 
the  anffle  ACD  will  be  found  in  the 
ande  A  C  B  the.  same  number  of  times 
with  a  remainder  less  than  ACD:  and 
this»  whatsoever  be  the  number  of  parts 
into  which  the  arc  a  6  is  divided.  There- 
fore, (II.  del  7.)  the  angle  A  C  B  is  to 
the  ansrle  a  c  6  as  the  arc  A  B  to  the 


are  ai 

And  in  the  same  manner  it  may  be 
shown  that  the  sector  ACB  is  to  the 
sector  a  c 6  as  the  arc  AB  to  the  arc  a6 
(12.  Cor.  2.) 

The  case  of  arcs  or  sectors  occurring 
in  the  same  circle  has  a  similar  demon- 
stration. 

Therefore,  &c.  , 

Scholium. 
Hence  the  angle  at  the  centre  of  a 
circle  is  said  to  be  measured  by  the 
arc  upon  which  it  stands:  and  gene- 
rally, any  angle  in  a  circle  is  said  to 
hp  m^a^ur^  by  that  part  of  the  cir* 


cumferenee  which  measures  an  equal 
angle  at  the  centre. 

In  Book  I.  def.  9.  an  angle  was  stated 
to  have  its  origin  in  the  meeting  of  two 
straight  lines  in  a  point,  and  to  be 
greater  or  less  according  to  the  extent 
of  the  opening  between  those  lines:  a 
right  angle  was  then  defined ;  an  anglo 
•Mess"  than  which  was  said  to  be  on  acuta 
angle,  and  an  angle  "greater"  an  obtusa 
angle.  We  ouffht  rather  however  to  have 
denned  the  obtuse  angle  to  be  greater 
than  one,  and  less  than  two  nzhi  angles : 
for  if  the  opening  between  tne  legs  of 
such  an  angle  be  increased  to  a  still 
further  degree,  it  becomes  equd  to  two 
right  angles — greater  than  two — equal 
to  three— greater  than  three — and,  by  a 
still  increasing  separation  of  one  leg 
irom  the  other  in  the  same  direction, 
equal  to  four  right  angles — greater  than 
four — and  so  on. 

An  angle  which  is  greater  than  two 
and  less  than  four  right  angles  is  fre- 
quently called  a  reverse  or  re-enterinz 
angle.* 

These  angles  (right,  acute,  obtuse,  and 
re-entering)  are  a&  that  have  place  in 
elementary  Creometry,  or  in  the  subjects 
to  which  it  is  commonly  applied ;  the  an^ 
gles  spoken  of  being  understood  never 
to  exceed  four  right  angles.  But  where 
no  such  limitatiun,  confimng  the  mag- 
nitude of  the  angle,  is  supposed,  it  is 
plain  firom  the  considerations  above^ 
mentioned,  that  the  magnitude  of  any 
angle,  in  general,  cannot  be  estimated 
from  the  apparent  opening  between  the 
legs.  Besides  this  opening,  there  is  to 
be  considered  the  direction  in  which  it 
is  supposed  to  have  been  generated, 
and  vet  further,  the  number  of  times  the 
revolving  leg  may  have  coincided  with 
and  passed  by  the  other ;  for  the  same 
apparent  opemng  is  the  result  of  dif- 
ferent angular  revolutions :  just  as  the 
hand  of  a  watch  is  at  the  same  appa- 
rent distance  from  any  given  position, 
whether  it  has  made  fifty  and  a  quarter, 
or  a  hundred  and  a  ouarter,  or  a  hundred 
more  circuits.  The  traversed  space 
being  made  up  of  parts  which  coincide, 
and  which  do  not  tiierefore  distinctly 
appear,  the  number  of  these  parts  must 
be  specified  if  we  would  form  an  esti- 
mate of  the  whole. 

*  It  hu  been  alread]^  obMired  (I.  S.  note)  that 
an  aiifle  ii  iomettiD«a  said  to  be  tmppUmantairy*  ris. 
when  it  is  eonsideied  as  the  supplement  of  the  ad- 
jacent angle  to  two  right  angles:  in  like  manner,  an 
angle  Ukes  the  nAwe  of  an  espUmentafy  angle, 
when  together  with  the  adjoining  and  opposite  angl^ 
it  fiU^  «p  th«  whob  spac«  »^«l  t^«  M»fQl»rpoi»t. 
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This  complete  definition  of  angular 
majEHiitude  is  of  Ihe  greatest  importance 
in  the  higher  parts  of  the  mathematics, 
and  may  be  well  illustrated  by  help  of 
the  measuring  circumference. 

With  the  cen- 
tre C,  and  radius 
O  A,  let  there  be 
described  a  cir- 
cle A  QQ.Q.. 
and  let  the  dia- 
meters A  Q,, 
Q  Q,  be  drawn 
at  right  angles 
to  one  another, 
dividing  the  whole  angular  space  about 
the  centre  into  4  equal  angles,  each  of 
which  will  be  measured  by  a  quadrant,* 
or  fourth  part  of  the  circumference. 

Let  us  now  suppose  that  the  radius 
of  the  circle,  being  made  to  revolve 
about  its  centre  from  the  original  posi- 
tion C  A,  is  brought  successively  into 
the  positions  C  Q.  C  Q,,  C  Q  .  and 
thence  a^aln,  continuing  its  revolution, 
a  second  time  into  the  same  positions 
CA,  CQ,  CQa,  CQ„  and  so  on. 
Then  it  is  evident  that  the  angular  space 
through  which  the  radius  will  have  re- 
volved, will  be,  in  these  successive  po- 
sitions, one,  two,  three  right  angles; 
upon  returning  to  A  four  right  angles, 
which  is  the  whole  angular  space  about 
the  point  C  :  and  thence  again,  coming 
a  second  time  to  the  same  positions 
C  Q.  C  Q„  C  Q„  five,  six,  seven  right 
angles,  and  so  on :  which  angular  spaces 
wifl  be  measured  respectively  by  one, 
two,  three  quadrants,  a  whole  circum- 
ference ;  five,  six,  seven  quadrants,  and 
so  on :  and  any  angular  spaces  interme- 
diate to  these  will  be  measured  by  cor- 
responding arcs  intermediate,  that  is,  of 
mi^nitudes  between  one  and  two,  two 
ana  three,  three  and  four,  &c.  quadrants. 

Prop.  14.  (Euc.  iii.  20.) 

The  angle  at  the  centre  of  a  circle  is 
double  of  the  angle  at  ihe  circumference 
upon  the  same  base,  that  is^  upon  the 
same  pari  of  the  circun\ference. 

Let  A  C  B  be  any  angle  at  the  centre 
C  of  tlie  circle  ABD,  and  let  ADB  be 


an  angle  at  the  circumference  upon  ihe 
same  base  A  B :  the  angle  A  C  B  shall 
be  double  of  the  angle  ADB. 

Join  D  C,  and  produce  it  to  E.  Then, 
because  C  A  is  equal  to  C  D  (L  6.).  the 
angle  C  AD  is  equal  to  C  D  A :  there- 
fore the  ana:le  ACE,  which  is  equal  to 
C  AD,  C  D  A  together  (L  19.)  is  dou- 
ble of  C  D  A.  In  like  manner  it  may 
be  shown  that  the  angle  B  C  E  is  double 
of  C  D  B.  Therefore  the  sum  or  differ- 
ence of  the  angles  £  C  A,  E  C  B  is  also 
double  of  the  sum  or  difference  of  the 
angles  C  D  A,  C  D  B.  that  is,  the  angle 
A  C  B  is  double  of  the  angle  AD  B. 


The  adjoined  figure 
shows  that  this  proof 
is  equally  applicable 
when  the  angle  ACB 
is  re-entering. 


Therefore,  &c. 

Cor,  1.  Any  angle  at  ttie  circumfer- 
ence is  measured  by  half  the  arc  upon 
which  it  stands. 

Cor.  2.  (Euc.  iii.  26  and  27,  secona 
parts  of,  and  Euc.  vi.  33  part  oO.  In 
the  same  or  in  equal  circles,  equal  angles 
at  the  circumference  stand  upon  equal 
arcs,  and  conversely;  and,  generally,  any 
angles  at  the  circumferenoe  are  as  the 
arcs  4ipon  which  they  stand.  (13.  and 
XL  17.) 

Prop.  15.  (Euc.  iii.  21.) 

Angles  in  the  same  seffmeni  of  a  dr- 
de  are  equal  to  one  another. 

For  they  arc  halves  of  the  same  an- 
gle, viz.  the  angle  at  the  centre  which 
stands  upon  their  common  base;  or, 
which  is  the  same  thing,  they  are  mea- 
sured by  the  same  arc,  viz.  the  halt  of 
their  common  base. 

Cor,  1.  (Euc.  iiL  31., 
The  angle  which  is  in  a 
semicircle  is  a  right  an- 
gle, for  it  is  measured 
by  half  the  semi-circum- 
ference, that  is,  by  a 
quadrant. 

Cor,  2.  (Euc.  iii.  31 
second  part  of.) 
The  angle^  which  is  in 
a  segment  greater  than 
a  semicircle,  is  less  than 
a  right  angle ;  and  the 
angle,  which  is  in  a  seg- 
ment less  than  a  semi- 
circle, is  greater  than  a 


first  pait  ot) 


*  Vraa  the  utiB  word  ^mdtwt,  a  fourth  part.       right  angle ;  for  the  One  is  measured  by 
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an  aro  which  is  crreater,  and  the  other 
by  an  arc  which  is  less  than  a  quadrant. 

Cor.  3.  If  upon  the  base  of  a  tri'* 
angle  there  be  described  a  segment  of  a 
circle,  the  vertex  of  the  triangle  shall 
fall  without,  or  within,  or  upon  the  arc 
of  the  segment,  according  as  the  verti- 
cal angle  of  the  triangle  is  less  than,  or 
greater  than,  or  equal  to  the  angle  in 
the  s^ment. 

For  it  may  easily  be  shown,  (I.  8 
Cor.  1.)  that  if  the  vertex  fall  within 
the  arc  of  the  segment,  the  vertical 
angle  must  be  greater  than  the  angle  of 
the  s^ment,  and  if  without  it,  less. 

Prop.  16. 

If  any  chord  be  drawn  in  a  circle,  the 
angles  contained  in  the  two  opposite 
segments  $hall  be  together  equal  to  two 
rtghi  angles. 

Let  A  D  B  be  a  cir-  •- 

cle,  and  let  it  be  di- 
vided by  the  diord  AB 
into  the  segments  A  D 
B,  AEB:  the  angles 
ADB,  AEB  contained 
in  these  segments  shaQ 
be  together  equal  to 
two  right  angles 

For  the  angle  AD  B  is  measured  by 
half  the  arc  A  £  B  upon  which  it  stands 
(14.  Cor.  J.),  and  in  like  manner  the 
angle  A£  B  is  measured  by  half  the  arc 
ADB.  Therefore  the  angles  ADB, 
AEB  together  are  measured  by  half  the 
circumference,  that  is,  by  two  quadrants, 
and  are  consequently  equal  to  two  right 
angles. 

Therefore,  ficc 

Cor,  1.  (Euc.  ill  22.)  If  a  quadri- 
lateral figure  be  inscribed  in  a  circle, 
either  pan:  of  its  opposite  angles  shall 
be  equal  to  two  right  angles. 
^  Cor.  2,  And  conversely,  if  the  oppo- 
site angles  of  a  quadrilateral  be  together 
equal  to  two  right  angles,  a  circle  may 
be  described  about  it.  For,  if  the  cir- 
cle described  through  the  three  points 
A,  D.  B  (5.  Cor.)  were  to  cut  the  side 
B  £  in  any  other  point  than  £,  suppose 
F,  the  andes  A  F  B,  A  D  B  being  equal 
to  two  right  angles,  would  be  equsd  to  the 
angles  A  E  B,  A  D  B.  an4  therefore  the 
angle  A  F  B  to  the  angle  AEB;  where- 
as one  of  them,  beinjg  exterior,  must 
(L  8.  Cor.  1.)  be  greater  than  the  other. 

Prop.  17.  (Euc.  iii.  32.) 

ffa  straight  line  touch  a  circle,  and 
ifjrom  the  point  of  contact  a  straight 


itne  be  drawn  cutting  the  circle,  the 
anisrles  which  it  makes  with  the  tangent 
shall  be  equal  to  the  angles  which  are 
contained  in  the  alternate  segments  qf 
the  circle. 

Let  the  straight  line  A  B  touch  the 
circle  C  D  E  in  the  point  C,  and  fttun 
C  let     there    be 
drawn  the  straight 
line    C  D  cutting 
the  circle:  the  an- 
gle   DC  A   shaU 
be   equal  to  the 
angle  in  the  seg-  «-. 
ment  DFC,  and  ^ 
the  ane^le  D  C  B  to  the  angle  in  the  seir- 
ment  DEC.  ^ 

From  C  draw  C  E  at  right  angles  to  the 
tangent  A  B,  and  therefore  (2.  Cor.  2.) 
passing  through  the  centre  of  the  circle  f 
let  CE  meet  the  circumference  in  E: 
take  any  point  F  in  the  are  of  the  oppo^ 
site  segment,  and  join  C  E,  E  D,  D  F, 
F  C.  Then,  because  C  D  E  is  a  semi- 
circle, the  angle  C  D  £  is  a  right  angle 
(15.  Cor.  1.):  therefore  the  remaining 
angles  of  the  triangle  CDE  (L  19.), 
that  is,  the  angles  DEC  and  D  C  £,  are 
together  equal  to  a  right  angle.  But  the 
angles  D  (J  B  and  D  C  E  are  likewise 
together  equal  to  a  right  angle :  there- 
fore the  two  latter  angles  are  equal  to 
the  two  former,  and  the  angle  D  C  B  is 
equal  to  D  £  C,  that  is,  to  the  angle  in 
the  alternate  segment 

And  because  (16.)  the  angles  in  the 
two  segments  are  together  equal  to 
two  right  angles,  that  is  (I.  2.),  to  the 
angles  DCB,  DC  A,  theangleDCA 
is  equal  to  the  angle  in  the  other  seg^ 
ment  DFC. 

Therefore,  &o. 

Cor*  The  converse  is  also  true :  that 
is,  if  from  the  extremity  of  a  chord  there 
be  drawn  a  straight  line,  such  that  the 
angles  which  it  makes  with  the  chord 
are  equal  to  the  angles  in  the  alternate 
segments  of  the  circle,  that  straight  line 
must  touch  the  circle. 

Scholium, 

The  theorem  which  has  been  just 
demonstrated,  states  no  more  than  is 
contained  in  Prop.  15.,  if  the  tangent  be 
considered  as  a  chord  in  which  the 
points  of  section  are  coincident.  For, 
if  the  point  F  be  supposed  to  move 
up  to  the  point  C,  the  chord  C  F  will 
tend  more  and  more  to  coincide  in 
position  with  the  tangent  C  B.  But 
if  EF  be  joined,  then,  by  Prop.  15, 
the  angle  D  C  F  is  always  equal  to  tbft 
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angle  D  E  F.  Therefore,  when  F  coin- 
cides with  C,  that  is,  when  the  chord 
C  F  becomes  a  tangent  at  C,  the  angle 
B  C  B  is  equal  to  the  angle  DEC.  As 
thb,  however,  was  a  case  not  contem- 
pUted  in  the  demonstration  given  of 
that  proposition,  the  inference  could 
not  have  been  directly  drawn  from  it. 
The  proposition  (2.)  that  the  tangent 
is  at  right  angles  to  the  radius  is  an 
instance  of  the  same  kind.  Others  may 
be  seen  in  the  corollaries  of  the  two 
following  propositions,  and  in  certain 
properties  of  tangents  which  will  be 
found  in  the  next  section. 

Prop.  18. 

Parallel  chords  intercept  equal  arcs; 
and  conversely. 

Let  A  B  C  be  a    j    ^  a 
circle,  and    let    the       a.^^  ^>j 
chords  A  B,  C  D  be 

Sarallel  to  one  ano- 
ler:  the  arc  AC 
shall  be  equal  to  the 
arcBD. 

Join  B  C.  Then,  because  A  B  is 
parallel  to  C  D,  the  angle  AB  C  (1. 15.) 
is  equal  to  the  angle  BCD:  therefore 
(14.  Cor,  2.)  the  arc  A  C  is  equal  to  the 
arcBD. 

And  conversely,  if  the  arc  AC  be 
equal  to  the  arc  B  D,  the  angle 
ABC  will  (14.  Cor,  2.)  be  equal  to  the 
angle  BCD,  and  therefore  (1. 15.)  AB 
will  be  parallel  to  C  D. 

Therefore,  &c. 

Cor,  If  one  of  the  chords,  as  A  B,  be 
supposed  to  move  parallel  to  itself  until 
the  points  A  and  B  in  which  it  cuts  the 
circle  coincide,  as  at  £,  the  same  and 
its  converse  will  be  true:  that  is,  if  a 
chord  and  tangent  be  parallel,  they 
shall  intercept  equal  arcs;  and  con- 
versely. 

For,  because  E  F  is  parallel  to  C  D, 
the  angle  FE  C  is  equal  (I.  15.)  to  the 
angle  E  C  D,  which  stands  upon  the  arc 
ED:  but,  because  £F  is  a  tangent, 
(17.)  the  same  FE  C  is  equal  to  ED  C 
which  stands  upon  the  arc  £  C.  There- 
fore the  arc  EC  is  equal  to  ED, 
(14.  Cor,  2.)  And  the  proof  of  the  con« 
verse  is  similarly  varied. 

Prop.  19. 

If  two  chords  of  a  circle  meet  one 
another,  the  angle  contained  by  them 
shall  be  measured  by  half  the  sum,  or 
ty  ha(f  the  difference  iff  the  intercepted 


arcs,  according  as  the  point  in  which 
they  meet  is  tcithin  or  unthout  the 
circle. 

Let  ABC  be  a  cir-  it 

de,  and  let  the 
chords  AB,  CD 
meet  one  another 
in  the  point  E :  the  . 
angle  AEC  shall  "^^ 
be  measured  by 
half  the  sum  or  by 
half  the  difference 
of  the  arcs,  AC, 
BD,  according  as 
the  point  E  is  with- 
in or  without  the 
circle.  **  ^ 

Through  B  draw  B  F  parallel  to  D  C, 
and  let  it  meet  the  circumference  in  F : 
then  (18.)  the  arc  F  C  is  equal  to  B  D, 
and  therefore  the  arc  A  F  is  equal  to  the 
sum  or  to  the  difference  of  A  C,  B  D, 
according  as  the  point  E  is  within  or 
without  the  circle.  But,  because  B  F  is 
parallel  to  DC,  the  angle  AEC  is 
equal  to  ABF(1. 15.);  and  ABFis 
measured  by  half  the  arc  AF,  (  U.Cor.l.): 
therefore  the  angle  A  E  C  is  measur^ 
by  half  the  sum  or  by  half  the  differ- 
ence of  the  ai'cs  A  C,  B  D,  according  as 
the  point  E  is  within  or  without  the 
circle. 

Therefore,  &c 

When  the  point  E  is  in  the  circum- 
ference, the  result  of  this  proposition 
coincides  with  that  of  14.  Cor,  1. 

Cor.  By  a  similar  demonstration 
(18.  Cor,)  if  a  chord  meet  a  tangent  in 
a  point  which  is  not  the  point  of  contact, 
the  angle  contained  by  them  will  be 
measured  by  half  the  difference  of  the 
intercepted  arcs. 

The  case  of  a  chord  meeting  a  tan- 
gent in  the  point  of  contact,  has  been 
ah-eady  contemplated  in  Prop.  17.  It 
may  be  considered,  however,  as  included 
under  the  above  rule,  the  measuring  arc 
in  this  case  being  the  same  by  this  co- 
rollary as  by  Prop.  1 7. 

Section  3. — Rectangles  under  the 
Segments  of  Chords. 

Prop.  20.  (Euc.  iil  35.) 

If  two  chords  of  a  circle  cut  one 
another,  the  rectangles  under  their  seg^ 
ments  terminating  in  the  points  of 
section  shall  be  equal,  whether  they 
cut  one  another  within  or  without  the 
circle. 
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Let  ABC  be  a 
eircle,  and  let  the 
chords  AB,  CD 
cut,  or  be  produced 
to  cut,  one  another 
in  the  point  E  :  the 
rectangle  under  AE, 
S  B  shall  be  equal 
to  the  rectani^le  un- 
der CE,  ED. 

Join  AD,  BC. 
Then,  because  the 
angje  EAD  is  equal 
to  the  angleECB 

in  the  same  segment  (15.),  and  that 
the  angles  at  E, which  are  vertical  (1. 3.) 
as  in  the  upper  figure,  or  coincide  as  in 
the  lower,  are  equal  to  one  another,  the 
triangles  AE  D,  C E  B  are  equians;ular. 
Therefore  (II.  31.)  AE  :  E  D  ::  E  C  : 
£  B,  and  (II.  38.)  the  rectangle  under 
A  £,  £  B  is  equal  to  the  rectangle  under 
CE,  ED. 

Therefore,  &c. 

We  may  remark  that  an  easy  demon- 
stration of  this  proposition  is  likewise 
afforded  by  1. 39. ;  for  the  rectangles  in 

Suestion  are  each  of  them  equal  to  the 
ifference  of  the  squares  of  the  radius, 
and  of  the  distance  of  the  point  E  from 
the  centre  of  the  circle. 

Cor.  And  hence,  conversely,  if  two 
straight  lines  A B,  CD  cut  one  another 
in  a  point  E,  and  if  the  points  A,  B  and 
C,D  be  so  taken,  that  the  rectangle 
under  AE,  £B  be  equal  to  the  rect- 
angle under  C  E,  ED;  the  points 
A,  B,  C,  D  shall  lie  in  the  circumference 
of  the  same  circle. 

Prop.  21.  (Euc.  iii.  36.) 

If  any  chord  of  a  circle  be  produced 
to  cut  a  tangent  to  the  same  circle,  the 
square  of  the  tangent  shall  be  equal  to 
the  rectangle  unSsr  the  segments  of  the 
chord. 

Let  A  B  C  be  a  circle,  and  let  the 
chord  A  B  be  pro- 
duced to  meet  the 
tangent  C  E  in  E  : 
the  square  of  C  E 
shall  be  equal  to 
the  rectangle  under 
AE,EB. 

Join  C  A,  C  B.  Then,  because  the 
angle  £  C  B  is  equal  to  the  angle  E  AC 
in  the  alternate  segment  of  the  circle, 
(17.)  and  that  the  angle  at  E  is  com- 
mon to  the  two  triangles  E  C  B,  E  A  C, 
these  two  triangles  are  equiangular. 
Therefore  (11.31.)  AE:EC::EC: 
E  B.  and  (IL  38.  Cor.  \ .)  the  square  of 
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EC  is  equal  to  the  rectangle  under 
AE.EB. 

Therefore,  &c. 

The  same  remark  may  be  made  here 
as  at  the  end  of  the  preceding  proposi- 
tion :  viz.,  that  an  easy  demonstration 
is  likewise  afforded  by  1.  39.  and  I.  36* 
Cor,  1. 

Cor.  And  hence,  conversely,  if  two 
straight  lines  A  B,  C  E  cut  one  another 
in  a  point  E,  and  if  the  points  A,  B  and 
C,  be  so  taken,  that  the  square  of  E  C 
be  equal  to  the  rectanj^le  under  A  E, 
E  B,  the  straight  line  E  C  shall  touch 
the  circle  which  passes  through  the 
points  A,  B,  C 

Prop.  22.  (Euc.  vi.  B.) 
If  the  vertical  or  exterior-vertical 
angle  of  a  triangle  be  bisected  by  a 
straight  line,  which  cuts  the  base,  or 
the  base  produced,  the  square  of  that 
straight  line  shall  be  equal  to  the 
difference  of  the  rectangles  under  the 
two  sides,  and  under  the  segments  of 
the  base,  or  of  the  base  produced.* 

Let  AB  C  be  a  triangle,  and  let  the 
vertical  or  exterior-vertical  angle  be 
bisected  by  the 
straight  line 
A  D,  which 
meets  the  base 
or  the  base  N.  / /' 
produced  in  D ;  ^  -^^ 
the  square  of 
AD  shall  be 
equal    to    the 

difference      of  j.L 

the   rectangles    •  '*' 

B  A,  A  C,  and 
B  D,  D  C. 

I^t  A  E  C  be  the  circle  which  (5. Cor.) 
passes  through  the  points  A,B,  C,  and 
let  AD  be  produced  to  meet  the  cir- 
cumference in  E,  and  join  E  C. 

Then,  because  the  .angles  BAD, 
E  A  C  are  halves,  or  supplementary  to 
the  halves  of  ihe  bisected  angle,  they 
are  equal  to  one  another :  also  the  angle 
A  B  D  is  equal  to  the  angle  A  E  C  in 
the  same  segment  (15.):  therefore,  the 
triangles  B  A  D,  E  A  C  being  equiangu- 
lar,  (11.31.)  BA  :  AD  ::  EA  :  A  C,and 
(II.  38.)  the  rectangle  under  B  A,  A  C  is 
equal  to  the  rectangle  under  E  A,  A  D. 
Again,  because  the  chords  B  C,  E  A 
cut  one  another  in  D  (20.),  the  rect- 

•  This,  as  is  evident  from  the  enunciation,  is  » 
proueTty  not  of  the  circle,  bnt  of  a  triangle,  and 
belong*  a»  such  to  I.  5  6.  The  required  demonatra. 
Hion  has,  however,  in  thia  and  one  or  two  othpr  ,«!.• 
stances  rendered  *n  infringemMt  of  th«  cl^»silicatw« 
uuvoidabk. 
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ftngld  under  B  D,  D  C  is  equal  to  the 
rcct.ang:le  under*  ED,  DA:  therefore, 
the  difference  of  the  rectang:les  under 
B  A,  A  C  and  B  D,  D  C  is  equal  to  the 
difference  of  the  rectangles  under  E  A, 
AD,  and  ED,  DA,  that  is,  to  the  square 
of  AD  (1.31.). 
Therefore,  &c. 

It  should  be  observed  in  the  case  of 
exterior  bisection  (seethe  lower  figure), 
that  the  bisecting:  line  AD  must,  if  pro- 
duced, cut  the  circumference  in  a  second 
Eoint  E,  in  all  cases  in  which  it  cuts  the 
ase  B  C  produced  in  a  point  D  ;  that 
is,  in  all  cases  in  which  tne  sides  A  B, 
AC  are  unequal.  For  when  AB  is  equal 
to  A  C,  the  angles  AB  C,  A  C  B  are 
likewise  equal    (I.   6.),   and   therefore 
(I.  19.  and  1.  ax.  5.)  equal  to  the  halves 
of  the  exterior  angle:    therefore,  the 
angle  CAD  beingequal  to  A  C  B,  A  D 
is  parallel  to  BC  (I.  15.),  and  the  same 
CAD  being  equal  to  the  angle  ABC 
in  the  alternate  segment,  A  D  touches 
the  circle  in  A  (17.  Cor,),    But,  when 
one  of  the  sides,  as  A  B,  is  greater  than 
the  other,  the  angle  ACB  is  also  greater 
than  ABC  (I.  9.);  therefore  the  angle 
CAD,  which  (I.  19.)  is  equal  to  half  the 
sum  of  the  two  ABC,  ACB,  is  less  than 
ACB,  and  greater  than  ABC;   and 
because  the  angle  CAD  is  not  equal  to 
ACB,  AD  is  not  parallel  to  BC  (1. 15.) ; 
and  because  the  same  CAD  is  not  equal 
to  ABC.  that  is  to  the  angle  in  the  alter- 
nate segment,  A  D  does  not  touch  the 
circle  in  A,  but  cuts  it  and  meets  the 
circumference  in  a  second  point  E,  as 
was  observed. 
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E  A  C.  B  A  D  hemg  equiangular,  BA  • 
A  D  ::  E  A  :  AC-dl.  31.), and  (II.  38,') 
the  rectangle  under  B  A,  A  C  is  equal 
to  the  rectangle  under  E  A,  A  D. 

Therefore,  &c. 

Cor,  If  two  triangles  be  inscribed  in 
the  same,  or  in  equal  circles,  the  rect- 
angle  under  the  two  sides  of  the  one, 
shall  be  to  the  rectangle  under  the  two 
sides  of  the  other,  as  the  perpendicular, 
which  is  drawn  from  the  vertex  to  the 
base  of  the  one,  to  the  perpendicular 
which  is  drawn  from  the  vertex  to  tht 
base  of  the  other  (II.  35.), 


Prop.  23.  (Euc.  vL  C.) 
If  a  triangle  he  inscribed  in  a  circle, 
and  if  a  perpendicular  be  drawn  from 
the  vertex  to  the  base;  the  rectangle 
under  the  two  sides  shall  be  equal  to  the 
rectangle  under  the  perpendicular  and 
the  diameter  oftJie  circle. 

Let  AB  C  be  a  triangle  inscribed  in 
the  circle  ABC;  from  A  draw  A  D 
peipendicular  to  BC,  and 
AE  through  the  centre  of 
the  circle  to  meet  the,^ 
circumference  in  E :  the 
rectangle  under  BA,  AC 
shall  be  equal  to  the  rect- 
aneie  under  E  A,  A  D. 

Join  C  E.  Then,  because  A  C  E  is  a 
semicircle,  (15.  Cor,  1 .)  the  angle  ACE 
is  a  right  angle:  butADB  is  likewise 
a. fight  angle,  and  the  angle  AE  C  is 
equal  to  the  angle  AB  D  in  the  same 
»^ment(15.);  therefore,  the  triangles 


Prop.  24, 
If  a  quadrilateral  be  inscribed  in  a 
circle,  its  diagonals  shall  be  to  one  an^ 
other  as  the  sums  qfthe  rectangles  under 
the  sides  adjacent  to  t/ieir  extremities. 

Let  ACB D  be  a 
(juadrilateral  figure, 
inscribed  in  the  circle 
ABC  andAB,  CD 
its  diagonals  :  A  B 
shall  be  to  C  D.  as 
thesumofCAxAD  ^\ 
andCBxBD  to  the 
sum  of  A  C  X  C  B, 
and  A  D  X  D  B. 

Let  A  B,  and  C  D  cut  one  another  in 
the  point  E :  and,  first,  let  A  B  cut  CD 
at  ri^t  angles.    Thfen,  because  A  C  D, 
B  C  p,  C  A  B,  and  D  A  B  are  triangles 
inscribed  in  the  same  circle,  the  per- 
pendiculars A  E,  B  E,  C  E  and  D  E,  are 
to  one  another  as  the  rectangles  A  C  x 
AD,  BCxBD,CAxCB.  andDAx 
D  B  :  therefore,  (II.  25.  Cor.  3.)  the  sum 
of  AE  and  B  E,  that  is  AB,  is  to  the 
sum  of  C  E  and  D  E,  that  is  C  D,  as  the 
sum  of  AC  xAD.  and  BCxBDto 
the  sum  of  CAxCB  andDAxDB. 
In  the  next  place,  let  A  B  cut  C  D,  but 
not  at  right  angles :   and  let  the  per- 
pendiculars Aa,  B  6,  C  c,  and  D  rf  be 
drawn.      Then,   as  before,  it  may  be 
shown  that  Aa  +  Bft  is  to  Cc+Drf, 
as  AC  X  AD+BC  xBD  to  CAx 
CB  +  DAxDB.    But,  because  the  tri- 
angles AEa,  BE6,  CEc.  D  Erf  are 
equiangular,  A  a,  B  A,  C  c,  and  D  d  are 
to  one  another  as  A  E,  B  E,C  E,  and 
D  E  (IL  31 .).    Therefore.  A  a  +  B  6  is 
to  Cc+Drf,asAE+BEtoCE+DE, 
that  is,  as  AB  to  CD.     Therefore, 
(II.12.)AB:CD  ::ACxAD+BC 
xBD:CAxCB+DAxDB. 
Therefore,  &c. 

Prop.  25.  (Euc.  vi.  D. 
If  a  quadrilateral  be  inscribed  in  a 
ctrde^  the  rectangle  under  its  diagonal 
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shall  be  equal  to  the  eum  of  ike  rect^ 
anglee  under  Us  opposite  sidee. 

Let  ACBD  be 
a  quadrilateral  in- 
scribed in  the  circle 
ABC;andlet  AB, 
CD  be  its  diagonals : 
the  rectangle  under 
AB,  CD  shall  be 
equal  to  the  sum  of 
the  rectangles  under 
AD,  BC,  and  AC. 
BD. 

At  the  point  A  make  the  angle  D  A  F 
equal  to  BAC,  andlet  AFmeet  CD 
in  F. 

Then,  because  the  angle  A  B  C  is 
equal  to  AD  F  in  the  same  segment 
(15.).  and  that  B  A  C  was  made  equal 
to  DAF,  the  triangles  ABC,  ADF 
are  equiangular :  therefore,  (IT.  31 .)  AB : 
BC  : :  A  D ;  D  F,  and  (II.  38.)  the  rect- 
angle under  A  B,  D  F  is  equal  to  the 
rectane^le  under  A  D,  B  C. 

A^ain,  because  the  angles  B  A  C, 
D  A  F  are  equal  to  one  another,  let  the 
angle  B  A  F  be  added  to  each  ;  therefore 
the  whole  angle  FAC  is  equal  to  the  whole 
an^le  DAB;  and  the  angle  F  C  A  is 
equal  to  the  angle  D  B  A  in  the  same 
setrment  (15.) ;  therefore,  the  triangles 
A  F  C,  AD  B  are  equiangular.  There- 
fore (11.31.)  AB:BD::AC:CF, 
and  (11.38.)  the  rectangle  under  AB, 
C  P  is  equal  to  the  rectande  A  C,  B  D. 
Therefore,  the  sum  of  the  rectangles 
under  A  B,  D  F  and  A  B,  C  F,  that  is, 
(I.  30.  Cor.)  the  rectangle  under  AB, 
C  D,  is  equal  to  the  sum  of  the  rectangles 
under  A  D,  B  C,  and  A  C,  B  D. 

Therefore,  &c. 

Cor.  Hence,  a  quadrilateral  may  be 
constructed,  which  shall  have  its  sides 
equal  to  four  given  straight  lines,  in  a 
given  order,  each  to  each,  and  its  angular 
points  lying  in  the  circumference  of  a 
circle,  ror,  by  the  24th  proposition,  the 
ratio  of  the  diagonals,  and  by  that  which 
has  been  just  demonstrated,  their  rect- 
angle is  given:  therefore,  (11.63.)  the 
diagonals  may  be  found,  and  (1. 50.)  the 
quulrilateral  constructed. 

It  is  only  essential  to  the  possibility 
of  the  construction  that  of  therour  given 
straight  lines,  eveiy  three  be  greater 
than  the  fourth  (I.  10.  Cor.  2.).  It  is 
remarkable  that,  although  the  diagonals 
will  be  different  m  different  orders  of  the 

S'ven  sides,  the  circumscribing  circle 
Ls  the  same  magnitude  whatsoever  be 
their  order.     (See  Sect.  5.  Prop.  41. 
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Sbctiox  4." Regular  pohfgone,  and 
approximation  to  the  area  of  the 
circle. 

Dei.  11.  A  regular  polygon  is  that 
which  has  all  its  sides  equal,  and  likewise 
all  its  an^o^les  equal. 

A  figure  of  five  sides  is  called  a  pentor 
gon ;  a  figure  of  six  sides  a  hexagon ;  of 
ten  sides  a  decagon ;  and  of  fifteen  sides 
a  pente-decagon.  There  is  so  seldom 
any  occasion,  however,  to  specify  the 
numl)er  of  sides  of  an  irregular  figure, 
as  distinct  from  a  multilateral  figure  in 
general,  that  it  has  become  common  to 
appropriate  these  names  with  olhers  of 
similar  derivation  (as  by  way  of  pre- 
eminence) to  the  regular  figures — **  a 
hexagon,**  for  instance,  is  understood  to 
mean  a  regular  figure  of  six  sides,  and 
so  of  the  rest. 

It  is  evident,  that  regular  polygons, 
which  have  the  same  number  ot  sides, 
are  similar  figures ;  for  their  angles  are 
equal,  each  to  each,  because  they  are 
contained  the  same  number  of  times  in 
the  same  number  of  right  angles  (1. 2U ); 
and  their  sides  about  the  equal  angles 
are  to  another  in  the  same  ratio,  viz.  the 
ratio  of  equsJity. 

12.  The  centre  of  a  regular  polygon 
is  the  same  with  the  common  centre  of 
the  inscribed  and  circumscribed  circles 
(see  Prop.  26.) :  and  the  perpendicular 
which  is  drawn  from  the  centre  to  any 
one  of  the  sides  is  called  the  apothem. 

13.  Similar  arcs  of  circles  are  those 
which  subtend  equal  angles  at  the  centre. 
Similar  sectors  and  segments  are  those 
which  are  bounded  by  similar  arc^ 

Prop.  26.    (Euc.  iv.  18  and  14.). 

y  any  two  adjoining  angles  of  a 
regular  polygon  be  bisected,  the  inter- 
section of  the  bisecting  lines  shall  be  the 
common  centre  of  two  cirdes,  the  one 
circumscribing,  the  other  inscribed  in, 
the  polygon. 

LetABCDEF 
be  any  regular  po- 
lygon, and  let  the 
angles  at  A  and  B 
be  bisected  by  the 
straight  lines  AG, 
BO;  which  meet 
in  some  point  O, 
(I.  15.  Cor.  4.)  because  each  of  the  an- 
gles F  A  B,  C  B  A  is  less  than  two  right 
angles,  and  therefore  each  of  their  halves 
OAB,  OB  A  less  than  aright  angle,  and 
the  two  together  less  than  two  right  an- 
gles    The  Doint  0  shall  be  tfie  centre 

31? 


•2 


GEOMETRY. 


|;iIL  $  4. 


of  two  circles,  one  p&ssin^  throug^h  all 
the  points  A.  B,  C.  D,  E,  F.  and  the 
other  in  contact  with  all  the  sides  AB, 
BC.  CD,DE,EF. 

Join  O  C,  O  D,  O  E,  0  F,  and  draw 
the  perpendiculars  O  a,  O  b,  Oc,Od, 
O  e.  Of.  Then,  because  the  triangles 
O  B  C,  O  B  A  have  two  sides  of  the  one 
equal  to  two  sides  of  the  other,  each  to 
each,  and  the  included  angles  O  B  C, 
O  B  A  equal  to  one  another,  (I.  4.)  the 
base  O  C  is  equal  to  the  base  O  A,  and 
the  angle  OCB  to  the  angle  OAB. 
But  OAB  is  the  half  of  FAB,  and  FAB 
is  equal  to  D  C  B  :  therefore  O  C  B  is 
the  half  of  DCB,  and  the  latter  angle  is 
bisected  by  the  line  O  C.  By  a  similar 
demonstration,  therefore,  it  may  be 
shown  that  OD  is  equal  to  O  B,  O  JE  to 
OC,  and  OF  to  OD.  And,  because  the 
angles  OAB,  O B  A,  being  halves  of 
equal  angles,  are  equal  to  one  another, 
OB  is  equal  to  OA  (I.  6.).  Therefore  the 
straight  lines  drawn  from  O  to  the  angu- 
lar points  of  the  figure  are  equal  to  one 
another,  and  O  is  the  centre  of  a  circle 
passing  through  those  points.  And  be- 
cause A  B,  B  C,  &c  are  equal  chords 
of  the  same  circle,  they  are  at  equal 
distances  from  the  centre  O  (4.  Cor.) : 
that  is,  the  perpendiculars  O  a,  O  6,  &c. 
are  equal  to  one  another,  and  O  is 
likewise  the  centre  of  a  circle  described 
with  the  apothem  O  a  or  O  6  for  its  ra- 
dius, and  (2.)  touching  the  sides  in  their 
middle  points  (3.),  a,  b,  c,  d,  e^f. 

Therefore,  &c. 

Prop.  27. 

If  tl^e  circumference  of  a  circle  be  di- 
vided  into  any  number  of  equal  parts, 
the  chords  joining  the  points  of  division 
shall  includea  regular  polygon  inscribed 
in  the  circle;  and  the  tangents  drawn 
through  those  points  shall  include  a  re- 
gular polygon  of  the  same  number  of 
sides  circumscribed  about  the  circle. 

Let  the  circumfe- 
rence of  the  circle 
A  C  F  be  divided 
into  any  number  of 
equal  parts  in  the 
points  A,  B.C.  D.E, 
F.  The  figure  which 
is  included  by  the 
straight  lines  joining 
those  points  shall  be 
a  regular  polygon. 

For  its  sides  bein^ 
the  chords  of  equsu 
arcs  of  the  same  cir- 
cle, are  ( 12. Cor.  l.>e<jual  to  one  apother; 


and  its  angles  standing  upon  eaual  arc9« 
viz.  the  differences  between  the  whole 
circumference,  and  two  of  the  former, 
are  likewise  equal  (14.  Cor.  2.). 

Next,  letabcdef  be  the  figure  which 
is  included  by  tangents  drawn  through 
the  points  A  B  C  D  E  F :  this  shall  like- 
wise be  a  regular  polygon. 

Let  O  be  the  centre  of  the  circle,  and 
join  OA,  OB,  Oa,  O  b,  OC.  Then  be- 
cause a  A,  a  B,  are  tangents  drawn  from 
the  same  point,  they  are  equal  to  one 
another  (2.  Cor.  3.).  And  because  the 
triangles  A  O  a,  B  0  a  have  the  three 
sides  of  tlie  one  eaual  to  the  three  sides 
of  the  other,  each  to  each,  the  ans^ 
B  O  a  is  equal  to  AO  a,  that  is,  to  the 
half  of  A  O  B.  In  like  manner,  it  may 
be  shown  that  the  angle  B06  is  equal 
to  the  half  of  BOC;  and  AOB  is 
equal  to  BOC,  because  the  arc  A B 
is  equal  to  the  arc  B  C  (12.);  there- 
fore the  ande  B  O  a  is  equal  to  B  O  6. 
Therefore  B  O  a,  B  0  6  are  triangles 
which  have  two  angles  of  the  one  equal 
to  two  angles  of  the  other,  each  to  each, 
and  the  mteijacent  side  OB  conmion 
to  both :  consequently,  (I.  5.)  they  arc 
equal  in  every  respect,  and  B  a  is  equal 
to  B  6 ;  therefore  a  6  is  bisected  in  B. 
In  the  same  manner  it  may  be  shown 
that  af  is  bisected  in  A ;  and  it  has 
been  shown  that  a  B,  a  A,  are  equal  to 
one  another ;  therefore  a  6  is  equal  to 
af  And  by  a  like  demonstration  it 
may  be  shown  that  the  other  sides  of 
the  figure  are  each  of  them  equal  to  a  6 
or  a  f  Therefore,  the  figure  abcdef 
has  all  its  sides  equal  to  one  another. 
And  because  its  angles,  as  a,  6,  are  sup- 
plements (1. 20.Cor.)  of  equal  angles,  as 
AOB,  BOC,  they  are  likewise  all  equal 
to  one  another.  Iherefore  it  is  a  regular 
polygon. 

Therefore,  &c. 

Cor,  I .  (Euc.  iv.  1 2.) .  If  any  regular 
polygon  be  inscribed  in  a  circle,  a  similar 
polygon  may  be  circumscribed  about  the 
circle  by  drawing  tangents  through  the 
angular  points  of  the  former ;  and  con- 
versely. 

Cor.  2.  If,  any  regular  polygon  being 
inscribed  in  a  circle,  a  tangent  be  drawn 
parallel  to  one  of  its  sides,  and  be  ter- 
minated both  ways  by  radii  passing 
through  the  extremities  of  that  side, 
such  terminated  tangent  shall  be  a  side 
of  a  regular  polygon  of  the  same  num- 
ber of  sides  circumscribed  about  the 
circle.  For,  since  the  radius  drawn  to 
the  point  of  contact  bisects  the  side 
(3.  Cor.  1.)  ^t  right  angles,  i^d  there^ 
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fore  also  biseetfl  th6  angle  formed  bjr  the 
radii  passing  through  its  extremities 
(I.  6.  Cor,  3.)  it  is  obvious  from  I.  5. 
that  the  parts  of  the  tangent  in  question 
are  equal  to  one  another,  and  to  the 
halves  of  any  side  of  the  regular  circum- 
scribed polygon  of  the  same  number  of 
sides. 

Prop.  28.  (Euc.  iv.  10.  and  15.  Cor.) 

The  side  of  a  regular  hexagon  is 
equal  to  the  radius  of  the  circle  in  which 
it  is  inscribed ;  the  side  of  a  regular 
decagon  is  equal  to  the  greater  segment 
of  the  radius  divided  medially  ;  ahd  the 
side-square  of  a  regular  pentagon  is 
greater  than  the  square  of  the  radius  by 
the  side-iquare  of  a  regular  decagon 
inscribed  in  the  same  circle, 

Tnrst,  let  A  B  be 
the  side  of  a  hexa-         /^\^ 
gon  inscribed  in  the        //  \ 

circle  ADB,  the  cen-      S X 

trc  of  which  is  C. 
Join  C  A,  C  B,  and 
let  A  C  produced 
meet  the  circum- 
ference in  D.  Then,  because  the  arc 
A  B  is  contained  in  the  whole  circum- 
ference six  times,  it  is  contained  three 
times  in  the  semi-circumference  A  B  D, 
and  twice  in  the  arc  B  D.  But  the  an- 
gle BAG  is  measured  by  half  of  the  arc 
B  D.  (14.  Cor,  1.)  and  the  angle  A  C  B 
by  the  arc  AB.  Therefore  the  angle 
B  A  C  is  equal  to  A  C  B,  and  the  side 
A  B  is  equal  tc  BC ;  that  is,  the  side  of 
the  regular  hexagon  is  equal  to  the  ra- 
dins  of  the  circle. 

Secondly,  let  AB 
be  the  side  of  a  regu- 
lar deca^n  inscribed 
in  the  circle  ADB 
the  centre  of  which 
isC.  JoinCA.GB, 
and  let  AC  produced 
meet  the  curcumfer- 
ence  in  D.  Then,  because  the  arc  A  B 
is  contained  ten  times  in  the  whole  cir- 
cumference, it  is  contained  five  times  in 
the  semi-circumference  A  B  D,  and  four 
times  in  the  arc  B  D.  But  the  angle 
B  A  C  is  measured  by  half  of  the  arc 
B  D  (14.  Cor.  1.)  and  the  angle  A  C  B  is 
measured  by  the  arc  AB.  Therefore 
the  angle  B  A  C  is  equal  to  twice  the 
angle  A  C  B.  Let  the  angle  B  A  C  be 
bisected  by  the  line  A  E,  and  let  A  E 
meet  C  B  in  E.  Then,  because  the  an- 
cle EAC  is  equal  to  ACE,  the  side  EA 
IS  equal  to  E  C  ;  and  because  A  E  D  is 
equal  to  the  two  EAC,  A  C  E,  that  is 


double  of  A  C  E,  and  (hat  ABE  being 
equal  (I.  6.)  to  B  AC  is  likewise  double 
of  ACE,  AEB  is  equal  to  ABE,  and 
AB  is  equal  to  AE  or  £  C  (I.  6.).  But, 
because  the  straight  line  AE  bisects  the 
angle  B  A  C,  CA  :  A  B  :;  C  E  :  E  B 
(11.50.).  Therefore CB  :  CE::CE  : 
£  B,  that  is  the  radius  C  B  is  medially 
divided  in  E ;  and  A  B.  the  side  of  the 
decagon,  is  equal  to  the  greater  seg- 
ment C  £. 

Lastly,  let  AB  be 
the  side  of  a  regular 
pentagon  incribed  in 
the  circle  ADB,  the 
centre  of  which  is  C. 
Bisect     the      angle 
A  C  B  by  the  radius 
CE  (L    Post.    4.): 
then  the  arcs  AE,  £  B  measuring  equal 
angles,  are  equal  to  one  another  (12.). 
Join  A  E ;  take  C  F  equal  to  AE,  and 
join  A  P.    Then,  because  the  arc  A  £ 
IS  the  half  of  AB,  it  is  contained  ten 
times  in  the  whole  circumference,  and 
the  chord  A  £  is  the  side  of  a  regular 
decagon  inscribed  in  the  circle  ADB. 
Again,  the  angle  EAC  bein^  measured 
by  half  the  arc  £  B  D,  that  is,  by  two- 
fiflhs  of  the  semi-circumference  AED,  is 
equal  to  the  angle  FC  A,  which  is  mea- 
sured by  the  arc  AB,  that  is  likewise 
by  two-fifths  of  the  semi-circumference 
A  £  D ;  therefore,  because  the  tiHan- 
gles  EAC,  F  C  A,  have  two    sides 
of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  and  the  included 
andes  equal  to  one  another,  the  base 
AF  (1. 4.)  is  equal  to  CE  or  AC.    And, 
because  from  the  vertex  A  of  the  isos- 
celes triangle  ACF,  the  straight  line 
AB  is  drawn  to  meet  the  base  produced 
in  B,  the  square  of  A  B  is  greater  than 
the  sqiiare  of  AC  (1. 39.)  by  the  rectan- 
gle CB.BF.  But  CF  being  equal  to  AE, 
the  side  of  a  regular  decagon,  the  radius 
C  B  is  medially  divided  in  F,  as  shown  in 
the  second  part  of  the  proposition ;  and 
therefore  the  rectangle  CB,  BF  is  equal 
tothesquareofCForA£(n.38.Cor.l.). 
Tlierefore  the  square  of  A  B  is  greater 
than  the  square  of  AC  by  the  square  of 
AE ;  that  is,  the  side-square  of  a  regu- 
lar pentagon  is  greater  than  the  ^uare 
of  the  radius  by  the  side- square  of  a 
regular  decagon  inscribed  in  \he  same 
circle. 
Therefore,  &c. 

Prop.  29. 
The  area  of  any  r^ular  polygon  t4 
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equal  to  half  the  rectangle  under  ite 
perimeter  and  apothem. 

Let  A  B  C  D  E  F  be  any  regular  po- 
lygon, 0  its  centre,  and  O  K,  which  is 
drawn  perpendicular  to  AB,  its  apo- 
them :  the  area  of  the  polygon  shall  be 
equal  to  half  the  rectangle  under  the 
p.pothem  O  K  and  the  perimeter  ABC 
DEP. 


PIL  «  4. 


Take  A  L  equal  to  the  sum  of  the 
sides  or  perimeter  A  B  C  D  E  F,  and  join 
O  L,  Ob.  Then  because  the  sides  are 
equal  to  one  another,  the  base  AL  con- 
tarns  the  base  AB,  and  therefore  the  tri- 
angle O  A  L  contains  the  triangle  O AB, 
(I.  27.)  as  many  times  as  the  polygon 
has  sides.  But,  because  the  triangles 
O  AB,  OBC,  Sec.  having  equal  bases  and 
altitudes  (I.  27.),  are  equal  to  one  ano- 
ther, the  polygon  likewise  contains  the 
ti-iangle  OAB  as  many  times  as  it  has 
Sides.  Therefore  the  polygon  is  equal 
to  the  triangle  O  AL,  (II.  ax.  1.)  that 
is,  (L  26.  Cor.)  to  hiJf  the  rectangle  un- 
der the  perimeter  AL  and  apothem  OK. 

Therefore,  &c 

Prop.  30.  (Euc.  xii.  1.) 

77ie  perimetere  of  similar  regular 
polygon*  are  as  the  radii  of  the  in- 
scribed or  circumscribed  circles,  and 
their  areas  are  as  the  squares  of  the 
radii. 

Let  O,  0  be  the  centres  of  two  re- 
gular polygons  having  the  same  number 
of  sides,  A  B,  a  b,  any  two  sides,  and 
O  K,  0  ^  lines  drawn  from  the  centres 


perpendicular  to  them  respectively : 
then  (26.)  O  A,  o  a  are  the  radii  of  the 
circumscribed  circles,  and  O  K,  o  A  the 
radii  of  the  inscribed  circles.  The  pm- 
meters  of  the  polygons  shall  be  to  one 
another  as  OA  to  o  a,  or  OK  \ook  and 
their  areas  as  0A«  to  oa*,  or  OK"  iook*. 

Because  the  polygons  have  the  same 
number  of  sides,  the  angles  A  O  B,  ao  6 
"re  contained  the  same  number  of  times 

"^ur  right  angles,  and  are  therefore 


y 
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equal  to  one  another  (IL  ax.  2.),  as 

also  their  halves  (L  6.  Cor.  3.)  the  angles 
A  OK,  a  ok.  Therefore  the  hiangles 
AO  B, a  o 6  (IL 32.) as  also  AOK,  a  ok, 
(IL  31 .  Cor.  1.)  are  similar,  and  AB  is  to 
a  6  as  OA  to  0 a,  or  as  OK  to  o  A  (II.  3 1.). 
But,  t)ecause  the  polygons  are  similar, 
their  perimeters  are  to  one  anotho-  as 
A  B  to  a  6,  and  their  areas  as  AB*  to  a^ 
(II.  43.).  Therefore  their  perimeters  are 
to  one  another  as  OA  to  o a,  or  as  OK  to 
o  k  (IL  12.) ;  and  their  areas  as  0A«  to 
0  a»,  or  as  0K«  iook*,  (IL  37.  Cor. 4.) 
Therefore,  &c. 

Prop.  31. 

Any  circle  being  given,  similar  re- 
gular polygons  may  be,  the  one  in- 
scribed,  and  the  other  circumscribed, 
suc/i  that  the  difference  of  their  peri- 
meters or  areas  shall  be  less  than  any 
given  difference. 

Let  C  be  the 
centre  and  C  A  the 
radius  of  any  given 
circle :  and  let  K  be 
any  given  straight 
line  ;  there  may  be 
found  two  regular 
polygons  of  the . 
same  number  of 
sides,  the  one  in- 
scribed in  the  cir* 
cle,  the  other  cir- 
cumscribed about 
the  circle,  which  shall  have  the  difference 
of  their  perimeters  less  than  the  straight 
line  K,  or  the  difference  of  their  areas 
less  than  the  souare  of  K. 

And  first  of  the  perimeters.  Let  L  be 
a  straight  line  equal  to  the  perimeter  of 
some  circumscribed  polygon ;  and  let  the 
radius  AC  be  divided  m  the  point  D  in 
the  ratio  of  K  to  L  (IL  55.).  Through  D 
draw  the  chord  E  F  perpendiculsu'  to 
0  A,  and  draw  the  radius  C  B  likewise 
perpendicular  to  C  A :  bisect  the  arc 
AB  in  M,*  the  arc  AM  in  N,  the  arc 
A  N  in  P,  and  so  on  till  the  point  of 
bisection  fall  between  A  and  E ;  let  P  be 
the  first  point  so  falling ;  draw  the  chord 
P  Q  parallel  to  E  F  and  cutting  the 
radius  C  A  in  R.  Then,  because  the 
double  of  the  arc  A  P  is  contained  a 

*  The  necetfkity  of  haring  the  lioas  ud  letters  in 
the  neighboarbood  of  A  clear  and  distinct  hu  led  the 
ngTHTfT  to  tax  the  reader's  ijnaginatioB  sooMwhat 
4Dore  than  was  absolutely  necessary  in  the  tgiirea  of 
this  proposition.    He  is  requested,  therefore,  to  sup- 

rie  that  the  point  M  bisects  the  are  AB,  the  potat 
the  arc  A  M,  and  the  point  P  the  arc  AN.  With 
regard  to  the  operation  oi  bisecting  the  arc,  weabonld 
remark  that  it  may  be  effected  by  bisecting  the  aagU 
»t  the  centre  C19.)* 
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certain  number  of  times  in  the  quadrant 
A  B,  it  is  contained  four  times  as  often 
in  the  whole  circumference.  But  be- 
cause the  radius  CA  cuts  the  chord 
PQ  at  right  angles,  the  arc  PAQ  is 
equal  to  the  double  of  AP  (3.  and  1.  6. 
Car.  3.).  Therefore  the  arc  which  it 
subtends  being  contained  exactly  a  cer- 
tain number  of  times  in  the  whole  circum- 
ference, th^  chord  P  Q  is  the  side  of  an 
inscribed  polygon  (27.).  And  because  the 
perimeter  of  this  inscribed  polygon  is  to 
the  perimeter  of  the  similar  circum- 
scribed polygon  as  CR  to  CA  (30.),  the 
difference  of  their  perimeters  {invertendo 
and  dividendo)  is  to  the  perimeter  of 
the  inscribed  polygon  as  A  R  to  R  C, 
that  is,  m  a  less  ratio  than  that  of  A  D 
to  1>C^  or  of  K  to  L.  But  even  a  mag- 
nitude which  should  have  been  to  the 
perimeter  of  the  inscril)ed  polygon  in  the 
same  ratio  as  that  of  K  to  L  would  have 
been  less  than  K  (II.  18.),  because  the 
perimeter  of  the  inscrib^  polygon  is 
less  than  L  (1. 1 0.  Cor,  3.).  Aluch  more, 
then,  is  the  difference  of  the  perimeters 
of  the  inscribed  and  circumscribed  po- 
lygons less  than  K,  that  is,  less  than  the 
given  difference. 

In  the  next 
place,  of  the  area54 
LetMbe  a  straight 
line,  such  that  the/ 
square  of  M  ia| 
equal  to  tiie  areaS 
of  some  circum4 
seribed  polygon^  . 
letAC(I1.55.)b6. 
divided  in  din  the. 
ratio  of  K-square. 
to  M- square,  and 
let  C  D  be  taken 
(II.  51.)  a  mean 

proportional  between  C  A  and  C  d. 
Then,  as  before,  there  may  be  found  an 
inscribed  polygon  whose  apothem  CR 
is^reaterthanCD.  Take  (J  r  (11. 52.)  a 
thud  proportional  to  CA  and  CR ;  and, 
because  CD«  :  CR« ::  CAx  C  d  :  CAx 
C  r  (II.  38.  Cor,  1.),  in  which  proportion 
the  first  term  is  less  than  the  second,  the 
third  is  also  less  than  the  fourth  (II.  14.), 
and  thocfore  C  d  is  less  than  C  r.  And 
because  the  area  of  the  inscribed  poly- 
gon is  to  the  area  of  the  similar  polygon 
eircumscribedas  CR«  to  CA«  (30.),  that 
is  (II.  35.),  as  C  r  to  C  A  (invertendo 
and  dividendo),  the  difference  of  their 
areas  is  to  the  area  of  the  inscribed  po- 
Ij'gon  a.s  A  r  to  C  r,  or  in  a  less  ratio 
than  that  ofAd  to  Cd,  or  ofK«toM«. 
But  even  a  magnitude  which  should  have 
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been  to  the  inscribed  polygon  as  K«  to 
M«  would  have  been  less  than  K«,  be- 
cause the  inscribed  polygon  is  less  than 
M".  Much  more,  then,  is  the  difference 
between  the  inscribed  and  circumscribed 
polygons  less  than  K  square,  that  is, 
less  than  the  given  difference. 
Therefore,  &c. 

Cor,  I.  Any  circle  being  given,  a  re- 
gular polygon  may  be  inscribed  (or  cir- 
cumscribed) which  shall  differ  from  the 
circle,  in  perimeter  or  in  area,  by  less 
than  any  given  difference.  For  the 
difference  between  the  circle  and  either 
of  the  polygons  is  less  than  the  difference 
of  the  two  polygons. 

Cor.  2.  Any  two  circles  being  given, 
similar  regular  polygons  may  be  in- 
scribed (or  circumscribed),  which  shall 
differ  from  the  circles,  in  perimeter  or 
in  area,  by  less  than  any  the  same  given 
difference. 

Prop.  32. 

The  area  of  a  circle  t*  equal  to  half 
the  rectangle  under  the  radius  and  cir^ 
zumference. 

Let  C  be  the  centre,  and  C  A  the  ra- 
dius of  any  circle :  from  the  point  A  let 
there  be  drawn  AB  perpendicular  to 


O  A,  and  suppose  any  line  AB  equal  to 
the  circumfesence  of  the  circle,  and  join 
CB :  the  circle  shall  be  equal  to  the  tri* 
angle  CAB. 

For,  if  nut  equal,  it  must  be  either 
greater  or  less  than  the  triangle.  First, 
let  it  be  supposed  greater,  and  therefore 
equal  to  some  triangle  C  AD,  the  base 
AI)  of  which  is  greater  than  AB.  Then, 
because  (31.)  there  may  be  circum- 
scribed about  the  circle  a  regular  poly 
gon,  the  perimeter  of  which  approadies 
moi-e  nearly  to  that  of  the  circle  (AB) 
than  by  any  given  difference,  as  B  D,  a 
polygon  may  be  circumscribed,  the  pe- 
rimeter of  which  shall  be  less  than  A  D. 
But  the  area  of  any  regular  polygon  is 
equal  to  half  the  rectangle  under  its  peri- 
meter and  apothom  (29.).  Therefore  the 
area  of  such  circumscribed  polygon  will 
be  less  than  the  triangle  CAD,  less 
tiiat  is,  than  the  supposed  area  of  the 
circle ;  which  is  absurd. 

Neither  can  the  area  of  the  circle  be 
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less  than  the  triangle  CAB ;  for,  as  the 
perimeter  of  every  circumscribed  poly- 
gon is  greater  than  the  circumference 
AB  (I.  10.  Scholium),  and  therefore,  as 
before  shown,  the  polygon  itself  greater 
than  the  triangle  CAB,  to  which,  how- 
ever, it  may  be  made  to  approach  within 
any  given  difference,  because  its  peri- 
meter may  be  made  (31.  Cor.  1.)  to  ap- 
proach to  AB  within  any  given  difference; 
so,  because  similar  polygons  may  be  in- 
scribed and  cicumscribed  approaching  to 
one  another  more  nearly  than  by  any 
given  difference  (31.)  a  polygon  may  be 
inscribed  approaching  to  the  triangle 
CAB  within  any  given  difference,  that 
is  greater  than  Ihe  circle,  if  the  circle  be 
supposed  to  be  less  than  the  triangle 
CAB;  which  is  absurd. 

Therefore  the  circle  is  neither  greater 
nor  less  than  the  triangle  CAB,  that  is, 
it  is  equal  to  it. 

Therefore,  &c. 

Cor,  Any  circular  seetor  is  equal  to 
half  the  rectangle  under  the  radius  of 
the  circle,  and  the  arc  upon  which  it 
stands :  for  it  is  less  than  the  circle  in 
the  ratio  of  that  ai*c  to  the  circum- 
ference (13.). 

Prop.  33.  (Euc.  xii.  2.) 

The  circumferences  of  circles  are  as 
the  radii,  and  their  areas  are  as  the 
squares  of  the  radii. 

Let  R,  r,  represent  the  radii  of  two 
circles,  C,  c  their  circumferences,  and 
A  a,  their  areas :  then  C  :  c ::  R  :  r, 
and  A'.  a::R«  :r«. 

For,  in  the  first  place,  there  may  be 
inscribed  (31.  Cor,  2.)  two  similar  poly- 
gons, the  perimeters  o%which  approach 
more  nearly  to  the  perimeters  C,  c  of  the 
two  circles,  than  by  any  the  same  given 
difference  ;  and  the  perimetef  of  the  one 
polygon  (30.)  is  to  tne  perimeter  of  the 
other,  always  in  the  same  ratio,  viz.  as 
R  to  r :  therefore,  C :  c ::  R :  r  (II.  28.). 

And,  in  the  same  manner,  because 
there  may  be  inscribed  in  the  circles  two 
similar  polygons,  the  areas  of  which  (31. 
Cor.  2.)  approach  more  nearly  to  the 
areas  A,  a  of  the  circles,  than  by  any  the 
same  given  difference ;  and  because  the 
area  of  the  one  polygon  (30.)  is  ialways 
to  the  area  of  the  other  in  the  same  ratio, 
viz.  as  R*to  f«,  A  :  a  :  R* ;  r«  (II.  28.). 

Therefore,  8cc. 

Cor.  I.  Hence,  similar  arcs  of  drcles 
are  as  their  radii ;  and  similar  sectors  are 
as  the  squares  of  their  radii.  For  such 
arcs  (or  sectors) being  to  the  whole  cir- 
cumferences   (or  circles)  in  the  same 


ratio ,  viz.  that  of  the  angle  at  the  centre 
(13.)  to  four  right  angles,  are  to  one  ano- 
ther, altemando,  as  the  whole  circum- 
ferences (or  circles),  that  is,  by  the  pro- 
position, as  the  radii  (or  the  squares  of 
the  radii.) 

Cor,  2.  Similar  segments  of  circles 
are  as  the  squares  of  the  radii  (II.  22.). 
For  they  are  the  differences  of  similar 
sectors,  and  similar  triangles,  (def.  13. 
and  II.  32.),  which  sectors  {Cor,  1.)  as 
also  the  triangles  (II.  42.) -are  as  the 
squares  of  the  radii. 

Prop.  34. 

IfK  and  L  represent  two  reguiar 
polygons  ofths  same  number  of  sides, 
the  one  inscribed  in^  and  the  other  dr- 
cumscribed  about,  the  same  circle^  and  if 
M  and  N  represent  the  inscribed  and 
circumscribed  polueons  of  twice  the 
number  of  sides ;  M  shall  be  a  geome- 
trical mean  between  K  and  L,  and  N 
shall  be  an  harmonical  mean  between  L 
and^. 

Let  C  be  the  centre 
of  the  circle,  A  B  a 
side  of  the  inscribed 
polygon  K,  CD  a 
radius  drawn  per- 
pendicular to,  and 
therefore  (3.)  bisect- 
ing A  B  in  the  point 
I.  Then,  if  EF  be  dr  iwn.  touching  the 
circle  in  D,  and  termi!  Lated  by  C  A  and 
CB  produced ;  EFwU  (27.  Cor.  2.)  be  a 
side  of  the  circumscriped  polygon  L  of 
the  same  number  of  si^es.  Also,  if  AD 
be  joined,  and  at  the,'  points  A  and  B 
tangents  be  drawn  t(t  meet  E  F  in  the 
points  G  and  H ;  AI?  and  G H  will  be 
sides  of  the  polygons  M  and  N  of  twice 
.the  number  of  sides  (27.). 
■  Now,  because  the  triangles  C  A  I, 
C  E  D,  C  A  D,  C  G  H  are  severally  con- 
tained in  the  polygons  K,  L,  M,  N,  the 
saine  number  of  times,  viz.  as  often  as 
the  angle  ACD,  or  G  C  H,  is  contained 
in  four  right  angles,  the  polygons  are 
one  to  another  as  those  triangles(1 1. 1 7.). 
But  the  triangle  C  A I  is  to  the  triangle 
C AD  as  CI  to  CD,  (II.  39.)  that  is 
(because  A  I,  E  D  are  parallels),  as  CA 
to  C  E,  that  is,  again,  as  the  triangle 
CAD  to  the  triangle  C  ED  (IL  3y.). 
And.  because  C  A I  is  to  CAD  as  CAD 
to  CED,  K  :  M  : :  M :  L  (II.  1 7.  Cor.  2.) 
and  M  is  a  mAn  proportional  between 
K  and  L. 

Again,  l^ecause  the  triangle  jp  <JH  is 
double  of  C  G  D,  and,  thcre(b1te,  e<iual 
to  the  quadrilateral  C  A  GD;  th«  tri- 
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aagie  A  £  Gr  is  €qual  to  the  difference 
of  the  triangles  C  £  D,  C  G  H,  and  the 
tna»|2:)e  A  G  D  to  iha^ifference  of  the 
triangles  CGH,  OCD.  But  AEGis 
to  AGD  as  E  G  to  G  D.  that  is,  (II.  50.) 
because  the  line  G  C  bisects  the  ande 
ACD,  as  EC  to  CD  or  C  A,  that  is  again, 
as  the  triangle  C  £  D  to  the  triangle 
CAD<II._39.).  And,  because  CED  is  to 
C  AD  as  the  difference  of  CED,  C  GH 
to  the  difference  of  C  GH,  CAD,  L  : 
M  ::L-N:N  — M  (11.17.  Cor.2.); 
that  is,  N  is  an  harmonical  mean  be- 
tween Laiid  M  (def.  17.). 
Therefore,  &c. 

Scholium. 
The  proposition  which  has  been  just 
demonstrated,  affords  one  of  the  most 
simple  methods  of  approximating  to  the 
area  of  the  circle  :  to  which  purpose  it 
may  be  applied  as  follows. 
"Let  the  diameters 
A  B,  D  E  be  drawn 
at  right  angles  to 
one  another :  the 
strajghtUnes  joining  j) 
their  extremities  wifi 
include  an  inschl)ed 
square,  and  the  tan- 
gents drawnthrough 
the  same  a  circumscribed  souare.  Now  it 
is  plain  that  ^e  circumscnbed  square  is 
equal  to  4  times  the  square  of  the  radius, 
and  the  inscribed  to  half  the  circum- 
scribed, that  is,  to  twice  the  square  of 
the  radius.  Therefore,  if  the  radius  be 
assumed  for  the  linear  unit,  the  inscribed 
square  will  contain  2,  and  the  circum- 
scribed 4  units  of  area.  But  the  in- 
scribed figure  of  eight  sides  is  a  mean 
proportional  between  them:  therefore, 
the  number  of  units  of  area  which  it  con- 
tains, will  be  a  mean  proportional  be- 
tween 2  and  4,=  V^  x  4,  =2.8284271 247 
&C.  tothe  tenth  decimal  place  inclusively. 
And  the  number  which  is  an  harmo- 
nical mean  between  4  and  2.828427 1247 
will,  in  like  manner,  be  the  number 
of  superficial  units  in  the  circum- 
scribed figure  of  8  sides.  Now,  to 
find  such  a  mean  x  between  two  num- 
bers m,  «,  we  have  this  proportion, 
m  :  n  : :  m  —  jr  :  a;  —  n  (II.  def.  17); 
whence,  multiplying  extremes  and 
means,  m  x  (a?— n)  =  n  x  (w— x); 
transposing,  mx  +  nx  =  2mn;  and 

diTidmg  by  m-t-n,  a:=  lUlIt ;  that  is,  an 

1  mean  between  two  numbers 

^ ,  by  dividing  twice  their  pro- 

f  their  sum.  Thus  we  find  the  cir- 


cumscribed figure  of  8  sides  to  contain 
3.31 37084989  &c.  superficial  units.  In  the 
same  manner,  from  these  inscribed  and 
circumscribed  figures  of  8  sides,  are  to  be 
obtained  the  inscribed  and  circumscribed 
figures  of  16  sides;  and  so  on.  This 
process  leads  us,  after  18  times  doubling 
the  number  of  sides,*  to  the  following 
values  of  the  inscribed  and  circum- 
scribed polygons  of  1,048,576  sides. 

3.1415926535  &c. 

3.1415926535  See.  values  which 
differ  from  one  another 'by  a  quantity 
which  does  not  appear  in  the  tenth  deci- 
mal place.  But  tne  circle  is  greater  than 
one,  and  less  than  the  other  of  these 


*  In  the  followtng  table  of  polyj^oaal  areas,  sue- 
ceaeively  computed  as  in  the  text,  the  letters,  A,  B, 
C,  D,  Sec.  indicate  the  regular  polygons  of  4,  8,  IS^ 
%,  Bee.  sides ;  and,  to  show  the  progress  of  the  ap- 
proximation, dots  are  substituted  for  the  iigares  at 
the  head  of  their  respectire  columns. 

^  \cir.  4. 

n  (in.  S.8S84S71S47 
^  Uir.  3.3137081989 
p  fin.  3.0614674589 
^  i  cir.  . .  18£6978780 
n  (in.  ..19144515S2 
"  \cir.  ...517849074 
«.(in.  ...365484905 
*^  tcir.  ...441183859 
V  (in.  ...403311569 
'  \eir 9S936300 

"  Icir.  ....19603699 

u  (in 5138011 

**  tcir 6320807 

.   (in 675W404 

^  I  cir 6025108 

-.  (in 5877953 

^  icir 6931177 

,    (in 914215 

^  \cit 34696 

^(in 9:^456 

"I  cir 28076 

T^Jttn 5766 

'^Icir 6921 

,,  lin 6343 

^Icir. ...639 

p  (in 487 

^  icir 660 

a  (in 593 

^  icir 49 

p  (in 39 

^Icir 37 

S  \cir 6 

fr  (  in 6 

^Icir 6 

Of  a  calculation  which  has  attracted  so  much  att«ft< 
tion,  it  is  not  impossible  that  the  student  roajr  ba 
curious  enough  to  revise  the  steps,  or  even  push  it  to 
a  still  greater  degree  of  approximation. 

In  doing  this  by  the  method  here  given,  his  labour 
will  be  considerably  abridged  by-  ttttendiog  to  tb* 
following  rules.  ,     ^    .      ,     ,  ,^.  ,. 

1°.  Annex  one  more  to  the  decimal  places  which 
are  required  to  be  exactly  ascertained,  and  with  this 
additional  pl»ce,  use  the  ablueviated  modes  of  multi- 
plying, dividing,»and  extracting  the  xqaare  root,  vi*. 
by  inverting  the  multiplier,  cutting  otf  successively 
the  figures  of  the  divisor,  and  dividing  out  when  tha 
root  is  obtained  to  hfilf  the  re«]uired  number  of  places 
(SeeArith.art,167.  185.).  . 

3°.  When  the  calculation  ha»  prnceeded  so  far 
thatC^'  being  the  difference  of  the  two  preceding  poXjr-.., 
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polygons :  therefore,  the    area  of  the 
circle  is  correctly  denoted  by  3.1415926 
535  as  far  as  the  tenth  decimal  place 
inclusively. 
This  number  is  commonly  represented 

fOBSf  and  b  the  lesser  of  tbe  two),  the  quotient  of  the 

firaction  rrr^*  when  expressed  in  decimals,  has  no 

significant  fig^are  in  the  first  ten  decimal  placet,  the 
harmonical  mean  may  be  fonnd  l>/  taking  half  the 
sum  or  arithmetical  mean,  and  sabtracting  therefrom 

r^.  Since  &=3.14>  &c.,  this  mlema/  be  used  when 

S  #«  doss  not  appear  in  the  last  place  bat  three. 

8^*  Aad  in  like  manner,  when  -_  ^    is  not  found 
lo  fts 

in  the  last  decimal  place  (or  which  is  the  same  thing 
nearly,  7*»  in  the  la»t  place  but  three),  the  f^eome- 
trical  mean  may  be  obtained  by  taking  the  arithme- 
tical mean  and  subtracting  therefrom  --;• 

8  0 

L**-  When  __-  j,  not  found  In  the  last  decimal 

4  O 

place,  (or  8  xa  in  the  last  but  two)  neither  the  har- 
monical nor  the  geometrical  mean  will  differ  appa- 
rently from  the  arithmetical,  which  may  therefore 
be  taken  for  them. 

Or,  when  this  eomes  to  be  the  case,  instead  of 
tiompating  the  intermediate  polygonal  areas,  the 
area  of  the  circle  may  be  direetlv  foand  to  the  re- 
quired number  of  places  by  the  following  rule. 

"  Let  an  iascrioMl  polygon  be  the  lavt  computed  ; 
take  the  difference  between  its  area  and  that  of  the 
preceding  circumscribed ;  dirida  this  difference 
( cooftidered  as  a  whole  number) by  that  powerof  2,  say 
Sm,  which  is  next  less  than  it ;  multiply  the  quotient 
m—l 

2—1 
^y — ^ — *  and  add  twice  the  produet  to  the  area  of 

the  iuteribed  polygon,  placing  the  units  of  the  pro- 
duct under  the  last  decimal  place  of  the  area ;  the 
sum  Hhall  be  the  eirenlar  area  required." 

Thus,  in  the  preceding  table  of  areas,  the  difference 
between  the  inscribed  polygon  L  abd  the  circum- 
scribed polygon  K  is  36962;  the  power  of  2,  which  is 
next  less,  is  32768;  the  auotient  of  36962  divided  by 
82768  is  1.128;  the  number  by  which  this  is  to  be 

1      3^68 
multiplied  -—  (— 1)  or  6461 ;  the  product  to 

the  nearest  unit  6160 ;  and  14215,  together  with  the 
double  of  this  product,  is  26535,  which  has  the  re- 
maining digits  in  qneation. 

The  second,  third,  and  fourth  of  these  rules  may 
be  establiiihed  by  the  assistance  of  the  binomial  theo- 
rem :  the  last  is  derived  from  the  algebraical  form  of 
a  series  of  quantities,  each  of  which  is  an  arithmetical 
mean  between  the  two  preceding. 

•  The  letter  «*  is,  however,  more  generally  under- 
stood to  represent  the  semicircumference  of  a  circle 
whose  radius  is  unit;  this  being  evidently  the  same 
number  which  represents  the  circumference  when  the 
dtamet«r  is  assomed  for  unit. 

In  fact  ir  represents  (1),  the  superficial  area  of  ths 
eirrle  where  the  unit  of  superficies  is  the  square  of  the 
radius ;  (.2)  the  linear  value  of  the  circumference, 
where  the  diameter  is  the  unit  of  length ;  and  (3)  the 
linear  value  of  the  semicircumference,  where  the 
radius  is  the  unit  of  length.  The  last  of  these  is  the 
meaning  most  commonly  attached  to  the  symbol. 

In  the  method  of  approximation  which  is  adopted  in 
the  teat,  although  the  principle  is  perhaps  more  ob- 
f'ious,  the  computation  is  not  ko  coneipe  as  in  another 
toerhod,  which  may  be  dented  from  the  following 
•leysnt  theorem. 

If  k  and  \  rt^rtient  the  radii  of  the  circles  tehich 
are  inmriifed  ia  asy  regular  polygon,  and  crrcwM- 
tenbed  nbottt  Hi  and  if  m  ondM  represent  these  radii 
fw  a  regutarpwljfgon  which  hat  tviee  as  many  side* 
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by  the  Greek  letter  ir,  beinff  the  finlt 
letter  of  the  Greek  word  whien  signifies 
circumference*  For  the  same  number 
which  represents  the  area  of  a  circle 
when  the  radius  is  taken  for  unit,  le- 


as  the  former y  and  an  equal  perimeter  t  m  shall  he  «a 
arithmetical  mean  between  k  and  Uand  n  a  gnmMfi' 
col  mean  between  1  and  m. 

To  demonstrate  this : 

Let  AB  be  a  side,  and  C  tiM  centre  of  sny  rfgnlsr 
polygon  ;  let  CD  be  drawn  psrpondifi«kf  to  AB,  sad 
join  CA,  CB :  then  CO  is  the 
radius,  A,  of  the  inscribed  cir- 
cle, and  CA  the  radius,  /, 
of  the  circumscribed  circle. 
From  DC  produced  cut  off  CE 
equal  to  CA  or  CB,  and  join 
EA.  EB:  from  C  draw  CF 
perpendicular  to  EA,  and 
therefore  (I.  6.  Cor.  3.)  bi- 
secting Ea,  and  through  F 
draw  FO  parallel  to  AB,  and 
therefore  (I.  14.)  perpendi- 
enlar  to  Eu,  which  it  cuts  in 
thejpoint  H. 

Then,  because  the  Mgla  AEO  Is  mubI  to  half  Ikt 
angle  ACD  (I.  19.),  the  angls  ABB,  or  FEG.  b 
equal  to  half  the  angle  ACD :  al&o,  beoause  KF  b 
equal  to  the  half  of  EA,  FQ  is  equal  (II.  30.  Cor.  S.) 
to  the  half  of  AB:  therefore  FO  is  the  side  of  a  M- 
gular  polvgon,  which  has  twice  as  maav  sides  as  th* 
former,  £  its  centre,  EH  the  radius,  si,  of  the  inscribed 
eirele,  and  £F  the  radius, »,  sf  ths  eire«aueT9wA 
circle. 

But,  liecanse  EF  is  equal  to  half  EA,  EH  is 
(II.  30.)  equal  to  half  ED,  or  to  haH  the  sum  of  CD 
and  CA ;  that  is,  m  is  an  aritkmetieal  mean  betweea 
A  and  /.  And,  again,  because  from  the  right  aafls 
F  of  the  triangle  KKC,  FH  is  drawn  perpendirular  to 
the  hypotenuse  EC,  £F  is  a  mean  proportional  be- 
tween EC  and  EH  (11.34.  Cor.);  tiiat  is.  «  is  a 
mean  proportional  Detweeo  /  andm. 

Therefore,  &c. 

Hence,  besfinniag  with  ths  squsrs  or  hoxagoa,  «• 
may  proceed,  by  alternate  ariUumetioal  and  geometri- 
cal means,  to  determine  these  radii  for  a  regular  poly- 
gon, the  number  of  whose  sides  shall  exeeoJ  any  givsii 
number;  in  which  process  it  is  evident  that  tho  valves 
of  the  radii  will  continually  approach  to  one  another, 
and,  therefore,  to  the  intermeaiate  valne  of  the  radios 
of  a  circle  which  has  the  same  given  perimeter. 

There  is  yet  a  third  theorem,  nearly  related  to  the 
preceding,  which  may  be  applied  to  the  purpose  of 
this  approximation. 

//k  and  1  represent  tfto  radii  of  tha  circles  wMci 
are  ctrcumscribed  about  any  regular  polygon,  and 
inscribed  in  it,  and  m  an  arithmetical  mean  between 
themi  and  if  k'  and  V  represent  these  radii  fer  a 
regular  pblygon  which  hcu  twice  as  many  sides  as  the 
former^  and  an  equal  area,  k'  shall  be  a  mean  propor- 
tional between  k  oacf  l,*«iir  a  metm  propwiimsol 
between  land  m. 

To  demonstrate  this : 

Let  AB  be  a  side,  and  C  the  CMitn  of  any  regular 
polyron ;  let  CD  be  drawn  poipendaeular  to  AB,  and 
jomCA,  CB:  then  CAis 
the  radius,  *,  of  the  cir- 
cumscribed mrele,  and  CO 
the  radius,  /,  of  the  in- 
scribed circle.  Draw  the 
straight  line  CE  bisecting 
the  angle  ACD:  in  CD 
produced  takeCF  a  mean 
proportional  between  CA 
and  CD;  from  F  draw  FO 
perpendicular  to  CE,  and 
produce  it  to  meet  CA 
jnH. 

Then,  because  CO  bisects  the  angle  FCff,  and  FO 
fs  peipendicular  to  CO.  the  trianrie  FCH  is  isoo- 
ode.  a.  6-);  and,  bcoanae  CHxCF  is  equal  to 
CAxCD,the  triangle  CFii  is  cona]  to  tho  Savl* 
CAD  (11. 40.  Co^  th«r«fon, r&  is  tWsldo of V«s 


presents  also  the  dreamference  when 
the  diameter  is  taken  for  unit,  because 
the  area  of  a  circle,  bein^  equal  to  the 
rectangle  under  the  semicircumference 
and  radius  (32.  )>  bears  to  the  square 
of  the  radius  the  same  ratio  which  the 
semicircumference  bears  to  the  radius, 
or  the  circumference  to  the  diameter. 

And  hence  if  R  be  the  radius  of  any 
drde,  its  circumference  (greater  than 
2  Rm  the  ratio  of  «- :  1)  is  s2  r  R :  and 
its  area  (greater  than  R'  in  the  ratio  of 
ir:  l)is  =  «'R«. 

It  remains  to  observe  that  the  circum* 
ftrence  of  a  circle  is  incommensurable 
with  its  diameter,  for  which  reason  their 
ratio  can  never  be  exactly  represented 
by  numbers.  This  was  for  the  first  time 
demonstrated  in  the  year  1761  A.  D.  by 
Lambert.  During  the  long  period  for 
wMeh  it  was  only  matter  of  conjecture, 
the  quest  of  the  exact  numerical  ratio 
(and  that  by  methods  not  more  expe- 
ditious than  the  aboye)  occupied  many 
laborious  calculators.  Could  they  have 
assigned  any  such,  it  is  evident  that 
they  might  likewise  have  assigned  the 
exact  v^ne  of  the  area  of  a  circle,  whose 
radius  is  ^ven,  and  vice  versB ;  because 
that  area  is  ( 32.)  equal  to  half  the  pro- 
duct of  the  radius  and  circumference. 
But  the  hope  of  arriving  at  a  term  of  the 
approximation  is  now  demonstrated  to 
have  been  vain,  and  accordingly  an  exact 
solution  of  the  celebrated  problem  of 
squaring  the  circle,  that  is,  of  finding 
a  straight  line,  the  square  of  which 
shall  hi  exactly  equal  to  a  given  circle, 
impracticable.    At  the  same  time,  the 


ffvlsTpoljfoo  wbirb  ftflt  twiee  as  many  rides  as  tke 
MBer.  ud  M  equal  ana,  C  its  centre,  CF  the 
radtw,  ¥,  of  tiie  circumscribed  circle,  and  CO  the 
ndtas,  t\  of  tlM  inscribed  etrele 

Bat,bj-  the  eoBstntetion,  C?  it  a  mean  importional 
bttveca  CA  and  CD;  thatu.  A'  is  a  mean  pTO|K>r- 
tiooal  between  A  and  /.  And,  again,  becaase  the  tri- 
aarle  COF  k  similar  to  CDE,  the  triangle  CGF  is  to 
tkt  triangle  CDE  as  COt  to  CDi  (II.  49.  Cor.) ;  bnt, 
b«aase  the  triangle  COF  is  equal  to  half  CHF,  that  is 
«>  half  CDA,  CGF  is  to  c6e  as  hsif  DA  to  PE 
(II.  a»A  or.becan!ie  CE  bisects  the  angle  ACD  ashalf 
CA^CDto  cam.  50.)i  therefore  (II.  12.)CG«: 
CDi  IS    2±£2:CD,»n4(ILa7.Cor.2.)CGiea 


proportional  between  CD  and 


CA+CD 


\ 


is,  F  b  a  mean  proportional  between  I  and  ». 
.   Therefore,  fcc. 

This  theorem  is  applied  in  the  same  manner  as  tho 
pforading.  It  m  Dceessary  to  observe  that  CG  is 
greater  rhaa  CE,  and  not  equal  to  ir,  as  is  wrongly 
riprc»«ated  in  the  ftgnre  :  for,  if  TM  taken  a  third 
giuailioaal  to  EC  and  ED,  It  may  be  shown  that 
jMJBjtMlnr  thaa  CE«  by  a  sqiutro  whi^ 


approximate  «o1utt6n  exhibited  in  the 
number  3.1415926535  &c.  is  sufficient 
for  every  useful  purpose.  If  the  ratio 
be  considered  as  expressed  by  the  in- 
teger and  first  ten  decimal  places,  the 
error  committed  will  bear  a  less  propor« 
tion  to  the  whole  circumference  than  an 
inch  to  the  circuit  of  the  earth. 

Instead  of  the  number  3.1415  &e.  the 
fractions  ~  and  f  f  |  may  also  be  con* 
veniently  used  in  cases  not  requirina:  a 
great  degree  of  approximation.  TTie 
first  (discovered  by  Archimedes)  will 
be  found  to  fail  in  the  thuxl  decimal 
place:  the  other  (due  to  Melius,  and 
remarkably  made  up  of  tlie  odd  num- 
bers 1,  3,  5)  fails  in  the  seventh  decimal 
place  only. 

Section  5,— The  circle  a  maximum  6/ 
area,  and  a  minimum  of  perimeter. 

In  the  present  section  it  is  proposed 
to  show  that  of  all  plane  figures  having 
equal  perimeters,  the  circle  contains  the 
greatest  area ;  and  consequently,  of  all 
plane  figures  containing  equal  areas,  haft 
the  least  perimeter ;  in  other  words,  ai 
it  is  announced  in  the  title  of  the  Sec- 
tion, that  the  circle  is  a  maximum  qf 
area  and  a  minimum  of  perimeter. 

Prop.  36. 

Of  equal  triangles  upon  the  eame  ba$9^ 
the  isosceles  has  the  least  perimeter; 
and,  cf  the  rest,  that  which  ?ia»  thg 
greater  vertical  angle  has  the  less  pe- 
rimeter. 

Lei  the  triangles  ABC,  D  B  C  be 
upon  the  same  base 
B  O,  and  between  the 
same  parallels  A  D, 
B  C  (L  27.),  and  let 
the  triangle  A  B  C  be 
isosceles:  the  triangle 
ABC  shall  have  a  less 
perimeter  than  the  tri- 
angle D  B  C. 

From  B  draw  B  E  perpendicular  to 
AD,  and  produce  it  to  F,  so  that  E  P 
may  be  equal  to  E  B :  and  ioin  A  P^ 
DP.  Then,  because  the  triangles  BE  A, 
PEA  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each, 
and  the  included  angles  B  E  A,  PEA 
equal  to  one  another,  A  P  is  equal 
to  A  B  (I.  4.)  and  the  angle  P  A  E 
to  the  angle  B  AE,  that  is,  to  AB  C 
(I.  15.)  or  (I.  6.)  A  C  B.  But  the  an- 
gles A  C  B,  £  A  C  are  together  equal  to 
H2 


that 


too 
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two  right  angUs  (1. 15)  ;  therefore  FAE. 
E  A  C  are  likewise  equal  to  two  right 
angles,  and  (I.  2.)  FA,  A  C  are  in  the 
same  straight  line.  And  because  the 
triangles  BED,  FED  have  the  two 
sides  B  E,  E  D  of  the  one  equal  to  the 
two  F  E,  E  D  of  the  other,  each  to  each, 
and  the  included  angles  equal  to  one 
another  (I.  4.)  D  F  is  equal  to  D  B  ; 
and  it  was  shown  that  A  F  was  equal  to 
AB.  But  DF.  DC  are  ejeater  than 
FC  (I.  10.);  therefore  D^,  D  C  are 
greater  than  A  B,  A  C ;  and,  B  C  being 
added  to  each,  the  perimeter  of  the 
triangle  D  B  C  is  greater  than  the  pe- 
rimeter of  the  triangle  ABC. 

In  the  next  place,  let  G  B  C  be  ano- 
ther triangle  upon  the  same  base  B  C, 
and  between  the  same  parallels,  but 
having  the  angle  B  G  C  less  than  B  D  C : 
the  perimeter  of  the  triangle  G  B  C  shall 
be  greater  than  the  perimeter  of  the 
triangle  D  B  C. 

Bisect  B  C  in  K,  and  join  A  K.  Then, 
because  ABC  is  an  isosceles  triangle,  AK 
is  (T.  6.  Cor.  3.)  at  right  angles  to  B  C. 
And,  because  A  K  bisects  B  C  at  right 
angles,  it  passes  (3.  Con  2.)  through  the 
centre  of  the  circle  which  is  circumscribed 
aboutthetriangleDBC(5.Cor.2.)  Take 
A  d  equal  to  A  D.  Then,  because  A  K 
passes  through  the  centre  of  this  circle, 
and  bisects  the  chord  B  C,  it  bisects 
also  the  chord  which  passes  through  the 
point  A  parallelto  BC  (3.  Cor.  1.) ;  and 
therefore  the  point  d  is  in  the  circum- 
ference of  the  circle. 

Now,  because  tlie  angle  BGC  is  less 
than  BDC,  the  point  G  must  lie  without 
Hie  circle,  (1 5.  Cor,  3.)  that  is,  G  must 
be  some  point  in  the  line  D  d  produced, 
and  does  not  lie  between  the  points 
D,  d  But  if  it  lie  upon  the  same  side  of 
FC  with  the  point  D,  FG,  GG  together 
must  be  greater  (I.  10.  Cor.  1.)  than 
F  D,  D  C  together ;  and  therefore,  be- 
cause FGis  e(|ual  to  BG,  and  FD  to  BD, 
(1. 4.)  the  perimeter  of  the  triangle  GBC 
must  be  greater  than  the  perimeter  of 
the  triangle  D  B  C.  And  if  it  lie  upon 
the  other  side  of  FC,  FG,  GC  together 
will  be  greater  than  Fd.dC  together. 
But  because  the  diagonals  FC,Dd  bi- 
sect one  another  (1.22.)  the  iigureFD  C d 
is  a  parallelogram,  and  (1.  22.)  the  sides 
Fd,dC  together  are  equal  to  the  sides 
F  D,  D  C  together.  Therefore  FG,  G  C 
together  are  greater  than  FD,  D  C  toge- 
ther, and,  as  before,  the  perimeter  of 
the  triangle  G  B  C  is  greater  than  the 
perimeter  of  the  triangle  D  B  C. 

Therefore,  &c. 


Prop.  36. 


\ 


If  a  rectilineal  Jigure  A  B  C  D  E  have 
not  all  its  sides  equal  and  all  its  angles 
equal,  a  figure  of  equal  area  may  be 
found,  which  shall  have  the  same  num- 
ber of  sides  and  a  less  perimeter. 

For,  in  the  first 
place,  if  it  have  not 
all  its  sides  equal, 
there  must  be  at  least 
two  adjacent  sides 
which  are  unequal. 
Let  these  be  AB,  AE, 
and  join  B  E :  and  let  a  B  E  be  an 
isosceles  triangle  of  equal  area,  and 
upon  the  same  base  B  E.  Then  the 
whole  figure  a  B  C  D  E  is  equal  to  the 
whole  ABCDE;  and  because  (35.J 
a  B,  a  E  together  are  less  than  AB,  A£ 
together,  the  figmre  a  B  C  D  E  has  been 
found  of  equal  area  with  the  figure 
ABCDE,  and  having  a  less  perimeter. 

Next,  if  it  have  not  all  its  angles 
equal,  there  must  be  two  adjacent  angles 
A,  B,  which  are  unequal. 

And,  first,  let  the  sides 
AE,  BC,  meet  one  ano- 
ther in  a  point  P.  Take 
P  a  a  mean  proportional 
(II.  51.)  between  PA,  PB, 
and  make  P  b  equal  to 
Pa.  Then,  in  the  first 
place,  if  one  of  these 
points,  as  6,  lie  in  the  cor- 
responding side  BC,  that 
is,  between  B  and  C,  join 
ab\  the  figure  a6CDE 
shall  be  of  equal  area 
with  the  figure  ABCDE, 
and  shall  have  a  less  pe- 
rimeter. For,  because  j*^' 
PA  is  to  Prt  as  Pa  or 
P6  to  PB,  aB  joined  is  parallel  to 
A 6  (II.  29.).  Therefore  (1.  27.)  the 
triangle  a  A  6  is  equal  to  the  triangle 
B  A^.and  the  figure  a6CDE  is  equal  to 
the  figure  ABCDE.  And  because  the 
triangle  P a 6  is  isosceles,  the  angle  £a  6 
is  equal  to  the  angle  Qha  (I.  6.  or  I.  6. 
Cor,  2.);  but  the  two  E  a  6,  C  6a  are  toge- 
ther equal  to  the  two  E  AB,  CB  A  (1. 1 9.), 
of  which  one,  viz.  E  AB,  is  the  greater ; 
therefore  the  angle  E  a  6  is  greater  than 
the  other  CB  A:  And  these  latter  angles 
are  the  vertical  angles  of  the  equal  trian- 
gles a  Kb,  B  A  6,  which  stand  upon  the 
same  base  A 6:  therefore  (35.)  the 
sides  a  A,  a  6  together  are  less  than  the 
sides  B  A,  B  6  together ;  and  the  figure 
a  6  C  D  E  has  a  less  perimeter  than  the 
figure  ABCDE. 
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less  perimeter. 


But,  in  the  second  place,  if  neither 
of  the  points  a,  b  lie  in  a  side  of  the 
■figure,  but  both  of  them 
in  the  sides  produced, 
take  any  point  m  inBC, 
and  join  m  A.  Through 
B  draw  B  n  parallel  to 
ffi  A,    and  join  m  n : 
the   figure    nmCDE 
shall  be  of  equal  area 
irith  the  figure  ABC 
DE,  and  shall  have  a 
The  figures  are  of  equal  area^  because, 
B  n  l)eing  parallel  to  m  A,  the  triangles 
n  Am,  B  Am  are  (I.  27.)  equal  to  one 
another.    And  because  the  angle  m  n  A 
is  d.  8.  Cor,  1.)  greater  than  the  ande 
ma  A,*  much  more  is  it  greater  than  the 
angle  baA;  but  the  latter  angle  being, 
&s  in  the  preceding  case,  equal  to  a6  C7, 
is  (I.  8.  Cor.  1.)  greater  than  ABC; 
therefore  much  more  is  the  angle  m  n  A 
greater  than  the  angle  ABC.     And 
hence  it  follows,  as  before,  that  nA,nm 
together  (35.)  are  less  than  B  A,  B  m  toge- 
ther, and  that  the  perimeter  of  the  figure 
nm  CDE  is  less  than  that  of  the  figm*e 
ABCDE. 

The  two  cases  in  which  the  sides  AE, 
B  C  are  parallel,  are  easily  demonstrated 


in  a  manner  taken  with  little  variation 
-from  the  preceding,  and  readily  to  be 
appr^ended  by  aid  of  the  adjoined 
figures,  in  which  a  6  is  drawn  through 
tl^  middle  point  of  AB  perpendicular  to 
AE  and  BC. 

Therefore,  in  eveiy  case,  if  a  figure 
have  not,  &c. 

Cor.  1.  Of  plane  rectilineal  figures 
having  the  same  number  of  sides,  and 
containing  the  same  ar^a,  the  regiilar 
polygon  has  the  least  perimeter. 

For  it  is  obvious,  that  a  certain  area 
being  to  be  comprehended  under  a  cer- 
tain numl)er  of  sides,  the  perimeter  of 
the  containing  figure  cannot  be  less  than 
of  some  certain  length  depending  on  the 
extent  of  the  area ;  that  is,  m  other  words, 
of  figures  inclosing  the  same  area,  and 
having  the  same  number  of  sides,  the 
perimeters  cannot,  any  of  them,  be  less 

*  Tbc  line  ma  is  not  drawn  in  tho  figure. 


than  a  certain  line,  viz.  the  least  possible 
by  which,  under  the  aforesaid  condition, 
the  given  area  can  be  inclosed.  But  it 
is  shown  in  the  proposition  that,  except 
a  figure  have  all  its  sides  equal  and  all 
its  angles  equal,  another  may  be  ^found 
inclosing  the  same  area  under  the  same 
number  of  sides  and  with  a  less  peri- 
meter. Therefore,  of  all  the  above 
figures  there  is  one  only  which  is  con- 
tained by  the  least  possible  perimeter, 
and  that  one  is  the  regular  polygon  (def. 

Cor.  2.  And  hence  a  regular  polygon 
contains  a  greater  area  than  any  omer 
rectilineal  figure  having  the  same  num- 
ber of  sides  and  the  same  perimeter : 
for  a  similar  polygon  which  should  have 
the  same  area  with  the  figure,  would 
have  a  less  perimeter  (Cor.  1 .),  and  there- 
fore (30.)  a  less  area  than  ihe  regular 
polygon  which  has  the  same  perimeter. 

ProK  37. 

Of  regular  polygons  having  equal 
perimeters,  that  is  greatest  which  has 
the  greatest  number  of  sides, 

LetAB,  a6 
be  the  sides  of 
two  regular  po- 
lygons having 
equal  perime- 
ters, and  let 
the  polygon 
which  has  the 
side  ab  have  a  greater  number  of  sides 
than  the  other.  The  polygon  which  has 
the  side  a  b  shall  be  greater  than  ^e 
other. 

Let  the  sides  A  B,  ab,  be  placed  in 
the  same  straight  line^  and  so  that  their 
middle  points  may  coincide,  as  at  D. 
Then,  because  ab  is  contained  a  greater 
number  of  times  than  AB  in  the  common 
perimeter,  ab\%  less  than  A B,  and  the 
point  a  lies  between  A  and  D.  From  D 
draw  D  C  at  right  angles  to  A  B,  and 
therefore  (3.  Cor,  2.  and  def.  1 2.)  passing 
through  the  centres  of  both  the  poly- 
gons: and  let  C  be  the  centre  of  the 
polygon  which  has  the  side  AB,  and  e 
the  centre  of  the  polygon  which  has  the 
side  ab;  it  being  supposed  as  yet  un- 
known whether  DC  or  Dc  is  the  greater 
of  the  two.  Join  C  A,  ca\  through  C 
draw  C  o  parallel  to  c  a  to  meet  AD  in  o ; 
and  lastly,  with  the  centre  C  and  radius 
C  0  describe  the  arc  m  »  cutting  C  A  in 
m,  and  C  D  produced  in  n.  Then,  be« 
cause  AB  is  to  the  common  perimeter  of 
the  two  polygons  (II.  17.)  as  the  angle 
ACB  to  four  right  angles,  and  the  torn* 
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mon  perimeter  to  a  &  as  four  right  angles 
to  the  angle  acb,  ex  cequali  (II.  24), 
AB  is  to  a  6  as  the  angle  ACB  to  the 
an((Ie  acb\  and  hence,  by  takins;  the 
halves,(II.  17.  Cor.  2.)theline  AD  is  to 
aD  as  the  ang:le  ACD  to  acD,  or  (I. 
15.)  o  CD.  Therefore,  dividendo  (II. 
20.)  Aa  is  to  a D  as  the  angle  AC  o  to 
oCD,  and  invertendo  (II.  15.)  Da  is 
to  a  A  as  the  angle  D  C  o  to  o  C  A. 

Again,  because  the  sector  Cno  is 
greater  than  the  triangle  C  D  o,  and  tlie 
sector  Com  less  than  the  triangle  C  o  A 
the  sector  C  no  has,  on  both  accounts, 
(II.  11.)  to  the  sector  Coma  greater 
ratio  than  the  triangle  C  D  o  to  the  tri- 
angle C  0  A:  but  the  angles  DC  o,o  C  A 
have  the  same  ratio  as  the  sectors 
(13.),  and  the  lines  D  o,  o  A  the  same 
ratio  as  the  triangles  (IL  39) :  therefore' 
the  angle  P  C  o  has  to  the  angle  o  C  A 
a  greater  ratio  than  the  line  D  o  has  to 
the  line  o  A  (II.  12.  Cor.  1  and  2.).  And 
it  was  shown,  that  Da  has  to  a  A  ttie 
same  ratio  which  the  angle  D  C  o  has  to 
ihe  angle  o  C  A :  therefore  D  a  has  to 
a  A  a  greater  ratio  than  D  o  to  o  A,  and 
D a  is  greater  than  Do.  And,  because 
C 0  is  parallel  to  ca,  Dc  :  D  (3  ::  Da: 
Do  (II.  29.);  therefore  D  0  is  also 
greater  than  DC. 

But  the  polygons,  being  equal,  each  ol 
them,  to  half  the  rectangle  under  the  ' 
apothem  and  perimeter  (29.),  are  to 
one  another  as  their  apothems  c  D,  CD 
<II.  35.) :  therefore,  the  polygon  which 
bas  the  apothem  ^D  and  side  a  6  is 
greater  than  the  other* 

Therefore,  &c. 

Cor.  A  regular  polygon  is  greater 
than  any  other  rectiline^  figure  having 
the  same  perimeter,  and  the  same  or  a 
)«S6  number  of  sides  (36.  Cor,  2.). 

Prop.  38, 

A  circle  is  greater  than  any  regular 
polygon  having  t/ie  same  perimeter. 

For  let  a  similar  polygon  be  circum- 
SQribed  about  the  circle,  viz.  by  dividing 
the  circumference  (or  conceiving  it  to  be 
divided)  into  as  many  equal  parts  as  the 
polygon  is  to  have  sides,  and  drawing 
tangents  through  the  points  of  division. 
Then,  because  the  area  of  the  polygon  is 
equal  (29.)  to  half  the  rectangle  under 
its  apothem  and  perimeter,  and  the  area 
of  tne  circle  to  half  the  rectangle  un- 
der its  radius  and  perimeter  (32.) ;  and 
that  the  apothem  of  the  circumscribed 
polygon  is  equal  to  the  radius  of  the 
circle,  the  circuqiseribed  polygon  is  to 
th9  Qir9\»  as  its  patoeter  to  that  pf 


the  circle  (II.  35.),  that  is,  as  its  peri- 
meter to  the  perimeter  of  the  polygon  ia 
question,  or  (IL  17.)  as  its  side  to  the 
side  of  the  latter.  Again,  because  the 
polygons  are  similar  (II.  43.),  they  are 
one  to  another  in  the  duplicate  raiio 
of  their  sides.  Therefore,  the  cireuna- 
scril)ed  polygon  has  to  the  other  the 
duplicate  ratio  of  that  which  it  has  to 
the  circle,  and  (II.  def.  11.)  the  circle  is 
a  mean  proportional  between  the  two 
polygons.*  But  the  circumscribed  poly- 
gon is  greats  than  the  circle :  therefore, 
the  circle  (IL  14.)  is  greater  than  ti^e 
polygon  of  equal  perimeter. 

Cor,  A  circle  is  greater  than  angr 
plane  rectilineal  figure  of  the  sajne  pen- 
meter  (37»  Cor.). 

It  may  be  Inferred  also,  from  the  fore- 
going propositions,  that  the  circle  is  not 
less  than  any  curvilineal  figure  of  the 
same  perimeter.  For  there  may  be  in- 
scribed in  the  latter  a  rectilineal  fieiire 
of  less  perimeter,  yet  approaching 
more  nearly  to  it  in  area  than  by  any 
supposed  excess  of  the  original  fieure 
above  the  circle,  so  that,  were  there 
such  an  excess,  a  rectilineal  figiire 
might  be  found  greater  than  the  circle, 
and  yet  of  less  perimeter,  which  is  im- 
possible. This  method  will  not,  how- 
ever, carry  us  any  further.  In  the  fol- 
lowing propositions,  another  view  is 
taken  of  the  subject,  and  by  them  it  'will 
be  made  to  appear,  that  the  circle  is 
greater  than  any  other  figure,  curvili- 
neal or  otherwise,  which  has  the  same 
perimeter. 

Prop.  39. 

If  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other ^  eath 
to  each,  and  the  angle  contained  by  the 
two  sides  of  the  first  a  right  angle^  bui 
the  angle  contained  by  the  two  side»  o^ 
the  other  not  a  right  angle,  the  first  trt- 
angle  shall  be  greater  than  the  other. 

Let  A  B  C,  X 
DEF  be  two 
triangles  which 
have  the  two 
sides  A  B,  B  C 
of     the     one 

*  It  appears  from  tbiH  part  of  the  deoumstratiom, 
Uiat  if  there  be  two  timUar  polygonSy  of  which  o«e  is 
circuHttcribed  about  a  circle,  a»d  tht  vtAsr  kam  Ukm 
9amff  perimeter  with  the  circle,  the  circle  shell  4«  « 
mean  proportional  between  the  two  polygons:  •  pro- 
position  which  ifc  tra«.  whether  the  polygwu  be  ■«. 
gttlarorirregolar.  F^r  vhether  the  oucQ««icc£b«d 
poJ/goa  be  regular  or  otberivi»e,  it  U  evident  that 
itti  area  is  oqual  to  half  the  ractaog^  under  hs  ^ 
neter  and  Xw  radim  of  the  cbvte. 
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.eaoal  to  tlie:t«o  #idM  DE,  EF  of  the 
other,  each  to  each,  but  the  anc^le  ABC 
a  right  angle,  and  the  angle  DEF  greater 
or  less  than  a  right  angle;  the  triangle 
.  ABC  shall  be  greater  than  the  triangle 
DEF. 

From  the  point  D  draw  D  G  perpen- 
dicular to  £  F,  or  E  F  produced.  Tiien, 
because  D  G  is  (1. 12.  Cor.  3.)  less  than 
D  E  or  A  B,  the  rectangle  under  D  G, 
£F  is  less  than  the  rectangle  under 
AB,  EF,  or  AB,  BC,  and  therefore 
(1.26.  Cor.)  the  triangle  DEF  is  less 
than  the  triangle  A  B  C. 

Therefore,  &c 

Cor.  Two  given  finite  straight  lines 
with  a  third  indefinite,  inclose  the 
greatest  possible  area,  when  placed  at 
Tight  angles. 

Prop.  40. 

J/iuo  qwdrilateraU  hope  three  sides 
0fth€  ons  equal  to  three  sides  of  the 
other,  each  to  each,  and  the  angles  of 
the  first  lying  in  a  semi-drcun^erence 
of  wkieh  the  fourth  side  is  diameter,  but 
the  angles  of  the  other  not  so  lying,  the 
first  quadrilateral  shall  be  greater  than 
the  other. 

For  if  EFGH  (seeyfe.  1 )  be  that  one 
of  the  quadrilaterals  which  has  not  the 
angles  tying  in  a  semicircumference,  of 
which  the  iTourth  side  EH  is  diameter, 
and  if  G  be  an  an^e  which  does  not  so 
lie;  then,  joining  EG,  the  angle  EGH 
win  not  be  equal  to  a  right  angle, 
(15  Car.  3.)  and,  therefore,  if  GH'  be 
drawn  perpendicular  to  EG,  and  equal 
to  GH.  and  if  EH'  be  joined,  the  trian- 
gle EGH'  will  be  ereater  than  EGH, 
(39.)  and,  accordin^y,  the  quadrilateral 
EFGH',  which  has  its  three  sides  EF, 
FG,  GH'  equal  to  the  three  EF,  FG, 
GH,  each  to  each,  greater  than  the 
quadrilateral  EFGH.  Therefore,  if 
a  quadrilateral  be  inclosed  b3r  three 
given  sides  and  a  fourth  not  given,  a 
greater  may  be  found  inclosed  by  the 
same  three  given  sides  and  a  fourth  not 
given,  except  when  the  angles  lie  in  a 
semicircumference,  of  which  the  fourth 
side  is  diameter.  But,  because  the 
fourth  side  is  (1. 10.  Cor.  2.)  necessarily 
less  than  the  sum  of  the  other  three,  it 
is  evident  that  there  is  some  certain  area, 
a  greater  than  which  cannot  be  so  in- 
closed, and  therefore  some  quadrilateral 
which  incloses  the  greatest  possible  area. 
Therefore,  the  quadrilateral  ABGD 
which  baa  its  angles  lying  in  a  semicir- 
cum&reace»  of  ivhich  the  fourth  side  is 


diameter,  incloses  the  greatest  possible 
area,  and  the  quadrilateral  AJBCD  is 
greater  than  EFGH.* 

Otherunse. 
Let  A  BCD,  EFGH  be  two  qua- 
drilaterals which  have  the  sides  A  B, 
B  C,  C  D  of  the  one,  equal  to  the  sides 
E  F,  F  G,  G  H  of  the  otlier,  each  to 
each ;  and  let  the  angles  A,  B,  C,  D  of 
the  first  lie  in  the  circumference  of  a 
circle,  of  which  the  side  A  D  is  diameter, 
but  the  angles  E.  F,  G,H,  of  the  other 
not  lie  in  the  circumference  of  a  cu-cle 
of  which  E  H  is  diameter :  the  quadri- 
lateral AB  CD  shall  be  greater  than 
EFGH. 


and,  as  most  £^ 


Fig.  2. 


Fig.  3. 


Join  EG,  FH 
Yourable  to  the 
figure  EFGH 
in  the  com- 
parison with 
ABCD,letone 
of  the  ans:les 
EFH,EGH, 
the  former  for 
instance,  be  a 
right  angle ; 
since,  FH  re- 
maining the 
same,  the  tri- 
angle E  F  H, 
and  therefore 
the  whole  figure 
will  be  greater 
(39.)  upon  this 
than  upon  the 
contrary  suppo- 
sition. It  will 
appear  in  the 
demonstration,  that  it  is  indifferent 
whether  £  G  H  be  supposed  less  or 
greater  than  a  ri^ht  angle :  we  shall  set 
out  with  supposing  it  to  be  less,  and, 
therefore,  (15.  Cor.  3.)  the  point  Gtobe 
without  the  semicircle  upon  E  H. 

Draw  GH'  at  right  angles  to  EG, 
and  equal  to  GH  (/ig.  1);   and  join 

•  If  two  of  the  given  sides  as  FG,  GH  Hliouldbein 
the  same  straight  line,  EFGH  woald  be  a  triangle, 
not  a  (quadrilateral :  it  may  be  observed,  however, 
that  the  demonntration  is  eqaally  applicable  to  show 
that  in  this  case  E  F  0  H  is  less  than  A  B  C  D.  We 
may  add  that,  by  a  similar  demosstratiun,  it  appears 
that  a»v  number  whatever  of  jfivcu  Jiniie  straiffht 
line$  With  an  indefinite  inchse  the  greatest  possible 
area  tehen  placed  as  ehords  of  a  scmicirvfnferenee 
%f  fQhich  the  indefinite  is  diamcitr^ 
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£  H'.  Then,  because  E  F  H  is  a  right 
angle,  EFH'  is  greater  than  a  right 
angle,  and  therefore  (15.  Cor,  3.)  the 
point  F  falls  within  the  semicircle  drawn 
upon  EH',  as  in  fig,  2.  Again,  draw 
FE'  {fig,  2)  at  right  angles  to  FH'  and 
equal  to  E  F,  and  join  E'H'.  Then, 
because  E  G  H'  is  a  right  angle,  E'G  H' 
is  less  than  a  right  angle,  and  the 
point  G  falls  without  the  semicircle  upon 
fe'  H'  (see/^.  3),  as  at  first.  It  appears 
therefore,  that  if  the  process  be  repeated 
and  continued,  we  snail  obtain  m  this 
manner  a  series  of  figures  {fig,  I.,  fig.  2., 
Jig,  3.,  &c.),  each  of  which  is  greater 
than  the  preceding  (because  one  of  the 
triangles  remaining  the  same,  the  other 
is  made  to  have  a  right  angle),  and  in 
which,  one  of  the  angles  E  F  H,  E  G  H, 
being  a  right  angle,  the  other  is  greater 
than  a  right  angle,  and  less  than  a  right 
angle  alternately. 

Again,  of  the  bases  E  H,  E  H',  E'  H', 
>&c.  each  is  of  a  magnitude  intermediate 
between  the  two  preceding.  For,  be- 
cause the  SQuare  of  E'H'  {jfyr,  2)  is  equal 
(I.  36.)  to  the  squares  of  ET  and  F  H', 
and  that  FH'  is  greater  than  FH  (fig,  1 ), 
(because  the  two  sides  FG,  G  H' of  the 
triangle  FGH'  are  equal  to  the  two  sides 
FG,GH  of  the  triangle  FGH,  and  con- 
tain  a  Greater  angle  (I.  1 1), )  the  square 
of  E'  H'  is  greater  than  the  squares  of 
E'  F,  F  H,  or  of  E  F,  FH ;  greater,  that 
is,  than  ( 1. 36.)  the  square  of  E  H  {J^.  1 ), 
and  therefore  E'H'  {fig.  2  or  3)  is 
greater  than  EH  (fiff.  1).  But  E'H' 
(fig,  3)  is  less  than  E  H'  (fig,  2),  because 
the  two  sides  E'  F,  F  H'  of  the  triangle 
E'  F  H'  are  equal  to  the  two  E  F,  F  H' 
of  the  triangle  EFH',  and  contain  a 
less  angle,  (I.  11.).  Therefore,  E'H' 
(fig- 3)  is  of  intermediate  magnitude  be- 
tween EH  (J^,  1)  and  EH'  (fig.  2). 
And,  in  a  similar  manner,  it  may  be 
shown  that  E'  H"  {fig.  3,  or  4)  is  of 
intermediate  magnitude  between  EH' 
ifig,  2)  and  E'  H'  (fig.  3) ;  and  so  on. 

Now  A  D  is  greater  than  E  H,  E'  H', 
&c.,  and  less  than  Ell',  E'  H",  &c., 
because  the  chords  AB,  BC,  CD, 
which  together  subtend  the  semi-circum- 
ference of  which  A  D  is  diameter,  sub- 
tend more  than  a  semi  circumference  in 
the  circles  of  which  E  H,  E'  H',  &c. 
are  diameters,  and  less  than  a  semi-cir- 
cumference in  those  of  which  EH', 
E'  H",  &c.  are  diameters. 

Therefore,  every  successive  base  E  H 
being  alternately  greater  and  less  than 
AD,  and  lying  between  the  two  preced- 
ing, approaches  more  nearly  to  AD 


than  did  the  last  in  the  series  whicfa 
was  ^eater  or  less  than  AD ;  that  is, 
A  D  is  the  limit  to  which,  in  the  fore- 
going process,  the  bases  E  H  are  made 
to  approach.  '  And  it  has  been  shown, 
besides,  that  the  figure  E  F  GH  is  in- 
creased at  every  step.  Therefore,  the 
figure  upon  the  base  AD  is  greater  than 
any  of  the  figures  E  F  G  H. 

Therefore,  &c. 

Cor,  Three  given  finite  straight  lines 
with  a  fourth  indefinite,  inclose  the 
greatest  area,  when  placed  as  chords 
of  a  semi-circumference,  of  which  the 
fourth  side  is  diameter. 

Prop.  41. 

If  two  quadrilateraU  have  the  four 
sides  of  the  one  equal  to  the  four  sides 
of  the  other,  each  to  each  in  order,  and 
the  angles  of  the  one  lying  in  the  cir^ 
cumference  of  a  circle,  but  the  angles 
of  the  other  not  so  lying,  the  first 
quadrilateral  shall  be  greater  than  the 
other. 

Let  the  quadrilaterals  ABCD,  AB cd 
have  the  four  sides  of  the  one  equal  to 
the  four  sides  of 
the  other,  each 
to  each  in  order, 
and  the  angles 
A,B,C,Dlying 
in  the  cireum- 
ference  of  a  cir- 
cle ABD,  but  the 
angles  A,  B,  c,d, 
not  so  lying:  the  quadrilateral  ABCD 
shall  be  greater  than  the  quadrilateral 
ABcd 

Through  A  draw  the  diameter  A  K, 
and  join  B  K,  K  C :  and  upon  B  c, 
which  is  equal  to  B  C,  make  the  tri- 
angle B  kc  equal  and  similar  to  the 
triangle  B  K  C,  so  that  the  sides  Bk,kc 
may  be  equal  to  the  sides  B  K,  K  C 
respectively ;  and  ioin  A  A. 

Then,  because  the  straight  lines  B  e, 
B  C  do  not  coincide,  (for  if  they  did,  the 
figures  would  coincide  altogether  by  1. 7.) 
the  point  k  does  not  coincide  with  the 
point  K:  but  ABK  is  a  right  angle 
(15.  Cor,  ].):  therefore  ABA  is  not  a 
right  angle,  and  (39.)  the  triangle  BAK 
IS  greater  than  the  triangle  BAA.  Also, 
the  quadrilateral  AD  CK,  having  its 
three  sides  A  D,  D  C,  C  K  chords  of  the 
semi-circumference  upon  AK,  is  greater 
than  any  other  quadrilateral^  Adek, 
having  three  of  its  sides  equal  to  AD,  DC, 

•  •  If  dc  and  c  A  lie  ia  tb«  Mme  •tnight  Hue  (m  is 
nearly  the  caw  id  tke  fi«ire),  the  figure  Adekmilih9 
«  triangle,  not  a  qaadnlateral ;  but  ia  this  ease  alao 
iti»le«ith«nADCK(HeMteJProp.40.)         "^ 
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C  K,  nsp^edvelr  (40.).  Thertfore,  the 
-whole  figare  A  fi  K  C  D  is  greater  than 
Ihe  whole  figure  ABkcd;  and,  taking 
away  the  equal  triangles  BKC^B  he, 
the  figure  AB  C  D  is  greater  than  the 
^gare  Abed. 

Therefore,  &c. 

Car.  1.  If  a  figure  A  B  C  DE  F  is  to 
be  inclosed  by  any  number  of  given  sides, 
and  if  these  sides  be  not  so  disposed 
that  the  an^es  may  lie  in  the  circum- 
ference of  a  circle,  a  greater  figure  may 
be  inclosed  by  the  same  sides.  For,  if 
the  angle  E,  for  instance,  do  not  lie  in 
the  circumference  which  passes  through 
the  points  A,B,C,join  AE,  CE,  and 
let  there  be  constructed  the  quadrila- 
teral abce,  such  that  its  sides  may  be 


equal  to  those  of  A  B  C  E,  each  to  each, 
and  its  angles  in  the  circumference  of  a 
circle  (2§.  Cor.} :  and  upon  the  sides  ae, 
ce,  which  are  equal  to  AE,  CE,  respec- 
tively, let  there  be  described  the  figures 
a/e,  ce^tf  equal  to  the  figures  A  FE, 
CDE,  respectively.  Then,  because,  by 
the  proposition,  the  quadrilateral  a  bee 
is  greater  than  A  B  C  E,  the  whole 
figure  abcdef  is  greater  than 
ABCDEF. 

Cor.  2.  And  hence,  of  all  figures 
contained  by  the  same  given  sides  in 
the  same  order,  that  one  contains  the 
greatest  possible  area  which  has  all  its 
angks  in  the  circumference  of  a  circle. 
For  the  area  inclosed  by  the  given  sides 
'cannot  exceed  a  certain  limit  depending 
upon  them',  which  limit  is  the  greatest 
possible  that  can  be  inclosed  by  the 
given  sides,  and  is  therefore  such  as  by 
them  can  be  inclosed.  But  no  figure, 
so  inclosed,  contains  the  grei^st  pos- 
sible area,  of  which  the  angles  do  not  lie 
m  the  circumference  of  a  circle.  There- 
fore, the  figure  which  has  its  angles  in 
the  circumference  of  a  circle  contains  a 
greater  area  than  any  other  figure  hav- 
ing the  same  given  sides. 

Scholium, 

That  a  circle  may  be  imagined  in  which 
any  number  of  given  straight  lines  shall 
subtend  as  chords  the  whole  circum- 
ference exactty,  is  evident  from  this,  that  a 
drde  may  be  imagined  in  which  they  shall 
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subtend  less  than  the  whole  circumfer- 
ence, and  a  second  circle  in  which  they 
shall  subtend  more  than  the  whole  cir- 
cumference :  for  the  circle  required  will 
be  of  some  magnitude  between  these  two. 
It  may  be  observed,  also,  that  the 
order  of  the  sides  is  indifferent  as  well 
to  the  magnitude  of  the  required  circle, 
as  to  the  magnitude  of  the  figure  which 
IS  to  be  inscribed  in  it ;  for  the  same 
chord  will  subtend  an  arc  of  the  same 
magnitude,  at  whatever  part  of  the  cir- 
cumference it  may  be  placed  (12.  Cor.  I  ); 
and  therefore  the  arcs  subtended  by  ali 
the  chords  will  be  together  equal  to  the 
whole  circumference,  whatsoever  may 
be  their  order.    And,  because  the  same 
chord  always  cuts  off  a  segment  of  the 
same  area,  the  segments  cut  off  by  ail 
the  chords  will  amount  to  the  same 
area,  whatsoever  may  be  their  order ; 
and  therefore  the  inclosed  area,  which 
is  the  difference  between  that  amount 
and  the  area  of  the  cu-cle,  will  also  be 
the  same.     From  these  considerations 
it  appears  thatProp.41.  Cor.2,neednot 
have  been  qualified  by  a  regard  to  the 
order  qf  the  Hdee. 

Prop.  42. 
0/ all  plane  fibres  having  the  same 
perimeter,  the  circle  contains  the  great- 
est area. 

For,  if  the  figure  ABCDEFGH 
be  any  other  than  a  circle,  there  must 
be  some  four  points  in  the  perimeter. 


as  A,  C,  E,  G,' which  do  not  lie  in  the 
Cffcumference  of  a  cirole.  Join  these 
points,  and  let  the  quadrilateral  ace tf- 
be  constructed,  having  its  sides  equS 
to  those  of  the  quadrilateral  ACEG,  each 
to  each,  and  its  angles  in  the  circumfer- 
ence of  a  circle  (25.  Cor.).  Then,  because 
(41.)  the  quadrilateral  aceg  is  greater 
than  A  C  E  G,  if  upon  the  sides  ac,  ce, 
6g,  ga,  which  are  equal  to  A  C,  C  E, 
EG,  GA,  respectivefy,  there  be  con- 
structed the  figures  a  bc^cde,  ^fg^g^  a 
equal  to  the  figures  ABC,  CDE, 
E  FG,  GH  A,  each  to  each,  in  aU  re- 
si)ects,  the  whole  figure  abcdefg 
will  be  greater  than  ABCDEF(?, 
and  will  have  the  same  perimeter. 

It  appears,  therefore,  that  if  a  plane 
figure  be  not  a  circle,  a  greater  area 
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tiian  is  contained  by  ttiat  ftgure  may  be 
inclosed  with  the  same  perimeter.  But 
the  area  inclosed  by  a  pven  perim^er 
cannot  exceed  a  certain  limit,  which 
limit,  Ijeing  the  greatest  possible  that 
can  be  so  inclosed,  some  figure  with  the 
given  perimeter  must  be  capable  of  con- 
taining. Therefore  the  circle  only  con- 
tains the  greatest  area  of  All  figures 
having  the  same  perimeter. 

Cor.  In  the  same  manner  it  may  be 
shown  that  if  a  figure  is  to  be  inclosed 
by  a  given  perimeter,  of  which  part  is  to 
be  a  given  finite  straight  line,  and  if  it  be 
not  made  a  circular  segment  of  which 
the  given  line  is  chord,  a  greater  maybe 
inclosed  with  the  same  conditions,  and 
therefore  that  of  all  figures  so  inclosed 
the  circular  segment  is  the  greatest. 

Prop.  43. 

Of  all  pUme  figures  having  the  same 
areot  the  drchhas  the  least  perimeter. 

Let  the  circle  C  have  the  same  area 
with  any  other  pUme  figure  F :  0  shall 
be  eontained  by  a  less  perimeter  than  F. 


Let  C  be  a  second  circle,  having  the 
same  perimeter  with  F;  then  by  the 
last  proposition,  C  has  a  greats  area 
thanT  has,  that  is,  than  C  has.  But 
the  areas  of  circles  (33.)  are  as  the 
squares  of  their  radii ;  therefore  the  ra- 
dius of  C  is  greater  than  the  radius  of 
C  ;  and  the  radii  of  circles  (33.)  are  as 
their  circumferences ;  therefore  the  oir- 
cumfierence  of  C,  or  perimeter  of  F,  is 
greater  than  the  circumference  of  C 

Therefore,  &c. 

Sbctioic  6. — Simple  and  Plane  Loci. 

Def.  14.  A  locus  in  Plane  Geometry  is 
a  straight  line,  circle,  or  plane  curve, 
every  point  of  which,  and  none  else  in 
that  plane,  satisfies  a  certain  condition. 

The  nature  and  use  of  loci  will  be 
readily  apprehended  firom  the  following 
example : — 

"  Required  a  point  in  a  certain  plane 
which  shall  be,  first,  in  a  given  line  in 
the  plane  ;  and,  secondly,  eouidistant 
from  two  given  points  in  the  same 
plane." 

Here,  as  far  as  the  first  condition 

only  is  concerned,  any  point  in  the  given 

line,  but  none  else,  will  answer.    The 

$  is  therefore  the  locus  *  corre- 


qvonding  to  the  ftrst  eonditioB.  But 
again,  the  point  required  must  be 
equidistant  from  the  two  given  points, 
that  is,  it  must  be  in  the  straight  line 
which  bisects  the  distance  of  the  two 
given  points  at  right  angles ;  fortius,  it 
is  easily  seen,  (t.  6.)  is  the  locus  cor- 
responding to  this  second  condition* 
Therefore,  if  this  straight  line  be  drawn, 
and  intersect  the  given  line,  the  point 
of  intersection  (or  any  of  those  points, 
if  there  be  more  than  one)  will  satisfy 
both  conditions,  and  will  be  the  point 
required. 

if  there  be  no  point  of  int^nsection,  tiie 
problem  is  impossible. 

To  take  another  instance— 

Let  it  be  required  ''to  find  apointina  ' 
certain  plane,  which  shall  be,  first,  at  a 
given  distance  from  a  given  point  in  the 
plane ;  and,  secondly,  at  a  second  j^ven 
distance  from  a  second  given  point  in 
the  same  plane.'* 

Here  it  is  evident  that  the  locus  cor- 
responding to  the  first  condition  is  the 
circumference  of  a  circle  described  about 
the  given  point  as  a  centre  with  the 
given  distance  as  radius:  and  again, 
mat  the  locus  corresponding  to  the  se- 
cond condition  is  the  circumference  of 
a  circle  described  about  the  second 
given  point  as  a  centre  with  the  second 
given  distance  as  radius.  Therefore 
the  pokits  which  are  common  to  the  two 
circumferences,  that  is,  their  points  of 
intersection,  if  there  be  any,  will  either 
of  them  be  the  point  required. 

If  the  circles  do  not  intersect  one  ano- 
ther, the  problem  is  impossible. 

Such  is  the  use  of  loci  in  the  solution  of 
problems.  We  have  seen  also  in  the  above 
example,  that  they  serve  to  determine  ia 
what  cases  the  solution  is  possible  or  in^ 
possible.  Thus,  in  the  latter  example,  it 
will  be  impossible,  if  the  distances  of 
the  point  reqmred  from  the  given  pointy 
differ  by  more  than  the  mutual  distance 
of  those  points,  or  together  fall  short  of 
thai  distance :  and  in  the  first  example 
it  will  be  impossible,  if  the  given  line, 
being  straight,  be  perpendicular  to  the 
line  which  passes  through  the  two  given 
points,  and  does  not  pass  through  the 
point  which  bisects  that  line;  tor  if  it 
does  so  pass,  the  two  conditions  pro- 

Eosed  are  identical,  and  any  point  in  ihxi 
ne  will  answer  them. 
Every  locus  is  the  limit  between  ex- 
cess and  defect  The  points  upon  one 
side  of  it  fail  by  defect,  and  those  uj^n 
the  other  side  by  excess,  of  possessing 
the  reciuired  property  which  is  possesseoi 
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by  eT«iy  point  IB  the  locus.  Thus,  hi 
the  case  of  the  circle,  the  distance  of  a 
point  within  the  cincle  falls  short  of  th^ 
distance  of  the  circnmCerence,  while  that 
of  a  p<Mnt  without  exceeds  it. 

When  a  locus  is  merely  a  straight  line, 
it  is  called  a  simple  iocus;  when  the  cir- 
cumference of  a  circl^^  is  called  a  plana 
hcus ;  when  any  oth^  curve,  it  is  said  to 
^     be  of  higher  dimensiotu  than  the  circle. 

The  following  propositions  afford  ex- 
%  amples  of  the  two  first  only ;  and,  the 
three  concluding  propositions  excepted, 
they  will  he  founa  the  same  in  substance 
with  theorems  which  have  been  stated 
before,  and  which  only  reappear  in  this 
place  under  a  (tififerent  form. 

It  will  be  observed  that  they  are  in- 
veiitgaled^SL  species  of  analytical  rea- 
soning which  has  not  hitherto  been  ex- 
emplified either  in  the  demonstration  of 
a  theorem  or  in  the  solution  of  a  {uro- 
blem,  but  which  is  the  method  conmionly 
pursued  in  arriving  both  at  the  one  and 
the  other,  and  is  known  under  the  name 
of  •*  Geometrical  Analysis.'*  The  nature 
of  this,  as  opposed  to  the  ordinary  di- 
dactic method  of  solution,  commonly 
V  called  that  of  gffnihesie  or  composition, 
is  pointed  out  by  its  name,  and  will  be  at 
-  once  apprehended  from  any  of  the  fci- 
lowing  examples.  We  need  only  ob- 
serve that  rather  than  two  distinct  me- 
^  tho^  of  doing  the  same  thing,  as  might 
ai^wst  appear  to  be  the  ease,  they  are 
but  the  different  parts  of  one  full  and 
perfect  method ;  that  the  use  of  each  is 
essential  to  a  complete  solution ;  the 
latter  (synthesis)  always  taking  the  sub- 
ject up  where  the  other  leaves  it;  the 
analysis  first  descending,  by  geometrical 
reasoning,  from  the  thing  proposed  to 
the  minutest  particulars  of  the  solution, 
and  the  sjrnthesis  ascending  back  through 
the  same  steps  from  these  particulars  to 
the  thing  proposed.  It  is  true,  that,  be- 
cause the  steps  in  each  are  for  the  most 
pait  the  same,  occurring  only  in  an  in- 
verted order,  the  same  principles  are 
.  developed  in  each,  and,  therefore,  the 
detail  of  either  (more  especially  the  syn- 
thesis) commonly  furnishes  s.  satisfac- 
tory view  of  the  question ;  for  which  rea- 
son, and  for  the  sake  of  brevity,  one  is 
usually  given  to  the  exclusion  of  the 
other,  the  student  will,  however,  find 
himself  amply  repaid  by  entering  into 
both,  BJod  he  is  recommended,  after  fol- 
lowing the  analysis  of  the  problems  of 
the  present  section,  to  supply  in  each 
ca«0  wbora  it  is  omitted,  the  synthesis 
HBeeswiy  to  coiapiete  this  solution* 


Prop.  44. 
Required  the  locu9  of  all  points  which 
are  equidistant  from  two  given  points 
A,  Ju* 

Let  P  be  a  point  in  the 
locus,  and  join  P  A,  PB, 
Then,  because  PAB  is  an 
isosceles  triangle,  if  the 
base  AB  be  bisected  in  C, 
PC  joined  will  be  at  right 
angles  to  AB  (1. 6.  Cor.3). 
Therefore  the  point  P  lies 
in  the  straight  line  which 
bisects  AB  at  ri^ht  an- 

§les ;  and.  it  is  easily  shown,  reversely, 
lat  every  point  in  this  straight  line  is 
equidistant  from  A  and  B  (1. 4.)  ;  there- 
fore this  straight  line  is  the  locus  re** 
quired. 

We  may  observe,  that  if  any  point  Q 
lie  upon  the  same  skle  of  the  locus  with 
A,  Q  A  will  be  less  than  (2  B ;  if  upon 
the  other  side,  Q  A  will  be  greater  than 
QB(I.ll.), 

Prop.  45. 

Required  the  locus  of  all  points  which 
are  equidistant  from  two  given  straight 
lines  AB,  CD. 

If  the  given 
straight  lines  be 
parallel,  the  re- 
quired locus  is  evi- 
dently a  straight 
line,  which  is  pa- 
rallel to  each,  and 
bisects  the  dis- 
tances between 
them. 

But  if  not,  let 
them  meet  in  E,  and  let  P  be  a  point  ia 
the  locus.  Then  if  PA  be  drawn  perpen- 
dicular to  AB,  and  PC  perpendicular  to 
CD.  PA  wiU  be  equal  to  PC  Join 
PE :  then,  because  the  right-angled  tri- 
angles P  A  E,  P  C  E  have  a  common 
hypotenuse  P  £,  and  equal  sides  P  A, 
PC,  they  are  equal  to  one  another  m 
every  respect  (1. 1 3.),  and  the  angle  PEA 
is  equal  to  the  angle  PEC.  Therefore 
the  point  P  is  in  the  straight  line  which 
bisects  the  angle  A  £  C :  and,  reversely, 
it  may  be  shown  that  every  point  in  this 
straight  line  is  equidistant  from  AB  and 
CD  (1. 13.):  therefore,  this  straight  line 
is  the  locus  required. 

If  any  point  Q  lie  upon  the  same  side 
of  the  locus  with  the  straight  line  A  B, 
its  distance  from  A  B  will  be  less  than 
its  distance  firom  C  D ;  if,  upon  the 
other  side,  its  distance  from  A  B  will  be 
greater  than  that  firom  C  D. 
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Prop.  46. 

Straight  lines  being  drawn  from  a 
given  point  A  to  a  given  straight  line 
B  C,  required  the  locus  of  all  points 
dividing  them  in  the  same  given  ratio 

Let  A  B  be  any 
straight  line  drawn 
from  A  to  B  C,  and 
divided  in  the  given 

ratio  in  the  point  D  ;       Z \ 

and  let  P  be  anoint  ^^ 

in  the  locus.  Then,  because  AP  is  to 
P  C  in  the  same  ratio  as  AD  to  D  B, 
D  P  joined  is  parallel  to  B  C  (II.  29.). 
Therefore  the  point  P  lies  in  a  straight 
line  drawn  through  D  parallel  to  B  C : 
and  reversely  it  may  he  shown  that 
fevery  point  in  tiiis  straight  line  has  the 
given  property  (II.  29.) ;  therefore  it  is 
the  locus  required. 

If  Q  be  any  point  on  the  same  side  of 
the  locus  with  A,  it  will  divide  the  line 
A  C  which  passes  through  it,  in  a  less 
ratio  than  that  of  A  D  to  D  B  :  if  upon 
the  other  side,  in  a  greater  ratio. 

Prop.  47. 
Required  the  locus  of  the  vertices  of 
all  equal  triangles,  upon  the  same  base 
AB,  and  upon  the  same  side  of  it. 

Let  ABC  be 
any  triangle,  upon 
Uie  given  side  of 
the  base,  and  hav- 
ing the  given  area, 
and  let  P  be  a 
point  in  the  locus.  Then,  because  the  tri- 
angle PAB  is  equal  to  CAB,  PC  joined 
is  parallel  to  A  B  (I.  27.).  Therefore 
the  point  P  lies  in  a  straight  line  drawn 
through  C  parallel  to  A  B :  and,  re- 
versely, it  may  be  shown  that  every 
point  m  this  straight  line  has  the  given 
property  (I.  27.);  therefore  it  is  the 
focus  required. 

If  Q  be  any  point  upon  the  same  side 
of  the  locus  with  AB,  the  triangle  Q  AB 
will  be  less  than  CAB;  if  upon  the 
other  side,  greater. 

Prop.  48. 

Required  the  locus  of  the  vertices  qf 
all  triangles  having  equal  vertical  an- 
gleSt  upon  the  same  base  AB,  and  upon 
the  same  side  of  it. 

Let  A  C  B  be  the  p 

given  vertical  angle,         /^^  ^^tx 
and  let  P  be    any 
point  in  the  locus. 
Then,    because  the 
angle  at  P  is  equal    J^ 
to  the  angle  at  C» 


the  point  P  is  in  the  circular  arc  passing 
through  C,  and  having  A  B  for  its 
chord  (15.  Cor,  3.):  and,  reversely,  it 
may  be  shown  that  every  point  in  thb 
arc  has  the  given  property  (15.) ;  there- 
fore it  is  the  locus  required. 

If  Q  be  any  point  upon  the  same  side 
of  the  locus  with  A  B,  the  angle  A  Q  B 
will  be  greater  than  A  C  B ;  if  upon  the 
other  side,  less. 

Prop.  49. 

Required  the  locus  of  the  vertices  of 
all  triangles  upon  the  same  base  A  B, 
having  the  side  terminated  in  A  greater 
than  that  terminated  in  B,  and  the  dif- 
ference of  the  squares  of  the  sides  eqital 
to  a  given  square. 

Let  P  be  a  point 
in  the  locus,  and 
from  P  draw  P  C  at 
right  angles  to  A  B, 
or  A  B  produced. 
Then,  because  the 
difference  of  the 
squares  of  A  C,  B  C 
is  equal  to  the  dif- 
ference of  the  squares  of  AP,  BP  (1.38.), 
the  difference  of  the  squares  of  AC,  BC 
is  equal  to  the  ^ven  square ;  and  the 
point  C  may  be  found  (1.34.)  by  taking 
A  D  (II.  52.)  a  third  proportional  to  A  B 
and  the  side  of  the  given  square,  so  that 
the  rectangle  under  AB,  AD  may  be^ 
(II.  38.  Cor.l .)  equal  to  the  given  square, 
and  bisecting  BD  in  C*  And  it  may 
be  shown,  reversely,  that  if  from  the 
point  C  so  taken,  P  C  be  drawn  per- 
pendicular to  A  C,  every  point  in  P  C 
will  satisfy  the  given  con(ntion ;  there* 
fore  P  C  is  the  locus  required. 

If  Q  be  any  point  upon  the  same  side 
of  the  locus  with  the  middle  point  of 
AB,  the  difference  of  the  squares  of 
(2  A,  Q  B  wiU  be  less  than  the  given 
difference;  if  upon  the  other  side, 
greater.  For,  if  a  perpendicular  Q  £ 
be  drawn  from  Q  to  A  B,  and  £  F  l>e 
taken  equal  to  £B,  the  difference  of 
the  squares  of  Q  A,  Q  B  will  be  eaual  to 
the  rectangle  under  AB,  AF,  (1.  39.> 
which  is  less  or  greater  than  the  rectan- 
gle under  A  B,  A  D,  according  as  the 
position  of  Q  is  one  or  the  other  of  the 
two  just  mentioned. 

The  figure  re{)resents  the  point  C  in 
A  B  produced ;  if,  however,  the  given 
square  be  sufiiciently  small,  the  point  C 
may  lie  between  A  and  B. 
Prop.  50. 

Required  the  locus  of  the  vertices  of 
ail  triangles  upon  the  same  base  AB» 
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having  the  sum  of  the  squares  of  their 
sides  equal  to  a  given  square. 
.  Let  the  given  square 
be  the  square  of  C, 
and  let  P  be  a  ]>oint 
in  the  locus.  Bisect 
ABinD,andjoinPD. 
Then,  because  the  base 
AB  of  the  triangle 
PAB  is  bisected  in 
D,  the  sum  of  the 
squares  of  P  A,  P  B  is  equal  to  twice 
the  square  of  PD,  together  with  twice 
the  square  of  DA  (1. 40.)  But  it  is  also 
equal  to  the  square  of  C.  Therefore  twice 
the  square  of  P  D  is  equal  to  the  dif- 
ference between  the  square  of  C  and 
twice  the  square  of  AD,  that  is,  if  twice 
the  square  of  D  £  be  equal  to  the  same 
^ven  difference,  to  twice  the  square  of 
D  £ ;  and  the  point  P  lies  in  the  circum- 
ference of  a  cu^le  described  jfrom  the 
centre  D  with  the  radius  D  E.  And  it 
may  be  shown,  reversely,  that  every 
point  in  the  circumference  of  this  circle 
satisfies  the  given  condition  (I.  40.) ; 
therefore  it  is  the  locus  required. 

If  Q  be  any  point  without  the  circle, 
the  sum  of  the  squares  of  Q  A,  Q  B 
will  be  greater  than  the  given  sum ;  if 
within  it,  less.  For  QD*  will  be  greater 
than  P  D*  in  the  former  case,  and  less 
in  the  latter ;  and  therefore  the  sum  of 
the  squares  of  Q  A,  Q  B  will  be  (1. 40) 
greater  than  twice  the  sum  of  the  squares 
of  P  D,  D  A,  that  is  than  the  given  sum, 
in  the  former  case,  and  less  in  the  latter. 

Prop.  51. 

Required  the  locus  of  the  vertices  of 
all  triangles  upon  the  same  base  A  B, 
having  <%«  side  terminated  in  A  greater 
than  the  side  terminated  in  B,  ami  their 
ratio  the  same  with  the  given  ratio  of 
AD  toDB. 

Let  P  be  a  point  in  the  locus.  Di- 
vide AB  produced  (XL  55.)  in  the  point 


<2,  so  that  A  d  may  be  to  ^  B  as  A  D  to 
D  B,  and  join  PA,  P  B,  PD,  Prf. 

Then,  because  in  the  triangle  PAB 
the  straight  lines  PD,  Pc^  divide  the 
base  ,and  the  base  produced  in  the  ratio 
of  the  sides  (II.  50.)  they  bisect  the  ver- 
tical and  exterior  vertical  angles :  there- 
fore t^e  angle  D  P  (<  is  equal  to  half  the 


sum  of  the  angles  A  P  B,  B  P  X,  that  is 
to  the  half  of  two  right  angles  (1. 2.)  or 
to  one  right  angle.  And  because  D  P  rf 
is  a  right  angle,  the  point  P  lies  in  the 
circumference  of  a  circle  described  upon 
the  diameter  D  d  (15.  Cor.  3.) 

And  reversely,  if  P  be  any  pomt  in 
the  circumference  of  this  circle,  PA  shall 
be  to  P  B  in  the  given  ratio.  For,  take 
C  the  middle  pomt  of  D  d,  that  is,  the 
centre  of  the  circle,  and  join  CP.  Then, 
because  AD  is  to  DB  as  Ai  to  d  B, 
the  line  Ad  is  harmonically  divided  in  D 
and  B  (II.  def.  1 9,  page  68) ;  and  because 
the  harmonical  mean  D  d  is  bisected  in  C, 
(II.  46.)  C  A,  C  D  and  CB  are  propor- 
tionals; also,  C  D  is  equal  to  (J  P: 
therefore,  in  the  triangles  ACP,  PCB, 
AC  is  to  CP  as  CP  to  CB;  and 
consequently  (IF.  32.)  the  triangles  are 
equiangular.  Therefore  (IL  31.)  PA  is 
to  PB  as  A  C  to  C  P,  that  is,  as  AC  to 
CD,  or  (because  CA,  CD,  and  CB 
are  proportionals)  as  AD  toDB  (II, 
22.  Cor.  1.). 

If  any  point  Q  be  taken  within  the 
locus,  Q  A  will  be  to  Q  B  in  a  greater 
ratio  than  that  of  A  D  to  D  B  ;  if  with- 
out it,  in  a  less  ratio.  For,  if  A  B  be  di- 
vided in  E  in  the  ratio  of  A  Q  to  Q  B, 
and  if  A  B  produced  be  divided  in  the 
same  ratio  m  e ;  then,  joining  Q  E  and 
Q  e,  the  angle  E  Q  e  will  be  a  right  an- 
gle, as  is  above  shown.  And  if  one  of 
the  points  E,  e  lie  between  D  and  d,  the 
other  will  also  lie  between  D  and  d  ;  for  if 
AE  is  to  EB  in  a  greater  ratio  than  AD 
to  D  B,  which  is  the  case  when  E  lies 
between  D  and  d,  Ke  will  be  to  c  B  in 
a  greater  ratio  than  Ad  to  rfB,  which 
is  the  case  (as  may  easily  be  shown)  only 
when  e  lies  between  D  and  d :  and  con- 
versely. Therefore,  if  the  point  Q  be 
within  the  locus,  and  the  angle  D  Q  <f 
(by  consequence)  greater  than  a  right 
angle  (15.  Cor.  3.),  that  is,  than  E  Q  ^, 
the  point  E  cannot  lie  otherwise  than 
between  D  and  d ;  and  consequently  the 
ratio  of  A  E  to  E  B,  that  is,  the  ratio  of 
AQ  to  QB,  must  be  greater  than  the 
ratio  of  A  D  to  D  B.  In  the  same  man- 
ner it  may  be  shown  that,  if  the  point  Q 
lie  without  the  locus,  AQ  will  be  to  QB 
in  a  less  ratio. 

dyr.  If  there  be  taken  in  the  same 
straight  line,  and  in  the  same  direction 
from  a  common  extremity,  three  harmo- 
nical progressionals,  and  if  upon  the 
mean  progressional  for  a  diameter,  a 
circle  be  described,  the  distances  of  any 
point  in  the  circumference  from  the 
other  extremities  of  the  first  and  third 
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shall  have  fa  one  anofhef  always  the 
same  ratio,  rif.  that  of  the  firtt  to  the 
thml. 

Scholiunu 

The  last  proposition  may  be  stated 
thus :  ••  Required  the  locus  of  all  points 
P,  the  distances  of  which  from  two 
given  points  A  and  B,  are  to  one  another 
m  a  given  ratio."  And  it  has  been  shown 
that  the  locus  is  a  circle  in  every  casein 
which  the  given  ratio  is  not  that  of  equa- 
lity; and  in  that  particular  case  it  is 
(44.)  a  strai8,ht  line  which  bisects  AB 
at  right  angles.  Under  this  form  it 
readily  suggests  two  other  (juestions  of 
the  same  kind,  which  likewise  lead  to 
plane  loci,  and  are  at  the  same  time  so 
elegant  and  so  nearly  related  to  that  we 
have  been  discussing,  that  they  claim 
some  notice  in  this  place. 

First,  then,  let  it  be  "  required  to  find 
the  locus  of  all  points  P  such  that  the 
^stance  PA  from  a  given  point  A,  and 
the  tangent  PT  drawn  to  a  given  circle 
PCD  are  to  one  another  m  a  given 
ratio." 

Take  E  the  centre  of  the  given  circle  ,- 
join  AE ;  and,  if  PA  is  to  be  greater 
than  PT,  produce  AE  to  F  (II.  65.)  so 
that  AF  may  be  to  FE  in  the  duplicate 
of  the  given  ratio  (fg,  1.)  ;  but,  if  PA  is 
to  be  less  than  PT,  produce  EA  to  F  so 
that  AF  may  be  to  FE  in  the  duplicate  of 
the  given  ratio  (/fg.  2.) ;  take  EG  (II.  52.) 
a  tlurd  proportional  to  E  A  and  ED,  and 

Fig.  I. 


Fig.  2. 


FK  a  mean  proportional  (II.  51.)  be- 
tween FA  and  FQ ;  and,  from  the  centre 
F  with  the  radius  FK  deseribe  a  drde 


KPQ:  atas  eireleiriiftlllN^theloeM  re* 
quired. 

For,  let  P  be  anypoint  in  the  dnmm- 
ference  of  the  circle  KPQ  :  join  PA« 
draw  the  tangent  PTto  the  cu^e  BCD, 
and  Join  PE,  cutting  the  cinmmferenoe 
BCD  in  L ;  join  also  GP,  and  draw 
PM  perpendicular  to  AE. 

Then,  by  Prop.  51,  because  thecirele 
KP(2  is  described  from  the  centre  F 
with  the  radius  FK,  which  is  a  meaH 
proportional  between  FA  and  FG,  mnd 
that  P  is  a  point  in  the  circumfeienot 
KPQ,  PA  is  to  PG  as  AK  to  KG,  or  as 
FA  to  FK  (11.  22.  Car.  1.)  because  FA. 
FK  andFG  areproportionals.  Tberefov* 
also  PA*  is  to  PG*  as  FA*  is  to  FK*,  or 
as  FA  to  FG  (II.  37.).  And,  toecasse 
PA«:PG*::  FA:FG. 

PA«x  EG  :  PG«x  AE::FA  XKG^  : 
FG  X  AE  iRul9  2.  Scholium,  II.  r2«].) 
Therefore,    ctm^eriendo    PA«xKQ- : 
PG«xAE-PA«xEG::FAxEG  :  FO 
xAE-FAx£G.(a)  Bat,beeausePA^ 
«PE«  +AE«  ±  2  AEXEM  (I.  37.> 

PA« X  EG = PE«x EG+  AE«  x  Ea^b 
2AE  X  EM  xEG  ;  and,  for  the  like  rea- 
son, 

PG«xAE=PE«xAE+EG«x  AEdfc 
«AE  X  EM  X  EG ;  the<«bre  P(5«  X  AK — 
PA«x  AG=PE«x  AE-PE»xEG,  -h 
EG«  X  AE  -  AE»  X  EG,  that  is,  «  PE^  X 
AG-AGxAExEG. 

Again,  because  FG  is  equal  to  FE± 
EG,  FGxAE  is  equal  to  FExAEii: 
EGxAE,that  is,  to  FExAG+FEx 
EG±EGxAG±EG«,  becanse  AE  is 
equal  to  AG + EG;  and,  in  like  man- 
ner, because  FA  is  equal  to  FE±EGzt 
AG,  FAX  EG  is  equal  to  PExEG± 
E(5*±EGxAG;  therefore,  FG  x  AK 
—FA  X  EG  is  equal  to  FE  x  AG. 

Thei*efore,  substituting  these  values 
instead  of  the  second  and  fourth  terms 
of  the  proportion,  (a), 

PA'xEG  :  PE«xAG-AGxAEx 
EG::FAxEG  :FExAG,  and  hence, 
{Rule  2.  Scholium,  11.  [28]). 

PA« :  PE«  -  AExEG  ::  FA  :  FE. 
that  is,  because  AE  x  EG  is  equal  to  ED* 
(II.  38.  Cor,  1.),  and  PE«-ED«  is  equal 
to  PE«-ET»  or  PT",  PA«:PT':: 
FA  :  FE.  Therefore  PA  is  to  PT  in 
the  subduplicate  ratio  of  FA  to  FE,  that 
is  in  the  given  ratio ;  and  the  oircum* 
ference  KPQ  is  the  locus  re<]|uiredi 

If  the  given  ratio  be  the  ratio  of  equa- 
lity, the  difference  of  the  squares  of  PA, 
P£  will  be  equal  to  the  square  of  ED  ; 
and  therefore  the  locus  is  a  straiglit 
line  (49.)  cutting  AE  at  ri^t  angles,  and 
may  be  determmed  as  inProp.  4S. 
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Seeondly,  let  it  be  «•  required  to  find 
the  locus  of  all  points  P  such  that  the 
tansrent  PA,  drawn  to  a  given  circle 
ABC,  and  the  tangent  PD  drawn  to  a 
second  ^ven  circle  DBF,  may  be  to  one 
another  in  asn^en  ratio. 

Take  G,  H  the  centres  of  the  two  cir- 
cles ;  join  6  H,  and  produce  it  on  the 


side  of  the  lesser  circle  to  O  so  that  OG 
may  be  to  OH  as  the  radius  GC  to  the 
radius  HF  (II.  55.)':  upon  OG  describe 
a  semicircle  cutting  the  circle  ABC  in 
B,  so  that  OB  and  BG  being  joined 
may  be  perpendicular  (15.  Cor.  1 .)  to  one 
another,  and  therefore  OB  a  tangent  at 
B  (2.) ;  and  from  H  to  OB  (produced 
if  necessary)  draw  the  perpendicular 
H  R.  Then,  because  HR  is  \)arallel  to 
GB  (I.  14.)  HR  is  to  GB  as  OH  to  OG 
(II.30.Cor.2.),  that  is,  as  HF  toGC;  and. 
because  GB  is  equal  to  GC,  HR  is  equal 
to  HF.  Therefore  R  is  a  point  in  the 
circle  DEF;  and  because  ORH  is  a 
right  an^e,  OB  touches  the  circle  DEF 
in  R.  Upon  BR  describe  the  semicircle 
BLMR  cutting  GH  in  the  points  L  and 
M ;  and  if  PA  is  to  be  greater  than 
PD,  pro<luce  GH  to  K  (II.  55.)  so  that 
GK  may  be  to  HK  in  the  duplicate  of 
the  siven  ratio  (as  in  the  fii^u-e)  ;  but, 
if  PA  is  to  be  less  than  PD,  produce 
HG  to  K  (II.  55.),  so  that  GK  may  be 
to  HK  in  the  duplicate  of  the  given 
ratio ;  take  KN  (II.  51.)  a  mean  propor- 
tional between  KL  and  KM,  and  from 
the  centre  K  with  the  r&dius  KN  describe 
the  circle  NPQ ;  this  circle  shall  be 
the  locus  required. 

For,  if  P  be  any  point  in  the  locus, 
and  if  the  tangents  PA  and  PD  be 
drawn,  and  PL,  PM  joined,  PA«will 
be  to  PD«  in  the  ratio  which  is  com- 
pounded of  the  ratios  of  PA*  to  PM*, 
PM«  to  PL".  andPL«  to  VD^AlLdef,  12.'i 


But  th0  eifdd  NPQ  stands  related  to 
each  of  the  circles  ABC,  DBF,  with  th^ 
corresponding  points  M,  L,  in  the  same 
manner  in  which  KP(^  is  related  to 
BCD  in  the  preceding  locus.  For, 
with  regard  to  ABC,  because  GB  is 
perpendicular  to  BR,  which  is  the  dia- 
meter of  the  semicircle  BLMR,  GB 
touches  the  semicircle  (2.)  at  B,  and 
therefore  (21.)  GB*  is  equal  to  GLx 
GM,  that  is,  GL  a  third  proportional  to 
GM  and  GB,  or  GC ;  and  KN  was 
made  a  mean  proportional  between 
KL  and  KM.  And,  in  the  same  man- 
ner, with  respect  to  the  other  circle 
DEF,  HM  is  a  third  proportional  to 
HL  and  HF ;  and  KN  was  made  a 
KM.  Therefore,  by  the  last  question, 
mean  proportional  between  KL  and 
PA*  is  to  PM*  as  KG  to  KM ;  and  PL« 
is  to  PD*  as  KL  to  KH.  Also,  because 
KL,  KN  and  KM  are  proportionals,  PM« 
is  to  PL*  as  KM  to  KL.  (51.)  There- 
fore the  ratio  of  PA*  to  PD*  is  com- 
pounded of  ratios  which  are  the  same 
with  the  ratios  of  KGto  KM,  KM  to  KL, 
and  KL  to  KH,  that  is,  it  is  the  same 
with  the  ratio  of  KGto  KH  (II.  27.); 
and  PA  is  to  PD  in  the  subduplicate 
ratio  of  KGto  KH,  that  is  in  the  given 
ratio.  Therefore  the  circle  NPQ  is  the 
locus  required. 

If  the  given  ratio  be  the  ratio  of 
equality,  the  difference  of  the  squares 


of  PG,  PH  will  be  equal  to  the  differ- 
ence of  the  squares  of  GC  and  HF; 
and  therefore  the  locus  is  a  straight  line 
(49.)  cutting  GH  at  right  angles,  and 
may  be  determined  as  in  Prop.  49. 

The  first  of  the  two  loci  we  have  thus 
discussed  is  manifestly  the  same  which 
satisfies  the  condition  that  A  and  £ 
being    two  given  points,  and  ED*  a 

f'ven  square,  PA*  shall  be  to  P£*— 
D*  in  a  given  ratio :  and  the  second, 
the  same  which  satisfies  the  condition 
that  G  and  H  being  two  given  points, 
and  GC*  and  HF*,  two  given  squares^ 
PG*-GC«  shall  be  to  PH«-HP  in  a 
given  ratio. 

Prop.  52. 
A  point  A  beifg  given  within  f^ 
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chord  Ml^  which  pMiei  through  it,  a 
second  point  P  being  taken  such  that  the 
chord  produced  may  be  divided  by  these 
two  points  and  the  circuntference  har- 
monically; it  is  required  to  find  the 
locus  of  the  points  P. 

Let  C  be  the  centre  of  the  circle,  and 
let  C  A,  produced  if  necessaiy,  meet  the 
circle  in  B :  take  C  F  a  third  propor- 
tional to  CA,  CB,  (II.  52.)  and  join  TP, 
FM,  FN.  Then,  because  CF.  CB,  CA 
are  proportionals,  and  that  C£  is  equal 
to  CB,  the  straight  lines  £A,  £B,  EF 
are  in  harmonical  progression  (II.  46.). 
And,  because  upon  the  mean  EB,  the 
circle  EDB  is  described  (51.  Cor.),  AM 
is  to  M  Fas  AN  to  NF.  Therefore,  alter- 
nando,(II.19.)AM:AN::MF:NF. 
But  by  the  supposition  that  P  is  a  point 
of  the  required  locus.  MP  :  P  N  ::  AM 
;  AN,  that  is,  ::  MF  :  NF:  therefore, 
in  the  triangle  F  M  N,  both  the  base 
M  N  and  the  base  produced  are 
divided  in  the    ratio    of   the    sides. 


as  was  shown  in  the 
like  case  in  tfce  demonstration  of  the  last 
proposition,  the  angle  AFP  is  a  right  an- 
gle, and  the  point  P  lies  in  a  straight  line 
drawn  from  the  point  F  perpendicular  to 
C  F.  It  is  easy  to  reverse  the  reasoning, 
and  to  show  that  every  point  in  this 
stndghtline  satisfies  the  given  condition. 
Therefore  this  straight  line  is  the  locus 
required. 

Cor,  If  the  diameter  of  a  circle,  and 
the  diameter  produced,  l)e  divided  in  the 
same  ratio,  or,  which  is  the  same  thing, 
(II.  45  Cor,)  if  the  diameter  produced  be 
divided  harmonically,  any  chord  which 

E asses  through  one  point  of  division  shall 
e  divided  harmonically  by  the  circum- 
ference and  the  perpendicular  to  the 
diameter  which  is  drawn  through  the 
other  point. 

Prop.  53. 
A  point  A  being  given  within  or 
wi^umt  a  circle  BDE,  and  at  the  ex- 
tremities of  every  chord  M  N  which 


jHUses  through  it,  tanf^ts  being  drawn 
intersecting  in  P ;  it  fs  required  to  find 
the  locus  of  the  points  P. 

liCt  C  be  the  centre  of  the  circle,  and 
let  C  A.  produced  if  necessary,  meet  the 
circumference  in  B:  take  CF  a  third 
proportional  to  C  A,  C  B :  join  P  F.  P  C, 
CM,  CN,  and  let  P  C  cut  M  N  in  Q. 

Then,  because  PM  is  equal  to  PN 
(2.  Cor.  3.),  and  CM  to  CN,  MN  is  hi- 
sected  by  PC  at  right  angles  (3.  Cor.  3.). 
And,  because  C  N  P  is  a  right  an^kd 
triangle  (2.),  and  that  from  the  right 
angle  N,  a  perpendicular  N  Q  is  drawn 
to  the  hypotenuse,  the  rectangle  under 
CQ,CPis  equal  (1.36.  Cor.  2.)  to  the 


sauare  of  CN,  that  is,  to  the  square 
of  CB,  or  to  the  rectangle  CA, 
CF  (II.  38.  Cor.  1.).  Therefore 
(II.  38.)  CQ  is  to  CA  as  CF  to  CP, 
and  (II.  32.)  the  triangle  CFP  is  equi- 
angular with  the  triangle  C  Q  A.  There- 
fore CFP  is  a  right  angle,  and  the 
point  P  is  in  a  straight  line  drawn 
through  the  point  F  perpendicular  to 
C  F.  It  is  easy  to  reverse  the  reasoning, 
and  to  show  that  every  point  in  this 
straight  line  satisfies  the  given  condition. 
Therefore  this  straight  line  is  the  locus 
required. 

Cor.  If  the  diameter  of  a  circle,  and 
the  diameter  produced,  be  divided  in  the 
same  ratio,  or,  which  is  the  same  thing, 
(II.  45  Cor.)  if  the  diameter  produced  be 
divided  harmonically,  and  if  tangents  be 
drawn  at  the  extremities  of  any  chord 
passing  tlirough  one  of  the  points  of  di- 
vision, they  shall  intersect  one  another 
in  the  perpendicular  to  tlie  diameter 
which  is  drawn  through  the  other  point. 

Section  7. — Problems. 
Prop.  54.  Prob.  1.    (Euc.  iiL  30.) 
To  bisect  a  given  circular  arc  A  C  B. 
Let  C  be  the  required  point  of  bi- 
section; take  D  ^  the  middle  point   of 
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AB»  and  join  CA,  GB,  C  D. 
beeaose  the    arc  CA 
is    equal   to  the    are 
CB.tIiechordCA(12. 
Cor.  1,)  is  equal  to  the 
chord  CB:   and,  be- 
cause the  triangles  CDA,  CDB  have 
the  three  sides  of  the  one  equal  to  the 
three  sides  of  the  other,  each  to  eadi, 
the  anirle  CDA  is  equal  to  CDB :  there  • 
fore,  the  line  CD  bisects  AB  at  right 
angles.    Therefore  reversely,  bisect  the 
chord  AB  at  right  angles  by  the  straight 
line  CD,  and  the  given  arc  ACB  will  be 
bisected  in  C. 

Therefore,  &c 

Cor,  Hence,  a  given  arc   may  be 
divided  into  4, 8, 1 6,  &c.  equal  parts. 
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in   the   centre. 


Scholium, 

Tlie  practicability  of  a  geometrical 
division  oi  a  circular  arc  into  any  num- 
ber of  equal  parts,  implies  that  of  the 
angle  at  the  centre  (12.)  into  the 
same  number  of  equal  parts ;  and  vice 
vertd.  It  has  already  oeen  stated  that 
in  the  cases  of  3,  5,  &c.,  equal  parts, 
the  division  of  the  angle  cannot  be  ef- 
fected by  a  plane  construction ;  and  the 
same  is  to  be  understood  of  the  circular 
are  (1. 46.  Scholium),  We  may  observe 
that  ttie  problem  of  trisecting  an  arc 
has  been  put  under  the  followmg  form, 
winch  gives  it  an  appearance  at  first  of 
being  much  easier  than  upon  examina- 
tion it  is  found  to  be. 

••From  a  given 
point  A  in  the  cir- 
cumference of  a 
given  circle  ABD 
to  draw  a  straight 
line  APQ  such  that 
the  part  PQ,  which 

is  intercepted  between  the  circumference 
and  a  given  diameter  BD  produced,  shall 
be  equal  to  the  radius  CA." 

For,  if  this  be  done,  the  arc  PD  will 
be  found,  which  is  a  third  of  the  given 
arc  AB ;  because,  PQ  being  equal  to 
PC,  the  angle  PCQ  is  equal  (1. 6)  to  the 
•ngle  PQC.  and  therefore,  the  angle 
CPA  or  CAP  is  equal  to  twice  PCQ 
(1. 19.),  and  ACB,  which  (1. 1 9.)  is  equal 
to  CAP  and  PQC  together,  is  equal 
to  three  times  PCQ,  that  is,  the  arc 
AB  is  equal  to  three  times  the  arc  PD 
(13.) 

Prop.  55.  Prob.2.  (Euc.  iii.  1.) 
To  find  the  centre  of  a  given  circular 
areACB. 


Since  the  straight 
line  which  bisects  a 
chord  at  right  angles 
passes  through  the 
centre  of  the  circle, 
two  such  straight  lines 
wm  cut  one  another  .„  „,,  ««„ 
Therefore,  m  the  arc  A  C  B  take  any 
??n  *  ? '••' u?  ^  ?' ^  ^  5  ^'^d  bisect  A  Cf. 

Dhs,¥E:  the  pomt  E  in  wMch  they 
cut  one  another  is  the  centre  of  the  are 
ACB.    (See  also  Prop.  44.) 

Cor.  ^uc.  iii.  25.)  Hence,  any  arc  of 
a  cu-cle  bemg  given,  the  circumference 
may  be  completed  of  which  it  is  a  part. 

Prop.  56.  Prob.  3.  (Euc.  iii.  17.) 

JF^vm  a  given  point  A,  to  draw  a  tan- 
gent to  a  given  circle  B  D  E. 

1.  If  the  point  A 
be  in  the  circumfe- 
rence of  the  circle, 
find  the  centre  C 
(55.),  join  C  A, 
and  from  A  draw 
A  F  perpendicular 
to  C  A.  Then,  because  AF  is  drawn 
popendicular  to  the  radius  at  its  extre« 
mity,  it  touches  the  circle  (2.). 

2.  If  A  do  not  lie 
in  the  circumference, 
let  the  line  AB  be 
assiuned  as  the  re- 
quired tangent.  Find 
the  centre  C,  and  join 
C  A,  C  B.  Then,  be- 
cause  AB  is  a  tangent,  the  angle  CB  A  is  a 
right  angle  (2.  Cor.  1.),  and  the  point  B 
lies  in  the  circumference  of  a  circle  of 
which  AC  is  diameter  (15.  Cor.  3.) 
Reversely,  therefore,  upon  A  C  as  a  dia* 
meter  describe  a  circle  cutting  the  given 
circle  in  B,  and  join  A  B :  A  B  is  the 
tangent  required. 

We  may  observe  that  in  this  case 
there  are  two  points  of  intersection  B^ 
and  therefore  two  tangents.  The  same 
may  be  said,  indeed,  of  the  former  case ; 
but  there  the  two  touch  in  the  same 

Eoint,  and  are  parts  of  the  same  straight 
ne. 

Prop.  57.  Prob.  4. 

To  a  given  circle  A  B  D  to  draw  a 
tangent,  which  shall  be  parallel  to  a 
given  straight  line  E  F. 

Find  the  centre  C  (55.);  from  C  draw 
CE  perpendicular  to  EF  (1. 45.)f  and 
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let  CE,  produced  if 
necessaiy,  cut  the  cir- 
cumference in  P« 
Then,  if  PQ  be  chwwn 
parallel  to  EF,  it  will 
be  at  right  andes  to 
the  raduis  CP  <L 
14.);  and  thereiore 
(2.)  wiU  be  the  tan- 
I^Mqjttired. 

Prop.  5«.  Prob.  5. 

lb  draw  a  strmght  line,  which  shall 
touch  each  t>f  two  given  drdes  A  B  D, 
ubd. 

Let  A  a  be  assumed  as  the  ccnnmon 
tangent  requfa-ed :  and  first,  let  it  touch 
the  circles  m  the  points  A,  a  which  lie 
upon  the  sane  side  of  the  line  joining 
tluir  centres  C»  c 


JoinCA,ca;  and  from  e,  Hie  centre 
of  the  ksser  cncle,  draw  cE  parallel 
to  Aa  to  nieett  CA  in  £.  Thai,be- 
cause  C  Aa  (2.  Cor.  l.)is a  ngfat  ajigk» 
G  E  c  is  likewise  a  rigbt  angle  (L  14.)> 
and  C  E  will  touch  im  fte  point  £  the 
circumference  of  a  otrele,  described 
from  the  centre  C,  with  the  nufias  O  £, 
which  is  equal  to  the  difBerenoe  of  OA, 
EA,  that  is  (I.  22.)  to  the  difienDce  of 
the  radii  C  A,  c  a. 

Therefore,  vevarsefy,  tern  the  centre 
0  ^nlh  a  radius  equal  to  the  diiSeranoe 
of  tiie  radii  C  A,  ca,  describe  a  circle, 
8»d  from  ttie  poiat  e  draw  a  straight 
line  <&6.>,  touching  this  eirde  m  the 
poiiKt  B :  join  CE,  and  produce  it  to  meet 
lihe  ckouafeiieDee  ABD  m  A;  drawc a 
parallel  to  C  A,  and  join  Aa:  Aa  is  the 
oommon  tangeat  required.  When  the  cir- 
des  aic  equfd,  €  A  and  £  amufit  be  drawn, 
cadi  of  them,  peq^dioular  to  C  c  In 
this  ease  the  <»aunon  tangent  A  «  is 
evidently*  parallel  to  C  c. 

2.  if  the  pomts  of  oontact  are  to  lie 


«poa  oppoi^e  «ide0«f  ttielim  joisiBg 
the  centres,  the  ^ce  rettsoniiK  witt  lead 
to  a  construction  which  -^llBn  from 
that  of  the  first  «ase  ki  ttm  colj,  Ihat 
C  E  is  equal  to  the  sura  of  the  radii. 

We  may  remaric  ttrnt  ineadi  •f  <lie 
esses  there  ere  two  tangents  c  E,  end 
two  common  tangents  peraM  to  then 
respectively. 

Pno».  ^9.  Prok  6. 

To  deecribe  a  tirde^  >vMeh  shM 
\,  <Euc.  iv.  5.)  pa99  through  ^rm 

•given  points  noH  m  the  same  siraigki 

line;  or 

2.  pass  through  two  gitm  points, 
mid  touch  a  given  straight  iine  ;  «r 

3.  pass  throfugh  a  gtven  poM,  end 
touch  two  given  straight  lines ;  or 

4.  (Euc.  iv.  4.)  touch  three  given 
Mrmght  Unes  not  paraUeis. 

1.  Let  A,  6,0  be  the  three  gl^en 
points,  and  let  the  point  P  be  assumed 
for  fte  centre  of  the  reqmred  cipde. 
Then,  because  P  is 
equidistant  from  A 
and  B,  it  is  in  the 
straight  hue  which 
bisects  A  B  at  right 
angles  (44.) ;  and 
for  a  similar  reason, 
it  is  in  the  straight 
line  which  bisects  BC  at  right  _ 
Therefore,  reversely,  to  find  ffie  point  P, 
bisect  AB,  BC  atright  an^es(i.  43.  C€fr.) 
by  the  straight  hues  DP,  £P,  which  m- 
tersect  one  another  in  P :  and,  from  the 
centre  P  with  the  radius  PA,  describe 
a  circle;  it  shall  pass  through  the  points 
B,  C,  and  shall  be  the  circle  requir^. 

2.  Let  A,  B  be  the  two  given  points, 
and  C  D  the  given  straight  line.  Sup- 
pose the  cuxsle  to  be  described,  and  that 
it  touches  C  D  in  P:  also,  let  AB 
produced  meet  CD  in  0.    Then,  be- 


cause C  P  touches,  and  C  A  outs  the  < 
ole,  the  square  of  C  P  is  equal  (2  K)  to  tlae 
rectangle  under  C  A,  C  B.  Th&p^fotPe, 
reversely,  take  C  Pm  mean  proporticwml 
between  C  A,  C  B,  and  describe  a  cir- 
cle through  the  points  A,  B,  P ;  it  shall 
be  the  circle  required. 

We  may  remark  that  in  this  eaee. 
there  may  be  described  two    chides. 


m.  f  yj 
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given  points  A,  B,  and  touohes  the 
given  straight  hmeCD,  viz.  one  fw  a 
point  P  upon  the  right  hand  of  C,  and 
uuvtber  fo  a  poist  P  upon  the  left 
hand  of  C. 

If  AB  be  paiaUel  to  CD, the  point 
P  win  be  in  ^  straight  hoe  which  bi- 
sects AB  4it  right  aisles,  (3.  Cor.  \.) 
and  beia^  found  aooordingly,  the  circle 
may  be  deseribed  as  before. 

3.  Lfit  A  be  the  given  point,  and  80, 
BE  the  9ven  strught  hnes.  PEoduoe 
B  C,  D£  to  neet  one  another  in  F: 
Mn  F  A :  draw  F  G  bisecting  Ihe  angle 
BFD  (1.46.):  in  FG  take  any  point 
G,  and  from  G  draw  GE  (I.  45.)  per- 
pendicular to  FD :  from  the  centre  G 
with  the  radius  GE  describe  a  circle 
cutting  FA  in  H:  join  HG,  and 
throng  A  draw  A  P  parallel  to  H  G 
to  meet  FG  (produced,  rf  necessary),  in 
P  (1.48.):  the  circle   descril>ed  from 
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flie  centre  P  with  the  radius  PA  shall 
be  flie  tarde  required. 

For,  if  P  D  be  drawn  from  the  point 
P  perpendicular  to  FD,  PD  wiU  be 
parallel  to  GE  ff.  14.).  and,  therefore, 
(IL  30.  Cor,  2.)  GE  will  be  to  PD  as  GF 
to  P  F :  but,  because  G  H  is  parallel  to 
PA.  GP  is  to  PF  as  GH  to  PA: 
therefope  (11. 12.)  GE  is  to  PD  as  GH 
to  P  A :  and  m  this  proportion  the  first 
term  GE  is  equal  to  the  third  GH; 
therefore  also  (II.  18.)  PD  is  equal  to 
PA.  Therefore,  the  circle  which  is  de- 
scribed from  the  cenfre  P  with  the  ra- 
dius P  A  passes  through  the  point  D ; 
and  it  touches  the  line  D  E  in  that 
point,  because  P  D  is  at  right  angles  to 
D  E  (2.) :  therefore  (45.)  it  also  touches 
the  line  B  C* 

The  case  in  which  B  C  is  parallel  to 
D  E  differs  from  the  foregoing  in  this 
only,  that  FG  must  now  be  drawn 
parallel  to  ;B  C  or  DE,  and  bisecting 
the  distance  between  them  (See  45.). 


*  When  tfkt  potot  A  itio  FO,  or>«  TO  proilaoei, 
fba_Ml«tMa  here  jriven  mnst  be  modified  by  joining 
^D   paraHri  tn  H  E,  end  erecting 
-^^^MtrtorD;  vhich  rive*  the  centre  P 
^inTrr"" .  ^*»«a^  "  «  ««  of  the  givAB  Unea,  as 
sC,  Oe  tolntioD  tAes  a  tfCiU  more  simide  form. 


HE,  drmwhig  AD  paral 
V  ^  neneafieolar  to  F  O ; 


In  both  cases  we  may  observe  that 
tnere  are  two  circles  which  satisftr  the 
given  conditions,  cwrespondinir  to  the 
two  points  in  which  the  cirde  whiob  is 
descnbed  from  the  centre  G  with  the  ra- 
dius  G  E  cuts  the  line  FA. 

4.  Let  A  B,  B  C. 
CD  be  ^he  three 
given  straight  lines, 
of  which  not  more 
than  two  are  paral-  M 
lei,  and  let  these 
two  be  cut  by  the 
third  in  the  points 
B,  C. 

Assume  the  point  P  for  the  cenb*e  of 
the  cinele.  Then,  because  P  is  equi- 
distant from  AB,  BC.  it  is  in  the 
straight  line  B  P  which  bisects  the  an- 
{?le  ABC  (45.) ;  and,  for  a  similar  reason, 
it  is  in  the  line  P  C  which  bisects  the 
angle  BCD.  Therefore,  reversely,  to 
find  P,  bisect  the  angles  at  B  and  C  by 
straight  lines  meeting  in  P:  from  f 
draw  P  Q  perpendicular  to  A  B  (1. 45.), 
and  from  the  centre  P  with  the  radius 
PQ  describe  a  circle:  it  shall  be  the 
circle  required. 

If  A  B,  C  D  are  parallel,  two  circles 
(and  two  only)  can  be  des(»ibed,  each 
touching  the  three  siven  lines:  birt 
if  no  two  of  the  strai^t  lines  be  paral- 
lel, four  circles  may  be  described  which 
shall  satisfy  this  condition,  viz.  one 
within  the  triangle  included  by  the 
^ven  lines,  and  Oiree  others  touching 
me  sides  of  that  triangle  externally. 

Scholium, 

The  problem  of  describing  a  circle 
about  a  given  triangle  (Euc.  iv.  5.)  be- 
longs to  the  first  case,  that  of  inscrib- 
ing a  circle  within  a  given  triangle 
(Euc.  iv.  4.)  to  the  last  case  of  this  pro- 
position. The  second  and  third  cases 
are  modified  by  supposing  a  point  and  a 
tangent  passing  through  it  to  be  of  the 
data.  Thus,  the  second  becomes  "  to 
describe*  a  circle,  which  shall  pass 
through  two  given  points,  and  touch  a 
given  straight  line  in  one  of  those 
points,"  and  the  third  "to  describe  a 
circle  which  shall  toudi  two  given 
straight  lines,  and  one  of  them  in  a 
given  point.**  The  modified  solutions 
corresponding  are  too  simple  to  detain 
US  here :  that  of  the  first  occurs  in 
prob.  7.  • 

Instead  of  touching  one,  two,  or  three 
given  straight  Knes  as  in  the  problem 
we  have  just  con^dered,  it  iney  be  re- 
tnxired  to  describe  «  ckete  whi^  riiall 
^  12 
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touch  one,  two,  or  three  given  circles, 
or  which  shall  touch  both  a  straight 
line  and  a  circle,  or  two  straight  lines 
and  a  circle,  or  a  stwdght  line  and  two 
circles,  and  at  the  same  time  pass 
through  one  or  two  given  points,  as 
the  other  data  may  happen  to  admit. 
The  six  new  problems  of  contact  which 
are  thus  suggested  are  too  remarkable 
to  be  passed  over  without  further  no- 
tice; they  are  accordingly  here  sub- 
joined. 

1.  To  describe  a  circle  which  shall 
pass  through  two  given  points  A,B, 
and  touch  a  given  circle  C  D  £. 

In  the  circumference  C  D  E  take  any 
point  C,  and  describe  (59.)  a  circle 
which  may  pass  through  the  three 
points  A,  B,  C;  then,  if  this  circle 
meet  the  circum- 
ference CP-E  in 
no  other  point,  it 
is  the  circle  re- 
quired :  but  if  it 
do,  let  that  other 
point  be  D :  join 
A B,  CD,  and 
let  them  be  pro- 
duced to  meet  in 
F:  from  F  draw 
FG,  touching  the 
circle  CDE  (56.): 
let  G  be  the  point 
of  contact,  and  P 
describe  a  circle  (59.)  passing  through 
the  three  points  A,B,G.  Then,  be- 
cause the  chord  CD  of  the  circle 
CDE  meets  the  tangent  GF  in  F 
(21.),  the  square  of  G  f  is  equal  to  the 
rectangle  CTf,  FD,  that]  is,  to  the 
rectangle  AF,  FB  (20.):  therefore 
(21.  Cor.)  GF  touches  also  the  circle 
A  B  G,  and,  consequently,  the  circle 
A  B  G  touches  the  circle  (3  D  E  (2.  Cor. 
2  and  9.),  and  is  the  circle  required. 

If  A  B  and  C  D  be  parallels  (which 
win  be  the  case  when  the  line  which  bi- 
sects AB  at  right  angles  passes  through 
the  centre  of  the  circle  C  D  E),  a  tan- 
gent FG  is  to  be  drawn  parallel  to 
A  B  or  C  D  (57.),  and  the  circle  A  B  G, 
bein^  then  described  as  before,  will  be 
the  circle  required. 

It  is  evident,  in  each  case,  that  there 
are  two  tangents  F  G,  and  two  circles 
ABG  corresponding  to  them,  one 
touching  the  given  circle  externally, 
the  othen  internally. 

Cor,  The  problem  which  requires  a 
drcle  to  be  described  which  shall  touch 
a  given  straight  line  in  a  given  point, 
and  also  a  given  cii«le»  may  be  solved 


after  a  similar  manner ;  viz.  by  describ- 
ing a  circle  which  shall  touch  the  given 
straight  line  in  the  given  point,  and  like- 
wise pass  through  a  point  assumed  in 
the  circumference  of  the  circle,  and  then 
proceeding  as  in  the  proposition. 

2.  To  describe  a  circle  which  shall 
pass  through  a  given  point  A,  aiid 
touch  two  given  circles  B  C  D,  E  F  G. 

Suppose  that  the  required  circle  is 
descnbed,  and  that  it  touches  the  given 
circles  in  the  points  D,F  respectively: 
join  D  F,  and!^  since  the  straight  line 
I)  F  cannot  touch  the  given  circles  in 
the  points  D,  F,  (because  then  it  would 


touch  the  required  circle  ADF  in  the 
same  points,  which  (1.  Cor.  2.)  is  absurd) 
let  it  be  produced  both  ways  to  meet  the 
circumferences  a  second  time  in  the 
points  C,  G  respectively :  take  H,  K,  the 
centres  of  the  cu-cles  B  C  D,  E  F  G,  and 
join  H  K,  H  D,  K  F,  K  G :  then,  because 
the  circle  ADF  touches  BCD  in  D, 
and  EFG  in  F,  the  radii  HD,  KF 
produced  (8.  Cor,  1.)  will  meet  in  its 
centre,  L;  and,  because  KGF,  LFD 
are  isosceles  triangles,  the  angle  KGF 
is  (I.  6.)  equal  to  K  F  G,  that  is  (I.  3.) 
to  L  FD,  that  is  agwn  (I.  6.)  to  L  D  F 
or  (1. 3.)  HD  C :  therefore  (I.  15.)  KG 
is  parallel  to  HD,  and,  consequently,  if 
the  circles  BCD,  EFG  be  equal, 
H  K,  D  G  will  be  parallel  (I.  21.),  or  if 
one  of  them,  as  B  C  D,  be  greater 
than  the  other,  H  K  and  D  G  will  meet, 
if  produced  in  some  point  M.  In  the 
latter  case,  draw  MB  touching  the 
circle  BCD  in  B  (56.),  join  H  B,  and 
from  K  draw  K I  (I.  45.)  perpendicular 
to  MB,  and  therefore  (I.  14.)  parallel 
to  H  B :  then,  because  K  I,  H  B  are 
paraUel.KI  :HB::KM  :HM(II.30. 
Cor.  2.)  that  is,  :: KG  :  H D,  because 
KG,  HD  are  parallel:  but  HB  is 
equal  to  H  D ;  therefore  (II.  18.)  K I  is 
equal  to  K  G,  and  I  is  a  point  in  the  cir- 
cumference of  the  circle  K  F  G,  and  (2.) 
MB  touches  the  circle  EFG  in  the 
point  I.  Now,  M  II  MB  ::  MK  : 
M  H  (II.  29.),  that  is,  ::  M  G  :  M  D ; 
therefore,  altemando  (If. 1 9.),  MI  :  MG 
: :  MB  :  MD :  but,  because  MI  touches 
^  circle  £  FG,  the  square  of  M I  is 
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equal  to  the  rectai^e  MFxMG  (21.), 
and  consequent^  (11. 38.  Cor,  1.)  M  F  : 
Ml  ::  Mil :  M  G:  therefore  (11.  12.) 
MF:MI::MB:MD.  and  (38.)  the 
rectanele  Mix  M  B  is  equal  to  the  rect- 
angleM  F  x  M  D.  Join  M  A,  and  let 
it  cut  the  circumference  of  the  circle 
A  F  D  a  second  time  in  the  point 
N:  then  the  rectangle  MAxMN  is 

2ual  (20.)  to  the  rectangle  MFx 
D,  that  is,  hy  what  has  been  just 
demonstrated,  to  the  rectangle  Mix 
MB. 

Therefore*  reversely,  to  solve  the 
problem,  draw  the  common  tangent 
B  I  to  the  two  given  circles  (58.),  and 
produce  it  to  meet  the  line  H  K  which 
joins  their  centres  in  M :  join  M  A : 
take  M  N  a  fourth  proportional  (II.  53.) 
to  MA,  MB,  M  I,  and,  as  in  (1  ), 
describe  the  circle  AND,  oassing 
through  the  two  points  A,  N  and 
touchmg  the  circle  BCD:  AND  will 
be  the  circle  required.  For  if  M  D 
be  joined,  cutting  the  circle  EFG  in 
F  andG,  and  if  KF  and  K G  be  joined, 
the  circle  described  wiU  (20.  Cor.)  pass 
through  F,  because  (as  has  been  shown 
above)  MDxMF  is  equal  to  MBx 
'  MI,thatistoMAxMN;  and  (which 
has  been  likewise  shown)  K  G  will  be  pa- 
rallel to  H  D.  Therefore,  if  in  H  D  pro- 
duced (which  (8.  Cor.  1 .)  passes  through 
the  centre  of  the  chde  AND,  because 
it  passes  through  the  centre  H  of  B  C  D, 
which  touches  AND  in  D),  there  be 
taken  L,  the  centre  of  the  circle  AND, 
and  L  F  be  joined,  the  angle  L  FD  will 
be  equal  (I.  6.)  to  L  D  F,  that  is  (1.  3.) 
to  HD  C,  that  is,  again  (1. 15.) to  K  G  F, 
or  (1.6.)  KFG;  and  becauseDFGis 
a  straight  line,  K  F  and  F  L  likewise  lie 
in  a  stnught  line  (1.  3.),  and  therefore 
the  circle  AND  touches  the  circle  EFG 
in  F  (9.). 

Should  the  ^ven  circles  be  ecjual,  or 
should  the  point  N  coincide  with  the 
point  A,  the  foregoing  solution  must  be 
modified  accordingly.  The  latter  case 
is  provided  for  by  the  corollary  of  the 
preceding  problem:  both,  indeed,  are 
comparatively  easy,  and  are  therefore 
left  to  the  student. 

It  remains  to  observe,  that  we  have 
only  considered  the  case  in  which  the 
required  cinde  touches  both  of  given 
chrcles  externally:  since  both,  however, 
may  also  be  touched  internally,  or  one 
-internally  and  the  other  externally  by 
the  same  circle,  there  are  evidently  four 
different  circles  which  satisfy  the  con- 
ditions of  the  problem.  For  each^  of 
these  a  di|ferent   construction  is   re- 


quired, to  which  the  reader  will  be 
easily  conducted  by  an  investigation 
similar  to  that  which  has  been  aheady 
given. 

3.  To  describe  a  circle  which  shall 
touch  three  given  circles  A,  B,  C. 

Let  C  be  that  one  of  the  tluree  which 
is  not  ereater  than  either  of  the  other 
two.  from  the  centres  of  A  and  B 
describe  two  new  circles  with  radii  less 
than  their  own  respectively  by  the  ra- 

A 


dius  of  C  ;  and,  as  in  the  last  problem, 
describe  a  circle  D  £  F  which  shall  pass 
through  the  centre  F  of  the  circle  C,  and 
touch  these  two  new  circles  in  the  points 
D,  E  respectively :  then,  if  a  circle  be  de- 
scribed concentric  with  the  circle  D  E  F, 
with  a  radius  less  than  that  of  D  £F 
by  the  radius  of  C,  it  will  evidently  touch 
each  of  the  three  given  circles  (10,  Cor. 
2.),  and  will  be  the  circle  required. 

In  the  case  here  considered,  the  re* 
qmred  circle  touches  each  of  the  given 
circles  externally :  since,  however,  a  circle 
may  be  described  which  shall  touch  all 
three  internally,  or  any  two  externally, 
and  the  third  internally,  or  again,  any 
two  internally  and  the  third  externally, 
there  are  no  less  than  eight  different  cir- 
cles which  satisfy  the  problem:  the 
construction  of  each  of  these  is  ob- 
tained after  a  similar  manner. 

4.  To  describe  a  circle  which  shall 
pass  through  a  given  point  A,  touch  a 
given  straight  line  B  C,  and  also  touch 
a  given  circle  D  £  F. 

Take  G  the  centre  (55.)  of  the  circle 
DEF,  and  through  G  draw  (1.45.) 
the  diameter  D  F  perpendicular  to  B  CS 
to  meet  B  C  in  C :  jom  A  D,  and  take 
D  H  a  fourth  proportional  (II.  63.)  to 
AD,  D  C  and  D  F,  t.  e.  (II.  38.)  such 
that  ADxDH  maybe  equal  to  DCx 


D  F '  and  describe  a  circle  H  A  B  (59.) 
passing  through  the  two  points  A,H» 
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nnd  toucbnig  the  slafaigbt  line  BO: 
this  shall  be  the  circle  required.  For, 
let  it  touch  B  C  in  B;  join  BD,  snd 
let  it  tut  the  circumference  D  E  F  in 
K,  and  join  KF:  then,  because  (15. 
Cor.  1 .)  D  K  F  is  a  right  angle,  the  tri- 
aiiries  D  K  F,  D  C  B  are  equiangular, 
and(II.31.)DK:DF::DC:DB,or 
(38.)DKxDBis  equal  toDCxDP, 
that  is,  to  ADxDH;  therefwe  K  is 
also  a  point  m  the  circumferenee  of  the 
circle  AB H  (20.  Cor.),  Now  take  L 
the  centre  of  the  circle  A  B  H  (55.)  and 
join  LB,  LK,  GK:  and,  because  L B 
is  (2.  Cor,  1.)  perpendicular  to  B  C,  it 
is  (I.  14.)  parallel  to  D  C,  and  therefore 
(I.  15.)  the  angle  LBK  is  equal  to 
GDK;  but  LKB  is  equal  to  LBK, 
and  GKD  to  GDK,  because  LB  is 
equal  to  LK,  and  GD  to  GK  (L  6.) ; 
therefore  the  angle  LKB  is  equal  to 
GKD,  and(L3.>LKG  is  a  straifi;fai 
line :  therefore  the  cirde  A  B  H  touches 
(9.)  the  circle  D  £  F  in  the  point  K, 
and  is  the  circle  required. 

If  D  H  be  equal  to  D  A»  a  circle 
AB  H  is  to  be  desciibed  touching  D  A 
in  A,  and  also  touching  the  straight 
line  B  C.  (See  ,the  beginning  of  this 
Scholium.) 

In  this  problem  ih&ce  are  two  circlet 
satisfying  the  conditions :  the  construc- 
tion of  that  which  touches  the  given 
eirde  intemalljr  wiU  readily  be  imder- 
stood  by  applying  what  has  be^  said 
to  the  subjomed  figure. 


(55.):  and  (59.)  dssnibt  ^e  elM** 
HLN  passing  tlurongh  the  pokit  N' 
and  touching  the  str^gkt  Unes  HK, 
LM:  then,  if  a  circle  be  described 
concentric  with  H  LN,  and  with  a  r»- 
dius  less  than  that  of  H  LN  by  tiM 
radius  of  E  F  G,  it  will  evidently  touch 
the  straight  lines  A B,  and  CD,  and 
the  circle  £  F  G  (10.  Cor.  9.)  aad  wMl 
therefore  be  the  circle  required. 

Four  different  circles  may  be  described 
to  satisfjr  this  problem,  vis.  two  tou<^- 
ing  the  given  circle  externally,  and  two 
internally:*  the  latlertwo  may  be  found 
by  drawing  HK  and  LM  between  AB 
andCDc 

€.  To  deseribe  a  cirde  whi<^  shaH 
toudi  a  given  straight  line  AB,  and 
two  given  eirdes  C  D  E,  FGH. 

If  the  given  cireles  be  equal  to  one 
another,  draw  K  L  parallel  to  A  B,  ad 
a  distance  from  it  equal  to  their  oo»- 
mon  radius  (1. 48.),  and  (59.)  desoribe 
a  ciicle  passing  tlurough  the  eenlres  of 
the  two  given  circles  and  touching  thn 
line  K  L:  then  it  is  evident  that  aeir- 
ele  conoentrie  with  the  latter,  and  bar- 
ing a  radius  less  by  the  oommon  radios 
of  the  nven  circles,  will  be  the  eirde 
required.  But,  if  one  of  them,  as 
FGH,  be  greater  than  the  other, d»- 


5.  To  describe  a  circle  which  shall 
touch  two  given  straight  lines  A  B, 
C  D,  and  also  a  given  circle  £  FG. 

Draw  H  K  parallel  to  A  B,  and  at  a 
distance  from  it  equal  to  the  radius  of 
£FG:  draw  also  LM  parallel  to  and 


at  the  same  distance  from  C  D  (L  48.): 
take  N  the  centre  of  the.cirdeEFG 


scribe  about  its  centre  a  eirele/^  h 
with  a  radius  less  than  that  of  F  G  H 
by  the  radius  of  the  lesser  circle  C  D£  : 
draw  K  L  parallel  to  A  B  at  a  distance 
from  it  e^ual  to  the  radius  of  C  D  E  ; 
and  descnbe  a  circle  passing  through 
the  centre  of  C  D  £  touchii^  the  line 
K  L,  and  touching  also  the  ctrele/^A, 
as  shown  in  the  last  problem  but  one : 
then,  if  a  circle  be  d^ribed  eonoentrie 
with  this  and  with  a  radius  less  hjr  the 
radius  of  C  D  £,  it  will  evidentf|r  be 
the  circle  reqinred. 

Here,  also,  there  are  four  diflfer^it 
circles  satisfying  the  conditions  of  tiie 
problem;  and  the  same  prineiple  leads 
to  the  construction  of  them  all. 

*  External  contact  is  where  two  circles  touch  oos 
another,  and  each  of  them  is  without  the  other ;  im- 
twnal  ^ODtaet,  where  two  cireles  toaeh  oam  aoothes; 
and  one  of  them  is  within  the  other.  In  the  latter 
ca«e,  it  in  evident  that  the  eircnmferenre  of  the 
larger  cinle  is  without  the  cireunfereaoe  of  the 
other ;  and  jret  each  of  them  is  propodjr  said  to  towA 
the  other  tntwnaUy^  meaning,  with  that  descrip* 
ttoii  of  «oaUMt  whici  it  cdOed  internal. 
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t  esih  i#liw  ftv^jdiBip  pro* 
blems  may  be  varied  in  appearaace  fagr 
the  consiaeratioii  of  iatorari  contact, 
they  admit  of  being  yahed  yet  further 
by  suf^posing,  when  a  poittt  is  givea^ 
that  it  is  in  the  gv^en  taiKB:eBt  or  dur* 
ctimjerenoe :  and  when  it  is  besides  sug^ 
gested  that,  in  each  of  the  ten  problems 
furnished  by  the  proposition  and  scho- 
Uum.  one  of  the  data  be  chjanged  for 
*'a  giyen  radius/' or  for  ''a  given  line 
in  mich  the  centre  is  to  lie»''  or  again* 
two  of  the  data  for  both  of  these,  the 
student  win  have  before  him  a  field  no 
leas  pleasing  than  extensive,  still  re- 
mainmgfor  the  exercise  of  his  ing^ 
nuity,  in  problems  of  contact 

Prop.  60.  Prob.  7.  (Eve.  iii.  33.) 

Upon  a  given  straight  line  AB  to 
describe  a  segjnent  of  a  drde  which 
ehaU  contain  an  aagU  equal  to  a  given 
angle  ABO. 

Let  A  Q  B  be  the  segment  required, 
andPitsoeatre.  Then,  because  the  ang^e 
AB  O  is  equal  to  the  angle  in  the  al* 
teraate  segment*  the  line  B  C  touches 
liiecivrie(17.Cor.)atB.  llHsrelm,PB 
uMMdisatrighiangleetoBC.  Again, 
oeeanw  P  is  the  centre 
of  a  circle  haying  the 
chard  A  B,  it  is  in 
the  aftraight  line  which 
fakeetoABatxightaii- 
g^(a6SQr.2).  There- 
foe,  rarerae^,  ^raw 
BD  perpendicolar  to 
BO<L  44.x  and  bised 
A  B  at  i^t  an^ 
(I.43.Cbr.)byastraight 
line,  cnttmg  BD  inP: 
with  the  eeetre  P  and  radius  PB  describe 
theckdilararcBQA]  and  the  segment 
B  Q  A  wiU  be  the  segmeal  required. 


Prop.  61.  Prob.  8.  (Euc.  iii.  34.) 
Cfiven  a  point  A  in  the  circumference 
of  a  circle  ABC;  to  cut  off  a  segment 
tMch  shall  contain  a  given  angle,  by 
a  straight  line  drawn/rom  the  point  A. 
Fh>m  A  draw  AD  touching  the  cir- 
cle, and  let  A  B  be  the  line  required : 
thai,  l>ecause  the  angle 
BAD  (17.)  is  equal 
to  tb«  angle  in  the  al- 
tomate  s«;ment  B  C  A, 
it  is  eqaaito  the  given 
angle.  Therefore,  re- 
versely, make  DAB 
Sualto  the  given  an* 
I  (I.  47);  and  AB 
niU  be  fhe  line  required. 


Paop.  62.  Prob.  9.  (Euc.  iv.  2, 3.) 

Given  a  circle  A  B  C,  /o  (1)  inscribe 
in  it,  or  (2>  describe  about  it,  a  triangle 
similar  to  a  given  triangle  I)  E  P. 

1.  Let  A  B  C  be  the  required  in- 
scribed triangle,  and  through  A  draw  the 
line  G  A  H  touching  the  circle  (56.) : 
then  the  angle  G  A  B  is  equal  to  the  an- 
gle at  C ,  and  the  angle  H  A  C  to  the  an- 
gle at  B  (17.)  Therefore,  reversely,  take 
any  point  A  of  the  circumference,  draw 
the  tangent  G  AH  (56.),  and  make  the 
angles  GAB,  HAC  equal  to  the  angles 


at  F  and  £  respectively  (I.  47.)  Then, 
if  A  B,  A  C  meet  the  circumference  in 
the  points  B,  C  respectively,  and  if  B  C 
be  joined*  ABC  will  be  the  triangle 
required;  for,  the  angles  at  B  and  C 
bemg  equal  to  the  angles  at  E  and  P, 
each  to  each,  the  third  angles  at  A  and 
D  are  likewise  equal  (1.  19.  Cor.  1.), 
and  therefore  the  triangles  are  similar 
(11,31,  Cor.}.}. 

2.  Let  KLM  be  the  required  ch-cum- 
scribed  triangle,  and  let  its  sides  touch 
the  circle  in  the  points  A>  B,  C :  take 
O  the  centre  of  the  circle  (550>  and  loin 
OA,  OB,  OC. 


«4 

Then,  because  the  angles  at  A  and  B 
of  the  quadrilateral  A  L  B  O  are  risht 
angles  (2.  Cor.  1.),  the  remaining  an^es 
L  and  A  O  B  are  together  equd  to  two 
right  angles  (I.  20.  Cor.)  and  A  O  B  is 
the  supplement  of  the  an£^e  L,  or,  of 
its  equal,  the  an^le  £ ;  which  supple- 
ment may  be  obtained  by  producing  the 
side  £R  In  like  manner  it  may  be 
ahown^  that  the  angle  B  0  C  is  the  sup- 
plement of  the  angle  M  or  F.  Therefor^ 
reversely,  taking  any  jpoint  A'in  the  cir- 
cumference, at  the  point  O,  make  (1.47.) 
the  angle  A  O  B  equal  to  the  supplement 
of  £,  and  the  angle  BOC  equal  to  the 
supplement  of  F:  at  the  points  A>  B,  C 
draw  tangents  (56.)  meeting  one  another 
in K,  L^M ;  and  KLM  will  be  the  tri- 
angle required^ 
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Prop.  63.    Prob.  10.    (Euc.  iv.  6,  7, 
11.  12, 15, 16.) 

A  cirde  being  given;    to  imcribe 
in  it,  or  describe  about  it, 

1.  an  equilateral  triangle;  or 

2.  a  square ;  or 

3.  a  regular  pentagon  ;  or 

4.  a  regular  hexagon  ;  or 

5.  a  regular  decagon ;  or 

6.  a  regular  pentedecagon. 

Take  C  the  centre  of  the  circle ;  and, 
].  to  inscribe  an  equilateral  triangle: 
from  A,  any  point  of  the  circumference, 
with  the  radius  A  C,  describe  a  circle 
cutting  the  given  circle  in  the  points 
B,  D :  produce  A  C  to 
meet  the  circumference 
in  E,  and  join  B  D, 
DE,EB.  Then  join- 
ing BC,  CD.  BA.  AD, 
because  the  triangles 
ACB,  ACD  are  equi- 
lateral, the  angles  , 
BCA,  D  C  A  are  each  of  them  a  thir^ 
of  two  right  angles  (I.  6.  and  I.  19.). 
Therefore  the  adjacent  angles  BCE, 
D  C  E  are  each  of  them  two-thirds  of  the 
same,  as  is  also  the  angle  BCD;  and 
because  the  sides  of  the  triangle  B  D  £ 
subtend  equal  angles  at  the  centre  C, 
they  are  equal  to  one  another  ( 1 2.  Cor.  I .), 
t.  e.  the  triangle  6  D  E  is  equilateral. 

2.  To  inscribe  a 
square:  draw  two  dia- 
meters at  right  angles 
to  one  another,  and 
join  their  extremities: 
the  included  figure  will  * 
be  a  square;   for  its 

sides  are  equal,  because  they  subtend 
equal  angles  at  the  centre  C  (12.  Cor,  1.), 
and  its  angles  are  right  angles,  because 
they  are  contained  in  semicircles  (15. 
Cor.  1.) 

3.  To  inscribe  a  re- 
gular pentagon:  divide 
the  radius  C  I)  medi- 
ally ( II .  5  9)in  the  point 
F,  so  that  CF  may  be 
the  greater  segment. 
Draw  the  radius  C  A 
at  right  angles  to  C  D,  and  join  A  F- 
Then,  because  the  square  of  AF  is 
greater  than  the  square  of  C  F  by  the 
square  of  the  radius  AC,  and  that  CFis 
the  side  of  the  inscribed  decagon  (28.), 
AFisthe  side  of  the  inscribed  pentagon. 
Therefore,  a  chord,  equal  to  A  F,  will 
subtend  a  fifth  part  of  the  circumference, 
and  if  the  circumference  be  divided  into 
five  parts  with  chords  each  equal  to  AF, 


a  re^ar  pentagon  will  be  inscribed,  i 
required. 

4.  To  inscribe  a  regu- 
lar hexagon:  divide  the 
circumference  into  six 
parts  with  chords  each 
equal  to  the  radius  (28). 

5.  To  inscribe  a  regular  deca|^on:  di- 
vide the  radius  medially,  and  divide  the 
circumference  into  ten 
parts  with  chords 
each  equal  to  the 
greater  segment  of  the 
radius  so  divided 
(28). 


6.  To  inscribe  a  re- 
gular pentedecagon: 
take  the  chord  AB  x/ 
equal  (as  above)  to 
the  side  of  a  regular 
inscribed  pentagon, 
and  the  chord  AD 
equal  (as  above)  to  the  side  of  an  in* 
scribed  equilateral  triangle:  bisect  the 
arc  BD  in  £  (54.),  and  join  BE.  Then, 
because  the  arc  A  B  is  contained 
in  the  whole  circumference  five  times, 
and  AD  three  times,  if  the  circumfer- 
ence be  divided  into  5  x  3,  or  15  equal 
parts,  A  B  will  contain  three  and 
AD  five  of  those  parts.  Therefore 
the  difierence  B  D  contains  two  of  the 
same  parts,  and  its  half  B  E  is  one-fif- 
teenth of  the  whole  circumference.  Di- 
vide the  circumference,  therefore,  into 
fifteen  parts  with  chonls  each  equal  to 
BE,  and  a  regular  pentedecagon  wiU 
be  inscribed,  as  required. 

And  in  every  case,  if  through  the  an- 
gular points  of  the  inscriwd  figure, 
or  through  the  bisections  of  the  arcs, 
(which  is  sometimes  more  convenient) 
there  be  drawn  tangents  to  the  circle 
(56.),  a  similar  figure  will  be  circum- 
scribed about  the  circle  (27.). 

Cor.  Hence  by  the  aid  of  II.  65.  any 
one  of  the  above-mentioned  figures 
may  be  described  upon  a  given  finite 
straight  line. 

Scholium. 

Besides  the  figures  mentioned  in  the 
proposition,  it  has  been  discovared  that 
any  regular  figure  which  has  the  num- 
ber of  its  sides  denoted  by  2*  +  1  and 
prime,  may  be  inscribed  in  a  circle  with- 
out any  other  aid  than  that  of  Plane 
Geometry,  that  is,  by  the  intersections  of 
the  straight  line  and  circle  only.  And 
it  is  evident  that  by  dividing  tne  sub- 
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tended  ares  into  two>  four*  Bee  equal 
parts  (54.)  a  regular  figure  of  twice, 
four  times,  &c.  the  number  of  sides  of 
any  of  the  above  may  be  inscribed ;  e,g, 
au  octagon,  (or  regular  figure  of  eight 
sides,)  Dy  bisecting  the  arcs  which  are 
subtended  by  the  sides  of  a  square,  a 
dodecagon  (or  regular  figure  of  twdve 
skies)  by  bisecting  those  which  are 
subtended  by  the  sides  of  a  hexagon ; 
and  so  on.  Still  there  are  many  regular 
figures,  as  the  heptagon,  enneagon,  hen" 
decagon,  &c.  (figures  of  7,  9,  11,  &c. 
sides),  for  the  inscribing  of  which  no 
exact  geometrical  rule  has  ever  been 
discovered.  These  figures  we  can  onl^ 
inscribe  approximatively;  and  when  it  is 
required  to  do  so  with  a  considerable 
degree  of  accuracy,  the  following  method 
m^  be  adopted. 

L«tit  be  required,  for  instance,  to  in- 
scribe a  regular  heptagon.  Continue 
the  series  4,  8,  16,  &c.  which  repre- 
sents the  numbers  of  parts  into  which 
the  cnncumferenoe  may  be  divided  by 
continued  bisections,  until  a  number 
be  found  which  is  greater  or  less  by  1 
than  a  multiple  of  7 :  64  is  such  a  num- 
ber, being  greater  by  1  than  9x7. 


Now,  if  the  circumference  be  divided 
into  64  equal  parts,  and  the  arc  AG  be 
taken  eoual  to  9  of  those  parts  (which 
may  be  none  by  bisecting  the  quadrantal 
are  AB  in  D,  DB  in  E.  DE  in  F, 
and  D  F  in  6),  the  arc  AG  will  be  less 
than  a  seventh  part  of  the  circumference 
by  a  seventh  part  of  one  of  them  D  G. 
But,  the  arc  DG  bein^  small,  a  seventh 
part  of  its  chord  (which  may  be  found 
by  (I.  49.)  may  without  any  considerable 
error  t)e  assumed  for  the  seventh  part  of 
the  arc  itself,  being  somewhat  less  than 
the  latter ;  and  if  the  chord  of  A  a  be 
taken  equal  to  this  approximate  seventh 
part,  the  error  of  assuming  for  it  the  arc 
A  a,  which  is  somewhat  ^M^than  its 
chord,  will  be  still  less,  so  that  G  a  will 
be  equal,  very  nearly,  to  one-seventh 
of  the  c'urcumference,  and  the  chord  of 
6  a  very  nearly  e^ual  to  the  side  of  a 
regolar  neptagon  inscribed  in  the  circle. 


For  a  second  examine,  let  us  take  the 
enneagon,  or,  as  it  is  sometimes  called, 
nonagon :  here,  again,  64  exceeds  7x9 
by  1 ;  therefore,  the  same  division  of  the 
ouadrant  being  made  as  in  the  case  of 
the  heptagon,  because  B  G  is  equal  to 
7  parts  out  of  the  64,  and  DG  to  one  part, 
B  G  with  a  ninth  of  D  G  will  be  con- 
tained in  the  circumference  9  times  ex- 
actly :  and  if  the  chord  of  B  6  be  taken 
equal  to  the  ninth  part  of  the  chord  of 
DG,  the  chord  of  G  6  will  be  very  nearly 
equal  to  the  side  of  a  regular  enneagon 
inscribed  in  the  circle. 

It  is  not,  however,  necessary  that  we 
should  always  proceed  with  the  series 
tiU  we  arrive  at  a  number  ereater  or  less 
than  the  number  of  sidesoy  1.  Take, 
for  instance,  the  hendecagon,  or,  as  it  is 
sometimes  called,  undecagoni  here  11x6 
=:66,  which  exceeds  64  by  2.  Now  the 
arc  B  F  contains  6  out  of  64  parts  D  G 
of  the  circumference.  Therefore,  if  the 
circumference  l)e  increased  by  twice 
DG,  BF  will  be  contained  in  the  circum- 
ference so  increased  1 1  times,  and,  con- 
sequently, if  B  F  be  diminished  by  two- 
elevenths  of  D  G,  it  will  be  contained  in 
the  circumference  11  times  exactly  •  so 
that  the  side  of  the  hendecagon  will  be 
obtained  approximatively  by  assuming, 
as  before,  the  chord  in  place  of  the  arc, 
and  taking  from  B  F  two-elevenths  of 
the  former  instead  of  two-elevenths  of 
the  latter. 

In  these  examples,  the  real  errors,  if 
computed,  wiU  be  found  far  more  mi- 
nute than  those  which  the  imperfection 
of  our  instruments  entails  upon  the  most 
accurate  geometrical  constructions. 
Seven  times  the  arc  which  has  been  as- 
sum^  as  a  seventh  of  the  circumference 
faUs  short  of  the  whole  circumference 
by  less  than  the  TB«vv«th  part,  and  9 
times  the  arc  whicn  has  been  assumed 
as  a  ninth,  by  about  an  equal  quantity ; 
while  1 1  times  the  arc,  which  has  b^n 
assumed  as  an  eleventh,  exceeds  by 
only  about  twice  the  same  quantity. 
The  method  may  therefore  be  adopted 
in  these  and  in  similar  cases,  as  practi- 
cally accurate. 

Prop.  64.    Prob.  11. 
To  construct  a  triangle^  any  three 
being  assumed  out  of  the  four  following 
data,  viz.  the  vertical  angle,  the  Inue, 

the  sum  of  the  sides,  and  Ae  area. 
This  problem  comprehends  four  cases, 

in  which  the  data  are  respectively, 

1.  Vertical  angle,  base,  and  sum  of 
ndes; 

2,  Vertical  angle,  base,  and  area; 
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3.  Tertioal  ;angli>  soar  of  sktes  Mud 

4.  Base^  sum  of  sades,  wad  area* 

1.  Let  AB 
be  the  given 
base,  AC  the 
given  sum  of 
the  two  sides, 
and  D  the 
given   vertical 

angle.     Upon  *  -„« 

AB  (60.)  describe  a  segment  AEB, 
containing  an  angle  eauaXto  the  half  of 
D.  With  the  centre  A  and  radius  A  C 
describe  a  circle  cutting  the  arc  A  E  B 
in  E.  Join  A  E,  B  E.  and  at  the  m)int 
B  make  the  angle  EBP  equal  to  BE  A: 
the  triangle  FAB  shall  be  the  triangle 
required.  For,  because  the  angle  FEB 
is  equal  to  FB  E,  the  side  F  B  is  equal 
to  FE  (I.6.)»and  the  two  sides  AF,  FB 
together  are  equal  to  AE,  that  is,  to  AC, 
the  given  sum  of  the  sides.  Again,  be- 
cause the  angle  AFB  .(I-  19.)  »  equal 
to  the  sum  or  the  angles  at  E  and  B, 
and  that  these  angles  are  e^ual  to  one 
another,  the  angle  A  F  B  is  equal  to 
twice  the  angle  at  E,  that  is,  to  the  given 
angle  D.  And  the  triangle  b  described 
upon  the  given  base  AB. 

Therefore.  Sec. 

2.  Let  A  B  be 
the  given  base, 
upon  which  let 
there  be  describ- 
ed the  rectangle 
ABCD,  contam-  .  , 
ing  an  area  equal  to  twwe  the  g>^eii 
area  (I.  67.),  and  a  segment  AEB  con- 
taining an  angle  equal  to  the  given  an- 
gle (60.).  .Then  if  the  wj  AEB  cut 
Sie  side  CD  in  E,  and  EA.  EB  be 
joined,  E  A  B  will  evidentiy  be  the  tri- 
angle required. 

3.  Let  Abe  the 
given  vertical  an- 
gle, and  let  the  tri- 
angle ABC  (1L69.) 
contain  an  area 
equal  to  the  given 
area :  and  let  1)  be 
the  given  sum  of  the 
two  sides.  Divide 
D  mto  two  parts, 
fuchthattheirrect- 

angle  may  be  equal  to  the  rectsjngle  un- 
der AB,  AC  (11.56.).  Take  AE  equal  to 
one,  and  AF  equal  to  the  other  of  these 
parts,  and  join  E  F.  Then,  because  the 
triangles  ABC,  AEF  have  the  common 
angle  A,  they  are  to  one  another  (n.4Q. 
Cot.}  as  the  Motang^s  «ate*  ^  oon- 


tainbig  sides,  tilat  is^  they  are  cauiA  «» 
one  anothw;  therefore  ASF  is  tne  tsl^ 
angle  required. 

4.  L6t  A  B  be  the  ^en  base,  and  let 
it  be  bisected  in  C.  Let  twice  C  K  to 
the  given  sum  of  the  sides,  and  let  the 
triangle  DAB  contain  an  area  eifiial  tc» 
ihe  given  area. 

Take  CF (II.  52.)  a  third  proporttonal 
to  C  A,  CE,  and  from  thepoiat  Fdraw  F& 
perpendicular  to  E  F  (1.44.):  through 


D  draw  DG  paraDel  to  AB  (L  48.)  to 
meet  FG  in  G,  and  join  G  A.  Through 
E  and  C  draw  E  H  and  C  K  parallel  to 
FG,  to  meet  GA  and  GA  produced  in 
the  points  H,  K,  so  that  K  (J,  K  H,  K  A 
will  De  proportionals  (II.  29.) :  from  the 
centre  K,  with  the  radius  KH,  describe  a 
circle  cutting  G  D  in  L,  and  join  L  A, 
L  B :  L  AB  shall  be  the  triangle  required. 

Produce  G  K  to  M,  so  that  K  M  may 
be  equal  to  K  H ;  and  from  L  draw  LN 
perpendicular  to  AB.  Then,  because 
K A,  KH,  KG  are  proportionals,  MA, 
MH,  MG  are  in  harmonical  progression 
(11. 46.);  but  the  point  L  is  in  the  cir- 
cumference of  a  circle  upon  the  mean 
MH  ;  therefore  (51.  Cor.)  LA  :  LG  :: 
AH  :  HG;  but  LG  is  (L  22.)  equal 
to  NF,  and  AH:HG::AE:EF 
(IL  29.),  that  is,  since  CA,  CE,  CF  are 
proportionals  (II,  22.  Cor.  1.)  ::  C  A  : 
CE;  therefbreLAistoNFasCAto 
CE,  or  in  the  subduplicate  ratio  of  C  A 
to  C  F ;  and  (II.  38.  Schol.  Lem.  1 .  Cor.} 
if  B  /  be  taken  equal  to  AF,  LB  is  to 
N  /  in  the  same  ratio.  Therefore  the 
sum  of  L  A,  L  B  is  to  the  whole  line 
F/in  the  same  ratio,  or,  if  C  ^  be  taken 
equal  to  CE,  as  E  e  to  F/:  therefore* 
the  sum  of  LA.  LB  is  equal  (IL  11. 
Cor.  1 .)  to  E  e,  that  is,  to  the  given  sum, 
and  LAB  is  the  triangle  required. 

Therefore,  &«.♦ 

•  If  th«  diflhreoee  of  the  tidas  be  tappoMd  givM 
uistMd  of  the  sum  in  oases  1,  3  And  4*  aol«tioBi  of 
thf  »ame  character  may  be  obUined ;  viz.  in  eUB  It 
by  describing  upon  the  giv#n  ba»»  AB  a  ittgmmt 
which  shall  contain  an  aaffle  exceeding  hj  ikr%ht 
aofflc  half  the  giren  angle  V;  in  case  3.  by  di«i4«c 
thtt  difference  D  produced,  w>  that  the  iiTtnift 
nndor  tbo  segments  may  be  eqoal  to  A  B  X  A  Cf«ftA 
in  owt  4,  bjr  analci^  uo  oC  tho  foUoiruf  ooraUeif  !• 
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'  Pbop.  65.    Probi  la. 

Tbjktdiwesiraigkt  Hnet^  th»e  being- 
mmtmed  an§  tujo  mdtf  the  HxfoUouh 
ing  data;  viz,  their  ran»»  their  diffigr^ 
etice,  the  sum  of  their  equares,  the  dif- 
ferenoe  of  their  equareiy  their  roHoyond 
their  reetangie. 

Hie  cases  of  this  proportion  are  fif- 
teen HI  number,  and  may  be  arranged 
as  foBows : — 

1.  Sum,  and  difference. 

2.  Sum  of  squares,  and  difference  of 
squares. 

3.  Sum»  ud  sum  oC  squares. 

4.  Differenoe,  and  sum  of  squares. 

5.  Sum,  and  difference  of  squares. 

6.  Difference,and  difference  of  squares. 


7.  Ratio,  and  rectangle  (TI.  63.) 

8.  Sum,  and  ratio  (II.  55.  fig.  1.) 

9.  DyEveoee,  and  ratio  (II.  56.  fig.  2.) 

10.  Sum,  and  rectangle  (II.  56.  fig.  1.) 

11.  Dif^nce,  and  rectangle  (IL  56. 
fig.  2.)  

12.  Sum  of  squares»and  ratio. 

13.  Difference  of  squares,  and  ratio. 

14.  Sum  of  squares,  and  rectangle. 

15.  Difference  of  squares,  and  rectan- 
gle. 


Those  of  the  second  division,  viz.  the 
7th,  8th»  9th,  10th,  and  1 1th  cases,  have 
in  eftect  been  already  considered  in  the 

Eitions  referred  to  at  the  side, 
villi  aflcordin$:ly  be  here  omitted, 
rest  the  ^ater  part  are  so  ob- 
vious, that  it  will  lie  sufficient  to  indi- 
cate only  the  construction,  leaving  the 
demoBslTation  to  the  reader. 

1 .  Let  AB  be  the  given  siun,  AC  the 
given  difference.    Bisect  C  B  in  D,  and 


AD,  D  B  will  be  the  straight  lines  re- 
quired. 

2.  Let  A  B' be 
the  given  sum  of 
the  squares,  and 
CD*  the  given 
Werenee  <m  the 

squares.      Bisect  ^ :s » 

ABinS(L43.)  ^ 

ILaSL  SdMl.  hgm.  S:  **  If  DE  be  taken  to  AB  as 
Aft«ACto  BC,  or,  which  is  thfi  same  thin^,  in  a  ratio 
vtich  is  tte  smbdoplieata  of  QE  to  OB,  then  the  other 
MfscBt  INT  of  the  base  eqaaUy  redoeed  in  the  oppo- 
EledireetioB  shaU  be  to  the  other  side  AC  io  the  same 
ntjo."    Tlie  appiioatioB  of  theee  eoggestions  ia  left 


andCD  in  F,  and  take  EG  a  third  pro- 
portional to  EB  and  C  P.  Prom  the 
centre  E,  with  the  radius  E  A,  describe 
a  semicntjle  A  H  B ;  and  from  the  point 
G  (I.  44.)  draw  GH  perpendicular  to 
A  B,  to  meet  the  circumference  in  H. 
Join  AH,  H  B :  they  shall  be  the 
straight  lines  required. 

3.  Let  AB  be  the  given  sum,  and  tihe 
squareof  AC  the 
given  sum  of  the 
squares.  Bisect 
ACinD,  (L43.) 
andih)mD(L44.) 
draw  D  E  per- 
pendicular to  A  C. 
Prom  the  centre  D 
with  the  radius  DA  or  DC  describe  a 
circle  cutting  D  E  in  E ;  and  from  the 
centre  E,  with  the  radius  K  A  or  E  O 
describe  the  circle  CFA:  lastly,  from 
the  centre  A  with  the  radius  A  B  de- 
scribe  an  arc  cutting  C  FA  in  F.  Join 
AF,  let  AF  cut  the  circumference 
A  E  C  in  G :  and  join  G  C.  AG  and 
GC  shall  be  the  lines  required. 

4.  Let  A  B  be  the  given  difference, 
and  the  square  of  A  C  &e  given  sum  of 
the  squares.    Bisect 

ACinD  (L 43.). and 

from  D  (1. 44.)  draw 

DE  perpendicular  to 

AC :  from  the  centre 

D  with    the  radius 

DA  or  DC  describe 

a  circle  cutting  DE 

in  E  ;  and  from  the  * 

centre  E  with  the  radius  E  A  or  EC  de 

scribe  the  circle  CFA ;  lastly,  from  the 

centre  A  with  the  radius  AB  describe 

an  arc  cutting  CFA  in  F :  join  AF,  and 

let  AF  produced  cut  the  circumference 

AECG  in  G,  and  join  G€.    AG  and 

GC  shall  be  the  straight  lines  required. 

5.  Let  AB  be  the  given  sum,  and 
the  square  of  A  C  the  given  difference 
of  the  squares :  take  A  D  a  third  pro- 

ft 5L_£5 « 


goriional  to  A B,  AC  (II.  52.),  and 
isect  DB  in  E  (L  43.);    AE,  EB 
shall  be  the  straight  lines  required. 
6.  Let  A  B  be  the  given  differencei» 


and  the  square  of  A  C  the  given  differ- 
ence of  the  squares :  take  A  D  a  third 
proportional  to  AB,  A  C  (II.  520>  and 
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bisect  B D  in  E  (1.43.) ;  AE,  E  B  shaU 
be  the  straight  lines  required. 

12.  Let  the  given  ratio  be  that  of 
AB  to  A  C,  and  let  the  square  of  D  be 
the  given  sum  of  the 

squares:  from  A  (I. 
44.)  draw  A  £  at  right 
angles  to  A  B,  and  from 
the  centre  A  with  the 
radius  AC  describe  a 

circle  cutting  A  £  in  E :        

join  B £ :  take B Fequal  ^ 

to  D,  and  through  F         

(I.  48.)  draw  FG  parallel  to  E  A  :  GF, 
G  B  shall  be  the  straight  lines  required. 

13.  Let  the  given  ratio  be  that  of 
AB  to  AC,  and  let  the  square  of  D 
be  the  given  difiference  of  the  squares : 
from  B(L 44.)  draw 

B  £  at  right  angles 
to  AB,  and  from  the 
centre  A,  with  the 
radius  A  C,  describe 
a  circle  cutting  B  £ 

in£:  join  A£:  take  

B  F  equal  to  D,  and  ~^ 

through  F  (I.  48.)  draw  FG  parallel  to 
A£:  GF,  GB  shall  be  the  straight 
lines  required. 

14.  Let  the  square  of  A  B  be  the 
given  sum  of  the  squares,  and  let  the 
rectangle  under   A  B    and  C  be  the 
given  rectangle :  di- 
vide AB  in  D  (IL 
56.),  so  that  the  rect- 
angle under  AD,  DB 
may  be  equd  to  the 
square  of  C ;  from 
D(IL56.)drawDE  ^ 
at  right   angles  to 

AB ;  and  upon  AB  as  a  diameter  de- 
scribe a  circle  cutting  D£  in  E :  AE, 
EB  shall  be  the  strai^t  lines  required. 
For  it  is  evident,  that  the  square  of  ED 
being,  by  construction,  equal  to  the  rect- 
angle under  AD,  DB  (IL  34.Cor.),  £D  is 
equal  to  C ;  and  the  rectangle  under 
Ae,  £B  is  equal  to  the  rectangle  under 
AB,  ED,  that  is,  to  the  rectanirle  under 
AB  and  C. 

15.  Let  the  square  of  AB  be  the 
given  difference  of  the  squares,  and  let 
the  rectangle  under  A  B  and  C  be  the 
given  rectangle ; 
produce  AB  to 
D  (II.  56.),  80 
that  the  rectangle 
under  AD,  DB 
may  be  equal  to 
the  square  of  C, 
from  B  (L  44.) 
draw  B  E  at  right  angles  to  AI>>  fuid 


upon  AD  describe  a  circle  catting  B  E 
in  £ :  A  E,  E  B  shall  be  the  straight 
lines  required.  For  it  is  evident  that 
the  square  of  ED  being  (as  in  the  last 
case)  by  the  construction  equal  to  the 
rectangle  under  AD,  DB  (IL  34.  Cor.), 
ED  is  equal  to  C;  and,  because  the  tri- 
angles ABE,  EBD  are  similar  (II.  34.X 
AB  is  to  AE  as  EB  to  ED,  and  there- 
fore the  rectangle  under  AE,  £B  is 
(II.  38.)  equal  to  the  rectan^e  under 
AB,  ED,  that  is  to  the  rectangle  under 
AB  and  C. 

Scholium. 
In  the  cases  of  this  Propodtion  we 
have  exhibited  geometrical  solutions  of 
the  following  wdl-known  equations. 


1.  X  +y  =a 
X  — y  =b 

3.  X  +y  =a 
a;i-|-y«=6» 

6.  X  +y  =a 


2.  jf«+y«=a^ 

4,  X  — y  =a 
a!«+y«=A« 

6.  X  — y  =a 


7.x  a 

y     =    J 

xy     -     <fl 

8.  a?+y=  a 
X   _  b 

y       "c 

10.  X  +y  =a 
xy    =&« 


9.  x— y  =  a 
X  b 


11.  x-^y  sa 


12.  j*+y"=fl^      13.  s^-^t^^cfi 
»      b  X         b 


14.  *t-|-y«=a|i      15.  a*-.y«=d« 
xy     =b^  xy    s^ 

In  the  construction  of  these  and  other 
problems  of  the  foregoing  Sections,  the 
data  have  always  been  supposed  such 
that  the  problem  in  question  be  not  im- 
possible. For,  as  we  have  already  had 
occasion  to  observe,  many  of  tbem  are 
possible,  onlv  so  long  as  the  mutual 
relations  of  the  data  are  confined  within 
certain  limits.  Thus,  if  it  be  required 
to  find  two  lines,  such  that  their  squares 
may  together  contain  9  square  feet,  it 
is  evident  that  the  sum  of  the  lines  in 
question  must  not  be  less  than  3  feet, 
nor  must  their  difiEbrence  exceed  3  feet, 
(II.  56.  N.  B.).  The  solution,  therefore, 
of  a  problem,  which  should  require  the 
sum  of  the  two  to  fiall  short  of  this  quan- 
tity,  or  their  difference  to  exceed  it. 
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would  be  impossible.  In  this  maimer 
does  oneof  tne  conditions  frequently  set 
fimits  to  the  other — ^frequently,  but  not 
in  e^ery  case : — ^thus,  if  two  Imes  be  re- 
quired, which  shall  contain  a  given 
rectangle,  tii«r  ratio  m&j  be  any  what- 
ever, and  a  problem  which  should  re- 
quire them  to  be  to  one  another  in  any 
ratio,  how  great  or  how  small  soever, 
would  be  possible.  The  limits  of  possi- 
bility, whoi  there  are  any,  are  commonly 
indicated  by  the  construction,  if  the 
problem  be  solved  ^metrically,  as 
they  are,  if  algebraically,  by  the  form 
of  the  final  equatbn.  See  the  cases  of 
Prop.  64.,  where  the  vertex  of  the  tri- 
angfe  sought  is  determined  by  the  mter- 
section  of  a  straight  line  and  circle,  or  of 
two  circles :  if  i&  data  be  such  that  no 
intersection  can  take  place,  the  con- 
struction fails,  and  the  problem  becomes 
impossible. 

BOOK  IV. 
$  ] .  Of  Lines  perpendicular,  or  inclined, 
or  parallel  to  planes.— §  2.  0/ Planes 
which  are  parallel,  or  inclined,  or  per- 
pendicular  to  other  Planes, — §  3.  Of 
Solids  contained  by  Planes.  —  (4. 
Problems, 

SscTiON  1. — Of  Lines  perpendicular, 
or  inclined,  or  parallel  to  Planes. 
Irv  the  preceding  books  our  attention 
has  been  confined  to  lines  which  lie  in 
one  and  the  same  plane,  the  intersection 
of  such  lines,  and  the  figures  contained 
by  them ;  we  are  now  to  consider  lines 
which  lie  in  different  planes,  planes 
which  intersect  one  another,  and  solids 
which  are  contained  by  plane  or  other 
sur&ces.  In  other  words,  we  have 
been  hitherto  engaged  with  Plane  Geo- 
metry ;  we  are  now  to  enter  upon  Solid 
Geometry. 

Def.  1.  (Euc.xldef.3.)  A  straight  line 
is  said  to  be  perpendicular  (or  at  rijglii 
anglesyto  a  plane,  when  it  makes  right 
angles  with  every 
stnight  line  meet- 
ing it  in  that  plane, 
(seePropS.).  Also, 
conversely,  in  this 
case  the  plane  is 
said  to  be  perpendi- 
cularto  the  straight 
line. 

The  foot  of  the  perpendicular  is  the 
point*  in  which  it  meets  the  plane. 

•  It  it  evident  that  a  straight  line  cannot  meet  a 
piaae  ia  moK  than  one  point,  unleu  it  lie*  alto- 
gether ia  the  plane ;'  and  ta  like  manner  that  one 
pUM  eaaaot  meet  anotber^lwe  in  a  portion  of  snr* 


2.  (Eucxi.  del  5.)  A  straight  line  is 
said  to  be  inclined  to  a  plane,  when  it 
meets  the  plane  but  is  not  perpendicukur 
to  it. 

When  a  straight  line  AB  is  inclined 
to  a  plane  CD£, 
the  an^le  ABF 
which  it  makes 
with  a  straight 
line  drawn  from 
the  point  B  in 
which  it  meets 
theplane,throu2h 
the  foot  of  the 
perpendicular  AF,  which  is  let  fall  upon 
the  plane  from  any  other  point  A  of  the 
straight  line  (see  Prop.  7.),  is  called  the 
cmg&  of  inclination. 

3.  A  straight  line  is  said  to  be  pa- 
ra//^/ to  a  plane,  when  it  cannot  meet 
the  plane,  to  whatever  extent  both  be 
produced.  Also,  conversely,  in  this  case 
the  plane  is  said  to  be  parallel  to  the 
straight  line. 

4.  If  two  planes  ABC, 
A  B  D  intersect  one  an- 
other in  a  line  as  AB 
(see  Prop.  2.),  they  are 
said  to  form  at  that  line 
a  dihedral  an^le  CAB  D. 

The  magmtude  of  a 
dihedral  angle  does  not 
depend  upon  the  extent 
of  the  containing  planes,  but  upon  the 
opening  between  them.  Thus,  the  di- 
hedral angle  C  A  B  D  is  greater  than 
the  dihedral  angle  E  A  B  D  by  the  dihe- 
dral angle  C  A3  E. 

5.  when  one  plane  standing  upon 
another  plane  makes  the  adjacent  dihe- 
dral angles  equal  to  one  another,  each 
of  them  is  called  a 

right  dihedral  angle; 
and  the  plane  which 
stands  upon  the  other 
is  said  to  he  perpen- 
dicular (or  at  right 
angles)  to  it. 

A  dihedral  angle  is  also  said  to  be 
acute  or  obtuse,  according  as  it  less  or 
greater  than  a  right  angle. 

6.  (Euc.  xi.  def.  8.)  Planes,  which  do 
not  meet  one  another,  though  produced 
to  any  extent,  are  said  to  \ye  parallel. 

7.  (Euc.  xi.  def.  9.)  If  three  or  more 
planes  pass  through  a  point  as  A,they  are 

face  common  to  both,  anlesi  tber  coincide  altogether. 
(See  Prop.  1.)  Therefore  a  straight  line  cut»  a  plane 
in  a  point ;  and  a  plane  mfi  a  plane  in  a  line,  which 
line  (•««  Prop.  «0  »  »  »tnught  line. 


/' 


If  6  GBOMSntV. 

said  to  form  at  that 
point  a  solid  angle,  of  A 
which  the  intercepted  ^ 
plane     angles     (see 
Prop.  2.)  are  called 
the  sides  or  faces,  and  ^ 
the   intersections  of 
the  planes,  edges, 

8.  A  polyhedron  is  a  solid  figure  in- 
cluded by  any  number  of  planes,  which 
are  called  its /ace* :  if  it  have  four  faces 
only,  which  is  the  least  number  possi- 
ble, it  is  called  a  tetrahedron ;  if  six,  a 
hexahedron;  if  eight,  an  octahedron; 
if  twelve,  a  dodecahedron  ;  if  twenty,  aa 
icosahedron;  and  so  on.* 

The  intersections  of  the  faces  of  « 
polvhedron  are  called  arrises  or  edges, 
and  the  points  of  the  solid  angles 
vertices  or  ang;ular  points.  The  diagonals 
of  a  polyhedron  are  the  -straight  lines 
which  join  any  two  vertices  not  lying  in 
the  same  face. 

The  surfaces  of  the  polyhedrons  here 
treated  of  are  supposed  to  Ije  convex, 
that  is,  such  that  the  same  straight  line 
can  cut  them  in  two  points  only. 

9.  A  polyhedron  is  said  to  be  regular, 
when  its  faces  are  similar  and  equal 
regular  polygons,  and  its  solid  angles 
equal  to  one  another.  There  are  only 
five  such  figures.    (See  Prop.  20.  Cor.) 

10.  Two  polyhedrons  are  said  to  be 
nmilar,  when  they  are  contained  by  simi- 

lar  faces  similarly  situated,  and  fomiBg 
equal  dihedral  and  solid  angle8.t 

•  The  Greek  word  for  **  seat**  betnr  in  aU  cases 
amexecl  to  the  Greek  numeral  which  indicates  the 
nnmber  of  MRtv,  or  facet,  on  which  the  figure  may  be 
Mated.  A  solid  figure  mnj  be  contained  bjr  anf 
number  of  facet  above  three,  in  the  same  manner  as 
a  plane  figure  may  be  contained  by  any  namtier  of 
•ides  above  two,  the  numbers  4, 6, 8,  IS,  and  SO  beine 
hera  specified  only  because  the  other  solids  (of  6, 7i 
&e.  faces)  are  le»s  frequently  subjects  of  ooasiden- 
tion. 

t  The  same  obseryatton  mar  be  made  here  as  at 
Book  II.  def.  14,  vis.  that  in  this  definition  there  are 
some  things  assumed  which  have  not  been  as  yet 
demonstrated.    Thece  are, 

1.  I  fall  the  plane  angles  but  one  which  contain 
two  solid  angles  be  eanal,  each  to  each,  in  order,  and 
make  with  one  another  equal  dihedral  angles,  the 
remaining  plane  angle  of  the  one  shall  be  eooal  to 
the  remaining  plane  angle  of  the  other,  and  the  two 
remaining  dihedral  angles  of  the  one  equal  respec- 
tivdy  to  the  two  remaining  diliedral  angles  of  the 
Other.    This  may  be  proved  by  coincideoee. 


tiv. « I. 

n.(Eiic.xi.def.A.)  Ajwniflrfqpfeaf 
M  B9ol9d  figure  hav- 
ing sixfaoes,  of  which 
every  opposite  two 
are  parallel. 

Such  a  figure  mayj 
be  formed  by  taking 
any  solid  angle  A,  which  is  formed  \9f 
three  plane  angles,  assuming  any  pcmts 
B,  C,  D  in  the  three  edges,  and  passing 
t)m>ugh  those  points  planes  paralld  to 
the  planes  ACD,  ABD,  ABC  re- 
spectively. 

The  faces  of  a  parallelopiped  are 
sometimes  distinguished  by  naming  any 
two  opposite  faces  the  bases  Of  the  pa- 
rallelepiped, and  the  other  four  the 
tides:  in  which  case  the  altitude  of  ttie 
parallelopiped  is  the  perpendicular  dis- 
tance between  the  two  bases. 

12.  A  rectangular  pardlehpiiped  is 
that  which  has  one  of 
its  solid  angles  con- 
tained by  three  right 
angles,  and  therefore 
(see  Prop.  17.)  every 
lace  atri^ht  angles  to  " 
those  which  are  adjoiaiag  to  it. 

13.  A  cu6«  is  a  rectangular  paraBelo- 
piped  which  has  the  three 
edges  terminated  in  one  of 
the  solid  angles  equal  to 
one  another.  The  cube  of 
any  straight  line  A  B,  is 
the  cube  of  which  A  B  is 
an  edge. 

14.  (Euc.  xi.  def.  13.)  A  prism  is  a 
solid  figure  having  anv  number  effaces, 
two  of  which  are  similar  and  equal  rec- 
tilineal fi8:ures,  so  placed  as  to  have 
their  corresponding  sides  paralld,  and 
the  rest  parallelograms. 

Such  a  figure   may  be  formed  by 


m 


%.  If  all  the  planes  but  one  which  form  a  oonvex 
surface  be  similar  and  similarly  situated  to  all  Che 
planes  but  one  which  contain  a  solid  iignre,  each  to 
each,  and  if  the  dihedral  angles  which  every  adjoin- 
ing two  of  the  first  make  with  one  «nother  be  emal 
to  the  dihedral  angles  which  every  correspond ii^ 
two  of  the  latter  make  with  one  another,  each  to 
each,  the  remaining  edges  of  the  surface  (via,  those 
which  are  not  common  to  adjoining  planes)  sImII 
lie  in  one  plane,  and  shall  inclose  a  rectilineal  figure 
simiUr  to  the  Isst  face  of  the  solid,  and    making 

3ual  dihedral  angles  with  the  oorraspoading  feces 
joinmg  to  it.  This  mav  be  demonstrated  by 
making  any  two  of  the  equal  solid  angles  coincide. 
(See  Prop.l4.  Cor.)  ' 

It  is  evident,  also,  that  the  ddinitioB  would  be 
complete  without  meotioniag  the  eiiuality  of  the 
solid  angles,  for  the  se^-eral  plane  and  dibedral  an- 
gles of  the  one  being  equal  and  simtlariy  aitnated 
with  the  corresponding  plane  and  dihedral  angles  of 
the  other,  it  is  evident  that  any  two 
solid  angles  may  be  said  Xq  coincide. 
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drawing  through  the  several  angles  of 
a  polygon  ABODE, 
iMt  B«t  IB  the  same 
ptaae  wttti  it,  the  pa- 
rallels Ao,  Bb,Cc, 
Sec,  taking  Aa,B^, 
C  r,  &c,  each  of  liieBi 
equal  to  any  the  sane 
straight  line,  and  jmn* 
ing  ab^  be,  Sec  (see 
Prop.  13.  and  15.) 

The  parallels,  whidi  join  the  eom* 
spooding  angles  of  the  two  poiygons,  are 
called liie  prmctperfa^^  of  the  prism: 
file  polygons  are  called  ba$M;  the  pa- 
rafleiognuDs,  Ma ;  and  the  itnrfaoes  of 
the  puraUelograms  together  constitwte 
what  is  called  the  lateral  or  amwex  sur^ 
face  of  the  prism. 

The  aUitude  of  a  prism  is  the  perpen- 
dkukr  distanee  between  its  two  bases. 

16.  A  prisB  is  said  to  be  irianrui^, 
or  qmadniaieral,  or  pgaiagmal,  ice, 
aeooiding  as  ils  bases  are  triaaagles,  or 
qnadrikitenJs,  or  pentagons,  Ac 

Apiism  is  also  said  to  ht rightist 
okkqme,  aoeoiding  as  the  priaeipal  ed^ 
are  perpendicular  to  the  bases,  or  m- 
dmed  to  them. 

IS.  A  n;^vlar|wi«m  is  a  right  prism, 
which  has  for  its  bases  two  regular 
polygons ;  and  the  straight  line  which 
joins  their  centres  is  calied  the  aans  of 
the  prism. 

1 7.  (£uc.  xi.  def.  1 2.)  A  pyramid  is 
a  solid  figure,  having  any  number  of 
faces,  one  of  which  is  a  triangle  or  other 
rectilineal  figure,  and  the  rest  triangles 
which  have  a  common  vertex,  and  for 
their  bases  the  sides  of  the  first  triangle 
or  rectilineal  figure. 

Sudti  a  figure  any 
be  formed  by  drawing 
straight  lines  from 
the  aagies  of  any 
rectilineal  figure  A  B 
ODE  to  any  pdnt 
y  which  is  not  in  the 
same  plane  with  it. 

•Hie  straight  lines  VA,  VB,  &c, 
which  are  the  sides  of  the  triangles,  are 
cafled  the  principal  edges  of  the  pyra- 
mid: the  first  triangle  or  rectilineal 
figure  is  called  the  base,  the  other  trir 
an^es  the  sides,  and  their  common 
wrtex*  the  vertex  or  sttmmit :  the  sur- 
fiaoes  of  the  latter  triangles  also  consti- 
tute what  is  called  the  Inderal  or  convex 
mrfaee  of  the  pyramid. 

The  sdtitude  of  a  pyramid  is  the  per- 
f*^<^**«*«^  distance  of  the  vertex  vom 
te  bve  or  the  baae  pvaduced. 


18.  A  pyramid  is  aaid  to  be  triat^^U' 
lor,  or  quadrilateral  ix  psntagofud,  fice. 
according  as  its  base  is  a  triangle,  or  a 
quadrilateral,  or  a  pcDtaeon,  &c 

19.  A  ramhr  pyramsd  is  that  which 
has  for  its  base  a  ngular  polygon,  and 
the  straight  line  which  is  drawn  from 
the  vertex  to  the  centre  of  the  baae  par- 
pendienlar  to  the  base;  and  the  line  so 
drawn  is  called  llie  ^ucis  of  the  pvrar 
mid. 

2(1.  If  a  pyraaiKi  be 
divided  into  t«io  parts 
by  a  plane  parallel  to 
its  base,  the  part  next 
the  base  is  called  a 
frugtam  of  a.j^ramid, 
or  sometimes  a  truss' 
voted  pyrasmd. 

21.  (£ac.  xi.  deL  140  A  sphere  k  a 
solid  figure,  e^exy  point  in  the  aur&oe 
of  which  is  at  the  same  distance  fitmi 
a  certain  point  within  the  figure,  which 
is  cafied  the  centre.  The  distance  from 
the  centre  to  the  sur&ce  is  called  the 
radius,  or  sometimes  the  semidiam^er 
of  the  sphere,  because  it  is  the  half  of  a 
straight  line  which  passes  throu^  the 
oentm,  and  is  tenninated  botii  ways  by 
tiie  surfiuje,  which  straight  line  is  calkd 
9Lck4ameler. 

Such  a  figure  may 
be  oonceived  to  be 
generated  by  the  re- 
volution of  a  semi-  i 
circle  ADB  about 
its  diametar  A  B  ; — 
that  is  to  say,  if  the 
semicircie  be  made  to  revolve  round  its 
diameter  AB,  its  plane  will,  in  the  course 
of  the  revolution,  pass  through  the  whole 
solid  space  about  the  line  AB  produced, 
and  the  semicircular  portion  ADB  will 
pass  through  the  whole  spherical  space 
upon  the  diameter  AB,  so  that  there 
shall  not  be  a  point  witl»in  that  space 
with  which  some  point  or  other  of  the 
semicircle  will  not  have  coincided,  Init 
the  same  cannot  be  said  of  any  point 
without  the  sphere.  By  the  word  "  ge- 
nerate,** it  is  intended  to  convey  the  idea 
that  the  parts  of  the  solid  start  into  exist- 
ence as  they  are  successively  traversed 
by  the  generating  plane. 

Prop.  1.  (Euc.  xL  2.) 

A  plane,  and  one  only,  may  be  made 
to  pass  through  a  given  straight  line 
emd  a  given  point  without  it,  or  through 
three  given  poinie  which  are  not  in 
the  same  straight  line. 
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LetABbcagiven 
straight  line,  and  C  a 
given  point  without 
It:  a  plane,  and  only 
one  plane,  may  be 
made  to  pass  through 
fhe  straight  line  A  B 
and  the  point  C.  - 

For  a  plane  may  be  made  to  pass 
through  AB,  and  this  plane  may  be 
turned  about  A  B  until  it  pass  through 
C.  Now,  let  any  other  plane  be  made 
to  pass  through  the  same  sbraight  hne 
AB  and  the  same  point  C ;  and  let  P 
be  any  point  taken  m  it:  P  shall  like- 
wise be  a  point  in  the  first  plane.  For, 
if  in  AB  any  two  points  A,  B  be  taken, 
and  CA,  CB  be  joined,  the  straight 
lines  C  A,  C  B  will  lie  in  each  of  the 
planes  (I.  det  7.).  And  because  P  is  a 
point  in  the  same  plane  with  C  A  and  CB, 
through  P  there  may  be  drawn  P  Q  pa- 
rallel to  A  B  to  meet  C  A  in  some  point 
Q  and  CB  in  some  point  R  (1. 14.  Cor.  3). 
Then,  because  the  lines  CA,  CB  are  in 
the  first  plane,  the  points  Q,  R  are 
likewise  in  that  plane,  and  therefore 
the  straight  line  P  Q  R,  which  passes 
throughthem,  and  the  point  P  of  that 
straight  Ikie,  are  in  the  same  plane. 
Therefore,  there  is  no  point  in  dther  of 
the  two  planes  which  is  not  also  in  the 
other  plane,  that  is,  they  are  one  and 
the  same  plane. 

Again,  any  plane  wWch  passes  through 
the  straight  hne  AB  and  the  point  C 
without  it,  passes  also  through  the  three 
points  A,  B,  C,  which  are  not  in  the 
same  straight  line ;  and  reversely. 
Tlierefore,  since  it  has  been  shown  that 
a  plane,  and  one  only,  may  be  made  to 
pass  through  the  straight  Hue  A  B  and 
the  point  C,  it  follows  that  a  plane,  and 
one  only,  may  be  made  to  pass  through 
the  three  points  A,  B,  C. 

Therefore,  &c. 

Cor,  1 .  A  plane,  and  one  only,  may 
be  made  to  pass  through  the  sides  of 
a  given  rectihneal  angle,  or  through  two 
given  parallels. 

Cor.  2.  Any  number  of  parallels 
through  which  the  same  straight  line 
passes  are  in  one  and  the  same  plane. 

Cor,  3.  It  follows  from  the  preced- 
ing corollary,  that  a  plane  may  be  con- 
ceived to  be  generated  by  a  straight  line 
which  moves  along  a  given  straight  line 
so  as  always  to  continue  parallel  to  ano- 
ther given  straight  line. 

Cor.  4.  Any  number  of  planes  may  be 
made  to  pass  through  the  same  straight 
line. 


[IV.Jl. 


Prop.  2.  (Euc.  xL  3.) 

If  two  planes  cut  one  another^  their 
section    shall  he  a  straight 


.t-^ 


common 
line. 

For,  if  any  two  points 
be  taken  in  the  common 
section,  the  stradght  line 
which  joins  them  will 
be  in  each  of  the  planes 
(I.  def.  7.) :  but  the  only 
line  which  is  in  each  of 
the  planes  is  their  common  section; 
therefore  the  common  section  coincides 
with  the  straight  line  which  joins  any 
two  of  its  points,  that  is,  it  is  a  straight 
line. 

Therefore,  &c. 

Prop.  3.  (Euc.  xi.  4.) 
If  a  straight  line  stand  at  right  an- 
gles  to  each  of  two  other  straight  lines  at 
their  point  <if  intersection,  it  shall  beat 
right  angles  to  every  other  straight  line 
which  passes  through  the  same  point 
and  lies  in  the  same  plane  with  them ; 
that  is,  (def.  1.)  it  shall  be  at  right  an- 
gles to  the  plane  in  which  they  are. 

Since  two  different  planes  may  pass 
through  the  same  straight  line  A  Y,  and 


a  perpendicular  may  be  drawn  to  it  in 
each  of  these   planes  from   the  point 

A,  the  case  supposed  in  the  proposi- 
tion is  evidently  possible. 

Let  the  straight  line  AP,  therefore, 
stand  at  right  angles  to  each  of  the 
straight  lines  A  B,  AC,  at  their  point  of 
intersection  A,  and  let  AD  be  any  other 
straight  line  in  the  plane  ABC,  which 
passes  through  the  same  point  A :  A  P 
shall  be  at  right  angles  to  A  D. 

In  AB,  AC,  take  any  points  whatev^ 

B,  C  ;  and  in  BA,  C  A  produced  make 
A  h  equal  to  AB,  and  h.c  equal  to  AC : 
join  B  C,  6  c,  and  let  A  D  and  DA  pro- 
duced cut  B  C  and  b  c  respective^  in  D 
Biidd:  take  any  point  P  in  AP,  and 
join  PB,  P  C,  P D,  P  A,  P c,  Prf.  Then, 
because  in  the  trian^es  ABC,  Abe, 
the  two  sides  A  B,  A  C  are  equal  to  the 
two  Ab,  Ac,  each  to  each,  and  the  in- 
cluded angles  (1. 3.)  equal  to  one  ano- 
ther, the  base  B  C  is  equal  to  the  base 
b  c,  and  the  angle  AB  C  to  the  angle 
Abe  (I.4.);  and  because  in  the  txi- 
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angles  ABD,  A  Arf  the  side  AB  is  equal 
to  the  side  A  b,  and  the  angles  ABD, 
BAD  (1.3.)  equal  to  the  angles  Abd, 
bAd^  each  to  each,  the  side  AD  is 
equal  to  the  side  A  d  (1. 5.),  and  B  D  to 
b  d.    Again,  the  trian^es  P  A  C,  P  A  c 
have  the  two  sides  PA,  AC  of  the 
one  equal  to  the  two  P  A,  Ac  of  the 
other,  each  to  each,  and  the  included 
aneles  right  angles  ;  therefore  the  base 
PC  is  equal  to  the  base  P  c  (1.4.) :  and  for 
the  like  reason,  PB  is  equal  to  P  A ;  and 
it  was  before  shown  that  B  C  is  equal  to 
be:  therefore,  the  triangles  PBC,  Vbc 
have  the  three  sides  of  the  one  equal  to 
the  three  sides  of  the  other,  each  to  each ; 
therefore,  also,  the  angle  PBC  is  equal  to 
the  angle  P  6  c  (1. 7.).  And,  because  the 
triangles  PB  D,P*rf  have  two  sides  PB, 
BD  of  the  one  equal  to  two  sides  Vb.bd 
of  the  other,  each  to  each,  and  the  in- 
cluded angles  P  B  D,  P  A  rf  equal  to  one 
another,  the  bases  P  D,  Prfare  likewise 
equal  (1. 4.).   Lastly,  therefore,  because 
the  triangles  PAD,  PArf  have  the 
three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  the 
angles  PAD,  PAd  are  equal  to  one 
another,  and  (I  def.  G.)  PA  is  at  right 
angles  to  AD.    And  because  PA  is  at 
right  angles  to  every  straight  line  A  D, 
which  meets  it  in  the  plane  BAC,  it  is 
at  right  angles  to  that  plane  (def.  I.) 

Therefore,  &c. 

Cor.  1.  (Eucxi.  5.)  Any  number 
of  straight  lines  which  are  drawn  at 
right  angles  to  the  same  straight  line 
from  the  same  point  of  it,  lie  all  of  them 
in  the  plane  which  is  perpendicular  to 
the  straight  line  at  that  point. 

Cor.  2.  Hence,  if  the  plane  of  a 
right  uigle  be  made  to  revolve  about 
one  of  its  legs,  the  other  leg  will  describe 
a  plane  at  nght  angles  to  the  first  leg. 

Prop.  4. 

If  a  Btraight  line  be  perpendicular  io 
a  plane,  and  if  from  its  foot  aperpendi- 
cular  be  drawn  to  a  straight  line  taken  in 
the  plane  ;  any  straight  line,  which  is 
drawn  from  a  point  in  tlie  former  per- 
pemUcular  to  meet  the  foot  of  the  latter 
perpendicular,  shodl  likewise  be  perpen- 
dicular to  the  straight  line  taken  in  the 
plane. 

\jeX  the  straight 
line  AB  be  perpen- 
dicular to  the  plane 
CDE  at  the  point 
B;  let  FG  be  a 
straight  line  taken 
in  the  plane  CDE; 
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and  from  B  let  BH  be  drawn  per- 
pendicular  to  FG:  take  any  point  A 
m  AB,  and  join  AH:  AH  shall  be 
perpendicular  to  FG. 

^",'^  ^,t*^®  ^"7  point  F,  make  H  G 
^^  *^  ^'  ^^  joi"  A  F.  AG,  B  F, 
^S'n  u  "  ^"^  **>«  triangles  BHF, 
15  H  G,  because  the  two  sides  B  H  H  F 
are  equaJ  to  the  two  BH,  HG,  ewh  to 
each,  and  the  included  angles  right  an- 
gles,  B  F  is  equal  to  B  G  (1. 4.).  Again, 

n^?J^?u^^  Jsperpendiculartothe  plane 
CDE.  the  angfes  ABF,  ABG  are  right 
angles  (def.  1.) :  and  because  in  the  M- 
angles  A  B  F,  A  B  G,  the  two  sides  A  B, 
is  F  are  equal  to  the  two  AB,  BG,  each 
to  each,  and  the  included  angles  right 
angles,  AF  is  equal  to  AG  (I.  4.) 
Therefore,  lastly,  because  the  triangles 
AHF,  AHG  have  the  three  sides 
of  the  one  equal  to  the  three  sides 
A  tT^  other,  each  to  each,  the  angle 
AHF  IS  equal  to  the  angle  AHG 
(I.  7.);  and  they  are  adjacent  angles; 
therefore,  each  of  them  is  a  right  angle 

P- a«X-  ^^•^»  *"^  A  H  is  at  right  angles 
to  F  G.  OS 

Therefore,  &c. 

Cor.  Hence,  also,  if  a  straight  line 
be  perpendicular  to  a  plane,  and  if  from 
any  point  of  it  a  perpendicular  be  drawn 
to  a  straight  line  taken  in  the  plane,  the 
straight  line  which  joins  the  feet  of  the 
perpendiculars  shall  likewise  be  perpen- 
dicular to  the  straight  line  taken  in  the 
plane. 

Prop.  5.  (Euc.  xi.  6  and  8.) 

Straight  lines,  which  are  perpendicu- 
lar to  the  same  plane,  are  parallel :  and, 
conversely,  if  there  be  two  parallel 
straight  lines,  and  if  one  of  them  be  per- 
pendicular to  aplane,  the  other  shell  be 
perpendicular  to  the  same  plane. 

Let  the  straight 
lines  A  B,  C  D  be 
each  of  them  per-  A        ^ 

pendicular  to  the  (\ 

plane  E  F  G :  A  B  ^rPv- '- 
shall  be  parallel  to  /  J?-^/ 
CD.  /  /^ 

Join  BD;  and,      '  /" 

in  the  plane  EFG, 
from  D  draw  D  H 
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perpendicular  to  B  D :  in  A  B  take  any 
point  A,  and  join  A  D.  Then,  because 
AB  is  perpendicular  to  the  plane  EFG, 
and  BD  a  perj^endicular  drawn  from  its 
foot  to  the  line  D  H  which  is  in  that 
plane,  A  D  is  liKewise  perpendicular  to 
DH  (4.):  and  CD  is   perpendicular 
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to  D  H,  because  it  is  perpendicular  to 
the  plane  EFG  (def.  1.):  therefore, 
DB,  DA.  and  D  C  lie  (3.  Cor.  1.)  in  one 
and  the  same  plane.  But  B  A  lies  in  the 
plane  of  D  B  and  D  A :  therefore,  B  A 
and  D  C  lie  in  the  same  plane.  Again, 
because  AB  and  C  D  are  perpendicular 
each  of  them  to  the  plane  EFG,  they 
are  perpendicular  each  of  them  to  the 
straight  line  BD  (def.  1.).  And  because 
they  are.  in  the  same  plane  and  perpen- 
dicular to  the  same  straight  line,  they 
are  parallels  (1. 14.). 

Next,  let  AB.  CD  be  parallels,  meet- 
ing the  plane  E  FG  in  the  points  B,  D, 
respectively,  and  let  A  B  be  perpendicu- 
lar to  the  plane  EFG:  CD  shall  like- 
wise be  perpendicular  to  it. 

Join  B  D,  and  draw,  as  before,  in  the 
plane  EFG,  DH  perpendicular  to  B  D; 
and,  taking  any  pomt  A  in  A  B,  join 
AD.  Then,  as  before,  DA  is  (4.)  perpen- 
dicular to  D  H.  Therefore,  D  H  is  per- 
pendicular to  the  plane  of  AD,  DB  (3.). 
but  C  D  is  in  that  plane ;  because  it  is 
parallel  to  AH,  and  therefore  in  the  same 
plane  with  AB  and  the  point  D  (1  .Cor.  1 .). 
Therefore  C  D  is  likewise  perpendicular 
to  DH  (3  ).  Again,  because  A  B,  CD 
are  parallel,  and  that  A  B  (being  per- 
pendicular to  the  plane  "EFG)  is  per- 
pendicular to  B  D,  (def.  1.)  C  D  is  like- 
wise perpendicular  to  BD  (I.  14.). 
Therefore,  C  D  is  perpendicular  to  each 
of  the  straight  lines  B  D,  D  H,  that  is, 
it  is  perpendicular  to  the  plane  BDH 
(3.)  or  EFG. 

Therefore,  &c. 

Cor,  If  from  different  points  in  the 
same  straight  line  perpendiculars  be 
drawn  to  the  same  plane,  these  perpen- 
diculars shall  lie  in  one  plane,  and  their 
feet  in  one  and  the  same  straight  line : 
for  the  perpendiculars,  being  parallel 
and  passmg  through  the  same  straight 
line,  lie  in  one  plane  (1  Cor.  2.) ;  and  the 
common  section  of  this  plane  with  the 
first  is  a  straight  line  (2.)*  . 

Prop.  6.  (Euc.  xi.  9.) 

Straight  lines  which  are  parallel  to 
the  same  straight  line,  though' not  both 
of  them  in  one  plane  with  it,  are  parallel 
to  one  another. 

Let  the  straight 
lines  A B,  CD  be 
each  of  them  pa-  £ 
rallel  to  the  straight 
line  EF,  and  not 
in  one  plane  with 
it :  A  B  shall  be  parallel  to  CD. 
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In  E  F  take  any  point  G,  and  from  G, 
in  the  plane  of  A  B,  E  F,  draw  G  H  at 
right  angles  to  E  F ;  and  from  the  same 
point  G,  in  the  plane  of  C  D,  E  F,  draw 
GK  at  right  angles  to  E  F.  Then,  be- 
cause E  F  is  at  right  angles  to  each  of 
the  lines  GH,  G  K,  it  is  at  right  angles 
to  the  plane  HGK  (3.).  ButABandCD 
are  each  ofthem  parallel  to  EF.  There- 
fore, A  B  and  C  D  are  also  at  right  an 
gles  to  the  plane  H  GK  (5.) :  and  be- 
cause they  are  at  right  angles  to  the 
same  plane,  they  are  parallel  (5.). 

Therefore,  &c. 

Prop.  7.  (Euc.xL  11, 12,  and  13.) 

A  straight  line  may  he  drawn  perpen- 
dicular  to  a  given  plane  of  indejinits 
extent  from  any  given  point,  whether  the 

fiven  point  be  without  or  in  the  plant; 
ut  from  the  same  point  there  cannot 
be  drawn  more  than  one  perpendicular 
to  the  same  plane. 

Let  A  be  a  point 
without  the  plane 
BCD:  a  perpendi- 
cular, and  one  only, 
may  be  drawn  from 
the  point  A  to  the 
plane  BCD. 

In  the  plane  BCD     c  ^ 

draw  any  line  E  F, 

and  from  the  point  A  draw  AG  perpen- 
dicular to  EF:  from  G  draw,  in  the 
plane  BCD,  G  H  perpendicular  to  E  F; 
and  from  A  draw  AH  perpendicular  to 
GH  (I.  45.).  Through  H  draw  KLpa- 
rallel  to  EF  (L  48.),  and  therefore  lying 
in  the  same  plane  with  H  and  E  F,  that 
is,  in  the  plane  BCD.  Then,  because 
E  F  is  at  right  angles  to  each  of 
the  sfraight  hues  AG,  GH,  it  is  at 
right  angles  to  the  plane  A  GH  (3.); 
but  K  L  is  parallel  to  E  F ;  therefore 
KL  is  at  right  angles  to  the  plane 
A  G  H,  and  the  angle  A  H  K  is  a  right 
angle  (5.).  And  t>ecause  A  H  is  at 
right  angles  to  each  of  the  straight  lines 
K  H,  H  G,  it  is  at  right  angles  to  the 
plane  K  H  G  (3.),  that  is,  to  the 
plane  BCD.  But  from  the  same  point 
A,  there  cannot  be  drawn  any  other 
straight  line  which  is  at  right  angles  to 
the  plane  BCD;  for  if  we  suppose  AG 
to  be  any  other  sfraight  line  drawn  from 
A  and  meeting  the  plane  BCD  in  G,  and 
if  H  G  be  joined,  the  angle  AH  G  will 
be  a  right  angle,  and  therefore  ( I.  8.) 
the  angle  A  G  H  less  than  a  right  an|;le ; 
BO  that  AG  cannot  (de£  1.)  be  at  right 
angles  to  the  plane  BCD.^ 
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NeztJetAbea 
point  in  the  plane 
BCD:  take  any 
point  A'  without 
the  plane,  and  from 
A'  draw  A' H' per- 
pendicular to  the 
plane  :     then,    if 

throufi:h  A,  AH  be  drawn  parallel  to 
A'  H'  (I.  48.).  AH  will  likewise  (5.)  be 
perpendicular  to  the  plane.  And  from 
the  same  point  A.  there  cannot  be 
drawn  anv  other  straigrht  line  perpendi- 
cular to  the  plane  BCD:  for,  if  AG  be 
any  other  straifi:ht  line  drawn  from  A, 
and  if  the  plane  HAG  cut  B  CD  in 
the  line  K  L  (2.),  the  angle  H  A  K 
will  be  a  ri^ht  angle,  and  therefore 
G  A  K  will  not  be  a  right  angle ;  so  that 
AG  cannot  be  at  right  angles  (def.  1.) 
to  the  plane  BCD. 

Therefore,  &c. 

Prop.  6. 

Fhnn  a  point  to  a  plane  the  perpendi- 
eular  u  the  shortest  distance:  and  of 
other  straight  lines  tchich  are  draum 
&om  the  point  to  the  plane,  such  as  are 
equal  to  one  another  cut  the  plane  at 
equal  distances  from  the  foot  of  the 
perpendicular ;  and  such  as  are  unequal 
cut  the  plane  at  unequal  distances  from 
the  foot,  the  greater  being  always  fur- 
ther from  the  perpendicular;  and  con* 
tersely. 

Let  A  l)eapoint 
without  the  plane 
BCD,  and  let  there 
fall  trom  A  to  the 
plane,  the  p«rpen- 
dicuiior  AE,  any 
other  straight  line 
AF,  the  straight 
line  AG  which  is 

equal  to  AF,  and  the  strught  line 
A  H  which  is  greater  than  A  F ;  and 
join  E  F,  £  G,  EH :  the  perpendicular 
A  E  shall  be  less  than  the  straight  line 
AF;  the  distance  EG  shall  be  equal  to 
the  distance  E  F,  and  the  distance  E  H 
greater  than  the  distance  E  F. 

For,  in  the  first  place,  because  A  E 
is  perpendicular  to  the  plane  BCD,  the 
angle  A  £  F  is  a  right  angle ;  wherefore 
A  F£  is  less  than  a  ri^ht  angle  (I.  8.), 
and  in  the  triangle  AE  F  (1. 9.)  the  side 
A  £  is  less  than  the  side  AF.  Next,  be- 
cause the  angles  A  E  F,  A  E  G  are  both 
of  them  right  angles  (def.  I.),  AEF  and 
AEG  are  right-angled  triangles  which 
have  the  hypotenuse  A  F  equal  to  the 
hypotenuse  A  G»  and  the  side  A  E  com- 
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mon  to  both;  therefore  (I.  13.)  the 
remaining  sides  E  F,  E  G  are  equal  to 
one  another.  Lastly,  because  A  E  H  is 
a  right  angle,  the  square  of  AH  is 
equal  to  the  squares  of  AE,  EH  (L36  ); 
and  for  the  like  reason  the  square  of 
AF  is  equal  to  the  squares  of  /  E,  E  F : 
but  the  square  of  A  H  is  greater  than 
the  square  of  AF,  because  AH  is  greater 
than  AF:  therefore,  the  squares  of 
A  E,  E  H  are  together  greater  than  the 
squares  of  A  E.  E  F ;  therefore  the 
square  of  EH  is  greater  than  the 
square  of  E  F,  and  E  H  is  greater  than 
EF. 

And  hence,  conversely,  if  the  distances 
E  F,  E  G  be  equal  to  one  another,  the 
line  AF  must  be  equal  to  the  line  A  G  ; 
for,  if  not,  the  distances  E  F,  E  G  would 
be  unequal :  and  in  like  manner,  if  the 
distance  E  H  be  greater  than  the  dis- 
tance E  F,  the  line  AH  must  be  greater 
than  the  line  AF. 

Therefore,  &c. 

Cor.  If,  from  the  centre  A,  a  sphere 
be  described  with  a  radius  less  than  the 
perpendicular  A  E,  it  will  not  meet  the 
plane  BCD:  if  with  a  radius  equal  to 
A  E,  it  will  meet  B  C  D  in  one  point 
only,  which  is  the  foot  of  the  perpendi- 
cular ;  and,  if  with  a  radius  greater  than 
AE,  its  surface  will  cut  the  plane  in 
the  circumference  of  a  circle  which 
has  for  its  centre  the  foot  of  the  per- 
pendicular. 

Lemma, 

If,  in  two  right-angled  triangles,  the 
hypotenuse  of  the  one  be  equal  to  the 
hypotenuse  of  the  other,  but  a  side  of 
the  first  greater  than  a  side  of  the  other, 
the  angle  opposite  to  that  side  shall  be 
greater  than  the  angle  opposite  to  the 
side  of  the  other ;  and  conversely. 

Let  ABC,  D  E  F  be  two  right-angled 
triangles,  which  have  the  hypotenuse  AC 
equal  to  the  hypote- 
nuse D  F,  but  the 
side  A  B  of  the  first 
^eater  than  the  side 
DE  ofthe  other:  the 
angle  A  C  B  shall 
likewise  be  greater 
than  the  angle  D  FE. 

Bisect    A  C     and 
D  F  in  the  points  G  .^^  « 

and  H  respectively  (1. 43.) :  then,  if  G  B 
and  H  E  be  joined,  they  will  be  equal  re- 
spectively to  the  halves  of  A  C  and  D  F 
(1. 19.  Cor,  4.),  and  therefore  (L  ax.  5. 
equal  to  one  another.  And,  because  in 
the  triangles  GAB,  HDE,  the  two  sides 
K  2 
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AG,  GB  of  the  one  are  equal  to  the  two 
DH,  HE  of  the  other,  each  to  each,  but 
the  base  AB  greater  than  the  base  D  E, 
the  angle  AGB  is  (I.  11.)  greater  than 
the  angle  D  H  E.  But  the  angle  AG  B 
is  double  of  A  C  B,  for  A  G  B  is  equal 
to  the  sum  of  GCB  and  GBC  (I.  19.), 
which  are  equal  to  one  another,  because 
GB  is  equal  to  G  C  (I.  6.) ;  and  for  the 
like  reason,  the  angle  D  H  E  is  double  of 
D  F  E.  Therefore  (I.  ax.  8.),  the  angle 
A  C  B  is  greater  than  the  angle  D  F  E. 

And  hence,  conversely,  if  A  C  B  be 
greater  than  D  F  E,  AB'  must  also  be 
greater  than  DE  :  for  it  cannot  be  equal 
to  DE(1. 13.);  neither,  by  what  has 
been  just  demonstrated,  can  it  be  less 
than  D  E. 

Therefore,  &c. 

Phop.  9. 

If  a  straight  line  be  inclined  to  a 
plane,  of  all  the  angles  which  it  makes 
with  straight  lines  meeting  it  in  that 
plane,  the  least  shall  be  the  angle  of 
inclination ;  and,  with  respect  to  every 
other  qf  these  angles,  a  second  angle 
may  always  be  drawn  which  shall  be 
equal  to  it,  viz.  upon  the  other  side  of 
the  angle  of  inclination ;  but  there  can- 
not be  drawn  in  the  plane  more  than 
two  straight  lines  with  which  the  in- 
clined straight  line  shall  make  equal 
angles,  one  upon  each  side  of  the  angle 
qf  inclination. 

Let  the  straight  line  A  B  be  inclined 
to  the  plane  C  D  E  at  the  point  B : 
from  any  point  A  in  AB,  draw  AF 
perpendicular  to  the  plane  CDE  (7.), 
and  join  B  F,  so  that  A  B  F  may  be  the 
angle  of  inclination  (def.  2.) ;  and  let  BG 
be  any  other  straight  line  in  the  plane 
CDE  passing  through  the  point  B: 
the  angle  A  B  F  shall  be  less  than  the 
angle  A  B  G. 

From  the  point 
F  draw  FG  per- 
pendicular to  B  G, 
and  join  A  G. 
Then,  because  A  F 
is  perpendicular 
to  the  plane  in 
which  B  G  lies, 
and  that  F  G  is 

drawn  from  the  point  F  perpendicular 
to  BG,  AG  is  likewise  perpendicular 
to  BG  (4.).  And,  because  in  the  right- 
angled  triangles  A  F  B,  AGB,  the  hypo- 
tenuse A  B  IS  common  to  both,  but  the 
side  A  F  of  the  first  less  than  the  side 


AG  (8.)  of  the  other,  the  opposite  angle 
A  B  F  is  likewise  less  than  the  angle 
A  B  G,  by  the  foregoing  Lemma. 

Also,  from  the  point  B  in  the  same 
plane  CDE,  there  may  be  drawn  a 
straight  line  BH,  making  an  angle  with 
A  B  equal  to  the  angle  A  B  G,  viz.  upon 
the  other  side  of  the  angle  A  B  F.  For, 
if  the  angle  F  B  H  be  niade  eaual  to  the 
angle  FB  G,  then,  drawing  FH  perpen- 
dicular to  BH,  and  joining  AH,  A  H 
will  likewise  be  perpendicular  to  BH 
(4.);  and,  because  in  the  right-angled 
triangles  FGB,  FH  B,  the  hypotenuse 
F  B  is  common  to  both,  and  the  angle 
FBG  equal  to  the  angle  FBH,  the 
opposite  side  FG  is  equal  to  FH 
(I.  13.):  therefore,  also,  (8.)  AG  is 
equal  to  A  H :  and,  because  in  the 
right-angled  triangles  AGB,  AH  B  the 
hypotenuse  AB  is  common  to  both, 
and  the  side  A  G  ec^ual  to  the  side  A  H, 
the  angle  A  B  G  is  likewise  equal  to  the 
angle  ABH  (L  13.). 

B  ut,  lastly,  there  cannot  be  drawn  in  the 
plane  CDE  more  than  two  straight  lines 
B  G,  B  H,  with  which  the  straight  line 
AB  shall  make  equal  angles.  For,  if  BK 
be  any  other  straight  line,  then,  drawing 
F  K  perpendicular  to  B  K,  and  joining 
A  K,  AX  will  likewise  be  perpendicular 
to  F  K  (4.) :  and,  because  in  the  right- 
angled  triangles  FHB,  FKB,  the  hy- 
potenuse F  B  IS  common  to  both,  but 
the  angle  F  B  H  not  equal  to  the  angle 
F  B  K,  the  side  FH  is  not  equal  to  the 
side  F  K  (Lemma) :  therefore  (8.)  AH  is 
not  equal  to  A  K ;  and,  because  in  the 
right-angled  triangles  AHB,  A  KB, 
the  hypotenuse  A  B  is  common  to  both, 
but  the  side  A  H  not  equal  to  the  side 
A  K,  the  angle  A  B  H  is  not  equal  to 
the  angle  A  S  K  (Lemma). 

Therefore,  &c. 

Cor.  If  three  straij^ht  lines  lie  in  the 
same  plane  and  meet  in  the  same  point, 
and  if  a  fourth  straight 
line  stand  at  equal 
angles  to  the  tlu*ee  at 
that  point ;  the  equal 
angles  shall  be  right 
angles,  and  the  fourth 
straight  line  shall  be 
at  right  angles  to  the 
three. 

Prop.  10. 

If  one  straight  line  be  parallel  to 
another,  it  shall  likewise  be  parallel  to 
any  plane  which  passes  through  thai 
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oth^;*  and  if  a  straight  line  be  parol- 
lei  to  a  plane^  it  shall  be  parallel  to 
the  line  in  which  any  plane  passing 
through  it  cuts  the  first  plane. 

Let  the  straight  line  A  B  be  paral- 
lel to  C  D,  and 

let  E  F  G   ba  jl b 

any  plane  pass- 
in^a:  through 
CD:  the  line 
AB  shall  be 
parallel  to  the 
plane  £  FG. 

For,  since  A  B  is  in  the  plane  of  A  B, 
CD  (I.  def.  1 2.),  if  it  meet  the  plane  EFG 
at  all,  it  must  meet  it  in  the  plane  of  AB, 
C  D,  and  therefore  in  some  point  of  the 
line  C  D  which  is  the  common  section 
of  the  two  planes.  But  AB  cannot 
meet  C  D,  bdng  parallel  to  it.  There- 
fore neither  can  it  meet  the  plane 
EFG,  that  is,  it  is  parallel  to  the  plane 
EFG(det3.). 

'SexU  let  AB  be  parallel  to  the 
plane  EFG,  and  let  CD  be  the  line 
m  which  any  plane  passing  through 
AB  cuts  the  plane  £FG:  AB  shall 
be  parallel  to  C  D.  For  if  not,  it  must 
meet  it  in  some  point  But  in  the  same 
point  it  would  meet  the  plane  EFG, 
to  which  it  is  parallel:  which  is  im- 
possible.    Therefore  A  B  is  parallel  to 

Therefore,  &c. 

Cot.  1.  If  two  straight  lines  be  pa- 
raUd,  the  common  section  of  any  two 
planes  passing  through  them  shall  be 
parallel  to  either  of  them.  For,  by  the 
first  part  of  the  proposition,  one  of  the 
lines  is  parallel  to  the  plane  which 
passes  through  the  other ;  and,  there- 
fore, by  the  second  part  of  the  pro- 
position, it  is  parallel  to  the  line  in 
which  the  plane  passing  through  itself 
cuts  the  plane  passing  through  the 
other. 

Cor,  2.  If  two  straight  lines,  which 
cut  one  another,  be  parallel,  each  of 
them,  to  the  same  plane ;  the  plane  of 
the  two  straight  lines  shall  be  parallel 
to  that  {>lane.  For  should  the  planes 
meet,  their  common  section  would,  by 
the  propK>sition,  be  parallel  to  each  of 
the  cutting  straight  lines;  which  is 
impossible.  (1. 14.  Cor,  2.) 


Sbctiow  2.— (y  Planes  which  are  pa- 
rallel^ or  inclined,  or  perpendicular  to 
other  Planes, 

Prop.  11.  (Euc.  xi.  14.) 

Planes,  to  which  the  same  straight 
line  is  perpendicular,  are  parallel :  and, 
conversely,  if  two  planes  be  parallel, 
and  if  one  of  them  be  perpendicular  to 
a  straight  line,  the  other  shall  be  per- 
pendicular  to  the  same  straight  line. 

Let  the  straight  line  A  B  be  perpendi- 
cular to  each  of  the  planes  C  D  E, 
FGH  :  the  plane  C  D  E  shaU  be  pa- 
rallel  to  the  plane  FGH. 

For,  if  they  are  not  parallel,  let  them 
meet  one  another,  and  let  K  be  any 
point  of  the  common  section.  Join 
K  A,  K  B.  Then,  because  A  B  is  per- 
pendicular to  the  plane  ODE,  the 


*  It »  possible  that  a  plane  may  pass  through  t 
eond  Btfrnifcht  line,  aad  also  throa^h  the  Unt,  wlii 


„  k  the 
.which 
is  sappoiied'  to  be  parallel  to  it:lathboaM«  it  is 
evi«teot  that  the  latter  is  not,  as  is  predicated  in  the 
pn»ositJoo,^aro^(el  to  such  plane,  but  lies  altoipether 
la  It.  Tho  enanetaiion  most,  therefore,  be  under* 
stood  vith  the  azecptioa  of  Uiis  particular  case. 


/^ E 


angle  K  AB  is  a  right  angle  (def.  1.); 
and,  because  the  same  A  B  is  perpen- 
dicular to  the  plane  FGH,  the  angle 
KB  A  is  a  right  anele:  therefore,  two 
angles  of  the  trian^e  KAB  are  to- 
gether ejiual  to  two  right  angles  ;  which 
(I.  8.)  is  impossible.  Therefore,  the 
planes  do  not  meet  one  another,  to  what- 
ever extent  they  may  be  produced,  that  is, 
(def.  6.)  they  are  parallel  to  one  another. 
Next,  let  the  plane  C  D  E  be  parallel  - 
to  the  plane  FGH,  and  from  any  point 
A  of  the  first  let  A  B  be  drawn  perpen- 
dicular to  the  other  plane  FGH:  A  B 
shall  likewise  be  perpendicular  to  CDE. 
For,  if  not,  (def.  1.)  there  must  be  some 
line  in  the  plane  CDE  which  meets  the 
line  A  B,  and  does  not  make  a  right 
angle  with  it :  let  KA  be  such  a  line,  and 
let  the  plane  KAB  cut  the  plane  FGH 
in  the  straight  line  B  L  (2.).  Then,  be- 
cause AB  is  at  right  angles  to  the  plane 
FGH,  the  angle  A  B  L  is  a  rieht  angle: 
but  BAK  is  not  a  right  angle:  there- 
fore the  straight  lines  A  K  and  B  L 
will  meet,  if  produced,  in  some  point  (I. 
15.  Cor.  4.)  which  will  be  common  to 
both  the  planes;  and,  because  the 
planes  meet  one  another  in  this  point, 
they  cannot  be  parallel,  which  is  contrary 
to  tne  supposition.  Therefore  the  straight 
line  A  B  makes  a  right  angle  with  every 
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straififht  line  meeting  it  in  the  plane 
C  DE.  that  is.  it  is  (def.  1.)  at  right 
angles  to  the  plane  C  D  E. 

Therefore,  &c. 

Cor.  1.  Through  any  given  point  a 
plane  may  be  drawn,  and  one  only, 
which  shall  be  parallel  to  a  given  plane. 
For  irperpendicular  A  B  may  be  drawn 
from  the  ^ven  point  A  to'  the  given 
plane  FGH  (7.);  and  from  the  same 
point  A  there  may  be  drawn  in  two 
different  planes  straight  lines  at  right 
anefles  to  this  perpendicular ;  the  plane 
of  which  straigJit  lines  (3.),  and  evi- 
dently none  other  which  passes  through 
the  given  point,  is  perpendicular  to  the 
straight  line  A  B,  and  therefore  parallel 
to  the  given  plane  FGH. 

Cor.  2.  Planes,  which  are  parallel  to 
the  same  plane,  are  parallel  to  one 
another. 

Prop.  12.  (Euc.  xi.  16.) 

If  parallel  planes  be  cut  hy  the  same 
plane,  thtir  common  sections  tvith  it 
shall  be  parallels. 

For,  these  common  sections  lying  one 
of  them  in  one  of  the  planes,  and  the  other 
in  the  other,  cannot 
meet   one  another, 
unless    the    planes 
meet  one  another; 
which  they  do  not, 
because  .  they    are 
parallel:    also,  the 
common  sections  lie 
in  the  same  (viz   the  cutting)  plane: 
therefore  they  are  parallels  (I.  def.  12.). 

Therefore,  &c. 

Cor.  If  two  planes  which  cut  one 
another  be  parallel  to  other  two  which 


Prop.  13. 


/ 

7 

/ 

/ 

/ 

/ 

z 

/ 

cut  one  another,  each  to  each,  the 
common  sections  A  B  and  C  D  of  the 
first  two  and  second  two  shall  be  paral- 
lels. For,  if  one  of  the  first  two  planes 
be  produced  to  meet  that  one  of  the 
second  two,  to  which  it  is  not  parallel 
(1 1.  Cor,  I.),  in  the  straight  line  EF  (2), 
EF  will  be  parallel  both  to  AB  and 
CD;  therefore  (6.)  AB  and  OD  are 
parallel  to  one  another. 


If  two  parallel  straight  lines  be  cut 
by  two  parallel  planes,  the  parts  of  the 
straight  lines  which  are  intercepted 
between  the  planes  shall  be  equal  to 
one  another. 

For,  if  the  plane  of  the  parallels  he 
drawn  to  cut  the  two  parallel  planes,  the 
common  sections  will  be  parallel  (12.), 
and  will  therefore  in- 
clude, together  with        /         7 

the  parts  in  question,      /  \       1     / 
a   parallelogram,  of  \        \  ^ 

which  the    parts   in       /  \        \  *7 

question  are  opposite      Z J 

sides,    and  therefore 

are  equal  to  one  another  (1.  22.). 

Therefore,  &c. 

Cor.  I.  Parallel  planes  are  every 
where  equidistant  (5.). 

Cor.  2.  If,  from  aiiy  number  of  points 
in  the  same  plane,  there  be  drawn  with- 
out the  plane  as  manv  equal  and  pa- 
rallel straight  lines,  tne  other  extre- 
mities of  these  straisrht  lines  shall  lie  in 
a  second  plane  parallel  to  the  first 

Prop.  14.  (Etrc.  xi.  17.) 

If  any  two  straight  lines  be  cut  by 
three  parallel  planes ;  the  parts  of  the 
straight  lines,  which  are  intercepted  by 
the  planes,  shall  be  to  one  another  in 
the  same  ratio. 

let  the  straight  lines  A B,  CD  be 
cut  by  the  parallel  planes  GH,  KL, 
M  N  m  the  points  A,  £,  B,  and  C,  F,  D 


respectively:  A£  shall  be  to  £B  as 
CFtoFD. 

Join  AD,  and  let  it  cut  the  plane 
K L  in  O :  and  join  O  E.  OF,  AC, 
B  D.  Then,  because  the  paraUel  planes 
K  L,  M  N  are  cut  by  the  plane  of  the 
triangle  ABD,  the  common  sections 
E  O,  B  D  are  parallel  (12.):  there- 
fore (II.  29.)  AEistoEBasAO 
to  O  D.  Again,  because  the  parallel 
planes  G  H,  K  L  are  cut  by  the  plane 
of  the  triangle  D  A  C,  the  common 
sections  AC,  OF  are  parallel :  and 
therefore  (11.29.)  C  F  is  to  FD  as 
AO  to  O  D.  Therefore  .(I.  12.)  Afi 
istoEBasCF  pFD. 
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Therefore,  &c. 

Cwr,  If  straight  lines  be  drawn  to  a 
plane  from  any  point  without  it,  and 
if  each  of  these  straight  lines,  or  each 
of  them  produced,  be  divided  in  the 
same  ratio  towards  the  same  parts ;  the 
poinU  of  division  shall  all  lie  in  a  second 
plane  parallel  to  the  first. 

Prop.  15.  (Eire.  xi.  10  and  15.)  ) 

If  two  straight  lines,  which  meet  one 
another,  be  parallel  respectively  to  two 
other  straight  lines,  which  meet  one 
another,  but  are  not  in  the  same  plane 
with  the  first  two ;  the  contained  angles 
shall  be  equal,*  and  their  planes  pa- 
raOeL 

.  Jjei  the  straight  lines  A B,  AC, 
which  meet  one  another  in  A,  be  pa- 
rallel respectively  to  the  straight  lines 
DE,DF,  which  meet 
one  another  in  D. 
the  angle  at  A  shall 
be  equal  to  the  angle 
at  D,  and  the  plane 
BAG  shall  be  pa- 
rallel to  the  plane 
EDF. 

In  the  straight  lines  A  B,  A  C  take 
any  points  B,  C :  make  D  E  equal  to 
AB  and  DF  equal  to  AC,  and  join  BC, 
EF,  AD,  BE,  CF.  Then,  because 
the  straight  lines  A  B,  D  E  are  equal 
and  parallel,  B  E  is  equal  to  A  D  and 
parallel  to  it  (I.  21.):  and  for  the 
like  reason  CF  is  equal  to  AD  and 
parallel  to  it:  therefore  also  C  F,  BE 
are  eaual  and  parallel  (I.  ax.  i.  and 
6),  and  consequently  (I.  21.)  B  C  is 
equal  and  parallel  to  E  F.  Therefore, 
because  the  triangles  ABC,  D  E  F 
have  the  three  sides  of  the  one  equai 

*  If  will  he  obterrad  th^t  this  proposition  is  an 
cxteunoB  of  I.  18.  to  the  case  in  which  the  sides  of 
The  ooe  aaf  le  are  not  in  the  same  plane  with  the 
sides  of  the  other.  In  order  to  exclnue  the  case  in 
which  the  angles  woald  he  supplementary,  not  eqaal, 
to  one  another,  it  was  repaired,  in  thn  enanciation  of 
I.  18.«  tliat  the  parallel  sides  should  be  **  in  the  Kame 
o«der^^  or  direction  from  one  another ;  and  a  similar 
limitation  for  the  same  purpose  is  obviouslir  neceMsary 
intheprnpointion  before  ns.  In  the  former  case,  a 
^rerymiBple  criterion  is  afforded  by  the  position  of  the 
ancles  retativelj  to  the  joioinK  ^ia^  BE  (see  the  ligare 
of  1.  18,);  for.  in  order  that  the  angles  may  be  eqaal, 
tbe  skies  which  are  parallel  ought  to  be,  each  |H»ir, 
mm  the  same  side,  or  each  paii'  upon  opposite  sides, 
ot  thr  joining  fine  BE  ;  for,  if  one  pair  lie  towards  the 
same  parts,  and  the  other  towardsi  opposite  parts,  the 
anglrs  will  be,  not  e<iuHl.  but  sapplementary.  And 
the  present  ease  admits  of  a  criterion  eqaally  simple; 
for.  in  the  caee  of  equality,  the  ptralH  sides  lie,  each 
pair,  upon  the  same  side,  or  each  pair  npon  opposite 
tides,  at  any  plane  which  passes  through  BK ;  whereas, 
when  tb«  angles  are  supplementary  to  one  another, 
one  pair  of  parallel  sides  lie  towards  the  same  parts 
of  say  fiek  plane,  and  the  other  pair  towards  oppo- 
site parts. 


to  the  three  sides  of  the  other,  each 
to  each,  the  angle  B  A  C  is  equal  to 
the  angle  E  D  F  (1. 7.).  Again,  because 
the  straight  line  AB  is  parallel  to  D  E, 
it  is  parallel  to  the  plane  EDF  (10); 
and  for  the  like  reason  A  C  is  parallel 
to  the  same  plane :  therefore  (10.  Cor.  2.) 
the  plane  B  A  C  is  parallel  to  the  plane 
EDF.  ^ 

Therefore,  &c. 

Cor.  If  the  planes,  which  contain  a 
dihedral  anele,  be  cut  by  two  parallel 
planes,  equal  angles  shall  be  intercepted 
m  the  latter :  for  the  lines  which  con 
tain  them  are  parallel  (12.)* 

Prop.  16. 

If  two  planes  cut  one  another,  and 
if  other  two  likewise  cut  one  another, 
and  if  the  rectilineal  angle  which  is 
contained  by  perpendiculars  drawn  in 
the  two  first  to  their  common  section 
from  the  same  point  of  it,  be  equal  to 
the  rectilineal  angle  contained  by  per- 
pendiculars similarly  drawn  in  the  other 
two  ;  the  dihedral  angles  shall  be  equal 
to  one  another. 

Let  the  two  planes  ABC,  DBG 
cut  one  another  in  the  straight  line 


A 


B  C,  and  let  the  two  E  FG.  H  F  G  cut 
one  another  in  the  straight  line  FG; 
also,  let  the  angle  ABD  which  is 
contained  by  perpendiculars  to  B  G 
drawn  in  the  two  first  planes  from  the 
point  B,  be  equal  to  the  angle  E  F  H 
which  is  contained  by  perpendiculars 
to  F  G  drawn  from  the  point  F  in  the 
two  others :  the  dihedral  angle  A  B 
CD  shall  be  equal  to  the  dihedral 
angle  EFGH. 

For,  if  the  point  B  be  made  to  coin- 
cide with  the  point  F,  the  straight  line 
BC  with  FG,  and  the  plane  ABC 
with  the  plane  E  FG,  the  straight  line 
AB  will  coincide  with  EF,  because 
the  angles  A  B  C,.E  F G  are  right  an- 
gles (I.  1.).  Also,  because  BD  is  per- 
pendicular to  B  C,  it  will  be  (3  Cor,  1  ) 
in  the  plane  EFH  which  (3.)  is  at 
right  angles  to  F  G,  and  therefore 
BD  will  coincide  with  FH,  because 
the  angle  ABD  is  equal  to  the 
angle  EFH.     Therefore    the    plane 
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C  B  D  coincides  with  the  plane  G  F  H. 
And,  because  the  planes  A  B  C,  D  B  C 
coincide  with  the  planes  E  F  G,  H  F  G 
respectively,  the  dihedral  angle  AB  CD 
coincides  with  the  dihedral  angle  £  F 
G  H,  and  is  equal  to  it. 
,  Therefore,  &c 

Prop.  17. 

Any  two  dihedral  angles  are  to  one 
another  as  the  angles  contained  by  per^ 
pendiculars  draum  as  in  the  last  pro- 
position. 

Let  ABCD,  EFGH  be  any  two 
dihedral  angles,  and  let  ABD  and 
EFH  be  the  angles  of  the  perpendi- 
culars AB,  BD  and  £F,  FH  drawn 


G 

-D         T 

A 

as  in  the  last  proposition :  the  dihedral 
angles  shall  be  to  one  another  as  the 
angles  ABD,  EFH. 

For,  if  the  angle  £  F  H  be  divided 
into  any  number  of  equal  angles  by 
the  straight  lines  F  tf,  &c.,  which  straight 
lines,  being  in  the  plane  of  the  angle 
EFH,  are  all  of  them  perpendicular  to 
the  common  section  FG  (3.),  the  dihedral 
angle  EFGH  will  be  divided  into  the 
same  number  of  eaual  dihedral  angles  by 
the  planes  G  F  c,  &c.  ( 1 6.).  And,  if  the 
angle  E  F  ^  be  contained  in  A  B  D  any 
number  of  times  with  a  remainder  less 
thanEFff,  the  dihedral  angle  EFG^ 
will  be  contuned  in  A  B  C  D  the  same 
number  of  times  with  a  remainder  less 
than  £  F  G  0  ( 16.).  And  this  will  be  the 
case,  how  great  soever  be  the  number 
of  parts  into  which  the  angle  E  F  H  is 
divided.  Therefore  (II.  def.  7.),  the 
dihedral  angle  ABCD  is  to  the  dihe- 
dral angle  E FGH  as  the  angle  ABD 
to  the  angle  £  F  H. 

Therefore,  &c. 

Cor,  If  one  plane  be  at  right  angles 
to  another,  the  perpendiculars  to  the 
common  section,  which  are  drawn  in 
the  two  planes  from  the  same  point  of 
the  common  section,  will  be  at  right  an- 
gles to  one  another ;  and  conversely. 

Scholium, 

Hence  a  dihedral  angle  is  said  to  be 
measured  by  the  plane  angle  of  the  per- 


pendiculars. And,  in  thus  measuring 
the  dihedral  angle,  it  is  indifferent  from 
what  point  of  the  common  section  the 
perpendiculars  are  drawn;  for,  if  any 
two  points  be  taken,  the  planes  of  the 
two  pairs  of  perpendiculars  drawn  from 
these  points  will  be  (3.)  perpendicular  to 
the  common  section,  and  therefore  pa- 
rallel ( 1 1 .)  j  and  it  has  l)een  seen  ( 1 5.Cor.) 
that,  if  a  dihedral  angle  be  cut  by  parallel 
planes,  the  intercepted  angles  will  be 
equal  to  one  another. 

It  has  been  already  stated  (1 7. Cor.)  that 
a  dihedral  right  angle  is  measured  by  a 
plane  right  angle :  it  follows  that  a  dihe* 
dral  obtuse  angle  is  measured  by  a  plane 
obtuse  angle,  and  a  dihedral  acute  angle 
by  a  plane  acute  angle. 

Many  propositions  with  regard  to  cut- 
ting planes  are  readily  derived  from  this 
mode  of  measuring  dihedral  angles.  Of 
these  the  following  only  need  here  be 
mentioned : 

1.  If  two  planes  cut  one  another*  the 
vertical  dihedral  angles  will  be  equaL 

2.  If  a  plane  fall  upon  two  parallel 
planes,  it  shall  make  the  alternate  dihe- 
dral angles  equal  to  one  another,  the 
exterior  dihedral  angle  equal  to  the  in- 
terior and  opposite  upon  tne  same  side, 
and  the  two  interior  dinedral  angles  upon 
the  same  side  together  equal  to  tyvo  right 
angles. 

3.  Of  two  dihedral  angles,  if  the 
planes  of  the  one  be  parallel  to  the  planes 
of  the*  other,  or  perpendicular  to  the 
planes  of  the  other  respectively,  the  two 
dihedral  angles  shall  be  equal.* 

4.  If  two  planes  cut  one  another,  and 
if  perpendiculars  be  drawn  to  them  from 
any  tne  same  point,  the  adjacent  angles 
contained  by  the  perpendiculars  shall 
measure  respectively  tne  adjacent  dihe- 
dral angles  contained  by  the  two  planes. 

Prop.  18.  (Euc.xi.  18.) 

If  one  plane  be  perpendicular  to  ano- 
ther,  any  straight  line  which  is  drawn 
in  the  first  plane  at  right  angles  to  their 
common  section  shcUl  be  perpendicular 
to  the  other  plane :  and,  conversely^  i/a 
straight  line  beperpettdicular  to  aplane, 
any  plane  whiM  passes  through  tt  shall 
be  perpendicular  to  the  same  plane. 

*  It  Uinir  provided  also,  (hat  (he  parallel  pUncs 
lie,  each  pair,  upon  the  »aine  hide,  or  each  pair  npoa 
opposite  Hides  of  the  plane  which  passes  thnxazh  the 
common  iiectiona  (A  B.  C  D  in  the  h^nrt  of  18.  CW.) : 
for,  if  one  pair  lie  towards  the  nanir  parte,  and  the 
oihrr  pair  towards  opposite  parts  of  that  plaae,  the 
dihedral  angles  will  Iw  sapplementary*  not  cqaaU  to 
one  Mother.    See  the  note  at  Prop.  &, 
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Let  the  plane 
ABC  be  perpendi- 
cular to  DBC,  and 
let  any  straight  line 
AB  De  drawn  in 
the  plane  ABC  per- 
pendicular to  the 
common  section 
B  C  :  the  straight 

line  A  B  shall  be  perpendicular  to  the 
plane  D  B  C.  mm  the  point  B,  in 
the  plane  D  B  C»  let  B  D  be  drawn  at 
right  angles  to  BC.  Then,  because  the 
planes  ure  at  right  angles  to  one  ano- 
ther, the  angle  A  B  D  is  a  right  angle 
(17.  Cor.) I  but  ABC  is  likewise  a 
right  angle ;  therefore  (3.)  A  B  is  per- 
pendicular to  the  plane  D  B  C. 

Next,  let  the  straight  line  AB  be  per- 
pendici]dar  to  the  plane  B  C  D ;  and  let 
A  B  C  be  any  plane  passing  through 
A B:  the  plane  ABC  shall  be  perpen- 
dicular to  B  C  D. 

Let  BC  be  the  common  section  of  the 
two  planes ;  and,  from  the  point  B,  in 
the  plane  BCD,  draw  B D  at  rieht 
angles  to  BC.  Then,  because  AB 
meets  the  line  BD  drawn  in  the  plane 
to  which  A  B  is  perpendicular,  the  ansle 
AB  D  is  a  right  angle  (def.  1.).  But 
the  an^e  AB  D  is  contained  by  straight 
lines  i&awn  in  the  two  planes  perpen- 
dicular to  their  common  section  B  C. 
Therefore  (17.  Cor,)  the  dihedral  angle 
A  B  C  D  is  likewise  a  right  dihedral 
angle,  and  the  plane  A  B  U  is  perpen- 
dicular to  B  C  D. 

Therefore,  &c. 

Cor,  1.  If  through  the  same  point 
thoe  pass  any  number  of  planes  per- 
pendicular to  the  same  plane,  they  shall 
all  of  them  pass  through  the  same 
straight  line,  viz.  the  perpendicular 
which  is  drawn  from  the  point  to  the 
plane. 

Cwr,  2.  Euc.  xL  19.  If  two  planes, 
which  cut  one  another,  be  each  of  them 
perpendicular  to  a  third  plane,  their 
common  section  shall  be  perpendicular 
to  the  same  plane. 

Prop.  19.  (Euc.xi.20.) 

If  a  solid  angle  be  contained  by  three 
plane  angles^  any  two  of  these  shall  be 
together  greater  than  the  third. 

Let  the  solid  an- 
gle at  A  be  con- 
tained by  the  three 
plane  angles  BAC, 
BAD,  CAD:  any  x- 
two  of  them,  as 
BAC»  BAD,  shaU 
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be  together   greater   than   the    third 
CAD. 

If  one  of  the  angles  BAC,  BAD 
be  greater  than  CAD,  or  equal  to  it, 
the  proposition  is  evident ;  for  this,  to- 
gether with  the  other,  must  be  greater 
BianCAD. 

But,  if  the  angles  BAC,  BAD  be  each 
of  them  less  than  CAD,  from  the  angle 
C  A  D  cut  off  the  angle  CAB  equal  to 
B  AC  ;  in  AB  take  any  point  B,  make 
A  E  equal  to  A  B ;  through  E  draw 
any  line  C  E  D,  not  parallel  to  A  C  or 
A  D,  and  therefore  cutting  A  C,  A  D  in 
the  points  C,  D  respectively ;  and  join 
B  C,  B  D.  Then,  because  the  triangles 
ABC,  AEC  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other, 
each  to  each,  and  the  included  andes 
BAC,  £  A  C  equal  to  one  another, 
the  base  B  C  is  equal  to  the  base  £  C 
(I.  4.) :  but  B  D  and  B  C  are  together 
greater  than  D  C,  (1. 10.)  that  is,  than 
I)  £  and  £  C  :  therefore  B  D  is  greater 
than  ED.  And,  because  in  the  trian- 
gles ABD,  AED  the  two  sides  A B, 
AD  of  the  one  are  equal  to  the  two  sides 
A£,  AD  of  the  other,  each  to  each,  but 
the  base  B  D  greater  than  the  base  JS  D, 
the  angle  BAD  is  ereater  than  the 
angle  £  A  D  (I.  11.).  Therefore,  BAC, 
BAD  together  are  greater  than  £AC, 
BAD  together,  that  is,  than  CAD. 

Therefore,  &c. 

Cor.  If  three  plane  angles  form  a 
solid  angle,  any  one  of  them  shall  be 
greater  than  the  difference  of  the  other 
two. 

Prop.  20.  (Euc,  xL21.) 

If  a  solid  angle  be  contained  by  any 
number  of  plane  angles;  these  shall  be 
together  less  than  four  right  angles. 

Let  the  solid  an- 
gle at  A  be  con- 
tained by  any  num- 
ber of  plane  angles 
BAC,CAD,DAE, 
E AF,  FAB :  these  .^ 
shall    be  together  — 

less  than  four  right 
angles. 

Let  the  edges  of  the  solid  angle  be  cut, 
by  any  the  same  plane,  in  the  points  B,C, 
D,  E,  F  respectively,  and  therefore  the 

S lanes  which  contain  it  in  the  straight 
nes  B  C,  C  D,  D  E,  E  F.  FB  (2.),  which 
together  contain  the  rectilineal  figure 
B  C  D  E  F.  Then,  because  the  triangles 
ABC,  A  C  D,  &c.  are  as  many,  in  num- 
ber, as  the  sides  of  the  figure,  the  angles 
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of  these  triangles  are  (1. 19.)  together 
equal  to  twice  as  many  right  angles  as 
the  figure  has  sides.  But  the  angles  of 
these  triangles  are  those  which  contain 
the  solid  ansjle  at  A,  together  with  the 
pairs  of  angles  at  the  points  B,  C,  D, 
&c. ;  and  twice  as  many  right  angles  as 
the  figure  has  sides  are  equal  to  four 
right  angles  together  with  the  angles 
of  the  figure  (1. 20.).  Therefore,  the 
tneles  at  A,  together  with  the  pairs  of 
angles  at  B,  C,  D,  &c.  are  equal  to  four 
right  angles  together  with  the  angles  of 
the  figure  B  CD  E  F.  But,  because  the 
solid  angles  at  B,  C,  D,  &c.  are  each 
of  them  contained  by  three  plane  angles, 
any  two  of  which  are  (19.)  together 
greater  than  the  third,  the  pairs  of  an«* 
^les  at  B,  C,  D,  &c  are  together  greater 
than  the  angles  of  the  figure  B  CD  E  F. 
Therefore,  the  angles  at  A  are  together 
less  than  four  right  angles. 
Therefore,  8w. 

Cor,  It  follows  from  this  proposition 
that  there  cannot  be  more  than  five  regu- 
lar solids.  For  the  soHd  angles  of  a  regu- 
lar solid  are  contained  by  the  plane  an* 
gles  of  equilateral  triangles,  or  of  squares, 
or  of  regular  penta^ns,  &c.  (def.  9.)» 
Now,  six  angles  of  equilateral  triangles 
are  together  equal  to  four  right  angles 
(I.  19.);  therefore,  only  three,  or  four, 
or  five,  of  such  angles,  may  be  taken 
to  form  a  solid  angle ;  and,  accord- 
ingly, there  cannot  be  more  than  three 
different  regular  solids,  whose  faces  are 
equilateral  triangles.  Again,  three  an- 
gles of  squares  may  be  taken  to  form 
a  solid  angle  ;  but  four  angles  of 
squares  are  equal  to  four  right  angles 
(I.  def.  20.).  Lastly,  three  angles  of 
regular  pentasrons  may  be  taken  to  form 
a  solid  angle,  for  these  are  together  less 
(1. 20.)  than  four  right  angles.  But,  be- 
cause the  angle  of  a  regular  pentajgon  is 
greater  (I.  20.)  than  that  of  a  square, 
four  angles  of  a  regular  pentagon  are 
greater  than  four  right  angles,  so  that 
not  more  than  three  of  them  can  be  taken 
to  form  a  solid  angle.  With  regard  to 
the  regular  hexagon,  and  other  regular 
figures  that  have  a  still  greater  number 
of  sides,  three  angles  of  a  regular  hexa- 
gon are  equal  to  four  right  angles,  and 
those  of  the  others  still  greater  (I:  20.). 
It  appears,  therefore,  that  there  cannot 
be  more  than  five  regular  solids;  of 
which,  if  there  be  so  many,  three  will  be 
included  by  equilateral  triangles,  one  by 
squares,  and  one  by  regular  pentagons. 
It  will  be  seen  in  the  section  of  problems, 
that  all  of  these  may  be  constructed,  and 


that  they  are  contained  fay  4,  8,  20,  6, 
and  12  faces  respectively. 

The  further  consideration  of  solid 
angles  is  deferred  to  Book  vi.,  inhere  we 
shall  find  that  the  investigation  of  their 
properties  is  greatly  facilitated  by  means 
of  the  spherical  surface  described  about 
the  angular  point,  and  that  they  are, 
indeed,  perfectly  analogous  to  the  pro* 
perties  of  triangles  upon  such  a  surface. 

Section  3. — 0/  Solids  contained  by 
Planes, 

Prop.  21. 

j[fttoo  triangular  prisms  have  a  prin- 
cipal edge  of  tM  one  equal  to  a  principal 
ea^e  of  the  other ,  and  the  difiedral  an" 
gtes  at  those  edges  equal  to  one  another , 
and  likewise  the  sides  which  contain 
those  dihedral  angles  equal,  each  to 
each  ;  the  two  prisms  shall  be  equal  to 
one  another. 

Let  AB  CDEF,  abcdefhe  two  tri- 
angular prisms  which  have  the  edge  AB 
equal  to  the  edge  a  6,  the  dihedral  ansrle 
DABE  equal  to  the  dihedral  angle 
dabe,  and  the  sides  A  C,  A  F  equal  to 
the  sides  a  c,  a /each  to  each :  the  prism 
A  B  C  D  £  F  shall  be  equal  to  the  prism 
abcdef 


r^ 


N^ 


First,  let  the  angle  AB  C  be  equal  to 
the  angle  abc,  and  the  angle  AB  F  to 
the^  angle  ab/,  so  that  the  sides  AF. 
AC  are  similar  and  similarly  placed 
to  the  sides  a/,  ac,  each  to  each.  Then, 
if  the  straight  line  A  B  be  made  to  coin- 
cide with  the  straight  line  ab,  which  is 
equal  to  it,  and  the  plane  A  F  with  the 
^lane  af  the  plane  A  C  will  also  coin- 
cide with  the  plane  ac,  because  the 
dihedral  angle  D  AB  E  is  equal  to  the 
dihedral  angle  dabe:  also  the  lines 
B  C,  B  F  will  coincide  with  the  lines  b  c, 
6/respectiveljr;  and  therefore  the  lines 
AD,  AE,  which  are  parallel  and  equal 
to  the  former,  each  to  each,  will  coin- 
cide respectively  with  the  lines  a  rf,  ae, 
which  are  parallel  and  equal  to  the 
latter :  therefore  the  prism  ABCDEF 
will  coincide  with  the  prism  a  b  cdef. 
And  because  the  two  prisms  may  be 
made  to  coincide,  they  are  equal  to  one 
anotherCLax.  11.). 
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Next,  let  the  nides  A  C,  ac  be  equal 
and  similar,  and  the  sides  AF,  a/ equal 
but  dissimilar.  Make  the  ancle  A  B  G, 
in  the  plane  AB  F,  equal  to  the  angle 
abf;  complete  the  parallelogram  AB 
G  H ;  and  join  C  G,  D  H.  Then  because 
GH  is  equal  and  parallel  to  AB  (1. 22.), 
tvhich  is  equal  and  parallel  to  CD, 
the  three,  AB,  CD,  GH  are  eaual 
and  parallel,  and,  therefore,  (def.  14.) 
ABUDHQ  is    a  triangular    piism. 
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Also,  the  parallelogram  AHGB  is  equal 
to  the  parallelogram  AEPB  (I.  24.), 
that  is,  to  the  parallelogram  a  e/6; 
and  the  parallelogram  A  D  C  B  is  equal 
to  ihe  parallelosT<im  adeb,  by  the 
supposition.  Therefore,  l)ecanse  the 
sides  AC,  AG  of  this  new  pnsm  are 
respeeCiTelT  equal,  similar,  ana  similarly 
placed  to  the  sides  ae^  af  of  the  prism 
ab  e  d  eft  it  is  equal  to  the  prism 
a 6crftf/,  bv  the  former  case.  Again, 
because  H  G  is  equal  to  D  C,  that  is  to 
E F,  HE  is  e^ual  to  GF,  and  may  be 
made  to  coincide  with  it ;  also  the  di' 
hedral  angle  ABHD  is  equal  to  the 
dihedral  angle  BFGC,  and  may  be 
made  to  eoincide  with  it ;  in  which  case, 
also,  the  angles  H  E  D,  H  E  A  will  eo- 
incide  with  the  angles  GFC,  GFB, 
which  (I.  15.)  are  equal  to  them  respec- 
tirely,  and  the  lines  E  D,  £  A  with  the 
lines  FC,  FB,  which  are  equal  to  them 
respectively  (1.22.).  Therefore  the 
solid  HEAD,  which  is  l>ounded  by  the 
(our  triangular  planes  H  D  E,  H  D  A, 
H  E  A,  £  A  D,  may  be  made  to  coincide 
with  the  solid  GFB  C,  which  is  bounded 
by  the  four  triangular  planes  G  0  F, 
GCB,  GFB,  FBC,  and(I.  ax.  11.)  i« 
equal  to  it ;  and,  therefore,  adding  the 
solid  A  B  C  D  H  F  to  each,  the  prism 
A  B  G  D  E  F  is  equal  to  the  prism  ABC 
D H  G.  that  is.  to  the  prism  ahcdef. 

Lastly,  let  the  sides  A  C,  at;,  as  also 
A  F,  a/,  be  equal,  but  dissimilar.  Make 
(he  parallelogram  AG  similar  to  a/. 
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and  complete  the  trianaular  prism  A  B 
C  D  H  G»  as  in  the  preceding  case.  Then, 
it  is  evident  that  the  prism  A  B  C  D  H  G 
is  equal  to  each  of  the  prisms  A  B  C  D 
"EFfabcdef;  to  the  former,  because 
the  side  AC  is  common  to  both,  andtha 
other  sides  AG,  AF  are  equal  to  one  ano- 
ther ;  and  to  the  latter,  because  the  sides 
A  G,  af  are  equal  and  similar  (I.  24« 
and  I.  ax.  1.),  and  the  other  sides  AC,  a  o 
equal  to  one  another.  Therefore  (I.  ax.  1«) 
the  prism  A  B  C  D  £  F  is  equal  to  the 
prism  abcdef 
Therefore,  &a 

Prop.  22.  (Euc.  xL  24  and  28.) 

The  oppoiiie  facet  of  a  paralMopiped 
are  simtuir  end  equal  parallelograme  : 
aUo  any  two  of  iU  of^eiie  ed^ee  are 
paraUei  to  one  another ;  and  the  plan9 
iMch  mseee  through  them  bieeete  tho 
paraUelopiped. 

Let  A  a  be  a  peral* 
lelopiped,  and  C  D, 
od  any  two  opposite 
faces;  they  shall  be 
similar  and  equal  pa- 
rallelograms. They 
are  parallelograms,  for  the  opposite  sides 
of  each,  as  A  C,  D  b,  being  sections  of 
parallel  planes  by  the  same  plane,  are 
parallel  (12).  Again,  their  corre- 
sponding sides,  as  A  D,  B  c,  are  equal 
to  one  another,  because  they  are  oppo-. 
site  sides  of  a  parallelogram  ABcD 
(1.  22.) ;  and  their  corresponding  angles, 
as  C  A  D,  e/  B  c  are  equal  to  one  another, 
because  they  are  intercepted  upon  pa- 
rallel planes  C  A  D,  d  B  c  by  the  planes 
of  the  same  dihedral  angle  C  A  B  D 
(15.  Cor.) :  therefore  the  parallelograms 
CD,  cef  are  equal  and  similar. 

Also,  any  two  of  the  opposite  edged  of 
the  parallelopiped,  as  A  C,  ar;,  are  pa- 
rallel to  one  another ;  for  thev  are  the 
common  sections  of  parallel  planes, 
namely,  the  opposite  faces  of  the  paral- 
lelopiped (12.  Cor,)^ 

Lastly,  therefore,  let  the  parallele- 
piped be  divided  by  the  plane  of  any  two 
opposite  edges  AC,  ac,  into  the  two 
triangular  prisms  c^BACac^^DAC 
ac:  these  j>risms  shall  be  equal  to  one 
another.  For  the  edges  6  D,  e/B,  being 
each  of  them  equal  to  C  A  (I.  22.),  are 
equal  to  one  another ;  and  the  dihedral 
angles  at  those  edges  are  likewise  equal 
(17.  Scholium;  3.)  and  the  sides  which 
contain  them  are  equal,  each  to  each, 
because  they  are  opposite  faces  of  the 
parallelopiped.  Therefore  the  prisms  are 
equal  to  one  another  (20.;. 
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Therefore,  &c. 

Cor,  1 .  If  a  triangular  prism  be  com- 

Eleted  into  a  parallelopiped  (which  may 
e  done  by  completmg  its  triangular 
bases  into  parallelograms),  the  prism 
shall  be  equal  to  half  theparallelopiped. 

Cor.  2.  If  a  pa- 
rallelopiped be  cut 
by  two  planes  which 
are  drawn  parallel 
respectively  to  two  of 
its  adjoimng  faces, 
the  line  of  ttieir  in-  a" 
tersection  will  be  parallel  to  the  edge 
made  by  those  faces  (12.  Cor.) ;  and  if 
that  line  be  in  the  diagonal  plane,  and 
the  parallelopiped  be  thus  divided  into 
four  parallelepipeds,  two  of  which 
are  about  the  diagonal  plane ;  the 
other  two  which,  together  with  the  for- 
mer, make  up  the  whole  parallelopiped, 
shall  be  eaual  to  one  another.  For,  as 
in  I.  23,  the  whole  parallelopiped,  and 
the  two  parts  which  are  about  the  di- 
agonal plane,  are  bisected  by  that  plane. 

[Scholium, 
It  is  worthy  of  remark,  that  "  the 
four  diagonals  of  a  parallelopiped  pass 
through  the  same  point,  and  that  the 
sum  ojf  their  squares  is  equal  to  the  sum 
of  the  squares  of  the  twelve  edges.** 
For,  if  the  diagonal  planes  which  pass 
through  A  C,  a  c  and 
B  D,  hd  intersect 
one  another  in  the 
line  E  F,  the  figures 
ACac  and  BBbd 
will  be  parallelo-  "^ 
grams,  having  their  opposite  sides  bi- 
sected by  the  line  E  F,  (I.  22.) ;  where- 
fore, the  diagonals  of  each  (which  are 
the  same  with  the  diagonals  of  the  pa- 
rallelopiped), as,  for  instance,  A  a,  will 
bisect  Er ;  because  the  triangles  AEG, 
a  F  G  having  the  angles  of  the  one  equal 
to  the  angles  of  the  other,  each  to  each 
(1. 15.),  and  the  side  AE  equal  to  the 
side  a  F,  the  side  E  G  is  likewise  equal 
to  the  side  FG  (I.  5.).  Therefore,  the 
four  diagonals  of  the  parallelopiped  pass 
through  the  same  pomt,  viz.  the  middle 
point  of  EF.  And  again,  because  ACac 
and  BBbd  are  parallelograms,  the 
squares  of  their  four  diagonals  are 
(1.41.  Cor.)  together  equal  to  the  squares 
of  AC,ac,  Ac,  aC.  andBD,6d,  Brf, 
b  D,  that  is  to  say,  to  the  squares  of  the 
four  edges  AC,  ac,  Brf,  6D,  together 
with  the  squares  of  Ac,  B  D,  and  aC, 
bd,  which  are  the  diagonals  of  the  pa- 
rallelograms ABcDanda6C(i  respeo- 
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tively ;  that  is,  to'the  squares  (T.  41 .  Cor,) 
of  the  twelve  edges,  which  are  made  up 
of  the  sides  of  these  parallelograms,  and 
the  four  edges  before  mentioned. 

Prop.  23.  (Euc.  xL  29  and  30.) 

Parallelopipeds  upon  the  same  base, 
and  betu>een  the  same  parallel  planes,  are 
equal  to  one  another. 

Let  A  B  C  D  be  the  conmion  base  of 
two  parallelepipeds,  which  have  their 
opposite  bases  EFGH  and  KLMN 
lying  in  the  same  plane :  the  two  paral- 
lelepipeds shall  be  equal  to  one  another. 

Since  E  F  and  K  L  are  both  parallel 
to  AB,  either  they 
are  parts  of  the  same 
straight  line,  or  they 
are  paralld  to  one  x^^ 
another  (6.).  And 
first  let  them  lie  in  the 
same  straight  line. 
Then,  because  LM 
and  E  H  are  equal  and  parallel  to  B  C, 
and  therefore  to  one  another  (I.  ax.  I. 
and  6.),  MH  is  parallel  to  LE  orKF 
(I.  21.),  and  MN,  GH  lie  in  the  same 
straight  line  with  MH  and  with  each 
other.  Therefore,  the  sides  AL,  DM,  of 
the  one  parallelopiped,  are  in  the  same 
planes  with  the  sides  AF,  DG  of  the 
other,  each  with  each.  And  because  the 
bases  K  M,  E  G  are  equal  each  to  the 
base  A  C  (22.),  they  are  equal  to  one 
another.    Therefore,  also,  the  parallelo- 

fam  K  H  is  equal  to  the  parallelogram 
G.  And  because  the  triangular  prisms 
KNHEAD,  LMGFBC  have  the 
edges  KN,  LM  equal  to  one  another,  and 
the  dihedral  angles  at  those  edges  equal 
(17.  Scholium,  2.),  and  the  sides  con- 
taining those  an^es  equal  (22.),  each  to 
each,  they  are  equal  to  one  another  (21 .) : 
but,  if  the  first  of  these  prisms  be  taken 
from  the  whole  solid  AdNKFGCB, 
there  remains  the  parallelopiped  AG; 
and  if  the  other  be  taken  from  the  same 
solid,  there  remains  the  parallelopiped 
AM:  therefore  the  parallelopiped  AG 
is  equal  to  the  parallelopiped  AM.  (I. 
ax.  3. ) 

Next,  let  E  F,  K  L  not  be  in  the  same 
straight  line.  Let  the  planes  A  D  H  E, 
B  C  G  F  be  produced  to  meet  the  planes 
ABLK,  DCMN,  themselves  pro- 
duced  if  necessary,  and  let  the  parallelo- 
piped A  P  be  completed*  by  producing 

*  In  this  cave,  the  tidn  of  the  parAllelopiped  to  be 
complf>t4Ki  u-e  alresdjr  drawn,  tu.  by  prodiicioff  Iht 
sides  of  the  paraUeloptDrdv  A  M,  A  (i :  and,  to  com- 
plete the  parallplopiped,  it  is  only  nece9iiary  to  draw 
the  upper  base  by  prodacinf  the  plane  of  Kf  QU  and 


IV.  §  3  J 


GEOMETRY. 


141 


the  plane  of  the  upper  bases  EFGH, 
K  L  M  N.  Then,  by  the  former  case, 
the  parallelopiped  A  6  is  equal  to  A  P, 
because    OP,  FG  are   in   the   same 


duce  AB  t6  R,  so  that  BR  may  be 
equal  to  K  L ;  complete  the  parallelo- 
gram 6  C  S  R ;  join  S  B,  and  produce  it 
to  meet  D  A  produced  in  T ;  through  T 
draw  T  U  parallel  to  A  B,  to  meet  C  B 
and  S  R  produced  in  the  points  V  and 
U  ;  complete  the  parallelopiped  DX 
upon  the  base  DTUS,  and  with  the 
edge  D  H ;  produce  the  planes  A  B  F  E, 
C  B  F  G,  in  order  to  complete  the  paral- 
lelopiped BX,  and  draw  the  diagonal 
plane  S  T  Y  Z  of  the  parallelopiped  D  X. 
Then  the  parallelepipeds  B  H  and  B  X 
are  equal  to  one  another,  because,  toge- 
ther with  the  parallelepipeds  B  Y  and 
B  Z  about  the  diagonal  plane,  thev  com- 
plete the  whole  parallelopiped  DX 
(22.  Cor.  2.)«  Again,  because  the  bases 
B  U  and  B  D  are  complements  of  the 
parallelogram  DU,  BU  is  equal  to 
BD  (I.  23.),  that  is,  to  LN ;  but  BR 
is  equal  to  K  L,  and  the  angle  R  B  V 
to  the  angle  ABC  (Ld.),  that  is,  to 
K  L  M :  therefore,  also,  B  V  is  equal  to 
L  M,  and  the  bases  B  U,  L  N  are  both 
equal  and  similar.  Therefore,  by  the 
first  case,  the  parallelopiped  KQ  is 
equal  to  the  parallelopiped  B  X,  that  is, 
to  BH  or  AG. 

Lastly,  let  the  bases  ABCD,KLMN 
be  equal,  but  not  equiangular.  Make  the 


ra??  ra^ 


\1S17  "X 


^ 


straight  line ;  and,  for  the  like  reason, 
the  parallelopiped  A  M  is  equal  to  the 
sanae  A  P.  Therefore  (I.  ax.  1.)  the 
parallelopipeds  AG,  AM  are  equal  to 
one  another. 
Therefore,  &c 

Prop.  24.  (Euc.  xL  31.) 

ParaUdopipeds  upon  equal  bases,  and 
between  the  same  parallel  planes,  are 
equal  to  one  another. 

Let  A  G,  K  Q  be  two  parallelopipeds 
upon  equal  bases  AB  C D,  K L M  N, 
and  between  the  same  parallel  planes ; 
the  parallelopipeds  AG,  KQ  snail  be 
equal  to  one  another. 

The  bases  ABCD,  KLMN  are 
either  similar,  or  equiangular,  or  not 
equiangular. 

In  the  first  case,  since  thev  are  equal 
as  weQ  as  similar,  they  may  be  made  to 
coincide;  and  the  parallelopipeds  will 
then  stand  upon  a  common  base,  and 
between  the  same  parallel  planes :  there- 
fore they  are  equal  to  one  another.  ,      .««    .     ..        ,         AHPn 

Secojdly    l?t    them   be   equian^.    ^jSlt^heVgle  K^fc 

S^B^IqS^    rfhTa'nS^^^^^^^^  iFo^Srk^o^ti^^^^^^^ 

each  to  each.  (1. 15.  and  L  ax.  3.).  Pro-     ^^^^^^  ^^^^  ^^  triangular  prisms  D  H 

EATY,  CGFBSX  have  the  edges 
D  H,  C  G  equal  to  one  another  (22.), 
and  the  dihedral  angles  at  those  edges 
equal  (17.  Scholium  2.),  and  the  sides 
containing  those  angles  equal,  each  to 
each,  for>he  sides  A  H,  B  G  are  oppo- 
site faces  of  the  parallelopiped  AG  (22.), 
and  the  sides  TH,  SG  stand  upon  equal 
bases  (L  ax.  1.  and  ax.  2.  or  3.)  TD,  SC, 
and  between  the  same  parallels  (L  25.)  ; 
therefore,  the  prisms  are  equid  to  one 
another  (21.);  and,  these  being  taken  from 

n^iinerfo  E  AD'and  K  A  B  retpectiVelr,  and,      the  wholc  SOlid  A  E  Y  T  C  G  F  B,  there 

dr.  thrcmgh  the  point  E,  the  upper  base  E  Om-    remains  the  parallelepiped  AG,  equal 

lefloAB^D.    Th..operaUoni.analogon.totUt     ^^  ^^       But  the  parallelepiped  K  Q  is 

equal  to  AX  by  the  preceding  case  ; 
because  their  bases  are  equal  (1.24.  and 


^ 


47 

At/ 


M 


K       L 


KL  M  N  to  eut  the  sides.  It  may  be  observed,  how- 
ever, that  a  parallelopiped  can  alvrajs  be  completed 
when  its  base  A  B  C  D  and  one  of  its  principal  ed^es 
AB  are  pven,  Tix.  by  drawingr  the  side-planes  £AB, 

EaD,  and  then  through  BC,  CD  the  side-planes  BG, 
j,y         .  „ ,     , ^ 

rmltef  to  AB^D.    Th'is  operation  is' analogoi 
bj  which  a  parallelogram  is  completed  from  two  ad- 
joiaiag  sides  (see  note,  page  17)  5  and  will  be  some- 
tines  nadentood  when  it  is  directed  to  CQmpUU  a 
pwallelopiped  in  fatare  propositions. 
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ax.  1.)  and  equiangfular.  Therefore  the 
parallelepiped  KQ  is  equal  to  AG. 
(I.  ax.  1.). 

Therefore,  &c. 

Cor,  Every  parallelopiped  is  equal  to 
a  rectangular  parallelopiped .  of  equal 
base  and  the  same  altitude. 

Prop.  25. 
If  the  three  conterminous  edges  of  a 
rectangular  parcdlelopipetf contain,  each 
of  them,  the  same  straight  line  a  cer- 
tain number  of  times  exactly ;  the  pa- 
rallelopiped shall  contain  the  cube  of 
that  straight  line,  as  often  as  is  denoted 
by  the  product  of  the  three  numbers, 
which  severally  denote  how  qften  the 
line  itself  is  contained  in  the  three  edges. 

Let  AB,  A  C,  AD  be  three  edges  of 
a  rectangular  parallelopiped  terminated 
in  the  same  angular  pomti  and  let  them 


contain  the  same  straight  line  M,  five, 
three,  and  four  times  respectively :  the 
parallelopiped  shaU  contam  the  cube  of 
M,  5  X  3x4,  or  60  times. 

In  the  straight  line  AB,  take  the  five 
parts  Kb,bb,  &c.  each  equal  to  M,  in 
A C  the  three  parts  Ac,  cd,  &c.  each 
equal  to  M,  and  in  AD  the  four  parts 
Adfdd',  &c.,  each  equal  to  the  same 
M.  Through  the  points  b,  c,  and  d,  let 
planes  be  drawn  parallel  to  the  planes 
cAd,  bAd,  and  bAc  respectively,  ( H . 
Cor.  1.)  and  let  them  meet  one  ano- 
ther m  the  point  k;  then  A  A  is  equal 
to  the  cube  of  M.  Let  the  planes 
ck,  dk  be  produced  to  meet  the  plane 
B  N ;  and  let  them  be  cut  by  the  planes 
y  k,  &c.  which  are  drawn  through  b\ 
&c.  parallel  to  the  plane  b  k,  or  the  plane 
CAD.  Then,  because  the  lines  A  6, 
b  bf,  &c  are  equal  to  one  another,  the 
bases  of  the  parallelopiped s  Ak,  bk!, 
&c.  are  equal  to  one  another  (I.  25.), 
and  the  parallelopipeds  have  the  same 
altitude ;  therefore  (24.),  thev  are  equal 
to  one  another^  and  the  whole  row  AK 
is  equal  to  five  times  the  cube  of  M. 

Again,  tlurough  the  points  d,  &c.,  let  the 
planes  d  /,  &c.  be  drawn  parallel  to  the 
plane  c  A,  or  (U.  C'or<  2.)  the  plane  BAD» 


to  cut  the  plane  dk  pr6duoed.  Then, 
because  the  lines  Ac,  ed,  &c.  are  equal 
to  one  another,  the  bases  of  the  paral- 
lelopipeds AK,  c/,  &c.  are  equal  to  one 
another  (1. 25.) ;  and  the  parallelopipeds 
have  the  same  altitude  ;  therefore  (24.) 
they  are  equal  to  one  another,  and  the 
whole  tier  A  L  is  equal  to  three  times 
A  K ;  that  is,  to  3  x  5,  or  fitteen  times 
the  cube  of  M. 

Lastly,  through  the  points  <f ,  &c, 
let  planes  be  drawn  parallel  to  the  plane 
dk,  or  (11.  Cor.  2.)  the  plane  BAC. 
Then,  as  before,  because  Ad,  ddf.  Sec. 
are  equal,  the  parallelopipeds  A  L,  dn, 
&c.  are  likewise  equal  to  one  another; 
and,  therefore,  the  whole  parallelopiped 
A  N  is  equal  to  four  times  A  L,  that 
is  to  4  X  3  X  5,  or  sixty  times  the  cube 
ofM. 

And,  it  is  evident  that  a  similar  demon- 
stration may  be  applied,  whatever  other 
numbers  be  taken  m  place  of  the  num- 
bers 5, 3,  and  4. 

Therefore,  &c. 

Scholium. 

Hence  the  solid  content  of  a  rectan- 
gular parallelopiped  is  s^d  to  be  equal 
to  the  product  of  its  three  dimensions, 
that  is  to  A B  X  AC  X  A  D,  if  AB, 
A  C,  A  D  are  the  three  edges ;  this  ex- 
pression being  interpreted  in  the  same 
sense  with  the  product  of  the  two  dimen- 
sions or  sides,  which  is  said  to  consti- 
tute the  area  of  a  rectangle,  vis.,  that 
the  number  of  cubical  units  in  the  pa«- 
ralleiopiped  is  equal  to  the  product  of 
the  numbers  which  denote  now  ofien 
the  corresponding  linear  unit  is  con- 
tained in  the  three  edges.  Thus,  if  the 
linear  unit  be  a  foot,  and  the  edges  3, 
4,  and  5  feet  respectively,  the  solid  con- 
tent will  be  3  X  4  X  5,  or  60  cubic  feet. 

It  is  likewise  said,  in  a  similar  sense, 
that  the  solid  content  of  a  rectangular 
parallelopiped  is  eaual  to  the  product  of 
its  base  and  altituae :  thus,  in  the  exam- 
ple just  stated,  the  number  of  square 
feet  in  the  base  is  4  x  5,  or  20 ;  and  this, 
being  multiplied  by  3,  the  numl>er  of 
linear  feet  in  the  altitude,  gives  60  for 
the  number  of  cubic  feet  in  the  parallelo- 


piped, as  l)efore. 
The 


*he  cube  is  also  the  unit  in  the  men- 
suration of  all  other  solids ;  their  con* 
tents  being  the  same  with  the  con- 
tents of  rectangular  parallelopipeds  equal 
to  them.  Thus,  since  every  parallelo- 
piped (24.  Cor.)  is  equal  to  a  rectan- 
gular  paralklopiped  of  equal  base  and 
altitude,  the  solid  content  ff  every  pa* 
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ralMopiped  is  equal  to  the  product  of 
Us  base  and  altitude.  The  prism  and 
the  pyramid  will  presentiy  furnish  new 
examples. 

Prop.  26.  (Eve.  xi.  32.) 

Parallelopipeds,  which  have  eqwU 
altitudes,  are  to  one  another  as  their 
bases;  and paraUelopipeds,  which  have 
equal  bases,  are  to  ofie  another  as  their 


drawn  through  the  pcbts  of  division  pa« 

rallel  to  the  base 

(1.  25.  and  24.). 

And,  if  one  of  the 

first  parts  be  con-     /  " 

tained  in  the  alti-  "^^ 

tude  AE  a  certain 

number  of  times 

exactly  or  with  a 

remainder,  one  of 


',... ,        ,  .  ,,  ...     the  others  will  be  contained  in  the  paral- 

altitudes ;  also  any  two  parallelompeds    j^j    j  ^^  ^  q  ^^^  3^^  ^^^     ^P  ~ 

are  to  one  another  tn  the  raitoMtchts    ^  J^^   ^^  ^j^^  ^   corresponding  re- 

mainder  (I.  25.  and  24.).  Therefore 
(II.  def.  7.)  the  parallelopiped  A  B  is  to 
the  parallelopiped  C  D  as  the  altitude 
A  £  to  the  altitude  CF. 

Lastly,  let  AB,  CD    be   any  two 
rectangular  parallelopipeds,  haying  the 


compounded  of  the  ratios  qf  their  bases 
and  altitudes. 


I^rst,  let  A  B,  A  C  be  two  rectangular 
parallelopipeds,  having  equal  altitudes, 
and  let  A  E,  A  F  be  their  bases ;  the  pa- 
rallelopipeds  being  so  placed  that  a 
solid  angle  of  the  one  may  coincide,  as 
at  A,  with  a  solid  angle  of  the  other. 
Then,  the  parallelopipeds  will  have  a 
common  part  A  D,  wnich  is  likewise  a 
rectangular  parallelopiped,  having  the 
game  altitude  A  L  with  them,  and  the 
two  adjoining  edges  AG,  AH  common 
to  it  with  AB, 
AC  respectively. 
Let  the  base  AK 
of  this  parallelo- 
piped be  divided 
into  any  number 
of  eqaalrectan^les 
by  lines  parallel  to 
AH;  and,  there- 
fore, the  parallelo- 
piped into  the  same  number  of  equal'pa- 
rallelopipeds,  by  planes  passing  tnrough 
these  lines  paraUel  to  the  planes  L  AH 
(24.)  Then,  if  one  of  the  first  parts 
be  contained  in  the  base  A  E  any  number 
of  times,  exactly,  or  with  a  remainder ; 
one  of  the  others  will  be  contained  in  the 
parallelopiped  A  B  the  same  number  of 
times,  exactly,  or  with  a  corresponding 
reniMinder  (24.).  Therefore  (II.  def.  7.) 
the  parallelopiped  A  B  is  to  A  D  as  the 
base  A£  to  the  base  AK.  And  in  the 
same  manner  it  may  be  shewn  that  the 
parallelopiped  AD  is  to  AC  as  the 
ba«e  A  K  to  the  base  A  F.  Therefore, 
ex  tequali  (II.  24.),  the  parallelopiped 
A  B  is  to  the  parallelopip^  A  C  as  the 
base  AE  to  the  base  A  F. 

Next,  let  AB,  C  D  be  two  rectangu- 
lar parallelopipeds,  having  equal  bases ; 
and  let  A E,  CF  be  their  altitudes. 
Then,  if  the  altitude  C  F  be  divided  into 
an^r  number  of  equal  parts ;  it  may 
easily  be  shown  that  the  parallelopiped 
C  D  will  be  divided  into  the  same  num- 
ber of  equal  parallelopipeds,  by  planes 


A 


W 


bases  A  E,  CF,  and  the  altitudes  AG, 
C  H.  Take  A  L  equal  to  C  H,  and  let 
AK  be  a  third'  parallelopiped  having 
the  base  AE  and  the  altitude  AL. 
Then,  because  the  parallelopiped  A  B  has 
to  C  D  the  ratio  which  is  compounded 
of  the  ratios  of  A  B  to  A  K,  and  A  K  to 
C  D  (II.  def.  12.);  which  ratios,  by  what 
has  been  just  demonstrated,  are  the  same 
with  those  of  AG  to  AL  or  CH,  and  AE 
to  C  F;  the  parallelopiped  A  B  has  to 
the  parallelopiped  C  D.  the  ratio  which 
is  compounded  of  the  ratios  of  the  alti-  ' 
tude  AG  to  the  altitude  GH,  and  of 
the  base  AE  to  the  base  C  F. 

And  what  has  here  been  demon- 
strated of  rectangular  parallelopipeds  is 
true  also  with  regard  to  any  two  paral- 
lelopipeds whatever,  because  these  (24. 
Cor.)  are  e^ual  to  rectangular  parallelo- 
pipeds having  equal  bases  and  altitudes 
with  them. 

Therefore,  &c. 

Prop.  27. 

Any  two  rectan^ar  parallelompeds 
are  to  one  another  m  tlie  ratio,  which  is 
compounded  qf  the  ratios  of  their  edges. 

Let  A  £,  Atf  be  two  rectangular  pa- 
rallelopipeds, the  first  having  the  edges 
AB,  AC,  AD,  the  other  the  edges 
A^,  Ac,  Arf;  the  parallelopiped  AE 
shall  be  to  the  parallelopiped  AB  in 
the  ratio  which  is  compounded  of  the 
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ratios  of  A  B  to  A  A, 
AC  to  Ac.  and  AD 
toArf. 

For,  the  parallelo- 
pipeds  being  placed 
so  that  a  solid  an- 
gle of  the  one  may 
coincide  with  a  solid  angle  of  the  other 
as  at  A,  they  will  have  a  common  part 
A  F,  which  is  likewise  a  rectangular  pa- 
rallelepiped;  and  the  face  of  this  pa- 
rallelopiped,  which  is  opposite  to  D  6, 
being  produced  to  meet  the  plane  de^ 
will  cut  off  from  the  parallelopiped  A  e, 
the  part  AG,  which  is  also  a  rectangu- 
lar parallelopiped.  Now,  the  parallele- 
pipeds AE,  AF  have  a  common  base 
I)  C ;  therefore  (26.)  they  are  to  one  ano- 
ther as  their  altitudes  A  B,  A6 ;  and,  for 
the  like  reason,  the  parallelopipeds  A  F, 
AG  are  to  one  another  as  their  altitudes 

AD,  A<^,  and  the  parallelopipeds  AG, 
A  e  are  to  one  another  as  their  altitudes 
AC,  Ac.  But  the  parallelopiped  AE 
has  to  the  parallelopiped  Ae  the  ratio 
which  is  compounded  of  the  ratios  of 
AE  to  AF,  AF  to  AG,  and  AG  to 
A  e.  Therefore,  the  parallelopiped  A  E 
has  to  the  parallelopiped  A  e,  the  ratio 
which  is  compounded  of  the  ratios  of 
AB  to  Aft.  AD  to  Arf,  and  A  C  to 
Ac;  or,  which  is  the  same  thing,  which 
is  compounded  of  the  ratios  of  A  B  to 
A 6,  AC  to  Ac,  and  AD  to  Arf.  (11. 

Therefore,  &c. 

Cor,  1.  (Euc.  xi.  D.)  The  same  may 
be    said   of   any   two   parallelopipeds 

AE,  A«,  in  which  a  solid  angle  of 
the  one  may  be 
made  to  coincide 
with  a  solid  angle 
of  the  other;  that 
is,  such  parallelo- 
pipeds are  to  one 
another  in  the  ra- 
tio, which  is  compounded  of  the  ratios 
of  the  edges  about  the  equal  angles. 
For,  the  parallelopiped  A  G  being  com- 
pleted as  in  the  proposition,  AE  is 
to  A  F  as  the  base  B  C  to  the  base 

*  This  demonstration  is  analogous  to  that  of  II.  36. 
The  proposition  may,  however,  be  otherwise,  and 
more  concisely  established  bj  the  aid  of  Prop.  ^. ; 
for,  since  the  parallelopipeds  are  to  one  another  in 
the  ratio  which  is  compounded  of  the  ratios  of  their 
bases  and  altitadeii,  and  that  the  bases,  which  are 
rectangles  nnder  two  of  the  oonterminoos  edges  of 
rach,  are  to  one  another  in  the  ratio  which  is  cotn> 
pounded  of  the  ratios  of  those  edges  TIL  36.),  and 
'  the  altitudes  equal  to  the  third  edge^  it  follows  that 
the  parallelopipeds  are  to  one  another  in  the  ratio 
t»'hiith  is  comjwanded  of  the  ratios  of  their  edges.  And 
the  first  corollary  (analogous  to  II.  36.  Cw.  I.)  admits 
of  a  demonstration  little  different. 


bC  (2G.).  that  is,  as  AB  to  A2»  (IT. 
35.  Cor.)\  and  in  like  manner  AF  is 
to  AG  as  AD  to  Ac/,  and  AG  to  Ae 
as  AC  to  Ac;  therefore,  as  in  the 
proposition,  the  parallelopiped  AE  is 
to  the  parallelopiped  Ac,  m  the  ratio 
which  is  compounded  of  the  ratios  of 
AB  to  A6,  AD  to  Ad.  and  AC  to 
A  c ;  that  is,  in  a  ratio  which  is  com- 
pounded of  the  ratio  of  the  edges  about 
the  common  angle  A. 

Cor,  2.  Cubes  are  to  one  another  in 
the  triplicate  ratio  of  their  edges  (11.27. 
Cor,  2.) ;  therefore,  the  triplicate  ratio  of 
two  straight  lines  A  B,  ab  is  the  same 
with  the  ratio  of  their  cubes. 

Cor.  3.  If  one  straight  line  be  to  ano- 
ther as  a  third  to  a  fourth,  the  cube  of 
the  first  shall  be  to  the  cube  of  the  se- 
cond as  the  cube  of  the  third  to  the  cube 
of  the  fourth  (II.  27.). 

Prop.  28. 

Every  triangular  prism  is  equal  to  a 
rectangular  paraUdopiped^  which  hat 
an  equal  base  and  the  same  altitude. 

Let  Abe  be  a  triangular  prism,  and 
let  E  F  be  a  rectangular  parallelopiped. 


F^-     f[ 


l>    T. 


having  its  base  E  G  equal  to  the  base 
AB  C  of  the  prism,  and  its  altitude  F6 
the  same  with  the  altitude  of  the  prism : 
the  prism  Abe  shall  l>e  equal  to  the  pa- 
rallelopiped E  F. 

Let  the  bases  A  B  C,  a  6  c  of  the  prism 
be  completed  into  Uie  parallelograms 
AD, ad,  and  lei'Ddhe  joined.  Then  it 
is  evident  that  the  solid  A  diss,  parallele- 
piped (det  1 1  .)•  But  the  prism  A  6 c  is 
equal  to  half  the  parallelopiped  A  d  (21.); 
and  the  parallelopiped  EF  is  also  equal 
to  half  the  parallelopiped  Ad,  because 
the  base  E  G  is  equal  to  A  B  C,  that  is, 
to  half  of  the  base  A  D,  and  the  altitude 
FG  is  the  same  with  the  altitude  A  a 
(26.).  Therefore  (I.  ax.  5.)  the  prism 
A  6  c  is  equal  to  the  parallelopiped  £  F 

Therefore,  &c. 

Prop.  29. 

Every  prism  is  equal  to  a  rectan^lar 
parallelopiped,  which  has  an  equcS  base 
and  the  same  altitude. 

Let  AdC  be  a  prism,  having  the 
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polygonal  bases  A  B  C  D  E,  a  bed  e,&nd 
let  FG  be  a  rectangular  parallelopiped, 
bavins:  its  base  F  H  equal  to  the  base 
ABODE,  and  its  altitude  GH  the 
same  with  that  of  the  prism :  the  prism 
AdC  shall  be  equal  to  the  parallelo- 
piped FG.     Join  AC,  AD,  ac,  ad; 


If        r 


/^J^ 


6 


W 


then,  because  A  a  and  Cc  are  parallel, 
they  lie  in  the  same  plane  (I.  def.  12.) 
and  the  solid  A6c  is  a  triang:ular  prism 
upon  the  base  ABC  (def.  14.).  In 
the  same  manner  it  may  be  shewn, 
that  Kcd^  Ade,  are  triangular  prisms 
upon  the  bases  A  CD,  ADE.  Now, 
because  the  rectans:le  FH  is  equal  to 
the  polys^on  A  B  C  D,  it  may  be  divided 
(I.  57.)  into  rectangles  FK,  LM,  N  H, 
severally  equal  to  the  triangles  ABC, 
A  C  D,  A  D  E.  which  together  make  up 
the  polygon ;  and  the  parallelopiped  F  H 
may  be  divided  into  as  many  rectan- 
gular parallelopiped s,  having  the  same 
altitude  G  H,  and  these  rectangles  for 
their  bases.  And,  because  these  bases 
are  severally  equal  to  the  bases  of  the 
trianzular  prisms  Abc,Acd,Ade,  and 
that  their  common  altitude  G  H  is  the 
same  with  the  common  altitude  of  the 
prisms,  the  parallelopipeds,  which  stand 
upon  them,  are  severally  equal  to  the 
prisms  (28.).  Therefore  their  sum  is 
equal  to  the  sum  of  the  prisms ;  that  is, 
the  parallelopiped  F  G  is  equal  to  the 
prism  AdC. 

Therefore,  &c. 

Cor.  1.  The  solid  content  of  every 
prism  is  equal  to  the  product  of  its  base 
and  altitude  (25.  Scholium). 

Cor.  2.  (Euc.  xii.  7.  Cor.  2.)  Prisms 
which  have  equal  altitudes  are  to  one 
another  as  their  bases ;  and  prisms  which 
have  equal  bases  are  to  one  another  as 
their  altitudes :  also,  any  two  prisms  are 
to  one  another  in  the  ratio  which  is 
compounded  of  the  ratios  of  their  bases 
and  altitudes.  (26.). 

Scholium. 
With  re^rd  to  the  lateral  surface  of 
a  prism,  if  it  be  a  right  prism,  it  is 
measured  by  the  product  of  the  prin- 
cipal edge,  and  the  perimeter  of  the 
base ;  if  oblique,  by  the  product  of  the 
principal  edge  and  the  perimeter  of  a 
secticm,  which  is  made  by  a  plane  per- 


pendicular to  the  principal  edge.  For, 
m  the  case  of  the  right  prism,  the  sides 
are  rectangles,  which  have  a  common 
altitude,  and  for  their  bases  the  sides  of 
the  base  of  the  prism ;  there- 
fore (1.30.)  their  sum  is 
equal  to  a  rectangle  of  the 
same  altitude,  and  having  its 
base  ec|ual  to  the  sum  of 
those  sides.  And,  in  the  case 
of  the  oblique  prism,  the 
sides  of  the  perpendicular  section,  being 
perpendicular  to  the  principal  edges 
(5.),  are  the  altitudes  respectively  of  the 
parallelograms,  which  are  the  sides  of 
the  prism  and  have  for  their  bases  each 
a  principal  edge  of  the  prism ;  therefore 
the  sum  of  those  parallelograms  is  equal 
to  a  rectangle,  having  likewise  for  its  base 
a  principal  edge  of  the  prism,  and  for  its 
altitude  the  sum  of  their  altitudes,  that  is, 
the  perimeter  of  the  perpendicular  section. 

In  the  latter  case  it  is  easy 
also  to  perceive  that  the 
content  of  the  oblique  prism 
is  measured  by  the  product 
of  the  principal  edge,  and 
the  area  of  the  perpendicu- 
lar section  above  men-' 
tioned:  for,  if  the  lateral 
surface  be  produced,  and  cut  by  two  such 
perpendicular  planes  passing  through 
the  extremities  of  any  principal  edge,  as 
in  the  figure,  the  solids  included  between 
these  planes  and  the  bases  of  the  oblique 
prism,  may  be  made  to  coincide,  and  are 
therefore  equal  to  one  another:  there- 
fore the  whole  oblique  prism*  is  equal  to 
the  right  prism,  which  has  for  its  bases 
the  two  perpendicular  sections. 

The  convex  surface  of  a  prism  has  this 
obvious  but  remarkable  property,  that 
the  sections  made  by  any  two  parallel 
planes  are  similar  and  equal  figures  (12. 
and  15.  Cor.):  the  convex  su^ace,  also, 
of  a  pyramid  has  its  parallel  sections 
similar,  but  they  are  not  equal  to  one 
another. 

Prop.  30. 

Triangular  vyramids,  which  have 
equal  bases  in  the  same  plane,  and  their 
vertices  in  a  straight  line  parallel  to 
that  plane,  are  equS  to  one  another. 

Let  A  B  C  D,  E  F  G  H  be  two  triangu- 
lar pyramids,  having  equal  bases  B  CD, 
F  G  H  in  the  same  plane,  and  the  straight 
line  A  E,  which  joins  their  vertices  pa- 
rallel to  that  plane :  the  pyramid  A  B  (5  D 
is  equal  to  the  pyramid  K  F  G  H. 

Since  AE  is  parallel  to  the  plane  of 
the  bases,  the  pyramids  have  a  common 
Li 
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altitude  K  L.  Let  K  L  be  divided  into 
any  number  of  equal  parts ;  and  let  the 
pyramids  be  cut  by  planes,  parallel  to 
the  plane  of  the  bases,  passing  through 
the  points  of  division.  Lei  Ocd  and 
fgh,  ftVcT  and/'^A',  &c.  be  the  sec- 
tions made  by  these  planes.  Then,  be« 
cause  the  triangles  ocd,  BCD  lie  in 
parallel  planes,  which  cut  the  dihedral 
angles  at  the  edges  A  B,  A  C,  and  A  D 
of  the  pyramid  A  BCD,  the  angles 
6,  c,  d  of  the  one  are  (15.  Cor.)  severally 
equal  to  the  angles  B,  C,  D  of  the  other, 
and  therefore  (U.  31.  Cor.  1.)  the  two 
triangles  are  similar.  Therefore  the  tri- 
angle bed  is  to  the  triangle  B  C D  as 
Ac«  to  BC«  (11.42.  Cor.),  that  is,  be- 
cause  be  is  (12.)  parallel  to  BC,  as 
A  6*  to  AB«  (II.  30.  Cor.  2.  and  II.  37. 
Cor.  4 . )  And,  in  the  same  manner  it  may 
be  shewn,  that  the  triangle/^  A  is  to  the 
triangle  FGH  as  E/«  to  E  F«,  that  is 
(14.)  as  A^  to  AB8.  Therefore  the 
triangle  bed  is  io  the  triangle  B  C  D  as 
the  triangle  fg  h  to  the  triangle  FGH: 
and,  because  B  C  D  is  equal  to  FG  H 
(II.  12.),  bed  IS  equal  iofgh  (11.18. 
Cor.).  In  the  same  manner  it  may  be 
shewn,  that  bfdd!  is  equal  io  f'^h'\ 
and  so  of  the  rest. 

Now,  if  the  triangular  prisms  with 
the  bases  bed,  b'  e'  cP,  &c.,  and  the  edges 
bB.b'  b,  &c.,  be  completed,  and  also  the 
trianifular prisms  with  the  bases  BCD, 
bed,  &c.,  and  the  edges  Bb,bb^,  &c. ; 
the  former  will,  together,  constitute  a  se« 
ries  of  prisms  inscribed  in  the  pyramid 
A  B  C  D,  and  the  latter  a  series  of  prisms 
circumscribed  about  the  same  pyramid, 
which,  excepting  that  upon  the  base 
BCD,  are  equal  to  the  former,  each 
to  each,  because  they  have  equal  alti- 
tudes towards  opposite  parts  of  the 
same  base  (29.  Cor.  2.).  And,  because 
the  pyramid  exceeds  the  inscribed  se- 
ries, but  is  less  than  the  circumscribed ; 
it  differs  from  the  former,  by  less  than 
the  ditference  of  the  two  series,  that 
is,  by  less  than  the  prism  upon  the 
base  BCD.  But,  by  increasinir  the 
number  of  parts  into  which  the  altitude 


is  divided,  the  altitude  of  this  prism  may 
be  diminished  without  limit,  and  so  the 
prism  itself  be  made  less  than  any  given 
solid.  Therefore,  the  series  of  inscribed 
prisms  may  be  made  to  approach  to  the 
pyramid  A  BCD.  by  less  than  any 
given  di£Perence.  And  in  the  same  man- 
ner it  may  be  shewn,  that  if  prisms  be 
similarly  inscribed  in  the  other  pyramid 
EFGH,  this  series  will  approach  to 
the  pyramid  EFGH,  by  less  than  the 
prism  upon  the  base  FGH,  which  is 
equal  to  that  before-mentioned  upon  the 
equal  base  BCD;  by  less,  that  is,  than 
the  same  given  difference.  But  of  the 
prisms  inscribed  in  the  two  pyramids, 
those  upon  the  bases  bed,snd/gh, 
b  d  d!  and/'g^A',  &c.  are  equal  to  one 
another,  because  their  bases  are  equal 
to  one  another,  and  they  have  the  same 
altitude  (29.  Cor.  2.).  Therefore,  the 
series  inscribed  in  the  pyramid  A  B  C  D 
is  equal  to  the  series  inscribed  in  the 
pyramid  EFGH  (I.  ax.  2.).  And  be- 
cause this  equality  always  subsists,  and 
that  the  two  series  may  be  made  to 
approach  to  the  two  pyramids  respec- 
tively within  any  the  same  given  dif- 
ference, the  pyramid  A  B  C  D  is  equal 
to  the  pyramidEFGH.  (II.  28.). 
Therefore,  &c. 

Prop.  31.  (Euc.  xii.  7.  Cor.  1.) 

Every  triangular  pyramid  is  equal  to 
the  third  part  of  a  prism,  having  the 
same  base  and  the  same  altitude  with 
the  pyramid. 

Let  A  B  C  D  be  a  triangular  pyramid, 
having  the  base  BCD;  let  the  sides 
ABC,  ABD  be  com-  v 
pleted  into  the  parallelo- 
grams A  B  C  E,  A  B  D  F, 
and  join  E  F ;  then  it  is 
evident  that  the  triangle 
A  E  F  is  the  upper  base 
of  a  prism  B  EF,  stand- 
ing upon  the  same  base 
BCD  with  the  pyramid,  and  haviTi£C 
the  same  altitude :  the  pyramid  A  B  C  D 
shall  be  equal  to  a  third  part  of  the 
prism  B  E  F. 

Join  D  E.  Then  the  prism  B  E  F  is 
made  up  of  three  pyramids,  viz.  A  B 
CD,  ACDE,  and  ADEF.  The 
first  of  these  is  the  original  pyramid ; 
the  second  is  equal  (30.)  to  a  pyramid 
B  C  D  £,  upon  the  same  base  C  D  E, 
and  having:  its  vertex  B  in  the  same  line 
AB  parallel  (10.)  to  the  base;  and 
the  third  is  equal  to  a  pyramid  B  D  £  F, 
upon  the  same  base  D  E  F,  and  having 
Us  vertex  B  in  the  same  line  A  B  parai- 
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lei  to  the  base  (30.)f  that  is,  to  a  py- 
ramid BCDF,  upon  the  same  base 
B  D  F  with  the  last,  and  having  its 
vertex  C  in  the  same  line  C  £,  parallel 
to  the  base.  Therefore  the  prism  B  £  F 
is  equal  to  the  three  pyramids  A  B  C  D, 
B  C  D  £.  and  BCD  F.  But  of  these, 
the  two  last  are  each  of  them  equal  to  the 
first  A  B  C  D,  because  they  stand  upon 
the  same  base  BCD  with  it,  and  their  ver- 
tices are  in  the  same  lines  with  it,  viz.,  AE, 
F  A,  parallel  to  the  base  (30.).  There- 
fore,  the  prism  B  £  F  is  equal  to  three 
times  the  pyramid  A  B  C  D ;  and  the  py- 
ramid A  B  C  D  is  equal  to  a  third  part 
of  the  prism  B  £  F. 
Therefore,  &c 

Cor.  If  a  parallelepiped  be  described, 
having  three  of  its  edges  the  same  with 
three  conterminous 
edges  of  a  triangu- 
lar pyramid,  the  py- 
ramid shall  be  equal  i 
to  a  sixth  part  of  the^ 
parallelopiped ;  for  the  latter  is  divided 
by  its  diagonal  plane  into  two  equal 
prisms  (22.),  one  of  which  stands  upon 
the  same  base,  and  is  of  the  same  altitude 
with  the  pyramid,  and  Is,  therefore,  by 
the  proposition,  equal  to  three  times  the 
pyramid. 

Scholium. 
This  proposition  might  have  been 
demonstrated  somewhat  more  concisely. 
It  will  l>e  found,  however,  that  our  de- 
monstration applies  equally  to  the  fol- 
lowing more  general  theorem : — *'  If  the 
upper  part  of  a  triangular  prism  (see 
the  figure  in  the  proposition)  be  cut 
away  by  a  plane  AE  F,  whether  paral- 
lel to  the  base  BCD,  or  otherwise,  the 
remaining  solid  will  be  equal  to  the  sum 
of  three  pyramids  standing  upon  the 
same  base  BCD  with  the  prism,  and 
havinc:  for  their  vertices  the  upper  ex- 
tremities A,E,F  of  the  diminished  edges." 

Prop.  32. 

Every  pyramid  is  equal  to  the  third 
part  of  a  prism,  having  the  same  base 
and  the  same  altitude, 

LetVABCDE  be  a  pyramid,  and 
lei  a bcde  he  the  upper  base  of  a  prism 
standing  upon  the  same 
base  A  B  C  D  E,  and 
having  the  same  altitude  "<: 
with  the  pyramid :  the  py- 
ramtd  shall  be  equal  to 
the  third  part  of  the  prism. 
Join  AC,  AD,  ac,  ad 
Then  the  pyramid  V  A  B 
CD£  is  divided  by  the 


planes  VAC,  VAD  into  triangular 
pyramids,  having  the  common  vertex  V ; 
and  the  prism,  into  as  many  triang:u]ar 
prisms,  by  the  planes  ACca,  AD  (/a. 
And  because  the  former  have  the  same 
altitude,  and  stand  upon  the  same  bases 
with  the  latter  respectively,  they  are 
equal  to  their  third  parts,  each  of  each. 
Therefore,  also,  the  sum  of  the  former, 
that  is,  the  whole  pyramid  V  A  B  C  D  E, 
is  equal  to  a  third  part  of  the  sum  of 
the  latter,  that  is,  to  a  third  part  of  the 
whole  prism  Adc. 

Therefore,  &c. 

Cor.  1.  ,The  solid  content  of  every 
pyramid  is  equal  to  one-third  of  the 
product^  of  its  base  and  altitude  (29. 
Cor.  1.). 

Cor.  2.  (Euc'  xii.  5,  6.)  Pyramids 
which  have  equal  altitudes  are  to  one 
another  as  their  bases:  and  pyramids 
which  have  ecj^ual  bases  are  to  one 
another  as  their  altitudes:  also,  any 
two  pyramids  are  to  one  another  in  the 
ratio  compounded  of  the  ratios  of  their 
bases  and  altitudes.    (29.  Cor,  2.). 

Scholium. 

It  was  observed  in  the  Scholium  at  i. 
29.  that  the  measurement  of  anv  plane 
rectilineal  figure  in  general  depends  upon 
that  of  the  triangle,  because  every  such 
fissure  may  be  divided  into  triangles.  In 
like  manner,  we  may  here  remark,  that 
the  solid  content  of  the  pyramid  leads  to 
that  of  every  other  polyhedron ;  and  that 
the  latter  may  be  found  by  adding  toge- 
ther the  contents  of  all  the  pyramids 
which  constitute  the  polyhedron.  Tliese 
may  be  assumed  with  a  common  vertex, 
which  may  be  either  within  the  solid, 
in  which  case  the  several  faces  will  be 
the  bases  of  so  many  pyramids  together 
making  up  the  polyhedron,  or  at  one 
of  the  angular  points,  in  which  case  the 
adjoining  faces  will  be  divided  into  sides, 
and  the  others  will  be  bases  oflhe  com- 
ponent pyramids. 

Prop.  38. 

If  the  upper  part  of  a  pyramid  be  cut 
axvay  by  a  plane  parallel  to  the  base;  the 
remaining  frtis turn  shall  be  equal  to  the 
sum  of  three  pyramids,  having  the  same 
altitude  unth  the  frustum,  and  for  their 
bases  the  bases  of  the  frustum,  and  a 
mean  proportional  between  them. 

First,  let  BCD,  bed  be  the  two 
bases  of  the  frustum  of  a  triangular  py- 
ramid :  draw  c£  parallel  to  6B,  to 
L2 
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meet  BC  in  E.  and 
join  D  E.  Then,  be- 
cause the  triangles 
BCD,  bed  are  equi- 
angular (12.  and  15.), 
and  therefore  similar, 
BCD  is  to  6  c  e/  in 
the  duplicate  ratio  (II. 
42.)  of  B  C  to  6  r,  or 
(I.  22.)  BE,  that  is,  in 
the  duplicate  ratio  of  the  same  BCD 
to  B  E  D  (II.  39.).  Therefore  the  tri- 
angle B  E  D  is  a  mean  proportional  be- 
tween BCD  and  bed  (II.  def.  11.) 
Now,  the  frustum  is  made  up  of  three 
pyramids,  namely,  cB  C  D,  D  6crf,  and 
c  6  B  D.  And,  of  these  the  first  has  the 
same  altitude  with  the  frustum,  and 
stands  upon  the  base  B  C  D  ;  the  second 
has  likewise  the  same  altitude  with  the 
frustum,  and  stands  upon  the  base  bed; 
and  the  third,  because  c  E  is  parallel  ( 1 0.) 
to  the  plane  Bbd,  is  equal  (30.)  to  the 
pyramid  £  6  B  D,  which  has  the  same 
altitude,  and  stands  upon  the  base 
BED,  that  is,  upon  a  base  which  is  a 
mean  proportional  between  BCD  and 
bed. 

Next,  let  A  B  C  D  E,  a  6  cde  be  the 
two  bases  of  the  frustum  of  any  pyra- 
mid, having  the  vertex  V.  v 
Then,  if  the  planes  VAC,  ^ 
VAD  be  drawn  cutting 
the  bases  in  the  straight 
lines  AC,  ac,  AD,  ad, 
the  frustum  in  question 
will  be  divided  into  frus- 
tums of  triangular  pyra- 
mids. And  each  of  these, 
by  what  has  been  already 
demonstrated,  is  equal  to  the  sum  'of 
three  pyramids,  having  the  same  alti- 
tude with  the  frustum,  and  for  their 
bases  respectively,  the  two  bases  of 
the  frustum  and  a  mean  proportional 
between  them.  Therefore,  their  sum, 
that  is,  the  frustum  in  question,  is 
equal  to  three  pyramids  having  the 
same  altitude,  and  for  their  bases  the 
sum  of  the  lower  bases,  the  sum  of 
the  upper  bases,  and  the  sum  of  the 
means  respectively.  Now,  the  two 
former  sums  are  the  bases  A  B  C  D  E, 
abcde.  And  the  sum  of  the  means  is  a 
mean  between  the  bases  ABCDE, 
abcde;  for,  the  triangles  ABC,  ACD, 
&C.  having  to  the  triangles  a  be,  acd, 
&c.  the  same  ratio,  each  to  each,  viz. 
that  of  V  A«  to  f?  a«  (II.  42.  and  II.  32.) 
must  have  the  same  ratio  idso  to  their 
respective  means  (II.  27.  Cor.  3.  and 


note*) ;  wherefore  the  sum  of  the  for- 
mer, that  is,  the  base  ABCDE,  has 
to  the  sum  of  the  means  the  same 
ratio  (11.23.  Cor.  1.),  viz.  the  subdu- 
plicate  ratio  of  ABC  to  a  be,  or  of 
ABCDE  to  abede;  and  accord- 
ingly (II.  def.  11.)  the  sum  of  the 
means  is  a  mean  proportional  between 
ABCDE  and  abede.  Therefore,  in 
this  case  also,  the  frustum  in  question  is 
equal  to  the  sum  of  three  pyramids, 
having  the  same  altitude  with  it,  and  for 
their  bases  its  two  bases,  and  a  mean 
proportional  between  them. 
Therefore,  &c. 

Prop.  34.    (Euc.  xii.  8.  and  8  Cor.) 

Similar  pyramids  are  to  one  another 
in  the  triplieate  ratio  of  their  homoh- 
gous  edges. 

In  the  first  place,  let  ABCD  and 
abed  be  two  similar  triangular  pyra- 
mids, and  let  the  edges  B  C,  6  c  be  ho- 
mologous :  the  pyramid  ABCD  shall 


have  to  the  pyramid  abed  ihe  triplicate 
ratio  of  that  which  B  C  has  to  b  c. 

Because  the  faces  of  the  two  pyramids 
are  similar  triangles,  it  is  evident  that 

•  If  a  magnitode  A  be  the  first  of  three  propor- 
tionals A.  B,  C,  and  if  the  same  A  be  the  first  also  of 
three  other  proportionals  A, 6,  c,  then  if  B  berreater 
than  6,  C  shall  likewise  be  greater  than  e.  For  C  i« 
to  c  in  the  ratio  which  is  componnded  of  the  ratios 
of  C  to  B,  B  to  b,  md  h  to  c,  that  is,  (beeaase  the  firvt 
of  these  ratios  is  the  same  with  that  of  B  to  A,  and 
the  last  the  same  with  that  of  A  to  ftO  in  the  ratio 
which  is  compounded  of  the  ratios  of  B  to  A,  A  to  &. 
and  B  to  b,  or  in  the  duplicate  ratio  of  B  to  h.  Where- 
fore because  B  is  greater  thaa  6,  C  is  likewise  gteater 
than  e. 

Hence  it  follows,  that  if  A,B,  C  be  proportionals,  sad 
if  A',  B',C' be  likewise  proportionals,  and  if  A'  ha« 
a  greater  ratio  to  B'  than  A  to  B,  A'  shaU  also  hare 
a  greater  ratio  to  C  than  A  to  C.  For,  if  ft  be  uken 
such  that  A'  may  have  to  6  the  same  ratio  as  A  to 
B,  h  will  be  greater  than  B'  (II.  ll.Cor.  3.) ;  where- 
fore, if  c  be  taken  such  that  A',  6,  e  mar  be  propor- 
tionals, e  will  likewise  be  greater  than  &;  and  there- 
fore A' will  have  to  C  a  greater  ratio  than  it  has  to 
e.  But  A'  has  to  c  the  same  ratio  as  A  to  C  (II.  S4.). 
Therefore  A'  has  to  C  a  greater  ratio  than  A  to  C. 

And  hence  it  is  erident,  that  if  any  three  magni- 
tudes A,  B,  C  be  pToportionaUy  and  likewise  amg  ^her 
three,  AT,  B',  C,  and  if  A  is  to  C  as  A.'  to  C,  A  is  to  B 
as  A*  t't  B';  for  if  A  has  not  to  B  the  same  ratio  a« 
A'  to  B',  then  neither  can  A  hare  to  C  the  same  ratio 
as  A'  to  C  This  Ust  is  the  theorem  demanded  in  the 
text :  and  is  evidently  the  converge  of  II.  87.  Cor.  3., 
from  which  alone,  however,  it  majr  be  oonsidered  as 
sufficiently  apparent. 
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their  corresponding'  edges  are  to  one  an- 
other in  the  same  ratio,  so  that  A  6  is 
to  a6  as  B  C  to  6c,  and  as  B  D  to  6dL 
And,  because  the  plane  and  dihedral 
angles  of  the  solid  angle  B  are  sevendly 
equal  in  order  to  the  plane  and  dihedru 
angles  of  the  solid  angle  b,  these  solid 
angles  may  be  made  to  coincide.  There- 
fore (27  Cor,  1.)  the  parallelopipeds, 
which  have  the  edges  B  A,  B  C,  B  D, 
and  ba,bc,bd,  are  to  one  another  in 
the  ratio  which  is  compounded  of  the 
rat  ios  of  B  A  to  6  a,  B  C  to  6  c,  and  B  D 
to  bd,  that  is,  since  these  ratios  are 
equal  to  one  another,  the  triplicate  ratio 
(II.  27.  Cor.  2.)  of  that  which  B  C  has 
to  be.  But  the  pyramids  ABCD, 
abed  are  (31.  Cor.)  the  sixth  parts  of 
these  parallelopipeds,  each  of  each,  and 
therefore  have  to  one  another  (II.  17.) 
the  same  ratio  with  the  parallelopipeds. 
Therefore,  the  pyramid  ABCD  has  to 
the  pyramid  abed  the  triplicate  ratio 
of  that  which  B  C  has  to  6  c. 

Otherwise: 
Take  B  E  (II.  52.),  a  third  proportional 
to  BC.  be;  and,  a^ain,  BF  a  third 
proportional  to  be,  BE;  so  that  B  C 
may  have  to  B  F  the  triplicate  ratio  of 
that  which  it  has  to  6e(IL  def.  11.): 
join  D  E,  D  F,  A  F ;  and,  from  A,  a,  let 
AP,  ap  be  drawn  perpendicular  to  the 
bases  BCD,  6 ca  of  the  pyramids, 
each  to  each.  Then,  because  the  solid 
angles  B,  b  may  be  made  to  coincide, 
and  that  in  this  case  (5.  Cor.)  the  tri- 
angles AB  P,*  abpyf'iW  be  in  the  same 
plane,  and  on  account  of  the  parallelism 
of  AP,  ap  (5.)  will  be  equiangular 
(I.  15.),  A  P  is  to  ap  (II.  31.)  as  A  B  to 
a  6,  or  as  B  C  to  6c.  Attain,  because, 
in  the  triangles  D  B  C,  (^6  c,  D  B  is  to 
i/6  as  B  C  to  6  c ;  that  is,  as  6  c  to  B  E ; 
the  triangles  D  B  E,  cf  6  c  are  equal  to 
one  another  (IT.  41.)  But  D  B  E  is  to 
DBF  (II.  39.)  as  BE  to  BF;  that 
is,  as  B  C  to  6c.  Therefore,  dbc  is  to 
DBFas  BCto  6c.  ButBC  is  to  6c 
asAP  to  ap;  therefore,  dbe  is  to 
D  B  P  as  A  P  to  ap,  and  consequently 
(II.  11.  Cor.  2.)  the  ratio,  which  is  com-  " 
pounded  of  the  ratios  of  rf6c  to  D  B  F, 
and  ap  to  AP  is  a  ratio  of  equality. 
But  the  pyramid  abed  is  to  the  pyra- 
mid A  B  F  D  in  a  ratio  which  is  com- 
pounded of  the  ratios  of  dbc  to  D  B  F, 
and  ap  to  A  P  (32.  Cor.  2.) ;  therefore, 
the  pmmid  A  B  F  D  is  equal  to  the  py- 
ramid a  6  cd.  Now,  the  pyramid  AB 
C  D  is  to  the  pyramid  A  B  FD,  as  the 

•  Thm  linet  B  P,  bp  are  omitted  in  Om  figure. 


base  D  B  C  to  the  base  DBF  (32.  Cor. 
2.);  that  is,  as  BC  to  BF  (11.39.), 
or  in  the  triplicate  ratio  of  B  (3  to  60. 
Therefore,  the  pyramid  ABCD  is  to 
the  pyramid  a  6  c  g?  in  the  triplicate  ratio 
of  that  which  B  C  has  to  6  c* 

The  proposition  is  therefore  demon- 
strated with  regard  to  triangular  pyra- 
mids. 

Next,  let  VABCDE,  vab^cdehe 
V 


any  two  similar  pyramids,  and  let  B  C, 
6  c  be  homologous  edges :  the  pyramid 
VABCDE  shall  be  to  the  pyramid 
vabede  in  the  triplicate  ratio  "of  that 
which  BC  has  to  6c. 

Because  the  plane  and  dihedral  angles 
of  the  solid  angle  V  are  severally  equal 
to  the  plane  and  dihedral  angles  of  the 
solid  angle  v,  these  solid  angles  may  be 
made  to  coincide ;  and,  if  this  be  done, 
the  bases  ABCDE,  abcde  will  be 
parallel  (15.).  because  the  faces  VAB 
and  vab,  V  B  C  and  vbc,  &c.  being 
similar,  their  sides  AB  and  a6,  BC 
and  6  c,  &c.  will  be  parallel  (1.  15.). 
Hence  it  appears  that  the  planes  VAC 
and  rac,V  AD  and  t?  a  a  make  equal 
angles  with  the  adjoining  faces  of 
the  pyramids;  and  that  the  triangles 
VAC  and  r  a c,  as  also  VA  D  and  vad, 
are  similar.  And  it  is  easy  to  show 
that  the  triangles  ABC,  ACD,  ADE 
are  respectively  similar  to  the  triangles 
a6c,  aed,  ade  (11.32.).  Therefore, 
the  pyramids  in  question  are  divided  by 
those  planes  into  similar  trianeular  py- 
ramids VABC  and  ra6c,  VA(JD 
and  vacd,  VADE  and  vade  (def  10.). 
And,  since  the  homologous  edges  of 
these  pyramids,  B C  and  be,  CD  and 
cef,  D  £  and  de,BTe  to  one  another  in 
the  same  ratio ;  and,  by  what  has  been 

*  These  demonstrationt  are  teKpectiveljr  analogona 
to  those  pven  of  II.  4S.  in  page 60.  The  seeood,  it  is 
obvioas,  admits  of  considerable  abridgment,  by  refer- 
ence to  32.  Cor.  S. ;  for,  since  the  pyramids  are  to 
one  another  in  the  ratio  which  is  compounded  of  the 
ratios  cf  their  bases  and  altitudes;  and  that  the  bases 
are  to  one  another  in  the  dunlicate  ratio  of  two  homo- 
logons  edges  (It.  4S.),  and  the  altitudes  hare  to  one 
another  the  same  ratio  with  those  cdge^,  it  follows 
that  the  pyramids  are  to  one  another  in  the  triplicate 
ratio  of  their  homologpos  edges.  And  in  this  form 
the  demonstration  applies  equallr  to  the  general  case 
ia  which  the  bases  are  simUar  polygons. 
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already  demonstrated,  the  pyramids  to 
one  another  in  the  triplicate  ratios  of 
their  homologous  edges,  that  is  likewise 
(II.  27.  Cor.  3.)  in  the  same  ratio ;  the 
whole  pyramid  V  A  B  C  D  E  is  (II.  23. 
Cor.  1 .)  to  the  whole  pyramid v abode 
in  the  latter  ratio,  t.  e.  in  the  triplicate 
ratio  of  that  which  B  C  has  to  b  c. 

Therefore,  &c. 

Cor,  Since  the  triplicate  ratio  of  two 
straight  lines  is  the  same  with  the  ratio 
of  their  cubes  (27.  Cor,  2.),  similar  py- 
ramids are  to  one  another  as  the  cubes 
of  their  homologous  edges. 

Prop.  35. 

Similar  polyhedrons  are  to  one  anO" 
ther  in  the  triplicate  ratio  of  their  ho- 
mologous  edges* 

Let  A  C  (i,  a  eg'  be  two  similar  poly- 
hedrons, and  let  B  C,  be  be  any  two 


homologous  edges:  the  polyhedron 
A  C  G  shall  be  to  the  polyhedron  a  eg 
in  the  triplicate  ratio  of  that  which 
BC  has  to  6c. 

In  the  first  place,  it  is  evident  that 
the  corresponding  edges  of  the  polyhe- 
drons are  to  one  another  each  to  each  in 
the  same  ratio,  because  they  are  homo- 
logous sides  of  the  similar  faces  of  the 
polyhedrons.  Let  the  polyhedrons  be 
so  placed  as  to  have  two  corresponding 
edges  A  B,  ab  parallel  to  one  ano- 
ther, and  two  corres|)onding  faces 
ABCD,  abed  ac^oining  to  those 
edges  likewise  parallel  Then,  be- 
cause the  angles  ABC,  abc  are 
equal  to  one  another,  BC  is  likewise 
parallel  to  6  c  (15.);  and  for  the  like 
reason  C  D,  D  A  are  parallel  to  cd^  da 
respectively.  Again,  since  AB  is  pa- 
rallel to  a  6,  a  plane  may  be  made  to 
pass  through  A  B  parallel  to  the  plane 
abhg  (15.),  and  that  plane  is  no  other 
than  ABHG,  because  the  dihedral  an- 

§les  at  A  B  and  a  b  are  equal  of  one  ano- 
ier(l7.ScAo/tMm,3.andll.Cor.l.);and 
for  the  like  reason  the  other  similar  faces 
of  the  two  polyhedrons  lie  in  parallel 
planes.  Therefore,  also,  any  two  cor- 
responding edges  being  the  common 
sections  of  such  planes,  are  parallel 
(12.  Cor.). 

Join  A  C  and  ac,  A  H  and  a  A,  A  K 
and  aA,  AL  and  al\  that  is,  join  the 


points  A,  0,  with  all  the  angular  points 
of  their  respective  figures,  to  whien  they 
are  not  au-eady  joined  by  the  edges 
terminating  in  A,  a.  Then,  because 
the  triangles 'A  B  C,  abc^  are  similar 
(II.  32.)  the  angles  BAC,  6a c  are  equal 
to  one  another  ;  but  the  planes  BAC, 
bac  are  parallel,  and  AB  is  parallel  to 
ab;  therefore,  also  (15.), AC  is  parallel 
to  ac:  and,  for  the  like  reason,  AH  is 
parallel  to  a  A.  Again,  because  A  F  and 
F  K  are  parallel  respectively,  and  in  the 
same  ratio,  to  af  and/A,  the  triangles 
AFK,  afk  are  similar  (15.  and  II.  32.X 
and  their  planes  parallel ;  wherefore,  as 
before,  AK  is  parallel  to  a  A  ;  and  for  the 
like  reason  the  triangles  AD  L,  a e^/  are 
similar  and  in  parallel  planes,  and  A  L 
is  parallel  to  al.  And  because  the  tri- 
angles A  C  L,  ac/  have  the  three  sides 
of  the  one  parallel  to  the  three  sides  of 
the  other,  each  to  each,  they  are  equi- 
angular (15.),  and  lie  in  parallel  planes: 
the  same  also  may  be  said  of  the  tnang^ 
AKL,aA;,  andAHK,aAA. 

Therefore,  the  p^amids  into  which 
the  solid  A  C  G  is  divided  by  the  planes 
ACL,  ADL,AFK,  AHK,  AKL  are  simi- 
lar to  the  pyramids  into  which  the  solid 
acevi  divided  by  the  planes  acltodl^ 
a/k,  ahk,  akl,  each  to  each:  for  it 
has  been  shown  that  the  faces  In  these 
planes  are  similar,  each  to  each,  and 
their  other  faces  are  similar,  because 
ihey  are  similar  faces,  or  similar  parts 
of  similar  faces,  of  the  polyhedrons ;  also 
the  dihedral  angles  made  by  any  two 
similar  and  adjoining  faces  are  equal 
(17.  Scholium,  3.),  because  their  planes 
are  parallel.  And  the  former  pyramids 
are  to  the  latter  (34.)  in  the  triplicate 
ratios  of  their  homologous  edjges,  each 
to  each ;  that  is,  in  the  triplicate  ratk) 
of  B  C  to  be,  because  their  edges  have 
to  one  another  the  common  ratio  of 
B  C  to  be  Therefore,  also,  the  sum 
of  the  former  pyramids,  that  is,  the  po- 
lyhedron AC  (J,  is  (II.  23.  Cor,  1.)  to 
the  sum  of  the  latter,'  that  is,  to  the 
polyhedron  a  eg,  in  the  same  ratio,  viz., 
the  triplicate  ratio  of  B  C  to  6  c. 

Therefore,  &c. 

Cor.  Similar  polyhedrons  are  to  one 
another  as  the  cubes  of  their  homolo- 
gous edges  (27.  Cor.  2.). 

Section  A.^^Ptoblems. 

In  the  following  problems  it  is  as- 
sumed that  a  sphere  may  be  described 
from  any  centre,  and  at  any  distance 
ro  m  that  eentre :  also»  a  plane  ia  consi- 
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dered  to  be  drawn,  when  two  straight 
lines  are  drawn  which  lie  in  that  plane. 

Prop.  36.  Prob  1. 

To  draw  a  straight  line  perpendicu^ 
lar  to  a  given  plane  A  B,/fom  a  given 
point  C  without  it 

From  C,  to  the  plane,  draw  any 
straight  line  C  D ;  from  the  centre  C, 


with  the  radius  C  D,  describe  a  sphere 
D  E  F.  If  this  sphere  touch  the  plane 
in  D,  C  D  is  tbe  perpendicular  required 
(8.  Cor.) ;  if  not,  take  K,  the  centre  of 
the  circle  D  G  H  in  which  it  cuts  the 
plane,  and  join  CK;  CK  will  be  the 
perpendicular  required  (8.  Cor,), 

Therefore,  See. 

Another  method  has  been  seen  in 
prop.  7. 

Prop.  37.  Prob.  2. 

To  draw  a  straight  line  perpendicular 
to  a  given  plane  AB,/rom  agiven  point 
C  in  the  same. 

From  the  centre  C,  with  any  radius 
CD,  describe,   in 
the  plane  AB,  the 
circle  DBF.     In 
the  circumference 
of  this  circle,  take 
any    three    points  ^ 
D,  E,  F ;  and  join  a" 
CD,  CE,  CF. 

Now,  let  C  G  be  the  perpendicular 
required.  From  the  centre  D,  with 
any  radius  greater  than  D  C,  describe 
a  sphere,  and  let  its  surface  cut  the 
perpendicular  C  G  in  G ;  and  join 
6D,  GE,  GF.  Then,  because  GE 
and  GP  are  each  of  them  equal  to 
G  D  (8.)»  if  spheres  be  described  from 
the  points  E  and  F,  each  with  a  radius 
eqnai  to  D  G,  their  surfaces  will  like- 
wise each  of  them  pass  through  the 
point  G.  And  G  is  the  only  point  on 
that  side  of  the  plane  A  B,  which  is 
found  at  the  same  time  in  the  surface  of 
etch  of  the  three  spheres.    For,  every 

Ct,  as  G,  which  is  at  equal  distances 
i  the  three  points  D,E,F,  must  lie 
in  the  perpendicular  which  passes 
through  the  centre  of  the  circle  D  E  F, 
because  (1. 7.)  the  angles  G  C  D,  G  C  E. 
do F  are  equal  to  one  another,  and 


are  therefore  (9.  Cor.)  right  angles; 
and  every  other  point  of  the  perpendi- 
cular on  the  same  side  of  A  B  is  at  a 
greater  or  a  less  distance  from  D  than 
G  is  (1. 12.  Cor.  2.).  Reversely,  therefore, 
from  the  centres  D,  £,  F,  with  any  the 
same  radius  greater  than  D  C,  describe 
three  spheres,  and  let  G  be  the  point 
common  to  the  surfaces  of  these 
spheres;  join  CG;  CG  will  be  the 
perpendicular  required. 

ITierefore,  &c. 

Another  method  has  been  seen  in 
prop.  7, 

Cor.  It  appears  from  the  demonstra* 
tion,  that,  it  a  point  be  equally  distant 
from  the  three  angles  of  a  triangle,  it 
must  lie  in  a  perpendicular  to  the  plane 
of  the  triangle,  which  passes  through 
the  centre  oi  the  circumscribing  circle. 

Scholium, 
Had  the  intersection  of  the  spherical 
surfaces,  in  this  problem,  been  consi- 
dered at  a  greater  length,  the  analogy  of 
the  construction  to  that  employed  in  the 
first  method  of  Book  i.  prop.  44,  might 
have  been  lost  sight  of  in  the  detail. 
The  subject  is,  however,  of  sufficient  in< 
terest  to  merit  the  attention  of  the  stu- 
dent ;  and,  as  it  has  not  hitherto  found 
a  place  in  this  treatise,  the  present  is* 

Serhaps,  the  most  proper  for  its  eonsi- 
eration. 
1.  Two  spheres  will,  1^,  cut  one  ano^ 
ther,  or  2^,  touch  one  another,  or  3°» 


one  of  them  fall  wholly  without  the 
other,  according  as  the  distance  be- 
tween their  centres  is,  1^,  less  than  the 
sum,  and  greater  than  the  difference 
of  thebr  rcdii,  or,  2^,  equal  to  the 
sum,  or  to  the  difference  of  their  ra- 
dii, or,  3°,  greater  than  the  sum,  or  less 
than  the  difference  of  their  radii. 
This  is  easily  inferred  from  what  has 
been  aJready  demonstrated  with  regard 
to  the  intersection  of  circles  j  for  it 
is  evident  that  the  sections  of  two 
spheres,  made  by  a  plane  passing 
through  their  centre  And  through  any 
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point  which  is  supposed  to  be  common 
to  the  two  surfaces,  will  be  circles  hav- 
ing? the  same  radii  and  centres  with  the 
spheres  respectively. 

2.  If  two  spheres  cut  one  another, 
they  shall  cut  one  another  in  a  circle, 
the  plane  of  which  is  perpendicular  to 
the  line  joining  their  centres,  and  its 
centre  in  that  line. 

Let  C,  c  be  the  centres  of  two  spheres, 
and  P,  Q  any  two  points  common  to 
the  surfaces  of  both ;  join  C  P,  P  c,  C  Q, 
Q  c,  and  C  c ;  draw  P  O  perpendicular 
to  Cc;  and  join  OQ.  Then,  because 
the  triangles  C  Pc,  C  Q  c  have  the  three 
sides  of  the  one  equal  to  the  three  sides 


of  the  other,  each  to  each,  the  angle 
P  C  O  is  equal  (1. 7.)  to  the  angle  Q  C  O. 
And  because  the  triangles  P  C  O.  Q  C  O 
have  two  sides  PC,  CO  of  the  one  equal 
to  two  sides  Q  C,  C  O  of  the  other,  each 
to  each,  and  the  included  angles  equal  to 
one  another ;  the  remaining  sides  P  O, 
Q  O  are  equal  to  one  another,  and  the 
an^le  Q  O  C  is  equal  to  P  O  C,  that  is,  to 
a  right  angle.  Therefore,  the  point  Q  is 
in  the  circumference  of  a  circle  which  is 
described  from  the  centre  O,  with  the 
radius  OP,  in  a  plane  (3.  Cor,  1.) 
perpendicular  to  CO  or  Cc.  And  the 
same  may  be  shewn  of  every  other 
point  Q  in  the  common  section  of  the 
two  spheres.  Therefore  that  common 
section  is  a  circle,  the  plane  of  which  is 
perpendicular  to  the  line  Cc,  and  its 
centre  in  that  line,  as  above  stated. 
In  fact,  if  the  plane  P  C  c  cut  the  spheres 
in  the  circles  APp  and  apP,  and  if  it 
be  made  to  revolve  about  the  line  C  c, 
the  circles  A  Pf?,  ap  P  will  generate  the 
two  spheres  (def.  21.),  and  the  line  OP 
(3.  Cor,  2.)  the  chcle  of  intersection. 

3.  If  three  spheres  be  described,  whose 
centres  A,  B,  C  do  not  lie  in  the  same 
straight  line,  the  surfaces  of  the  three 
cannot  have  more  than  two  points  in 
common,  which  points  (if  there  be  any 
such)  lie  in  a  straight  line  perpendi- 
cular to  the  plane  of  the  centres,  and 
at  equal  distances  on  either  side  of  that 
plane. 

From  the  points  A,  B,  with  the  radii  of 
the  spheres  described  from  A,  B,  re- 
spectively,  in   the    plane  ABC,   de- 


scribe two  circles,  and  let  them  cut 
one  another  in  P;  and  from  P  draw 
P  M  perpendicular  to  A  B :  then  M  is 
the  centre,  and  M  P  the  radius,  of  the 
circle  (dotted  in  the  figure)  in  which  the 
spheres,  whose  centres  are  A  and  B,  cut 
one  another.    In  like  manner  draw  the 


line  Q  N,  so  that  N  may  be  the  centre, 
and  N  Q  the  radius,  of  the  circle  (dotted 
in  the  figure)  in  which  the  spheres,  whose 
centres  are  A  and  C,  cut  one  another. 
Then,  it  is  evident  that  the  only  points, 
common  to  the  surfaces  of  the  three 
spheres,  are  those  which  are  common  to 
the  circumferences  of  these  two  circles. 
Let  P  M,  Q  N  be  produced  to  meet  one 
another  in  the  point  O ;  and  let  the  planes 
of  the  circles  cut  one  another  in  the  line 
Vv,  which  passes  through  O,  and  is 
perpendicular  to  the  plane  ABC  (18. 
Cor,  2.),  because  the  planes  of  the  cir- 
cles, being  perpendicular  to  the  lines 
AB,  AC  respectively,  are  perpendicular, 
each,  to  the  plane  ABC,  wmch  P&sses 
through  each  of  those  lines  (18.)-  Then, 
if  M  P  be  greater  than  MO,  the  circle, 
which  has  the  centre  M  and  the  radius 
M  P,  will  cut  the  hue  V  r  in  two  points 
V,  t?,  which  are  equally  distant  from  the 
point  O  (1. 12.).  Join  V  N,  t?  N.  Then, 
because  A  N  is  at  right  angles  to  the 
plane  Q  N  V,  the  angles  A  N  V,  A  N  c 
are  right  angles.  And,  because  V,  v  are 
points  in  the  surface  of  the  sphere  which 
has  the  centre  A  and  radius  AP  or 
AQ,  A  V  and 'At?  are,  each  of  them, 
equal  to  A  Q.  Therefore,  because  the 
right-angled  (3.)  triangles  A  N  V,  A  N  o 
have  their  hypotenuses  AV,  Ar,  and 
sides  A  N  equal  respectively  to  the 
hypotenuse  A(^  and  aide  AN  of  the 
right-angled  triangle  A  N  Q,  their 
other  sides  N  V,  N  t?  are  equal  each 
to  N  Q  (I.  13.) ;  and,  consemiently, 
the  circle  which  has  the  centre  N  and 
the  radius  N  (^  also  passes  through  the 
same  two  points  V,t;.  But,  the  cir- 
cumferences of  the  two  circles  do  not 
meet  one  another  in  any  other  point; 
for  they  can  meet  only  in  the  line  V  o, 
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in  which  their  planes  cut  one  another. 
Therefore  the  points  V,  v,  which  are  in 
a  perpendicular  to  the  plane  ABC,  and 
at  equal  distances  on  either  side  of  that 
plane,  and  none  else,  are  common  to  the 
surfaces  of  the  three  spheres ;  as  above 
stated. 

If  the  point  V  coincide  with  O,  the 
point  V  will  likewise  coincide  with  it; 
and  in  this  case  the  three  spherical  sur- 
faces will  have  only  one  point  common 
to  them,  viz.  the  point  0,  which  is  in  the 
plane  of  the  three  centres  A,  B,  C. 

If  the  centres  of  three  spheres  lie  in 
the  same  straight  line,  their  circles  of 
intersection  (if  there  are  any)  cannot 
meet  one  another,  because  their  planes 
are  perpendicular  to  this  straight  line, 
and  therefore  (11.)  parallel;  and  ac- 
cordingly the  surfaces  can  have  no 
point  in  common ;  unless  each  of  them 
passes  through  the  same  point  of  the 
straight  line  in  which  the  centres  lie, 
for  then  each  of  them  will  touch  the 
other  two  in  that  point. 

Prop.  38.    Prob.  3. 

Through  a  given  point  C,  to  draw  a 
planey  which  shall  be  perpendicular  to  a 
given  straight  line  A  B. 

If  the  point  C  lies 
in  the  straight  line 
A  B,  from  C  draw 
any  straight  line  C  D 
perpendicular  to 
AB  (1. 44.):  through 
AB  draw  any  plane 
not  coinciding  with 
the  plane  A  CD, 
and  draw  C  £  in  that  plane  perpendi- 
cular to  AB  (I.  44.):  then  the  plane 
D  C  E  (3.)  is  the  plane  required. 

But  if  C  do  not  lie  in  AB,  draw 
C  D  perpendicular 
to  AB  (I.  45.): 
through  A  B  draw 
any  plane  not  co- 
incnding  with  the 
plane  ADC,  and 
draw  DE  in  that 

I^lane   perpendicu- 
artoAB  (1.44.): 
then  the  plane  ODE  is  the  plane  re- 
quired. 
Therefore,  &c. 


Prop.  39.    Prob.  4. 

Through  a  given  point  A  in  a  given 
pl<me  B  C,  to  draw  a  straight  line,  which 
shall  lie  in  the  plane  B  C,  and  be  at 
right  angles  to  a  given  straight  line 
AD,  whxch  cuts  the  plane  in  thai  point. 


ThrouGfhAdrawa 
planeGH  (38.)  per- 
pendicular to  A  D, 
and  let  it  cut  the 
given  plane  B  C  in  ..- 
the  line  AE:  AE  ^ 
will  be  the  straight  line  required.    For, 
A  D,  being  perpendicular  to  the  plane 
GH,  is  perpendicular  to  the  line  A  E, 
which  meets  it  in  that  plane  (def.  1.). 
Otherwise  : 

From  any  point  D  in  AD  draw  D  F 
perpendicular  to  the  plane  BC  (36.); 
join  A  F;  and,  in  the  plane  B  C,  draw 
A  E  perpendicular  to  A  F ;  then  A  E  (4.) 
will  be  the  line  required. 

Therefore,  &c. 

Prop.  40.    Prob.  5. 

Through  a  given  point  A  in  a  given 
plane  B  C,  to  draw  a  straight  line,  which 
shall  lie  in  thai  plane,  and  be  parallel 
to  another  given  plane  D  E. 

If    the    planes       ^ 

B  C.  D  E  are  pa-        7 7 

rallel ;   then    any       /  /ja 

straight  line  which   f4- f<^  - 

is  drawn  through 

the  point  A  in  the 

plane  B  C  will  be  parallel  to  the  plane 

D  E  (def.  6.  and  def.  3.). 

If  the  planes  are  not  parallel,  let  them 
be  produced  to  cut  one  another  in  the 
straight  line  FG.  and  through  A  draw 
AH  parallel  to  FG  (1.48.):  AH  will 
be  the  line  required  (10.). 

Therefore,  &c. 

Cor.  In  the  same  manner  a  straight 
line  may  be  drawn  through  a  given 
point,  which  shall  be  parallel  to  each 
of  two  given  planes ;  viz.,  by  producing 
the  planes  to  cut  one  another,  and  draw- 
ing the  required  straight  line  parallel  to 
their  common  section. 

Prop.  41.    Prob.  6. 
Through  a  given  straight  line  AB, 
to  draw  a  plane,  which  shall  be  perpen- 
dicular to  a  fiiven  plane  C  D. 

If  the  straight 
line  AB    is    per- 
pendicular to  the 
plane    CD,    then         a< 
plane  which 


1^^^ 


:^H 


any  plane  which        r- 
passes  through  AB      / 

will  be  perpendi-   Z 

cular  to  the  plane  ^ 
CD  (18.). 

But,  if  A  B  be  not  perpendicular  to 
C  D,  from  any  point  A  m  A  B  draw  A  E 
perpendicular  to  CD  (36.  or  37.) ;  and  the 
plane  B  A  E  will  be  the  plane  required." 

Therefore,  8cc. 
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Prop.  42.    Prob.  7. 


Prop.  45.    Prob.  10. 


Through  a  given  point  A  to  draw  a 
plane  which  nhall  be  perpendicular  to 
each  of  two  given  planes  6  C,  D  E. 

If  the  given  planes  are  parallel,  from 
A  draw  (36.)  a  straight  line  perpendi- 
cular to  either  of  them ;  and  any  plane 
passing  through  this  straight  line  will  be 
perpendicular  to  each  of  the  given  planes 
(11.  and  18.) 

If  the  planes  are  not  parallel,  let  them 
be  produced  to  b 
meet  one  another  r  -^ 
in  the  straight  line  rUl^ 
FG.  and  tru-ough  - 
A  draw  the  plane 
HK  perpendicu- 
lar to  F  G  (38.) :  H  K  will  be  the  plane 
required  (18.).  Or,  in  this  case,  draw 
from  the  point  A  perpendiculars  to  the 
two  planes  (36.) ;  and  the  plane  of  these 
perpendiculars  will  be  the  plane  re- 
quired (18.). 

Therefore,  &c. 

Prop.  43.    Prob.  8. 

Through  a  ffiven  point  A,  to  draw  a 
plane,  which  shall  be  parallel  to  a  given 
plane  B  C. 

From  A  draw  the  straight  line  A  D 
perpendicular  to  the 
plane  BC  (36.);  and 
through  A  draw  the 
plane  E  F  (38.)  per- 
pendicular to  the 
straight  line  A  I): 
the  plane  E  F  is  the  plane  required  (11.). 

Otherwise: 

In  the  given  plane  B  C,  draw  any  two 
straight  lines  cutting  one  another ;  and, 
through  the  given  pomt  A,  draw  paraUels 
to  them  respectively :  the  plane  of  these 
parallels  will  be  the  plane  required  (15.). 

Therefore,  &c. 

Prop.  44.   Prob.  9. 

Through  a  given  straight  line  A  B, 
to  draw  aplane,  which  shall  be  parallel 
to  a  second  given  straight  line  C  D. 

If  A  B  is  oarallel  to  C  D,  then  any 
plane  (10.)  which  passes  through  AB, 
and  does  not  pass  through  C  D,  is  pa- 
rallel to  C  D. 

But,  if  A B  is  not  parallel  to  CD, 
thiough  any  point  A  of  A B  draw  the 

straight    line  A  E jj 

parallel     to     CD      /'      ,^--^7' 

(1.48.):   the  plane  ,C^— { 

BAE  is  the  plane       

required  (10.).  ^  ® 

Therefore,  &o. 


To  find  the  shortest  distance  between 
two  given  straight  lines,  A  B  and  C  D, 
which  do  not  he  in  the  same  plane. 

Through  A  B  draw  the  plane  E  F,  pa- 
rallel to  the  line  CD  (44.)  ;  and  through 
the  same  A  B  draw  the  plane  G  H,  per- 
pendicular to  the  plane  E  F  (41.). 
Then,  because  the  straight  line  C  D  is 
parallel  to  the  plane  E  F,  which  cuts  the 
plane  GH  in  the  line  A  B,  it  cuts,  or 
may  be  produced  to  cut,  the  plane  GrH 
in  some  point  L.  From  L,  draw  L  K 
perpendicular  to  A  B :  K  L  shall  be  the 
shortest  distance  required. 

For,  the  plane  G  H,  being  perpendicu- 
lar to  the  plane  E  F.  the  straight  line 
K  L,  which  is  drawn  in  the  former  plane, 
at  right  angles  to  the  common  section 
A  B,  must  be  perpendicular  to  the  plane 
EF  (18.),  and  therefore  (10.  and  I.  14.) 
to  the  line  C  D,  which  is  parallel  to  the 
plane  EF.  Now,  because  the  Ime 
AB  lies  in  the  plane  EF,  CD  cannot 
be  nearer  to  A  B  than  it  is  to  the  plane 
E  F,  to  which  it  is  parallel.  But  be- 
cause K  L  is  perpendicular  to  the  plane 
E  F,  K  L  is  the  shortest  distance  of  C  D 
from  the  plane  E  F.  Therefore  K  L  is 
the  shortest  distance  between  the  straight 
lines  A B  and  CD. 

Otherwise : 
From  any  point  A  in  AB,  draw  A  C 
perpendicular  to  CD  (I.  45.):  from  C 


draw  CE  perpendicular  to  the  plane 
A  CD  (37.).  and  let  AB  cut  the  plane 
DCE  in  B:  complete  tiie  rectangle 
BDCE,  and  join  AE:  from  C  draw 
CF  perpendicular  to  AE  (I.  45.): 
through  F  draw  F  K  (I.  48.),  parallel  to 
B  E  or  CD.  to  meet  AB  in  K :  take  C  L 
equal  to  F  K,  and  join  K  L :  K  L  shall 
be  the  shortest  distance  required. 
For,  let  G  be  any  other  point  in  AB. 
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mnd  G  H  its  perpendicular  distance  from 
CD:  through  G  draw  G  M,  parallel  to 
B  E  or  D  C  (I.  48),  to  meet  AS  in  M, 
and  join  C  M.  Then,  because  G  M  and 
H  C  are  in  the  same  plane  (I.  def.  12.), 
6  H  and  M  C  are  likewise  in  the  same 
plane ;  and,  because  C  D  is  perpendicu- 
lar both  to  C  A  and  C  E,  it  is  perpen- 
dicular also  to  CM  and  CF  (3.) :  but,  CD 
is  likewise  perpendicular  to  G  H ;  there- 
fore (1. 14.)  C  M  is  parallel  to  H  G,  and 
the  quadrilateral  OG  is  a  rectangle. 
Again,  because  F  K,  C  L  are  parallel 
and  equal,  and  that  the  angle  F  C  L  is 
a  right  angle,  C  K  is  a  parallelogram 
(I.  21.)  and  a  rectangle.  Therefore 
(I.  22.)  6H  is  equal  to  C  M,  and  KL 
to  CF.  But  CF  (I.  12.  Cor.  3.)  is 
less  than  C  M,  because  C  F  is  perpendi- 
cular to  AE.  Therefore,  also,  K  L  is  less 
than  G  H.  And  in  the  same  manner  it 
may  be  shown  that  K  L  is  less  than  any 
other  distance  between  the  lines  AB, 
CD.  If  AB  do  not  meet  the  plane  DCE, 
that  is,  if  it  be  parallel  to  that  plane^ 
AC  is  the  shortest  distance  required. 

Therefore,  &c 

Cor.  1.  The  shortest  distance'  be- 
tween two  straif^ht  lines  is  a  straight 
line  which  is  at  ri^ht  angles  to  each  of 
them.  This  is  evident  from  each  of  the 
constructions  above  given.  Indeed,  if 
such  were  not  the  case,  it  could  not  be  the 
shortest  distance ;  for  a  perpendicular  to 
the  line  which  it  does  not  meet  at  ri^ht 
angles,  drawn  from  the  point  in  which 
it  meets  the  other»  would  be  shorter 
(I.  12.  Cor.  3.). 

The  problem  shows,  therefore,  how  to 
draw  a  straight  line,  which  shidl  be  at 
right  angles  to  each  of  two  given  straight 
lines  not  lying  in  the  same  plane. 

Cor.  2.  If,  in  the  second  construc- 
tion, the  perpendiculars  A  C  and  B  D  be 
given,  the  length  of  the  shortest  distance 
K  L  may  l)e  found ;  for  it  is  equal  to  the 
perpendicular  C  F,  which  is  drawn  from 
the  right  angle  to  the  hjrpotenuse  of  a 
right-angled  triangle  having  those  per- 
pendiculars for  the  two  sides. 

Prop.  46;  Prob.  11. 

To  bisect  a  given  dihedral  angle 
ABCD. 

Draw  from  any  the  same 
point  B  in  the  ed^e  B  C,  BA 
and  B  D  perpendicular  to  it 
(I.  44.)  in  the  planes  C  B  A 
and  C  B  D  respectively,  and 
bisect  the  angle  ABD  by  the 
straight  line  B  E  (1. 46.) :  the 
plane  EBC  will  bisect  the 
given  dihedral  imgle  AB  CD (1^). 


^ 


Therefore,  &c. 

Cor.  Any  point  in  the  bisecting  plane 
is  at  equal  distances  fi'om  the  planes  of 
the  dihedral  angle  A  B  C  D  (1.13)  ;  for  it 
may  easily  be  shown  that  these  distances 
are  the  sides  of  right-angled  triangles, 
which  have  a  common  hypotenuse  and 
the  angles  opposite  to  them  equal  to  one 
another. 

Prop.  47.  Prob.  12. 

To  circumscribe  a  sphere  about  a 
given  tetrahedron  or  triangular  pyra* 
mid  ABCD. 

Bisect  any  one  of  the  edges,  AB,  in 
E  ( 1. 43 . ) :  from  E,  in  the  adjoining  faces 

ABC,  ABD,  draw 
EF,  EG_perpendi- 
culartoAB  (1.44.): 
take  F,  G,  the  cen- 
tres of  the  circles 
circumscribing  the 
triangles  ABC, 
ABD  (III.  59.); 
and  therefore  in  the 
straight  lines  E  F, 
E  G  respectively :  from  the  points  F,  G, 
in  the  plane  FEG,  draw  FO,  GO. 
perpendicular  to  FE,  GE  (I.  44.) 
respectively,  and  meeting  one  another 
in  0,  and  join  OA :  the  sphere,  which  is 
described  from  the  centre  O,  with  the 
radius  O  A,  shall  pass  through  the 
points  B,  C,  D,  and  circumscribe  the 
tetrahedron. 

Join  O  B,  O  C,  CD.  Then,  because 
EF  and  EG  are  each  of  them  at 
right  angles  to  E  A,  the  plane  FEG 
is  perpendicular  to  E  A  (3.),  and  there- 
fore (18.)  to  each  of  the  planes  ABC, 

ABD,  which  pass  through  E A.  But 
O  F  and  O  G  are  perpendicular  to  the 
common  sections  F  E  and  G  E  respec- 
tively. Therefore  ( 1 8.)  O  F  and  O  G  are 
perpendicular  to  the  planes  AB  C  and 
ABD  respectively.  And  because  the 
points  A,  B,  C,  are  equidistant  from 
the  foot  of  the  perpendicular  0  F,  they 
are  likewise  equidistant  from  the  point 
O  in  the  perpendicular  (8.) ;  therefore 
O  B  and  O  C  are  each  of  them  equsd  to 
O  A.  And  for  the  like  reason  0  B  (as 
before)  and  O  D  are  each  of  them  equal 
to  O  A.  Therefore^  the  four  distances, 
O  A,  O  B»  O  C,  O  D,  are  equal  to  one 
another ;  and  the  sphere,  which  is  de- 
scribed from  the  centre  (3,  with  the  ra- 
dius O  A,  is  circumscribed  about  the 
tetrahedron  ABCD. 

Otherwise : 
Bisect  three  of  the  edges  at  right  an- 
gles by  planes  meeting  one  another  in 
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the  point  O  (38.) :  O  is  evidently  the  cen- 
tre of  a  sphere,  passing  through  the 
points  A,  B,  C,  D,  and  circumscribing 
the  pyramid. 
Therefore,  &c. 

Prop.  48.  Prob.  13. 

To  inscribe  a  sphere  in  a  ^ven  ietro' 
hedron  or  triangular  pyramid  AB  C  D. 

Bisect  the  dihedral  angles  at  the  edges 
BC.  CD,  DB  of  any  the  same  face,(46.) 
and  let  the  bisecting 
planes  meet  one  an- 
other in  the  point  O  : 
from  O  draw  OP,  OQ. 
OR,  OS, perpendicu- 
lar to  the  faces  BCD, 
ABC,  ABD,ACD,  re- 
spectively (36  ) :  the 
sphere,  which  is  de- 
scribed from  the  cen- 
tre O,  with  the  radius  O  P"  shall  pass 
through  the  points  Q,  R,  ^ ,  and  be 
inscribed  in  the  tetrahedron. 

For,  the  point  O  being  in  the  plane 
which  bisects  the  dihedral  angle  at  B  C, 
is  equidistant  (46.  Cor,)  from^the  planes 
A  B  C,  B  C  D,  that  is,  O  Q  is  eoual  to 
OP;  and,  for  the  like  reason,  OR  and" 
O  S  are  each  of  them  equal  to  O  P ; 
therefore,  the  four  distances,  O  P,  O  Q, 
O  R,  O  S,  are  equal  to  one  another:  and 
the  sphere,  which  is  described  from  the 
centre  O,  with  the  radius  0  P,  is  in- 
scribed in  the  tetrahedron  A  B  C  D. 

Therefore,  &c. 

Cor,  If  the  faces  and  altitude  A  L 
of  the  tetrahedron  be  given,  the  length 
of  the  radius  0  P  may  be  found.  Por, 
since  the  pyramid,  which  has  the  alti- 
tude A  L  and  the  base  BCD.  is  equal 
to  the  sum  of  four  pyramids  having  the 
common  altitude  O  P,  and  for  their 
bases  the  four  faces  of  the  first  pyra- 
mid ;  or,  which  is  the  same  thing,  to  a 
pyramid,  which  has  the  altitude  OP, 
and  a  base  ecjual  to  the  sum  of  those 
faces  (30.)  ;  it  may  easily  be  shown 
(32.  Cor.  2.  and  II.  10.  Cor.)  that  OP 
is  to  A  L  as  the  base  B  C  D  to  the  sum 
of  the  four  faces. 

Scholium. 
In  these  problems,  12.  and  13.,  it  is  as-, 
sumed  that,  three  planes  being  given,  a 
point  may  be  found  which  is  common  to 
the  three,  or  that,  any  three  planes  beine 
drawn,  there  is  some  point  through 
which  each  of  them  passes,  and  which 
may  be  called  \h^\T point  of  intersection. 
It  is  evident,  however,  that  if  the  com- 
mon section  of  two  of  the  planes  l)e 
parallel  to  the  third  plane  (in  which  case» 


also,  by  Prop.  10,  the  common  sections 
are  all  parallel  to  one  another),  there 
can  be  no  such  point ;  for,  since  aU  the 
points  which  are  common  to  the  two 
first  planes  are  found  in  their  common 
section,  if  this  common  section  does  not 
cut  the  third  plane  (that  is,  in  other 
words,  if  there  is  no  point  common  to  this 
common  section  and  the  third  plane), 
there  can  be  no  point  which  is  com- 
mon to  the  three  planes.  When,  on 
the  contrary,  the  common  section  of 
two  of  the  planes  is  not  parallel  to  the 
third,  it  may  be  produced  to  cut  tluU 
plane,  .and  the  point  in  which  it  cuts  it 
is  the  point  which  is  common  to  the 
three  planes. 

When  a  point  is  to  be  determmed, 
therefore,  by  the  intersection  of  three 
planes,  in  order  to  be  satisfied  with  regard 
to  the  meeting  of  the  planes,  it  is  only 
necessary  to  consider  the  common  sec- 
tion of  any  two  of  them,  and  examine 
whether  it  is  or  is  not  parallel  to  the  third 
plane.  Thus,  in  Problem  13,  the  ques- 
tion occurs,  whether  O  C  is,  or  not,  pa- 
rallel to  the  plane  which  is  made  to  pass 
through  DB  ;  and  it  is  easily  perceived 
that  it  is  not  parallel ;  for,  if  the  plane 
D  B  A  be  supposed  to  be  turned  round 
D  B,  in  order  to  arrive  at  the  position  in 
which  it  will  be  parallel  to  O  C,  before 
it  arrives  at  that  position  it  must  eri- 
dently  become  parallel  to  AC,  andDBO 
is  necessarily  more  distant  from  the  po- 
sition of  parallelism  than  DAB  when 
parallel  to  AC,  for  it  passes  between  the 
face  AD  B  of  the  pyramid,  and  the  base 
C  D  B.  In  the  second  solution  of  Prob. 
1 2,  the  three  planes,  which  are  supposed 
to  meet  in  O,  are  at  right  angles  to  the 
edges,  and  therefore  the  common  sec- 
tion of  any  two  of  them,  as,  for  instance, 
the  two  which  are  at  right  angles  to 
A  B,  A  C,  is  pei-pendicular  to  the  face 
ABC  of  the  pyramid  (18.  and  18.  Cor,  2.), 
for  which  reason  any  plane  which  is 
parallel  to  it  must  be  perpendicular  to 
the  same  face,  which  is  evidently  not  the 
case  with  the  plane  which  is  at  right  an* 
gles  to  the  edge  AD. 

Prop.  49.  Prob.  14/ 

Three  plane  angles  A  O  B,  B  O  C, 
C  O  A,  which  form  a  solid  angle  O, 
being  siven  ;  to  find  by  a  plane  CGnsiruc- 
Hon  the  angle  contained  by  two  of  the 
planes,  viz.  A  O  B  and  B  O  C. 

At  the  point  B,  in  the  plane  B  O  C, 
and  upon  either  side  of  the  angle  B  O  C, 
make  the  angles  BOD,  C O E  equal 
to  the  angles  fiOA,  COA,  each  to  each 
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(I.  47.):  in  O  D  take  any  point  D,  and 
make  O  E  equal  to  O  D  ;  from  tlie  points 
D,  E,  draw  D  B,  E  C  perpendicular 
(I.  45.)  to  AB,  A  C  respectively,  and  let 
them  be  produced  to  meet  one  another  in 
P :  from  P  (1. 44.)  draw  Q  P  perpendicu- 
lar to  P  B,  and  from  the  centre  B,  with 
the  radius  B  D,  describe  the  circle  DQd 
cutting  PQ  in  Q,  and  join  B  Q  ;  the 
angle  QBP  shall  measure  the  angle 
of  inclination  contained  by  the  two 
planes  A  OB.  BOO. 

Take  0 A  eoual  to  OD  or  OE,  and  join 
AB,  AC,  AP.  Then,  because  the  triangles 
OB  A,  OBD  have  the  hvo  sides  OB.  OA 
of  the  one  equal  to  the  two  sides  OB.  OD 
of  the  other,  each  to  each,  and  the  in- 
cluded angles  equal  to  one  another,  B  A 
is  equal  to  B  D  (1. 4.),  and  the  angle 
O B  A  to  the  angle  OBD,  that  is  to  a 
right  angle.  And,  because  OB  is  at 
right  angles  both  to  B  A  and  B  P.  it  is 
at  right  angles  to  the  plane  A  B  P  (3.), 
and  therefore  the  plane  BOG,  which 
passes  through  O  B,  is  at  right  angles  to 
the  same  plane  A  B  P  ( 1 8  ),  or,  which  is 
the  same  thing,  the  plane  A  B  P  is  at 
right  angles  to  the  plane  O  B  C.  And 
in  the  same  manner  it  may  be  shown 
tliat  the  plane  A  C  P  is  likewise  at  right 
angles  to  the  plane  O  B  C.  Therefore 
the  straight  line  A  P,  which  is  the  com- 
mon section  of  the  planes  A  B  P,  A  C  P, 
is  at  right  angles  to  the  plane  O  B  C 
(18.  Cor.  2.),  and  the  angle  APB  is  a 
right  angle.  And,  because  in  the  right- 
angled  triangles  Q  B  P,  AB  P,  the  hypo- 
tenuse Q  B  IS  equal  to  the  hypotenuse 
A  B,  and  the  side  B  P  common  to  both 
the  triangles,  the  angle  QBP  is  equal  to 
the  angle  ABP  (1. 13.).  But  ABP  mea- 
sures the  inclination  of  the  planes  AOB, 
BOG,  because  AB  and  Br  are  each  of 
them  perpendicular  to  the  common  sec- 
tion OB  (1 7.  SchoL)  Therefore,  the  angle 
QBP  measures  the  same  inclination. 

Therefore,  &c. 

It  will  be  found  that  the  above  con- 


struction becomes  impossible,  when  the 
third  angle  G  O  E  is  greater  than  the 
sum  or  less  than  the  difference  of  the 
other  two.  For,  in  order  that  it  may  be 
applied,  it  is  necessary  that  B  P  be  less 
than  B  D.  Now,  if  D  F  be  drawn  per- 
pendicular to  O  G,  and  produced  to 
meet  the  circle  described  from  tlie  centre 
O  with  the  radius  O  D  in  G,  it  may 
easily  be  shown  that  the  angle  F  O  G  is 
equal  to  the  angle  FOD  (III.  3.  and 
I.  7.) ;  and,  therefore,  the  angle  GOG 
to  GOD,  that  is,  to  the  sum  of  B  O  C 
and  BOD.  And  in  like  manner,  if 
df  be  drawn  perpendicular  to  O  G,  and 
produced  to  meet  the  circumference  of 
the  same  circle  in  g,  the  angle  G  O^  will 
be  equal  to  the  angle  G  O  rf,  that  is,  (be- 
cause B  O  fi?,  by  III.  3.  and  I.  7.,  is  equal 
to  B  O  D)  to  the  diflPerence  of  B  O  C 
and  B  OD.  But  if  G  O  E  be  greater 
than  G  O  G,  or  less  than  G  O^,  in  either 
case  the  perpendicular  E  G,  which  is 
drawn  to  O  G  from  a  point  E  in  the  cir- 
cumference of  the  circle  BCg,  will  not 
cut  Drf  between  the  points  D  and^^; 
and,  therefore,  B  P  will  be  greater  than 
BD.  The  limits  of  possibility  are, 
therefore,  those  above  stated.  The  in- 
ferences from  this  are  evidently  the  same 
with  19.  and  19.6V. 

Cor.  1 .  The  same  construction,  slightly 
modified,  may  be  used  to  find  the  third 
angle  G  O  A  from  the  two  AOB, 
BOG.  and  their  angle  of  inclination. 
For,  if  P  B  Q  be  made  equal  to  the 
angle  of  inclination,  and  if  B  Q  be  taken 
equal  to  B  D,  the  point  P  will  be  de- 
termined by  drawing  Q  P  perpendicu- 
lar to  BP;  and  thence  the  angle 
G  O  E  or  C  O  A,  by  drawing  P  C  per- 
pendicular to  O  G,  and  producing  it  to 
meet  the  circumference  D  G^  in  E. 

Cor,  2  (Euc.xi.  A.)  It  follows,  from  the 
solution  of  this  problem,  that  if  two  solid 
angles  be  contained  each  of  them  by  three 
plane  angles,  and  if  the  plane  angles  which 
contain  one  of  them  be  equal  to  those 
which  contain  the  other,  each  to  each, 
the  dihedral  angles  of  the  one  will  like- 
wise be  equal  to  the  corresponding  dihe- 
dral angles  of  the  other,  each  to  each. 

Cor.  3.  And  in  like  manner  it  follows, 
from  Cor.  1 ,  that  if  two  solid  angles  be 
contained  each  of  them  by  three  plane 
angles,  and  if  two  of  the  plane  angles 
which  contain  one  of  them  be  equal  to 
two  of  those  which  contain  the  other, 
each  to  each,  and  equally  inclined  to  one 
another,  the  third  angle  of  the  one  shaU 
be  equal  to  the  third  angle  of  the  other, 
and  Its  plane  inclined  at  equal  angles  to 
the  adjacent  planes. 
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Prop.  60.  Prob,  15. 


An  edge  AB  of  a  regular  polyhedron 
being  given  ;  to  construct  the  polyhe- 
dron. 

It  has  been  already  seen  (20.  Cor.)  that 
the  number  of  regular  polyhedrons  can- 
not exceed  five,  three  of  which  (if  there 
be  so  many)  will  be  contained  by  equila- 
teral triangles,  one  by  squares,  and  one 
by  pentagons.  In  the  present  problem 
it  will  appear  that  eacri  of  these  five 
solids  may  be  constructed. 

1 .  Let  the  solid  angle  of  the  polyhe- 
dron in  question  be  contained  by  three 
angles  of  equilateral  triangles.  Upon 
the  given  edge  A  B, 
describe  (I.  42.)  an 
ecmilatersd  triangle 
Aj3C  :  take  the  cen- 
tre O  (III.  26.)  of 
the  triangle  ABC, 
and  from  O  draw 
OD  perpendicular  to 
the  plane  ABC  (37.) :  in  O  D  take  the 
point  D  such  that  AD  may  be  equd 
to  AB,*  and  join  DA,  D  B,  DC. 
Then,  because  0  B  and  O  C  are  each  of 
them  equal  to  0  A,  D  B  and  D  C  are 
each  of  them  equal  to  D  A  or  A  B  (8.), 
and,  therefore,  the  faces  DAB,  D  A  (3, 
D  B  C  of  the  solid  D  A  B  C  are  equi- 
lateral triangles :  and  because  its  solid 
angles  are  each  of  them  contained  by 
three  angles  of  equilateral  triangles, 
they  are  equal  to  one  another  (49.  Cor.  2.), 
Therefore,  D  A  B  C  is  a  regular  solid  ; 
and  since  it  has  four  faces,  it  is  a  regu- 
lar tetrahedron, 

2.  Let  the  solid  anfi:le  be  contained 
by /our  angles  of  equilateral  triangles. 
Upon  the  given  edge 
A  B  describe  a 
square  AB  C  D 
(I.  52.);  take  the 
centre  0(111.26.), 
and  from  0  draw 
OE  (37.)  perpendi- 
cular to  the  plane 
A  BCD;  takeOE 
equal  to  O  A,  and, 
therefore,  (I.  22.  Cor.  2.  and  I.  36.) 
such  that  AK  shall  be  equal  to  AB; 
and  produce  E  O  to  F,  so  that  O  F  may 
be  equal  to  0  E  :  join  E  A,  E  B.  EC, 
ED.  and  FA,  FB.  FC.  FD.  Then, 
becau.se  the  point  O  is  equally  distant 
from  the  points  A,  B,  C,  D,  E  B,  E  C, 
E  D  are  each  of  them  equal  to  E  A  or 
AB  (8.):  and  for  the  like  rea.son  FB, 
FC,  FD  are  each  of  them  equal  to  FA ; 
that  is,  because  O  F  is  equal  to  O  E, 

•  Tl»«it.  tak«OD«eqiultoAB«-AO«(l.  69.) 
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toEA,  (L4.)  or  AB.  Therefore,  the 
eight  faces  of  the  solid  E  A  B  C  D  F  are 
equilateral  triangles.  Again,  each  of 
the  quadrilaterals  EAFC,  EBFD  is 
a  SGuare,  because  its  diagonals  are 
equal,  and  (I.  22.  Cor,  2.)  bisect  one 
another  at  right  angles :  therefore,  the 
planes  ofany  two  adjoining  faces  are  in- 
clined to  one  another  at  the  same  angfle 
as  the  planes  of  any  other  two,  (49.Cor.2.) 
viz.,  the  angle  which  is  contained  by 
two  angles  of  equilateral  triangles  form- 
ing with  the  angle  of  a  square  a  solid 
angle.  Therefore,  any  two  of  the  solid 
angles,  as  £  and  F,  may  be  made  to  co- 
incide, and  are  equal  to  one  another. 
Therefore,  EABCDF  is  a  regular 
solid ;  and,  since  it  has  eight  faces,  it 
is  a  r^ular  octahedron. 
3.  Let  the  solid  angle  be  contained  by 


five  wnglesoi  equilateral  triangles.  Upon 
the  given  edge  A  B  describe  a  regular 
pentagon  A B  CD  E,(III.  63.  Cor.)  :  take 
the  centre  O  (III.  26.),  and  from  O 
draw  OF  perpendicular  to  the  plane 
ABCDE  (37.):  take  OF  such  that 
FA  may  be  equal  to  AB  (which  may 
be  done  by  joining  OA,  and  taking 
(I.  59.)  Of  such  that  the  square  of 
OF  may  be  equal  to  the  difference  of  the 
squares  of  O  A,  AB).  and  join  FA.  FB, 
FC.  FD.  FE.  Then,  because  the  point 
O  is  equally  distant  from  the  points  A,  B, 
C,  D,  E.  FB.  FC,  FD,  FE  are  equal  each 
of  them  to  FA  or  A  B  (8.),  and  there- 
foreFAB,  FBC,  FCD,  FDE,  FEA 
are  equilateral  triangles.  Join  BD ;  then 
because  the  triangles  B  F  D,  B  C  D  have 
the  three  sides  of  the  one  equal  to  the 
three  sides  of  the  other,  each  to  each, 
the  angle  B  F  D  is  equal  to  the  angle 
B  C  D  (I.  7.),  that  is,  to  the  angle  of  a 
regular  pentagon ;  and  the  same  is  evi- 
dently true  of  the  plane  angle  formed  by 
any  two  of  the  principal  edges  of  the 
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pyramid  FABCDE,  which  are  not 
adjacent  to  one  another.  Complete 
the  re^ar  pentagon  BFD6H,  and 
join  C  6,  CH.  Then,  because  the  point 
C  is  equally  distant  from  the  three 
points  B,  F,  D,  it  lies  in  that  perpendi- 
cular to  the  plane  B  F  D,  which  passes 
through  the  centre  of  the  circle  circum- 
scribing the  triangle  BFD  (37.  Cor.), 
that  is,  through  the  centre  of  the  pen- 
tagon BFDGH;  therefore  CG.  CH 
are  each  of  them  equal  to  C  B  (8.)  or 
AB,and  CDG,  CGPH,  CHB  areequi- 
lateral  triangles.  Join  CE,  and  let  it  cut 
BD  in  the  point  Z.  Then,  because  the 
diagonal  BD  is  common  to  the  two  pen- 
tagons AB  C  D  E,  H  B  FDG,  and  that 
another  diagonal  C  E  of  the  former  cuts 
it  in  Z,  it  may  easily  be  shown  that  the 
diagonal  F  G  of  the  latter  cuts  it  in  the 
same  point  Z*  Therefore  £F,  FC,  and 
CG  lie  in  one  plane ;  and  because  the  an- 
gles EFC,  FCG,  as  shown  in  the  case  of 
the  pyramid  first  constructed,  are  equal 
to  tne  angles  of  a  regular  pentagon,  let 
the  regular  pentagon  £  F  C  G  K  be  com- 
pleted, and  join  DK.  Then,  as  above,  it 
may  he  shown  that  D  K  is  equal  to  D  E 
or  AB,  and  that  DEK,  DKG  are  equila- 
teral triangles.  Complete  in  like  manner 
the  |>entagon  A  FD  K  L,  and  join  L  E ; 
and  in  like  manner  the  pentagon  B  F  E 
L  M,  and  join  MA :  then,  as  l^fore,  E  L 
is  equal  to  £A  or  AB,  and  EAL,  ELK 
are  equilateral  triangles ;  and  A  M  is 
equal  to  A  B,  and  A  B  M,  A  M  L  are 
equilateral  triangles;  and  because  FA, 
A  M,  F  C,  C  H  may  be  shown  in  the 
same  way  as  above  to  be  in  one  plane, 
and  that  they  make  with  one  another 
angles  of  a  regular  pentagon,  the  line 
MH  will  complete  the  regular  pentagon 
F  AM  H  C,  and  B  M  H  will  be  an  equi- 
lateral triangle. 

A;;ain,  because  G  K  is  parallel  to  the 
diagonal  C  E  of  the  pentagon  F  C  G  K  E, 
and  K  L  to  the  diagonal  D  A  of  the  pen- 
tagon FDKLA,  and  so  on,  the  lines  GK, 
K  L,  L  M,  M  H,  H  G  lie  all  in  the  same 
plane  parallel  to  the  plane  A  B  C  D  E 
(15.) ;  and  the  angle  contained  by  every 
adjacent  two  is  equal  to  the  angle  of  a 

rnta«:on,  because  KGH  is  equal  to 
ZB(15.),thatis,foEAB(I.22),and 
so  on.  Therefore  G  K  L  M  H  is  a  regu- 
lar pentagon.    From  the  centre  P  of  this 

*  Bcraa>e  the  diagonals  of  a  regular  pentagon 
diride  one  another  always  in  the  name  (vie.  the  me- 
dial) ratio.  In  fact,  the  diaxonalit  BD,  KC  of  the 
pentacon  ABCDE  b<*in(r  parallel  to  the  sidck  AK.  AB 
rwpcrciTely  (III.  26.  III.  13.  Cor.  1.  and  ill.  18.).  U 
hUowO'^O  (h»t  (!:Zi» equal  to  A B  or  DC;  and 
the  rrianglea  KCD,  DCZ  (I.  6.)  iMting  uoM:ele»  and 
similar,  KC  is  to  CD  (or  EZ)  as  CD  ^or  KZ)  to  CZ 
(11.31.). 


pentagon  draw  (37.)  a  perpendicular  PN' 
and  take  P  N  such  (1. 59.)  that  N  G  may 
be  equal  to  GK,  and  join  N  G.  N  K, 
NL,  NM,  NH:  thenNGK,  NKL, 
NLM,  NMH,  NHGare  eqmlateral 
triangles.  Therefore  all  the  faces  of 
the  solid  FN  are  equilateral  triangles. 
And  it  is  evident  that  any  two  adjoining 
faces  on  the  same  side  of  the  plane 
GKLMH  are  inclined  to  one  another  at 
thesame  angle  as  any  other  two  (49.  Cor, 
2.),  viz.,  the  angle  which  is  contained  by 
two  angles  of  equilateral  triangles  form- 
ing a  solid  angle  with  the  angle  of  a  pen* 
tagon.  Also,  that  any  two  upon  opposite 
sides  of  that  plane,  as  A  L  M,  N  L  M,  are 
inclined  to  one  another  at  the  same  an- 
gle, maybe  shown  by  comparing  it  with 
the  angle  contained  by  any  two  GDC, 
FD  C,  upon  opposite  sides  of  the  plane 
A  B  C  D  £  :  for,  since  a  solid  angle  is 
formed  at  C  by  the  three  plane  angles 
B  C  D,  B  C  F,  D  C  F,  of  which  the  first 
is  an  angle  of  a  regular  pentagon,  and 
the  two  others  angles  of  equilateral  tri- 
angles, and  in  the  same  manner  a  solid 
angle  at  L  by  the  three  plane  angles 
K  L  M,  K  L  N,  M  L  N,  of  which  the  first 
is  an  angle  of  a  regular  pentagon,  and 
the  two  others  angles  of  equilateral  tri- 
angles, the  dihedral  angle,  contained  at 
the  edge  C  D  by  the  planes  B  C  D,  F  C  D, 
is  equal  to  the  dihedral  angle  contained 
at  the  edge  L  M  by  the  planes  K  L  M, 
NLM  (49.  Cor.  2.) :  and  again,  since 
a  solid  angle  is  formed  at  C  by  the  three 
plane  angles  B  C  D,  B  C  G,  D  C  G,  of 
which  the  two  first  are  angles  of  regular 
pentagons,  and  the  other  an  angle  of  an 
equilateral  triangle,  and  in  the  same 
manner  a  solid  angle  at  L  bv  the  three 
angles  K  L  M,  K  L  A,  M  L  A,  of  which 
the  two  first  are  angles  of  regular  penta- 
gons, and  the  other  an  angle  of  an  equi- 
lateral triangle,  the  dihedral  angle  con- 
tained at  the  edge  C  D  by  the  planes 
BCD,  G C D,  is  equal  to  the  dihedral 
angle  contained  at  the  edge  L  M  by  the 
planes  K  L  M,  A  L  M  (49.  Cor.  2.)  ; 
therefore,  the  whole  dihedral  angle  con- 
tained at  the  edge  C  D  by  the  planes 
F  C  D,  G  C  D,  is  equal  to  the  whole  di- 
hedral angle  contained  at  the  edge  L  M 
by  the  planes  N  L  M,  A  L  M  (I.  ax.  2.). 
Therefore,  all  the  plane  and  likewise  all 
the  dihedral  angles  of  the  solid  F  N  are 
equal  to  one  another;  and,  conse- 
quently, any  two  of  its  solid  angles,  as 
at  A  and  K,  may  be  made  to  coincide, 
and  are  equal  to  one  another.  There- 
fore, FN  is  a  regular  solid  (def.  9.); 
and,  since  it  has  twenty  laces  (viz.  five, 
forming  the  pyramid  which  has  the  ver- 
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tex  F  and  base  A  B  C  D  ;  five  more, 
forming  the  pyramid  which  has  the  ver- 
tex N  and  the  base  G  K  L  M  H  ;  and 
ten  more  between  the  two  bases;)  it  is 
a  regular  icosahedron. 

4.  Let  the  solid  anprle  be  contained 
by  three  angles  of  squares^  that  is,  by 
three  riirht  ansrles.  Upon  the  given 
edge  A  B  describe  a 
square  ABCD :  from 
A  draw  AE  at  rigjht 
an°:les  to  the  plane 
ABCD  (37.).  and 
therefore  at  right  an- 
gles both  toAB  and 
AD;  take  A E  equal 
to  AB,  and  complete 
the  parallelopiped 
EC.  Then  it  is  evident  that  the  six 
faces  of  the  parallelopiped  E  C  are 
squares  (I.  def.  20.  and  IV.  22.)  ;  and 
because  each  of  its  solid  angles  is  con- 
tained by  three  right  angles,  any  two  of 
them  may  be  made  to  coincide,  and  are 
equal  to  one  another.  Therefore  £  C 
is  a  regular  solid,  and  since  it  has  six 
faces,  is  a  refrular  hexahedron.  This 
figure  is  the  same  as  the  cube  (def.  13.). 

5.  Let  the  solid  angle  be  contained 
by  three  angles  of  pentagons.  Upon 
the  given  edge  A  B  describe  a  pentagon 
A  B  C  D  E :  find  the  angle,  I.  at  which 
two  angles  of  regular  pentagons  must 
be  mutually  inclined,  in  order  that  with 
a  third  angle,  which  is  likewise  an  angle 
of  a  regular  pentagon,  they  may  contain 
a  solid  angle  (49.) ;  and  through  the 
sidesAB,  BC,  &c.  of  the  pentagon, 
already  described,  draw  planes,  each 
making  with  it  that  angle  of  inclination, 
and  intersecting  one  another  in  the  lines 
AF,  BG,  CH,  DK,  FL :  then  the  angles 


at  the  points  A,  B,  C,D,  E,  will  all  of  them 
e  angles  of  regular  pentagons.  Com- 
lete  the  regular  pentagons  A  B  G  M  F* 


B  C  H  N  G,  &c. :  then,  since  the  angles 
B  G  M,  B  G  N  are  angles  of  pentagons, 
and  so  inclined,  that  with  a  third  angle 
of  a  pentagon  they  may  form  a  solid 
angle,  the  third  angle  M  G  N  is  an  angle 
of  a  pentagon  ;  and  for  the  like  reason 
the  third  angles  at  H,  K,  L,  F  are  hke- 
wise  angles  of  pentagons.  Now,  it  is 
evident  from  the  figure  thus  far  con- 
structed, that,  if  at  adjacent  angles 
F  AB^  G  B  A  of  a  pentagon,  other  angles 
F  A  E,  G  B  C  of  pentagons  be  placed 
at  the  inclination  I,  the  edges  A  E,  A  B, 
B  C  will  lie  in  one  plane.*  If,  there- 
fore, the  pentagon  GM  RS  N  be  com- 
pleted, not  only  will  H  N  S  be  an  angle 
of  a  pentagon,  for  the  reason  before 
stated,  but,  for  the  reason  just  mentioned, 
OH,  H N,  N  S  will  lie  in  one  plane, 
be<!ause  at  the  adjacent  angles  C  H  N, 
G  N  H,  other  angles  C  H  O,  G  N  S  of 
pentagons  are  placed  at  the  inclination 
I :  and  for  the  like  reasons  F  M  R  is 
an  angle  of  a  pentagon,  and  QF,  FM,  MR 
lie  in  one  plane.  In  like  manner,  if  the 
nentagon  H  N  S  T  O  be  completed.  PK, 
K  O,  0  T  will  be  in  one  plane ;  and  if 
K  O  T  U  P  lie  completed,  (}  L,  L  P,  P  U 
will  lie  in  one  plane ;  and  if  L  P  U  V  Q 
be  completed,  MF,  FQ,  Q  V  will  He  in 
one  plane,  viz.,  the  plane  QFM,  or 
Q  F  M  R,  and  therefore  M  R  being  joined 
will  complete  the  pentagon  F  Q  V  R  M. 
Lastly,  also,  by  the  same  rule,  the  lines 
R  S,  8  T,  T  U,  U  V.  V  R  lie  in  one  plane, 
and  make  with  one  another  angles  of 
pentagons,  and  therefore  R  8  T  if  V  is  a 
pentagon  completing  the  solid  AT.  And 
because  AT  has  all  its  faces  regular 
pentagons,  and  all  its  solid  angles 
(49.  Cor.  2.)  equal  (for  each  of  them  is 
contained  by  three  angles  of  pentagons), 
it  is  a  regular  solid ;  and,  since  the  faces 
are  twelve  in  number,  it  is  a  regular 
dodecahedron. 

And,  in  every  case  the  regular  solid 
is  described  with  the  given  edge  A  B. 

Therefore,  &c. 

As  it  is  possible  that  the  dotted  or 
occult  lines,  which  have  been  necessarily 
introduced  in  the  foregoing  construc- 
tions, may  prevent  the  reader's  acquiring 
from  them  a  clear  notion  of  the  solids 
intended,  we  have  here  added  shaded 
representations  of  the  five  regular  solids, 
each  in  two  different  positions,  in  which 
onljr  so  much  of  the  convex  surface  is 
exhibited  as  would  present  itself  to  the 
eye  if  they  were  opaque  bodies. 

*  The  tame  will  eridently  be  the  ease  if  FAB, 
GBA  are  anv  other  equal  angles,  FAE,  OBC  way 
other  two  likewise  equal  to  one  another,  and  the 
oommoa  iaeUuatioa  I  wa/  whaterer. 
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Cor.  1.  Regular  solids  of  the  same 
name  are  similar  (def.  10.). 

Cor.  2.  Any  regular  solid  being  given, 
a  pomt  may  be  found  within  it,  which  is 
the  common  centre  of  two  spheres,  one 
inscribed  in  the  solid,  and  touching  all 
its  faces,  the  other  circumscribed  about 
it,  and  passing  through  all  its  solid 
angles. 

Take  O  the  centre  of  any  face  having 
the  edge  AB  for  a  side,  and  draw  OX 
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perpendicular  to  the  ftace  (37.) :  let  the 
dihedral  angle  at  A  B  be  bisected  by  a 
plane  cutting  OX  in  X :  X  shall  be  the 
pomt  in  question. 

Take  CK  the  centre  of  the  adjoining 
face,  and  Y  the  middle  point  of  AB. 
and  join  O  Y.  O'  Y,  X  O',  X  Y.    Then, 
because  O  Y  is  perpendicular  to  A  B 
A    I' «  ^  X  Y  is  hkewise  perpendicular 
to  A  B  (4.) ;  also  O'  Y  is  perpendicular 
to  the  same  AB:  therefore  OY,  XY 
and  O'Y  lie  in  one  plane  (3.  Cor.  I.). 
And  because  the  plane  XYA  bisects 
the  dihedral  angle  O  Y  A  O',  the  angle 
X  Y  O  is  equal  to  the  angle  X  Y  O'  (1 7.)  • 
also  YO  IS  equal  to  YO';   therefore 
X  O'  is  equal  to  X  O  (1.4.)  and  the  angle 
X  O' Y  to  the  angle  X  O  Y,  that  is,  to 
a  nght  angle.    But  the  plane  X  O'  Y  is 
perpendicular  to  the  face  which  has  the 
centre  O'  (18.),  because  it  is  perpendi- 
cular  to  the  line  A  B,  through  which 
that  face  passes.    Therefore  (18.)  XO' 
is  perpendicular  to  the  face  which  has 
the  centre  O'.    Now,  because  X  lies  in 
the  perpendicular  passing  through  the 
centre  0,  it  may  easily  be  shown  (4.  and 
I.  4.)  that  the  planes  XBC,  XCD, 
&c.    make  dihedral    angles  with    the 
plane  O  AB,  equal  each  to  the  dihedral 
angle  O  Y  AX ;  also  the  dihedral  angles 
of  the  solid  are  equal  to  one  another ; 
therefore  those  planes  bisect  the  dihedral 
angles  of  the  solid  at  BC,  CD,  &c. 
Hence,  as  above,  it  may  be  shown,  that 
the  straight  lines  drawn  from  X  to  the 
centres  of  each  of  the  adjoining  faces 
are  perpendicular  to  those  faces,   and 
equal  each  to  XO.    And  because  the 
dihedral  angles  at  AB,  BC,  &c.  are 
bisected  by  planes  meeting  the  perpen- 
diculars from  the  centres  of  those  feces 
in  X,  the  same  may  be  said  of  the  faces 
adjoining  to  them,  and  so  on.    There- 
fore the  straight  lines  drawn  from  X  to 
the  centres  of  all  the  faces  are  perpen- 
dicular to  them  respectively,  and  equal 
each  to  XO.    And  hence  again,  be- 
cause the  centres  of  the  faces  are  equi- 
distant from  their  several  angles,  the 
point  X  is  likewise  equidistant  from  the 
several  angles  of  the  solid  (8.).    There- 
fore X  is  the  common  centre  of  two 
spheres,  one  inscribed,  and  tiie  other 
circumscribed,    as   before  said.     The 
point  X  is    called  the  centre  of  the 
solid. 

Cor.  3.  Each  of  the  regular  solids  of 
six,  eight,  twelve,  and  twenty  faces  has 
for  every  face  a  face  opposite  and  pa- 
rallel to  it,  and  the  opposite  edges  of 
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those  faces  likewise  parallel;  and  the 
straight  line  which  iQins  two  opposite 
angles  passes  through  the  centre  of  the 
solid.  That  the  opposite  faces  and  edg99 
are  parallel,  is  evi- 
dent from  the  con- 
struotion  of  the  so- 
lid ;  and  hence  it  is 
evident  (1 1.  and  7.) 
that  the  lines  X  Q, 
X  O'  drawn  to  their 
centres  from  the  cen- 
tre of  the  solid,  are  in 
one  and  the  same  straight  line :  there- 
fore, again,  because  the  opposite  edges 
are  parallel,  it  may  easiljr  be  shown  that 
the  lines  XA,  X  A<  which  are  drawn 
from  the  centre  to  the  opposite  angles 
A,  A',  lie  in  the  same  straight  line 
(15.  and  1. 4.) 

Upon  examining  the  number  of  the 
solid  angles  in  each  of  these  iR^res,  it 
wiU  appear,  that  the  tetrahedron  nas  four 
solid  angles,  which  is  also  the  number 
of  its  faces ;  the  cube  eight,  which  is 
the  number  of  feces  of  the  octahedron ; 
the  octahedron  six,  which  is  the  number 
of  faces  of  the  cube ;  the  dodecahedron 
twenty,  which  is  the  number  of  faces  of 
the  icosahedron ;  and  the  icosahedron 
twelve,  which  is  the  number  of  faces  of 
the  dodecahedron.  Hence  it  is  easily 
inferred,  that  if  the  centres  of  the  faces 
of  a  regular  solid  be  taken,  they  will  be 
the  vertices  of  another  regular  solid  in- 
scribed in  the  first.  In  this  manner  a 
tetrahedron  may  be  inscribed  in  a  te- 
trahedron; an  octahedron  in  a  cube, 
and  a  cube  in  an  octahedron ;  an  icosa- 
hedron ^n  a  dodecahedron,  and  a  dode- 
cahedron in  an  icosahedrop  • 


•  With  ;tbe  aid  of  thii  relation  it  wiU  be  fonnd, 
also,  tbat  a  regnlar  solid  b«in;  giveo,  any  one  of  the 
regular  solids  ivbich  have  a  less  number  of  faces, 
mfif  be  inscribed  in  it  by  taking  for  the  vertices  cer- 
tain of  the  vertices  of  the  former,  or  else  of  (he  cen- 
tres of  its  faces,  or  of  the  middle  points  of  its  edges. 

Thus,  in  the  cube  AF,  the  vertices  B,  D,B,  F  are 
the  vertices  also  of  an  inscribed  tetrahedron. 

In  the  octahedron  £  F,  the  centres  of  the  several 
faces  are  the  vertices  of  an  inscribed  cnbe;  and  the 
centres  of  the  faces  E  A  B,  EDC,  FAD,  FB  C  the 
vertices  of  an  inscribed  tetrahedron. 

In  the  dodecahedron  AT,  the  vertices  H,  G,  A,  D, 
P,  Q,  R,  T,  are  the  vertices  of  an  inscribed  cnbe ;  for 
AD  and  43H  being  ecinal,  and  also,  because  they  are 
parallel  to  EC,  parallel  to  one  another  Q6),  the  tigare 
ADHO  is  a  parallelogram  (I.  21.);  bnt  the  side  A  D 
is  equal  to  the  side  DH,  and  the  diaranal  AH  may 
be  shoim  to  be  equal  to  the  diagonal  DQ;  therefore 
ADHO  is  a  rhombus,  which  has  its  two  diagonals 
equal  to  one  another,  that  is,  a  square ;  and,  since 
tM  same  may  be  thown  of  the  other  fignres  A  D  P  Q, 


This  mutual  relation  of  the  regular 
solids  is  very  striking.  We  may  observe 
that  if  lines  are  drawn  from  the  oentre  of 
the  circumspribed  solid  to  its  different 
angular  points,  these  lines  will  Ibe  per- 
pendicular respectively  to  the  faces  of 
the  inscribed  solid :  hence,  if  we  cleave 
or  cut  away  the  solid  angles  of  the 
circumscribed  figure  by  planes  perpen- 
dicular to  these  lines ;  and  if  we  con- 
tinue the  process  until  we  arrive  at  the 
centres  of  the  several  faces,  w^  sluU 
obtain  the  regular  solid  which  is  in- 
scribed, and  vmich  forms  as  it  were  tiie 
nucleus  of  the  other.  There  are  two 
stages  of  this  process,  which  geometers 
have  marked  by  bestowing  names  upon 
the  figures  which  the  derived  sol^  are 
made  to  assume  on  arriving  at  them. 
The  first  is  when  the  solid  angles  are  so 
far  cut  away  that  the  remaining  por- 
tions of  the  faces  are  regular  polygons, 
which  have  twice  as  many  siaes  as  the 
original  faces.  The  derived  solids  at 
this  stage  are  called  the  ex-tetrahedron, 
ex'cube,  ex-octahedron,  ex-dodecuhe- 
dron,  and  ex-icosahedron.  They  are 
obtained  from  the  regular  solids  by  in- 
scribing in  each  of  the  faces  a  regular 
figure,  having  twice  as  many  sides  as  the 
face,  and  then  cutting  away  the  small 
pyramids  which  have  for  their  vertices 
the  several  solid  angles  of  the  r^pilar 
sohd.  Thus,  in  the  face  of  a  regular 
tetrahedron  a  hexagon  may  be  inscribed 
by  inscribing;  a  circle  in  the  face,  joining 
the  centre  with  the  angles  of  the  face,  aiKl 
drawing  tangents  to  the  circle  at  the 
points  where  the  circumference  is  cut  by 
the  joining  lines :  and  in  a  similar  man- 
ner an  octagon  may  be  inscribed  in  a 
square,  and  a  decagon  in  a  pentagon. 
The  number  and  character  of  the  faces 
of  any  of  these  derived  solids  may  be 
readily  obtained  from  the  number  and 
character  of  the  faces  and  solid  angles 
of  the  regular  solid  from  which  it  is  de- 
rived. Thus  the  faces  of  the  ex-cube  are 
six  octagons  and  eight  equilateral  tri- 
angles. 


ke.,  the  inscribed  solid  HGADPQRTisa  cube  : 
hence,  also,  the  vertices  A,  H,  P,  R  are  the  rertires 
of  an  inscribed  tetrahedron  ;  and  the  middle  points 
orBC,UV,KL,SN,KO,MF.  the  vertices  of  aji 
inscribed  octahedron. 

In  the  icosahedron  AG,  the  centres  of  the  MTeral 
faces  are  the  vertices  of  an  inscribed  dodeeabedron ; 
the  centres  of  the  faces  FB  A,  A  L  M,  M  N  H,  H  B  C 
COD,  DFK,  ELK,  KGN,  the  vertices  of  an  inaenbed 
cnbe;  the  centres  of  the  faces  F  B  A,  M  N  H,  COD, 
K  L  K,  the  vertices  of  an  inscribed  tetrahedroa ;  and 
the  middle  point*  of  the  rd^es  BC,  KL,KKp  HN, 
A  M,  DO,  the  vertices  of  »n  inscribed  octahedroo. 
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Tbo  seo^d  Qt^g^  poeurs  when,  the 
solid  angles  being  still  further  ci^t  p.way, 
the  planer  of  cleavage  meet  at  the  ini^r 
die  points  of  the  edges,  thns  i^ucing 
the  original  faces  to  regular  polygons 
?rhich  have  the  same  number  of  sides 
with  the  faces*  and  are  inscribed  in  them 
by  joining  the  naiddle  points  cff  the  edges. 
In  fact,  if  the  edges  of  a  regular  solid  be 
bisected,  and  the  points  of  biseption 
joined,  there  will  be  inscribed  in  each  pf 
its  liaces  a  fis[ure  similar  to  that  face, 
that  is,  an  equilateral  triangle,  if  the  face 
be  an  equilateral  triangle ;  a  square,  if  a 
square ;  and  a  pentagon,  if  a  pentagon. 
Here  the  forms  of  the  derived  spUds 
Inprise  us  at  once  of  the  mutual  rela- 
tions of  their  originals;  the  two  derived 
from  the  cube  and  octahedron  being 
precisely  similar,  as  ere  likewise  those 
derived  from  the  dodecahedron  and  ico- 
sahedron  ;  from  which  circumstance 
the  new  ^gures  with  which  we  are 
thus  presented  have  received  the  names 
of  the  cubociahedron  and  the  icQsado* 
decahedron.  From  the  tetrahedron 
treated  in  this  manner  we  obtain  the 
octahedron. 
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Finally,  the  cleavage  being  continued 
tffl  we  arrive  at  the  centres  of  the  faces, 
we  obtain  the  inscribed  regular  solids. 


Prop.  51.  Prob.  16. 

To  find  the  inclination  of  two  cufjoin- 
ing  planes  of  a  given  regular  solid, 

1.  If  the  given  solid  be  a  regular 
tetrahedron,  the  require4  inclinatiop  is 
that  of  two  angles  of  equilateral  trian- 
gles, which,  together  with  a  third,  form^ 
a  solid  angle,  and  therefore  may  be' 
found  by  the  construction  r>^  j^ 
given  in  Prop.  49.  ^* 

Or  thus :  describe  the  right- 
angled  triangle  A  C  B,  hav- 
ing the  hypotenuse  A  B 
equal  to  three  times  the  side 
AC;  and  the  angle  BAG 
will  be  the  angle  of  inclina-  _ 
tion  required.  A~ 

2.  If  the  solid  be  a  cube,  the  ang]e 
of  inclination  will  be  a  right  angle  (17. 
Cor.) 

3.  If  an  octahedron,  the  required 
inclination  is  that  of  two  angles  of  equi- 
lateral triangles,  which,  together  with 
the  angle  of  a  square,  form  a  solid  angle, 
and  may  be  found  as  in  Prop.  49. 

Or    thus :    describe  the       p(g  2, 
right-angled  triangle  ACB,  *    ' 

having  its  two  sides  A  C,  ^ 

C  B  equal,  respectively,  to 
the  side  and  diagonal  of  a 
square,  and  twice  the  angle 
BAG  will  be  the  angle  of 
inclination  required. 

4.  If  a  dodecahedron,  the   required 
inclination  is  that  of  two  angles  of  re- 
M  2 
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gular  pentagons  which,  together  with 
a  third  angle  of  a  pentagon,  form  a 
solid  angle,  and  therefore  may  be  found 
as  in  Prop.  49. 

Or  thus:  describe  the 
right-angled  triangle  A  C  B, 
having  its  sides  AC,  CB 
to  one  another  in  the  medial 
ratio,  and  A  C  the  lesser  of 
the  two ;  and  twice  the  angle 
BAG  will  be  the  angle  re- 
quired. 

6.  If  an  icosahedron,  the  required  in- 
clination is  that  of  two  angles  of  equila- 
teral triangles,  which,  together  with  the 
angle  of  a  regular  pentagon,  form  a  solid 
angle,  and  therefore  may  be  found  as  in 
Prop.  49.  ^g'"^'. 

Or  thus:  describe  the  rigjht- 
angled  triangle  A  C  B,  having 
its  sides  A  C,  C  B  to  one  an- 
other in  a  ratio  which  is  the 
duplicate  of  the  medial  ratio  ; 
and  twice  the  angle  B  A  C  will 
be  the  angle  required. 

It  will  be  suflScient  to  notice  briefly 
the  steps  which  lead  to  the  foregoing 
constructions. 

With  regard  to  the  tetrahedron ;  if  a 
perpendiciHar  be  drawn  from  the  centre 
of  an  equilateral  triangle  to  one  of  the 
sides,  such  perpendicular  will  be  a 
third  of  the  wnole  perpendicular  which 
is  drawn  to  the  same  side  from  the  an^le 
opposite  to  it  (see  the  method  of  in- 
scribing an  equilateral  triangle  in  a 
circle  at  III.  63.).  Now,  in  the  tetrahe- 
dron the  faces  are  equilateral  triangles, 
and  the  line  which  joins  any  of  Jts  solid 
angles  with  the  centre  of  the  opposite 
face  is  perpendicular  to  that  face  (37. 
Cor,) ;  whence,  by  the  aid  of  Prop.  4., 
the  first  construction. 

In  the  octahedron,  the  square  which 
divides  the  figure  (see  the  construction 
in  Prop.  50)  bisects  the  angles  made.by 
the  adjoining  faces  upon  either  side  of  it: 
and  the  line  which  joins  the  centre  of  this 
square  with  either  of  the  two  solid  an- 
gles above  and  below  it,  is  equal  to  half 
its  diagonal,  while  the  perpendicular 
drawn  from  the  centre  of  the  sauare  to 
any  of  its  sides  is  equal  to  half  the  side; 
whence  the  construction  in  this  case. 

The  cases  of  the  dodecahedron  and 
icosahedron  admit  of  an  easy  demon- 
stration by  help  of  the  mutual  rela- 
tion of  the  dodecahedron  and  icosahe- 
dhron  mentioned  in  the  last  Scholium. 
For,  if  X  be  the  centre  of  the  icosahe- 
dron AG  (seethe  figiure  of  Prop.  50.), 


XF  and  XGwill  be  perpendicular  to 
two  adjoining  planes  of  the  inscribed 
dodecahedron,  and  therefore,  A  X  G 
beingastraightline(50.Cor.3.),thcangie 
AXF  will  measure  the  inclination  of  those 
planes  (17.  SchoL  4.) :  now  because  XF 
u  equal  to  X  A  or  XG  (50.  Cor.  2.), 
the  angle  AFG  is  a  right  an^  (1. 19. 
Cor.  4.),  and  the  angle  AX  F  is  doable 
of  the  angle  AGF  (I.  6.  and  I.  19.); 
also,  FG  is  the  diagonal  of  a  regular 
pentagon,  whose  side  is  equal  to  AF,  and 
therefore  FG  is  to  A F  in  the  medial 
ratio  (see  note  p.  159).  Hence  the  con- 
struction given  for  the  inclination  of  the 
faces  of  a  dodecahedron. 

And  that  given  for  the  icosahedroo 
is  similarly  derived,  from  considering  it 
as  inscribed  in  a  dodecahedron.  For 
if  X  be  taken,  the  centre  of  the  dode- 
cahedron LN  (see  the  figure  of  Prop. 
60.),  XN,  and  XH  will  be  perpendi- 
cular to  two  adjoining  planes  of  the 
inscribed  icosahedron,  and  therefore, 
LXN  being  a  straight  line  (50.  Cor.  3.) 
the  angle  LXH  v«Il  measure  the  incUr 
nation  of  those  planes  (17.  ScAo/.4.): 
now,  if  LK,KH,  LH,  be  joined,  the 
angle  L  KH  will  be  equal  to  the  angle 
£  D  C  of  a  pentagon  (15.),  because  LK 
andKH  are  parallel  to  ED  and  DC 
respectively;  therefore,  the  triangle 
LKH  is  similar  to  KOH  (II,  32.). 
and  OH  is  to  HK  as  HK  to  LH; 
and  since  O  H  is  to  H  K  in  the  medial 
ratio.  O H  or  HN  is  to  LH  in  a  ratio 
which  is  the  duplicate  of  that  ratio 
(II.  def.  11.):  and,  because  X  H  is  equal 
to  XL  or  XN,the  angle  LHN  is  a 
right  angle  (1. 19.  Cor.  4.),  and  LXH 
is  equal  to  twice  L  N  H  (L  6.  and  1. 19.), 
that  is,  the  angle  of  inclination  is  equal 
to  twice  the  greater  acute  an^le  of  a 
right-angled  triangle,  whose  sides  are 
to  one  another  in  a  ratio  which  is  the 
duplicate  of  the  medial  ratio. 

Therefore,  &c. 

Prop.  52.  Prob.  17. 

The  edge  of  any  regular  solid  being 
given,  to  find  the  radii  of  the  inscribed 
and  circumtcribed  spheree. 

Find  AB  and  AC,  the      U 
radii  of  the  circles  in- 
scribing   and    circum- 
scribing a  face  of  the 
nven  solid  (III.  26.); 

from  A  draw  AD  perpen-      ^ ^ ^ 

dicular  to  AB  or  AC ;  at     A  B     C 

the  point  B  make  the  angle  ABD  equal 
to  half  the  angle  which  measures  the  in- 


IV.  §4.1 


GEOMETRY. 


165 


dination  of  two  a4ioining  faces  (51.) ; 
let  BD  meet  AD  in  D,  and  join  CD. 
Then  it  is  evident,  from  the  construction 
of  50.  Cor,  It  that  D  A  is  the  radius 
of  the  inscribed  sphere,  and  D  C  that 
of  the  circumscribed  sphere. 

Or  the  radius  D  Cf  of  the  circum- 
scribed sphere  may  be  determined  in 
the  several  cases,  by  the  following  con- 
structions ;  and  then  D  A  from  the  tri- 
angle D  A  C,  described  with  the  hypo- 
tenuse D  C  and  side  A  C. 

1.  If  the  given  solid  be  a  tetrahedron, 
describe  the  right-angled  triangle  ACB 
(see  51.  fis,  2.),  havmg  the  sides  AC, 
C  B,  equal  respectively  to  the  side  and 
diagonal  of  a  square ;  and  the  diame- 
ter of  the  circumscribed  sphere  will  be 
to  the  edge  of  the  tetrahedron  as  A  B 
toBC. 

2.  If  a  cube,  the  diameter  of  the  cir- 
comscribed  sphere  will  be  to  the  edge  of 
the  cul)e  as  A  B  to  A  C  in  the  above 
triangle  (51.  fig.  2.);  and  that  of  the 
inscribed  sphere  wiil  be  equal  to  the 
edge. 

3.  If  an  octahedron,  the  diameter  of 
the  circumscribed  sphere  will  be  to  the 
edge  as  the  diagonu  of  a  square  to  its 
side. 

4.  If  a  dodecahedron,  describe  the 
right-angied  triangle  ACB  (see  51. 
fig,  4.),  having  its  sides  A  C,  C  B  to  one 
another  in  a  ratio  which  is  the  duplicate 
of  the  medial  ratio ;  and  the  diameter  of 
the  circumscribed  sphere  will  be  to  the 

S^  as  the  hypotenuse  A  B  to  the  lesser 
e  AC. 

5.  If  an  icosahedron,  describe  the 
right-an^ed  triangle  ACB  (see51.yS^. 
3.),  havm^  its  sides  AC,  C B  in  the 
medial  ratio;  and  the  diameter  of  the 
circumscribed  sphere  will  be  to  the  edse 
as  the  hypotenuse  A  B  to  the  lesser  side 
AC. 

We  need  not  enter  into  the  details  of 
these  constructions :  it  will  be  sufficient, 
as  in  the  preceding  problem,  to  point 
out  the  considerations  from  which  they 
are  derived  respectively. 

And  first,  a  tetrahedron  may  be  in- 
scribed in  a  cube,  which  shall  have  for 
its  four  angles  four  of  the  angles  of  the 
cabe,  and  for  its  four  edges  the  diago- 
nals of  four  faces  of  the  cube  (see  note, 
p.  162);  and  the  sphere  which  is  cir- 
cumscribed about  such  tetrahedron  will 
be  also  circiunscribed  about  the  cube; 
but  in  a  cube,  the  line  which  joins  two 
opposite  angles  is  the  diameter  of  the 
circumscril^  sphere,  and  the  square  of 
this  line  is  equal  to  the  square  of  one  of 


the  edges  of  the  cube,  together  with  the 
square  of  the  diagonal  of  one  of  ^the 
faces :  hence,  therefore,  the  constructions 
for  the  tetrahedron  and  cube. 

In  the  octahedron,  the  line  which 
joins  two  opposite  angles  is  at  once  the 
diameter  of  the  circumscribed  sphere, 
and  also  the  dia^nal  of  a  square  whidi 
has  for  its  four  sides  four  of  the  edges  of 
the  octahedron ;  hence  the  construction 
in  this  case. 

In  the  dodecahedron  (see  the  figure 
of  p.  160)  the  triangle  LHN  is  right- 
angled  at  H,  and  the  sides  L  H,  H  N 
have  to  one  another  a  ratio  which  is  the 
duplicate  of  the  medial  ratio,  as  was 
shown  in  the  last  problem :  also  L  N  is 
the  diameter  of  the  circumscribed  sphere ; 
therefore,  the  rule  in  this  case  is  mani- 
fest. 

And,  lastly,  in  the  icosahedron  (see  the 
figure  of  p.  158)  the  triangle  AFGis 
right-angled  at  F,  and  the  sides  GF,  FA 
are  to  one  another  in  the  medial  ratio, 
as  was  shown  in  the  last  problem ;  also 
A  G  is  the  diameter  of  the  circumscribe;) 
sphere :  whence  the  construction  in  this 
case. 

Therefore,  &c. 

Cor.  Every  regular  solid  may  be  di- 
vided into  pyramids,  having  for  their 
bases  the  several  faces  of  the  solid,  and 
for  their  common  vertex  the  centre  of  the 
solid ;  and  the  altitude  of  each  of  these 
pyramids  will  be  the  same,  viz.  the  ra- 
dius of  the  inscribed  sphere.  By  help 
of  this  proposition,  therefore,  we  may 
find  the  solid  content  of  any  given  regu- 
lar solid;  for  it  will  be  one-third  of 
the  product  of  the  above  radius  and 
the  convex  surface  of  the  solid  (32. 
Cor,  1.). 

Scholium, 

The  regular  solids  have  ceased  to 
occupy  that  prominent  place  in  science 
whicn  was  assigned  to  them  for  so  long 
a  period,  from  uie  time  of  Euclid  to  that 
of  Kepler*.  A  volume,  replete  with  the 
most  striking  results,  might  indeed.be 
written  upon  the  subject ;  but  as  these 
figures,  with  the  exception  of  the  cul>e, 
have  little  or  no  concern  with  anything 
besides  themselves,  such  a  work  would 
be  of  value  to  the  curious  only.  It  is 
not  surprising,  perhaps,  if  we  regard 
Euclid  as  the  discoverer  of  the  many 
elegant  relations  which  characterize 
them  in  the  13th,  14th.  and  15th  Books 
of  the  Elements  t,  that  he  should  have 

•  See  the  Life  of  Galileo,  page  27.       , 
f  The  two  1a«t  books  are,  however,  with  mom  pro- 
UabiUty,  ascribed  to  Apolionhw. 
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coinpdsfed  his  ittimbtial  treatise,  rtfe  h 
said  to  hav&  been  the  case,  with  the  sole 
object  of  dexnonstratihg  these  relations ; 
it  is  not,  perhaps,  too  much  to  say  that 
lit  that  epbch,  when  the  pi-opferties  of 
numbers  and  geometrical  figures  were 
itivestigated :  for  their  own  sake,  ab- 
itract^ljr  and  without  reference,  as  in 
the  present  day,  to  the  body  6i  mixed 
sciences  dependant  upon  them,  the  five 
regular  solids  were  even  worthy  of  such 
H  distinction.  The  fate  of  this  portion 
of  his  work  (so  ritrely  now  perused)  is, 
however,  a  striking  illustration  of  the 
lasting  and  transcendant  nature  of  what 
is  really  (thoUgh  humbly)  useful  above 
the  merely  curious  and  surprising.  So 
obscure  is  the  rank  now  assigned  to 
these  once  interesting  and  all-importanl 
figures,  that  it  may  be  considered  even 
tiriflihg,  irt  the  present  treatise,  td  have 
established  their  construction,  &c.  at  a 
greatei-  length  than  usual.  We  must 
refer  the  reader,  by  way  of  apology,  to 
the  properties  above  alluded  to,  a  few  of 
\^hich,  capable  of  being  verified  without 
difficulty  with  the  assistance  Which  v^e 
have  anorded,  are  here  subjoined. 

In  the  tetrahedron,  the  radius  of  the 
circumscribed  sphere  is  equal  to  three 
times  the  radius  of  the  inscribed  sphere : 
in  the  cube  (as  we  have  seen)  the  two 
radii  are  to  one  another  in  the  subdu- 
plicate  bf  this  ratio. 

In  the  cube,  the  radii  of  the  inscribed 
and  circumscribed  spheres  have  to  one 
another  the  same  ratio  as  in  the  octahe- 
dron :  and  the  same  i^  true  of  the  dode- 
cahedrdn  and  icosahedron. 

In  the  icosahedron,  the  distance  of  the 
regular  petitagon,  which  passes  through 
five  of  the  solid  angles,  from  the  centre  of 
the  solid,  is  equal  to  half  the  radius  of  the 
circle  circumscribed  about  the  pentagon. 

These  few  may  serve  as  a  sample 
of  the^rest,  which  are  occupied  with  the 
mutual  inscription  and  circumscription 
of  these  figures,  and  the  proportions  of 
their  surfaces  and  contents  when  in- 
scribed in  one  and  the  same  sphere. 

BOOK  V. 

§  I.  Surfaces  and  contents  of  the  Right 
Cylinder  and  Right  Cone,—i  2.  Sur- 
face and  content  of  the  Sphere,--^  3. 
Surfaces  ttnd  contents  of  certain  por- 
Horn  of  the  Sphere. 

SacTiON  \.-0f  the  Right  Cylinder 

and  Right  Cone. 
Bef.  I.    A  cylinder  is  a  solid  figure, 
the  siufece  of  which  is  partly  plane  and 


partly  ctilred ;  the  plane  pbrtibns  h^ng 
two  eautil  and  parallel  cit-cleS,  aiid  the 
curveci  portion  such,  that  any  point  being^ 
taketi  in  the  circumference  of  either 
circle,  thfe  stl*aight  line  wtiich  is  drawn 
through  it  {Jarallel  to  the  line  joining: 
their  bentres  lifes  wholly  iii  the  snr- 
fiu;e. 

Biich  a  surface  may  bfe  conceived  to 
be  generated  by  A  straight 
line  A  a,  which  is  carried 
round  the  circumference 
of  a  given  circle  ABD, 
so  as  to  l)c  always  pa- 
rallel {Ind  equal  to  a  given 
straight  line  Oc  at  the 
centre. 

For  it  is  easy  to  perceive  that  the  tip- 
per extremit)r  of  iuch  a  line  will  always 
lie  in  the  circumference  of  a  sebund 
circle  abd,  which  i^  of  the  same  dimen- 
sions with  the  given  circle,  and  in  a 
plane  parallel  to  it  (IV.  13i  Cor.  «.). 

The  curved  surface  of  a  cylinder  is 
called  B\io  [he  eont>ex  surfixee ;  the  cir- 
cles are  called  bases  ;  and  the  straight 
line  which  ioinS  their  centres  is  calJed 
the  axis  of  the  cylinder. 

2.  A  cylinder  is  said  to  l)e  right  or 
oblique,  according  as  the  axis  is  per- 


icb) 


pendicular  to  the  bases,  or  inclined  to 
them.  C  is  a  right,  and  0'  an  oblique 
cylinder. 

3.  £ftmifarC]^/tncfer«  are  those  whose 
axes  are  perpendicular,  or  equally  in- 
clined, to  their  respective  bases,  and  in 


the  same  ratio  to  the  radii  of  those 
bases. 

4.  A  cone  is  a  solid  figure,  the  sur- 
face of  which  is  partly  plane,  and  partly 
curved ;  the  plane  portion  l)eine  a 
circle,  and  the  curved  portion  such,  Oiat 
if  any  point  be  taken  in  the  circum- 
ference of  the  circle,  the  straight  line 
which  joins  it  with  a  certun  point  with- 
out the  plane  of  the  circle,  lies  wholly  in 
the  surface. 

A  curved  surface  of  this  description 
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may  be  conbeived  to  be 
generated  by  a  stiraight 
line  V  A;  which  is  car- 
ried round  the  circum- 
ference of  a  giteil  cifcle 
A  B  D,  so  ks  to  paS9 
always  through  a  given 
point  V  without  the 
plane  of  the  circle. 

The  curved  surface  of  a  cbne  is  calj^ 
also  the  convex  Outface  f  the  |>oitit 
through  which  the  straight  line  always 
passes  is  called  the  vertex  or  summit ; 
the  circle  is  called  the  bene ;  and  the  line 
which  is  drawn  froni  thfe  vertex  to  the 
centre  of  the  base,  the  axis  of  the  cbne. 

5.  A  cone  is  said 
to  be  rig^t  br  ob- 
liqite,  according 
as  the  axis  is  per- 
pendicular ^o  the 
base,  or  inclined 
to  it.  C  is  k  Hght, 
and  C  an  oblii[^ue  cone. 

The  slant  stde  of  a  right  cbtte  is  a 
straight  Ufae  which  is  drawn  froni  the 
vfetlct  to  Ally  point  in  the  circumference 
of  the  base. 

6.  SimUar  Cones 
are  those  whose 
axes  are  perpendi- 
cular, or  equally 
inclmed  to  their 
respective  basesj 
and  in  the  same  ratio  to  the  i-adii  of 
those  bases. 

7.  If  a  cone  be  divided 
into  two  parts  by  a  plahe 
parallel  to  its  base,  the 
part  next  the  base  is 
called  a  frustum  of  o 
cone,  or  sometitiies  a 
truncated  cone,  

The  tKn>  of  a  frustum  Is  that  part  of 
the  axis  of  the  whole  cone,  which  is  in- 
tercepted between  the  cutting  plane  and 
the  base  of  the  bone, 

8.  Afrism  is  Said  to  be  inscribed  in 
a  cylinder,  when  its  bases  are  inscribed 
in  the  bases  of  the  cylinder  ^  and  in 
like  manner  a  prism  is  said  to  be  cir- 
cumstHbed  about  a  cylinder,  when  its 
bases  are  circumscribed  about  the  based 
of  the  cylinder. 


t!0 


in  a  coHH,  Wh6ti  its  vertei  is  the  same 
with  that  of  the  cone,  and  its  base  is  in- 
scribed iti  the  base  of  the  cone :  and  in 
like  mantier  A  pyramid  is  said  to  be 
eircumscribai  about  a  cone,  when  its  ver- 
tex is  the  same  with  that  bf  the  cone* 
aiid  its  base  circumscribed  aboiit  th^ 
base  bf  the  cone. 


9.  A  pyramid  is  said  to  be  inscribed 


The  right  cylinder,  right  cone,  aiid 
sphere,  are  sometimes  styled,  by  way  of 
pre-eminence,  the  three  round  bodies. 
They  are  also  termed  solids  ofr^mlu* 
tion,  because  each  of  them  may  be  bon- 
ceived  to  be  generated  by  the  revolutibn 
of  a  plane  iiyure  about  a  fixed  straight 
line  taken  in  its  plane.  Thus  we  have  seeii 
(IV.def.  21.)  that  a  sphere  is  generated 
by  the  revolution  of  a  semicircle  about 
its  diameter.  If  a  right  angle  triangle 
VGA  revolve  about 
one  bf  the  sides  bon- 
taining  the  right  an- 
gle»  as  y  C,  that  sidb 
will  be  the  axis  of  a 
right  cone,  of  which 
the  other  side  AC 
will  describe  the  base 
(IV.  3.  Cfir,  2.)  and 
the  hypotenuse  VA 
the  convex  surfkce. 
And  if  a  rectangle  Ac 
revolve  about  one  of 
its  sides  C  c,  that  side 
will  be  the  axis  of  a 
right  cylinder,  of  which  the  two  adjoin- 
ing sides  Will  describe  the  two  bases 
riv.  3;  Cor,  2.),  and  the  side  opposite^ 
A  a,  the  convex  surface. 

Before  we  can  proceed  to  consider  the 
cbnvex  surfaces  of  the  cone  and  cylin^ 
der^  it  will  be  necessary  to  establish  the 
following  lemmas  eonceming  convex 
surfiices  in  genernL 

Lemma  i. 

A  plan^  surface  OABCD  is  less 
than  any  other  surface  P  AB  C  D,  ter- 
minated by  the  same  contour  A  B  C  D. 

For,  in  whatever  di- 
rection we  extend  Ih^ 
plane  fiPD,  to  ciit  the 
plane  surface  in  the 
straight  line  B  D,  and 
the  other  surface  m 
the  curved  oi-    bbnt  linfe  BPD,  the 
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dimension  B  D  of  the  plane  is  less  than 
the  dimension  B  PD  of  the  other  sur- 
face (I.  1 0.  Scholium),  But  if  the  plane 
surface  were  equal  to  or  greater  than 
the  other,  the  dimension  of  the  plane 
surface  could  not  be,  in  every  direction, 
less  than  the  dimension  of  the  other. 
Therefore,  the  plane  surface  O  A  B  C  D 
is  neither  equal  to  nor  greater  than  the 
surface  PABCD;  that  is,  it  is  less 
than  the  surface  PABCD. 

Therefore,  &c. 

Lemma  2. 

If  a  convex  surface  A  B  is  envelooed 
on  all  sides  by  another  surface  M  N  ; 
whether  they  have  any  points,  lines,  or 
planes  in  common,  or  have  no  point  at 
all  in  common,  the  enveloped  surface 
will  always  be  less  than  the  surface  which 
envelops  it. 

For  it  is  the  nature  of 
a  convex  surface  that 
there  is  no  point  of  it 
through  which  a  plane 
cannot  be  drawn  touch- 
ing, or  at  least  not  cut- 
ting, Ihe  surface.  There- 
fore, if  such  a  surface  A  B  be  enveloped 
by  any  other  M  N,  and  if  A  be  any  point 
in  the  former  which  is  not  also  in  the 
latter  surface,  a  plane  CD  may  be  drawn 
through  A,  cutting  the  surface  M  N,  and 
not  cutting  the  surface  A  B.  And  be- 
cause the  plane  CD  is  less  than  the  sur- 
face C  M  D  by  the  preceding  lemma,  the 
whole  surface  CND  is  less  than  the  whole 
M  N  (I.  ax.  6.)  Therefore,  of  all  the  sur- 
faces which  envelop  the  space  A  B,  and 
are  in  any  part  exterior  to  the  surface 
AB,  there  is  none  than  which  a  less 
cannot  be  found  enveloping  the  same 
space  A  B.  But  of  the  surfaces  enve- 
loping this  space,  there  must  be  some 
(one  or  more)  less  than  any  of  the  others ; 
for  none  of  them  can  be  less  than  of 
some  certain  magnitude.  Therefore, 
since  one  or  more  of  the  surfaces  must 
be  less  than  any  of  the  others,  and 
since  a  less  may  be  found  than  any 
which  is  in  any  part  exterior,  to  the  sur- 
face AB,  such  least  surface  is  none  other 
than  the  surface  A  B.  Therefore,  the 
surface  AB  is  less  than  the  surface  MN. 

Therefore,  &c. 

Prop.  1. 
A  right  cylinder  is  greater  than  qny 
inscribed  prism,  and  less  than  any  cir- 
cumscribe prism  :  also  the  convex  sur- 
face of  the  cylinder  is  greater  than  the 
convex  surface  of  any  inscribed  prism, 
and  less  than  the  convex  surface  of  any 
circumscribed  prism. 


The  first  part  of  the  proposition  is 
manifest:  we  have  only,  tlwrefore,  to 
demonstrate  that  wluch  relates  to  the 
siufaces. 

Let  A  a  be  the  axis  of  a 
right  cylinder,  and  BCD, 
bed  its  two  bases ;  and, 
first,  let  E  F,  e/be  the  bases 
of  any  prism  inscribed  in  the 
cylinder :  the  convex  surface 
of  the  cylinder  shall  he  greater 
than  the  convex  surfoceof 
the  inscribed  prism. 

For,  if  not,  it  must  either 
l)e  less  than  the  latter  surface 
or  equal  to  it.  First,  let  it 
be  supposed  less,  viz.  by  a  surface  P ; 
let  Q  be  any  multiple  of  P,  which  is 
greater  than  the  difference  between  the 
two  circles  B  C  D,  6  ccf  taken  together, 
and  the  two  polygons  £F,  ef  taken 
together:  take  A  a'  the  same  multiple  of 
A  a  that  Q  is  of  P,  and  complete  the 
cylinder  which  has  the  axis  A.  a  and  the 
base  BCD,  and  the  prism  ^flL¥, 
which  is  inscribed  in  it  upon  the  base 
E  F.  Then,  by  mdcing  the  cylinder 
which  has  the  axis  A  a  coincide  succes- 
sively with  the  parts  of  the  larger  cylin- 
der, it  may  l)e  shown  that  \m  convex 
surface  of  the  latter  is  the  same  multiple 
of  the  convex  surface  of  the  .former  that 
A  a'  is  of  A  a,  or  Q  of  P ;  and  it  is  evi- 
dent that  the  convex  surface  of  the 
I)rism  inscribed  in  it  is  the  same  mid- 
tiple  of  the  convex  surface  of  the  prism 
inscribed  in  the  former  cylinder :  there- 
fore, because  the  convex  surface  of  the 
lesser  cylinder  togettier  with  P  is  eqaad  to 
the  convex  surface  of  its  inscribed  prism, 
the  convex  surface  of  the  larger  cylinder 
together  with  Q  is  likewise  equal  to  the 
convex  surface  of  its  inscribed  prism. 
But  the  difilerence  between  the  two  cir- 
cles BCD,  bed iKketi  together  and  the 
two  polygons  E  F,  ef  taken  together  (or, 
which  IS  the  same  thing,  between  the 
two  circles  BCT>,l/c^€P  taken  together 
and  the  two  polvgons  E  F,  eff  taken 
together)  is  less  than  Q.  Therefore,  the 
convex  surface  of  the  lai^  cylinder 
together  with  this  difierence  is  less  than 
the  convex  surface  of  its  inscribed  prism ; 
which  is  impossible  (Lem.  2.),  because 
the  convex  surface  of  the  cylinder,  toee- 
ther  with  this  difference  and  with  ibe 
tKo  polygons  EF,  e^f*^  envelops  the 
convex  surfkce  of  the  prism,  toeether 
with  the  same  two  polygons  E 1^  </^. 
Therefore,  the  convex  surface  of  the 
cylinder  which  has  the  axis  A  a  is  not 
less  than  the  convex  surface  of  the  in- 
scribed prism. 
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Neither  can  the  convex  surface  of  the 
cylinder  be  equal  to  the  convex  siurface 
of  the  inscribed  prism.  For,  if  this  be 
supposed,  then,  oecause  a  polygon  mav 
be  inscribed  in  the  circle  BCD,  which 
shall  have  a  greater  perimeter  than  the 
polygon  E  F,  a  prism  may  be  inscribed 
in  the  cylinder  which  shall  have  (IV.  29. 
Scholium)  a  greater  convex  surface  than 
the  prism  upon  the  base  £F,  that  is,  than 
the  cylinder  has.  But  this  is  impos- 
sible, as  has  been  already  demonstrated. 

Therefore,  the  convex  surface  of  the 
cylinder  must  be  greater  than  the  con- 
vex surface  of  the  in- 
scribed prism. 

And  by  a  similar  course 
of  reasoning  applied  to 
the  adjoined  figure,  it  may 
be  demonstrated  that  the 
convex  surface  of  a  cylin- 
der is  less  than  the  con- 
vex sur^M^  of  any  cir- 
cumscribed prism. 

Therefore,  &c. 

Prop.  2. 

Anjf  right  cylinder  being  ^ven,  two 
prisms  may  be  the  one  inscribed  in  iU 
and  the  other  circumscribed  about  it, 
such  that  the  difference  of  their  con- 
vex surfaces,  or  of  their  solid  contents, 
shall  be  less  than  any  given  difference. 

Let  ABG,  abg  be  the  bases  of  a 
given  right  cylinder ;  C,  c  their  centres. 
And,  first,  let  P  be  the  given  difference 
of  surfaces,  and  let  Q  be  the  convex 
surface  of  some  circumscribed  prism. 
Then,  because  (as  in  III.  31.)  a  regular 
polygon  may  be  inscribed  in  the  circle 
ABG,  the  apothem  CE  of  which  ap- 
proaches to  the  radius  C  D  within  any 
given  difference,  it  is  evident  that  a 
polygon   may  be  inscribed  such   that 


C  D  -CEshallbe  to  C  E  in  a  ratio  less 
than  any  assigned,  and,  therefore,  in  a  ra- 
tio less  than  that  of  P  to  Q.  Let  ABFGH 
be  such  a  polygon,  and  C  E  its  apo- 
them. Join  C  A,  C  B,  &c.,  and  let  the 
planes  A  C  c,  B  C  c,  &c.  cut  the  \xpjper 
base  in  the  radii  ca,  cb,  &Cn  and  join 
Aa,Bb,  &c,  a  b,  bf,  &c:  then  (def.  8.) 
it  is  evident  that  the  polygons  ABF 
GH,  abfgh  are  the  oases,  and  the 
straight  lines  Aa,Bb,  8lc.,  the  princi- 
pal ^ges  of  a  prism  inscribed  in  the 
given  cylinder.  Again,  let  the  polygon 
KLMNO,  simUar  to  ABFGH.  be 
circumscribed  about  the  circle  A  B  D, 
so  that  one  of  its  sides,  K  L,  may  touch 
the  circle  in  D  (III.  27.  Cor,  2.) :  let  the 
plane  DCccut  the  circle  abd  in  the 
radius  cd,  and  let  a  similar  polyeon 
klmno  be  circumscribed  about  this 
circle,  so  that  the  side  kl  may  touch  it 
in  d,  and  join  K  ^,  L  /,  &c. ;  then  (def.  8.) 
it  is  evident  that  KLMNO,  klmno 
are  the  bases,  and  the  straight  lines  K  k, 
L  I,  &C.  the  principal  ed^s  of  a  prism 
circumscril)ea  about  the  ^ven  cylinder. 

Now,  the  convex  surfaces  of  these 
prisms,  inscribed  and  circumscribed, 
are  the  sums  of  their  rectangular  faces. 
And,  since  these  rectangles  have  all  of 
them  the  same  altitude,  the  sums  of  the 
rectangular  faces  are  as  the  sums  of  the 
bases  of  the  rectangles  (II.  35.),  which 
sums  are  the  perimeters  of  the  inscribed 
and  circumscribed  polygons,  and  are, 
therefore,  as  the  apothems  CE,  CD  (III. 
30.)*  Therefore,  the  convex  surfaces  of 
the  prisms  are  to  one  another  as  C£,  CD 
(U.  12.)  ;  and  their  difierence  is  to  the 
convex  surface  of  the  inscribed  prism 
asCD-CEtoCE  (II.  20.).  that  is 
in  a  less  ratio  than  that  of  P  to  Q. 
But  even  had  the  ratio  of  their  differ- 
ence to  the  convex  surface  of  the  in- 
scribed prism  been  the  same  with  that 
of  P  to  Q,  the  difference  would  have 
been  less  than  P  (II.  18.  Cor,),  because 
the  surface  of  the  inscribed  prism  is 
less  than  Q,  which  is  the  surface  of 
some  circumscribed  prism  (IV.  29. 
Scholium) :  much  more,  therefore,  being 
less,  is  the  difference  less  than  P. 

In  the  next  place,  let  S  be  the  given 
difference  of  solid  contents,  and  let  T  be 
the  solid  content  of  some  circumscribed 

Erism.  Then,  as  before,  a  polygon  may 
e  inscribed  in  the  lower  base  such  that 
its  apothem  C  £  shall  approach  to  the 
radius  C  D  within  any  given  difference ; 
and,  therefore,  such  also  that  C  D«  -  C  £• 
may  be  to  C  E«  in  a  ratio  less  than  any 
assigned;  less,  therefore,  than  that 
ofS  toT.    Let  ABFGH  be  such  a 
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polygbhi  and  lei  ihfe  prisih*  be  ihiscrlbed 
ahd  fcircumscribed  as  befol*.  Thetti 
because  these  prisms  hare  the  iiame 
altitude,  their  solid  contents  are  to  one 
another  as  their  bilses  (IV;  29.  Cor.  2.). 
tvhich  bases  are  Ihe  inscribed  and  cir- 
cumscribed polygons,  and,  therefol^,  ar^ 
to  one  another  As  C  E«,  C  D*.  There- 
fore, the  contents  are  to  one  another  as 
CE«,  GD«  (11. 11);  and  then-  difffef- 
ehce  is  to  the  content  of  the  inscribed 
prism  as  C  D«  -  C  E«  to  C  E«  (II.  20.), 
that  is.  hi  a  less  ratio  thaii  (hat  of  S  to 
T.  Therefore,  As  before,  bebause  the 
cbnteht  Of  the  hiscribed  prism  is  less 
than  T;  much  moi-fe  la  the  difference  of 
contents  less  than  S. 

Therefore,  &c; 

Cor.  1.  Any  right  cylinder  being 
given,  a  regular  prism  may  be  inscribed 
(or  circumscribed)  Ifvhich  shall  difffer 
from  the  cylinder  in  feottrex  surikee,  or 
in  iolid  content,  bV  less  than  any  giten 
difference.  For  the  difference  between 
the  cylinder  and  either  of  the  prisms; 
vrhether  iii  surface  or  in  cdhtent,  is  less 
than  the  difference  of  the  two  prisms  (!.)• 

Cor.  2.  Any  two  similar  right  cylin- 
ders being  giveti,  similar  regular  pnsms 
may  be  inscribed  (or  circumscribed) 
which  shall  differ  firom  the  cylinders  in 
conrex  Surface  or  in  solid  content,  by 
less  than  any  the  sanle  given  difference.- 

Prop*  3. 

The  convex  surface  qf  a  right  cylin- 
der is  equal  to  me  product  cf  its  alti- 
iude  by  the  circumference  ofttt  base, 

For,  if  this  product  be[not  equal  to  the 
convex  surface  of  the  cylinder,  it  inust 
either  be  greater  or  less  than  that  surface. 

If  greater,  aS  by  a  difference  D,  it 
must  oe  greater  also  than  the  convex 
surface  of  some  circumscribed  prism ; 
for  a  prism  may  be  circumscribed,  the 
convex  surface  of  which  approaches  to 
that  of  ihe  cylinder  within  the  difference  D 
QZMor.l.):  but  the  convex  surface  of  such 
a  prism  is  equal  to  the  product  of  its  alti- 
tude (which  is  the  same  with  that  of  the 
cylinder)  by  the  perimeter  of  some  cir- 
cumscribed polygon  (IV.  29.  Scholium) ; 
therefore,  the  circumference  of  the  base 
of  the  cylinder  is  greater  than  the  peri- 
meter of  this  circumscribed  polygon^ 
which  is  impossible. 

And,  in  tlie  same  manner,  if  le&s,  ad 
by  a  difference  D,  it  must  be  less  also 
than  the  convex  surface  of  some  in- 
scribed prism  (2.  Cor.  1.) ;  but  the  con- 
vex surface  of  such  a  prism  is  equal  to 
the  product  of  its  altitude  (the  Same  with 
that  of  the  cylinder)  by  the  perimeter  of 
some  inscribed  polygon  (lY.  29.  Scho 


Hum) ;  therfefo^  th^  blrettfifH^Hte  of 
the  base  of  the  cylinder  is  less  thati  the! 
perimeter  of  thiS  inscribed  ^lygon. 
which  is  impossible. 

Thferefbre  thfe  jiroduCt  in  question  hi 
neither  greater  hor  le^s  than  the  convex 
surface  of  the  bylinder*  tiiat  is,  it  IM 
equal  to  it. 

Therefore,  &C. 

Cor,  If  R  is  Xh(t  radius  of  the  base  of 
a  right  bylinder,  and  A  Hk  altitude, 
the  convex  durihce  of  the  cyUndd*  Is 
2«-RA  (III.  34.  SehoUtkk.}: 

I^ROP.  4. 

7*Ae  solid  content  of  a  right  cylinder 
is  equal  to  the  product  ftf  xU  base  ^nd 
altitude. 

This  proposition  is  demonstraled  in 
exactly  the  same  manner  as  the  preced- 
ing. If  the  product  in  question  exceed 
the  content  of  the  cylinder,  it  muit  like- 
wise exceed  the  content  of  some  cir- 
cumscribed prism  (2.  Cbr.  1.):  but  this 
is  impossible,  because  the  prism  (iy.29. 
Cor,  1.)  is  equal  to  the  product  of  its 
altitude,  whicti  is  the  Same  with  that  of 
the  cylinder,  by  its  base^  which  is  greater 
than  the  base  of  the  cylinder.  If«  on 
the  other  hand,  it  be  less  than  the  cbn- 
tent  of  the  eylinderi  it  must  likewise  be 
less  than  th^  content  of  some  itiscHbed 

Erism  (2.  Cor,  1.)  ;  but  this  is  impossi- 
le,  because  the  prism  (IV;  29.  Cor.  1.) 
is  equal  to  the  product  of  its  altttude^ 
whicn  Is  the  same  with  that  of  the  cy- 
linder, by  its  base,  which  is  less  than 
the  base  of  the  cylinder.  Therefore,  the 
product  in  question  cannot  but  be 
equal  to  the  content  of  the  cylinder. 

Therefore,  &c. 

Cor.  1;  If  R  is  the  radius  of  the  base 
of  a  right  cylinder,  Imd  A  its  altitude, 
the  solid  content  of  the  cylinder  is 
irR«  A  (III.  34.  Scholium.). 

Cor,  2.  If  a  right  cylinder  and  a 
prism  have  equal  bases  and  altitudes, 
the  cylinder  shall  be  equal  to  the  prism 
(IV.  29.  Cor.  1.). 

Cor,  3,  (Euc.  xii.  11.  and  14.)  Right 
cylinders  which  have  equal  altitudes  are 
to  one  another  as  their  bases ;  and  right 
cylinders  which  have  equal  bases  are  to 
one  another  as  their  altitudes :  also  any 
two  right  cylinders  are  to  one  another  in 
the  ratio  which  is  compounded  of  the 
ratios  of  their  bases  and  altitudes  (IV. 
29.  Cor,  2.). 

Prop.  5.  (Euc.  xii.  12.) 
The  surfaces  of  similar  right  cylin- 
ders are  as  the  squares  of  ihe  axes  ;  and 
their  solid  contents  are  as  the  mbes  qf 
the  axes. 
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Fbn  in  the  first  pUc^,  thferS  niay  be 
inscribed  In  the  cylinders  similar  prisms; 
the  conTe*  siu^aces  of  which  approach 
moi-e  nearly  to  the  convfex  surfaces 
of  the  cylinders  than  by  any  thfe  same 
girfen  difference  (2.  Cb**.  2.) :  ftnd  it  may 
easily  be  shown  that  the  convek  sur- 
faces of  these  prisms  are  to  one  another 
alwdys  in  the  same  ratio,  viz.,  as  the 
squares  of  their  principal  edges  (II;  43. 
Cbr.  1 .);  iNrhich  are  eciuil  resnectively 
to  the  axes  bf  the  cylinders :  tnerefore, 
the  convex  surfaces  of  ihd  cylinders 
are  to  brie  Another  in  the  same  i'atio 
(11.^8.),  vit.,  as  the  squares  of  theii*  axfeS. 

And,  in  the  satiie  nianner,  because 
there  nAaT  be  inscribed  in  the  cylin- 
dcrs,  similar  prisms,  the  solid  contents 
of  which  approach  more  nearly  to  thb 
solid  contents  o(  the  cylinders  than  by 
any  the  Same  given  difflerence  (I .  Cor,  2.); 
and  because  the  solid  contents  of  these 
prisms  are  to  one  another  alvtays  in  the 
skme  ratio,  viz;,  as  the  cubes  of  their 
principal  fedges  (IV.  35.),  which  ar^ 
equal  respectively  to  the  axes  of  the 
cylinders,  the  solid  Contents  Of  the  cylin- 
ders are  to  bne  another  in  the  same  ratio 
(II.  28.),  viz.,  9A  the  cubes  of  their  axes. 
Othert^se: 

Let  A,  a  represent  the  axes  of  tWo 
similar  right  cylinders,  and  R,  t  the  radii 
of  their  bases.  Then  (3.  Cor.)  2  «-  R  A, 
2  *r  a  will  represent  their  convex  sur- 
faces respectively,  and  (4.  Cor.  1 .)  wR*  A, 
^r^a  their  solid  contents.  But,  be- 
cause the  cylinders  are  similar,  (def.  3.) 
R  :  A  : :  r  :  a ;  therefore  (p.  47,  Rule  li.) 
RA  :  A*  ::  ra  :  a*,  cdtemando  (II.  19.) 
RA  :  ra::  A*  :  a*,  and  (p.  47,  Rule  ii.) 
2a'RA  :  2«'ra::  A*  :  a%  that  is,  the 
convex  Surfaces  of  the  cylinders  are  to 
one  another  as  ^the  squares  of  their 
axes. 

Again,  because  R  :  A : :  ♦• :  a,  R*  : 
A* ::  r»  :  a»  (11.37.  Cor.  4.),  and  (p. 47, 
Rule  ii.)J  R«  A  :  A»  ::  r^a  :  <i»;  there- 
fore, oftemortcfo  (II.  19.)  R»  A  ir^ay. 
A«  :  a«,  and  (p.  47,  Rule  ii.)  r  R«  A  : 
■•r*  a  ::  A»  :  a";  that  is,  the  solid  con- 
tents of  the  cylinders  are  to  one  another 
as' the  cubes  of  their  axes. 

Therefore,  &c. 

Prop*  6. 

A  right  cone  is  greater  than  amf  i«- 
scribea  pyramid,  and  lese  than  any  cir- 
cunucnlfed  pyramid;  also  the  convex 
mrface  of  the  cone  ii  greater  than 
the  conveM  surface  of  any  tnecribed  py- 
ramid, and  le9s  than  the  convex  surface 
of  any  cireum$eribed  pyramid. 

The  former  part  of  the  proposition  id 


in 

nianifest :  thfe  hlter  relroecting  the  sur- 
fkces  may  be  demonstrated  as  fbllows : 

J^t  VA  be  the  axis 
and  BCD  the  base  of 
a  right  cone  ;  and, 
first,  let  EF  bfe  the 
b&se  of  any  pyramid 
inscribed  in  the  cone : 
the  convex  surface  of 
the  bone  shall  be 
greater  than  the  coh- 
vex  surface  of  the 
inscribed  pyramid. 

For,  if  the  axis  VA 
be  produced  to  V,  so 
that  A  V  may  be  equal  to  A'V,'and  if  d 
right  cone  be  described  which  shall  have 
the  axis  VA  and  the  base  B  C  D,  it  may 
be  shown  by  coincidence  that  the  con- 
vex surface  of  the  latter  cone  V  B  C  D 
is  equal  to  the  convex  surface  of  the 
first  cone  VB  CD;  and,  because  the 
triangles  which  form  the  convex  surface 
of  the  inscribed  pyramid  V  E  F  have 
their  sides  equal  respectively  to  the  sides 
of  the  corresponding  triangles  which 
form  the  convex  surface  of  the  inscribed 
pyramid  VE  F  (I.  4.),  the  former  trian- 
gles are  equal  to  the  latter,  each  to  each, 
and  the  whole  convex  surface  of  the 
pyramid  V'EF  is  equal  to  the  whole 
convex  surface  of  the  pyramid  V  E  F. 
Therefore  the  convex  surface  of  the  cone 
VB  C  D  is  equal  to  half  the  convex  sur- 
faces of  the  two  cones  taken  together ; 
and  the  convex  surface  of  the  pyramid 
V  E  F  is  equal  to  half  the  convex 
surfaces  of  the  two  pyramids  taken  to- 
gether. But  the  convex  surfaces  of  the 
two  cones  taken  together  are  greatfer  than 
the  convex  surfaces  of  the  two  pyramids 
taken  together  (Lemma  2),  because  the 
former  envdop  the  latter.  Therefbre 
(I.  ax.  8.).  the  convex  surface  of  the 
cone  V  B  C  D  is  greater  than  the  con- 
vex surface  of  the  in- 
8cril)ed  pyramid  VEF. 

And  by  a  similar 
demonstration  applied 
to  the  adjoined  figure, 
it  may  be  shown  that  i? /-^ 
the  convex  surface  of  Y" 
the  cone  is  less  than 
the  convex  surfkce  of 
any  circumscribed  py- 
ramid. 

Therefore,  &c. 

Prop.  Jr. 


Inv  right  cone  being  given,  ttoo  py- 
lias  may  be  the  one  inscribed  in  the 


Anh 

ramias  may  ^ ^ 

cone^  and  the  other  circumscribed  about 
it,  such  that  the  difference  qf  their  con* 
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vex  surfaces^  or  of  their  solid  con-' 
tents,  shall  be  less  than  any  given  dif- 
ference. 

Let  V  be  the  vertex  of  a  right  cone, 
A  B  D  its  base,  and  C  the  centre  of  the 
base.  And,  first,  let  P  be  the  given  dif- 
ference of  the  surfaces ;  and  let  Q  be  the 
convex  surface  of  some  circumscribed 
pyramid.  Then,  because  (asinIII.]31.) 
a  regular  polygon  may  l)e  inscribed  in 
the  circle  ABD,  the  apothem  CE  of 
i/vhich  approaches  to  the  radius  C  D 
within  any  given  difference,  a  polygon 
may  be  mscribed,  such  that  C  D«  — 
CE>  may  be  to  C£'  in  a  ratio  less 
than  any  assigned;  less,  therefore, 
than  that  of  P  to  Q.  Let  A  B  FGH 
be  such  a  polygon;  and  let  a  similar 
polygon  KLMNO  be  circumscribed 


about  the  circle,  so  that  the  side  K  L 
may  touch  the  circle  in  D  (III.  27. 
Cor.  2.).  Join  VA,  VB,  &c..  VK, 
VL,  &c.,  and  through  E  draw  EU 
parallel  to  D  V,  to  meet  C  V  in  U,  and 
join  UA,  UB,  &c*  Then,  it  may 
easily  be  shown,  that  the  convex  sur- 
faces of  the  two  pyramids,  which  have 
the  points  U,  V,  for  their  vertices,  and 
the  mscribed  and  circumscribed  poly- 
gons for  their  bases,  ai*e  made  up  of 
similar  triangles,  which  are  to  one  an- 
other in  the  same  ratio,  each  to  each, 
viz.  that  of  CE«to  CD«  <IL  42.  Cor.). 
Therefore,  the  convex  surfaces  of  the 
pyramids  are  to  one  another  in  the  same 
ratio  (IL  23.  Cor.  1.) ;  and  the  differ- 
ence of  their  convex  surfaces  is  to  that 
of  the  lesser  pyramid  as  C  D«— C  E«  to 
C  E*  (IL  20.).  tnat  is,  in  a  less  ratio  than 
that  of  P  to  (^>  But  the  convex  surface 
of  the  lesser  pyramid  is  less  than  the 
surface  of  the   pyramid  VABFGH 

*  The  lines  U  A,  U  B,  Src.  are  omitted  ia  the 


(1. 26.  Cw.  and  L 12.  Cw.  2.),  and  there- 
fore by  much  more  less  than  Q.  Mu<^ 
more,  therefore,  is  the  difference  of  the 
convex  surfaces  less  than  P  (II.  1 8. Cor.); 
and  more  still  is  the  difference  of  the 
surfaces  of  the  inscribed  and  drcum- 
scribed  pyramids,  which  have  the  com- 
mon vertex  V,  less  than  P. 

Next,  let  S  be  the  given  difference  of 
the  solid  contents;  and  let  T  be  the 
solid  content  of  some  circumscribed  py- 
ramid. As  before,  let  the  n^ar  poly- 
gon A  B  F  G  H  be  inscribed  in  the  circle 
ABD,  such  that  CD«-CE«may  be 
to  C  E*  in  a  l&ss  ratio  than  that  of  S  to 
T;  let  a  similar  polygon  be  circum- 
scribed, and  the  inscrit>ed  and  circum- 
scribed pyramids  completed.  Then, 
because  these  pyramids  have  the  same 
altitude,  their  solid  contents  are  to  one 
another  as  their  bases,  that  is,  as  C  £>, 
C  D*  (IV .  32.) :  therefore,  the  difference 
of  the  contents  is  to  that  of  the  inscribed 
pyramid  as  CD«-CE«  to  CE«  (11.20.) 
that  is,  in  a  less  ratio  than  that  of  S  to 
T.  Therefore,  because  the  content  of  the 
inscribed  prism  is  less  than  T,  much 
more  is  the  difference  of  the  contents 
less  than  S  (II.  18.  C(yr.). 

Therefore,  &c. 

Cor.  1.  Any  right  conebein^  giTen, 
a  regular  pyramid  may  be  inscribed  (or 
circumscribed),  which  shall  diffier  from 
the  cone  in  convex  surface,  or  in  solid 
content,  by  less  than  any  given  differ- 
ence; for  the  difference  between  the 
cone  and  either  of  the  pyramids,  whe- 
ther in  surface  or  in  content,  is  less  than 
the  difference  of  the  two  pyramids  (6.). 

Cor.  2.  Any  two  similar  right  cones 
being  given,  similar  regular  pyramids 
may  be  inscribed  (or  circumscrilied), 
which  shall  differ  from  the  cones  in 
convex  surface,  or  in  solid  content,  by 
less  than  any  the  same  given  difference. 

Prop.  8. 

The  convex  surface  of  a  right  cone  ie 
equal  to  haff  the  product  of  its  slant 
side  by  the  circunfference  of  its  base. 

For,  if  half  this  product  be  not  equml 
to  the  convex  surface  of  the  pyramid,  it 
must  either  be  greater  or  less  than  that 
surface.  If  greater,  it  must  also  be 
greater  than  the  convex  surface  of  some 
circumscribed  pyramid  (7.  Cor.  1.) — 
greater,  that  is,  than  half  the  product 
of  the  slant  side  of  the  cone  by  the  peri- 
meter of  the  circumscribed  polygon 
(I.  26.  Con),  which  is  the  base  of  the 
pyramid ;  for  the  triangles  which  form 
the  convex  surface  of  the  pyramid  have 
for  their  bases  the  sides  of  the  circum- 
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scribed  polygon,  and  the  lines  drawn 
from  thenr  common  vertex  to  the  points 
of  contact  (which  lines  are  each  a  slant 
nde  of  the  cone)  perpendicular  to  those 
baaes  reqpectiveljr  (iIL  2.  Cor,  1.  and 
jy.  4.)*  But  tms  is  impossible,  be- 
cause the  circumference  of  the  base  of 
the  cylinder  is  less  than  the  perimeter 
of  the  circumscribed  polygon.  Again, 
if  lulf  this  product  be  less  than  the  con- 
Tex  surface  of  the  cone,  it  must  be  less 
also  than  the  convex  surface  of  some 
inscribed  pvramid  (5.iCor.  1.)— less,  that 
is,  than  half  the  product  of  the  perpen- 
dicolar  drawn  from  the  vertex  to  a  side 
of  the  inscribed  regular  polygon  which  is 
the  base  of  the  pyramid,  oy  the  perimeter 
of  that  polygon;  which  is  impossible, 
because  not  only  is  the  slant  side  greater 
than  the  perpendicular  (IV.  8.)*  out  the 
circumference  of  the  base  of  the  cylinder 
is  also  greater  than  the  perimeter  of  the 
inscribed  polygon. 

Therefore,  half  the  product  in'auestion 
is  neither  greater  nor  less  than  the  con- 
vex surface  of  the  pyramid ;  that  is,  it  is 
equal  to  it 

Therefore,  &c. 

Cor.  If  R  is  the  radius  of  the  base  of 
a  right  cone,  and  S  its  slant  side,  the 
convex  surface  of  the  cone  is  «r  RS 
(IIL  34.  Scholium.}, 

Prop.  9, 

T%e  solid  content  of  a  right  cone  is 
equal  to  one-third  of  the  product  qf  its 
base  and  altittide. 

This  proposition  is  demonstrated  in 
the  same  way  as  the  preceding.  If  a 
third  of  the  product  in  question  exceed 
the  content  of  the  cone,  it  must  likewise 
exceed  the  content  of  some  circum- 
scribed pyramid  (7.  Cor.  1.) ;  but  this  is 
impossible,  because  the  latter  (IV.  32. 
Cor.  1.)  is  equal  to  a  third  of  the  pro- 
duct of  its  altitude,  which  is  the  same 
with  that  of  the  cone,  by  its  base,  which 
is  grater  than  the  base  of  the  cone. 
And  if,  on  the  other  hand,  it  be  less 
than  the  content  of  the  cone,  it  must 
likewise  be  less  than  the  content  of  some 
inscribed  pvramid  (7.  Cor.  1.) ;  but  this 
is  impossible,  because  the  latter  (IV.  32. 
Cor,  1.)  is  equal  to  a  third  of  the  pro- 
duct of  its  altitude,  which  is  the  same 
with  that  of  the  cone,  by  its  base,  which 
is  less  than  the  base  of  the  cone. 

Therefore,  a  third  of  the  product  in 
question  is  equal  to  the  content  of  the 
cone. 

Therefore,  &c. 

Cor.  1 .  If  R  is  the  radius  of  the  base 
of  a  right  cone,  and  A  its  altitude,  the 


solid  content  of  the^cone  is  i  «•  R'A 
(III.  34.  Scholium.), 

Cor.  2.  (Euc.  xii.  10.).  If  aright  cylinder        ^ 
and  a  right  cone  have  the  same  base  and        ^ 
the  same  altitude,  the  cone  shall  be  a 
third  part  of  the  cylinder  (4.). 

Cor.  3.  If  a  right  cone  and  a  pyramid 
have  equal  bases  and  altitudes,  the  cone 
shall  be  equal  to  the  pyramid  (IV.  32. 
Cor.  1.). 

Cor.  4.  (Euc.  xii.  11  and  14.)  Right 
cones  which  have  e|q[ual  altitudes  are  to 
one  another  as  their  bases;  and  right 
cones  which  have  equal  bases  are  to  one 
another  as  their  altitudes:  also,  any 
two  right  cones  are  to  one  another  in  the 
ratio  which  is  compounded  of  the  ratios 
of  their  bases  and  altitudes  (IV.  32. 
Cor.  2.). 

Prop.  10.  (Euc.  xii.  12.). 

The  surfaces  of  similar  right  cones 
are  as  the  squares  [of  the  axes;  and 
their  solid  contents  are  as  the  cubes  of 
the  axes. 

For,  in  the  first  place,  there  may  be 
inscril)ed  in  the  cones  similar  pyramids, 
the  convex  surfaces  of  which  approach 
more  nearly  to  the  convex  surfaces  of 
the  cones  than  by  any  the  same  given 
difference  (7.  Cor.  2.) ;  and  the  convex 
surfaces  of  these  pyramids  are,  to  one 
another,  always  in  the  same  ratio,  viz. 
as  the  squares  of  the  sides  of  their  bases 
(II.  42.  Cor.  and  II.  23.  Cor.l.).  that 
is,  as  the  squares  of  the  radii  of  the  cir- 
cumscribing circles  (III.  30.),  or  (II. 
37.  Cor.  4.)  as  the  squares  of  the  axes 
of  the  cones,  for  the  axes  of  the  cones 
are  to  one  another  as  the  radii  of  their 
bases  (def.  6.);  therefore  the  convex 
surfaces  of  the  cones  are  to  one  another 
in  the  same  ratio  (II.  28.),  viz.  as  the 
squares  of  their  axes. 

And,  in  the  same  manner,  because 
there  may  be  inscribed  in  the  cones 
similar  pyramids,  the  solid  contents  of 
which  approach  more  nearly  to  the  solid 
contents  of  the  cones  than  by  any  the 
same  given  difiPerence  (7.  Cor.  2.) ;  and 
because  the  solid  contents  of  these  pyra- 
mids are  to  one  another  always  in  the 
same  ratio,  viz.  as  the  cubes  of  the  sides 
of  their  bases  (IV.  35.),  or  (IV.  27. 
Cor.  3.)  as  the  cubes  of  the  axes  of  the 
cones ;  the  solid  contents  of  the  cones 
are  to  one  another  in  the  same  ratio 
(II.  28.),  viz.  as  the  cubes  of  their  axes. 

Otherwise : 

Let  A,  a  represent  the  axes  of  two 

similar  right  cones ;  R,  r  the  radii  of  their 

bases ;  and  S,  « their  slant  sides.  Then 

(8.  Cor.)  irRS  and  irr«  will  represent 
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their  conve?  swfacea  rpspwtwly,  wd 

(9.  Cor,  1 .)  i>  R3  A,  i  ir  r=  f»  thew  soli4 

contents.    Bnt.  t)ecau§e  thp  cones  are 

pifflilar  (def.  IS.)  R  ;  A  : :  r  j  « ;  and  ter 

pause  th^  slant  sid^s  g,  ?  ^r^  th«  hypQ-r 

tenuses  of  rigbt-^gled  triangle«»  vmciik 

Jiave  the  sides  A,B  «in4  «,  f  ^bPUt  the 

right  *ngle9  propflilional  (IL  32.)  S  ;  A 

;.  *  ;  (j:  therefore  (JI.  37.  Cor.  3.).  R S 

:  A»::r*  :a»,  o/Zemam/oCIUQ.)  RS 

:  ri ::  A* :  a?,  and  (p.  4?.  Rule  ii.) 

rRS  :  trra :;  A«  :  as  thatis,  the  con-; 

yex  surfaces  of  tlie  qones  ar«  fts  the 

squares  of  their  axe^, 

Again,  because  R  ;  A  :  r  :  a,  R'  :  A» 

;r^  ;a^  (IL  37.  Cor,  4.)i  and  (p.  47, 

Rule  ii.)  R'  A  :  A« ;  r''  a  :  fjfl :  therefore 

git^mmdo  av  19.)  R»  A  :  r''  a  ::  A^ 

:  a",  and  (p.  47,  Rule  ii.)  i  ••  R«  A  : 

i  «-  r*  a  ::  A»  :  a»,  that  19,  the  solid 

contents  of  th^  cones  are  to  one  another. 

as  the  cubes  of  their  axes. 

•   Therefore,  &c. 

Prop.  U. 
ThQ  convex  wrfoce  qfafruaiun^  ftfa 
right  cone  is  equal  to  the  product  (/its 
slant  side  by  half  the  sum  qf  the  circum- 
ferences 0/ i(s  two  bases  ^  and  its  solid 
content  is  equal  to  the  sum  of  the  solid 
contents  of  three  cones,  which  have  the 
same  altitude  with  thefn^tumf  and  for 
their  bases  its  two  bases,  and  a  mean 
proportioned  between  them. 

Let  A  B  D,  a  6  c^,  be  the  bases  of  the 
frustum  of  a  cone,  whiph  has  the  vertex 


fqnM  to  t)ie  trap^ioifl  ABtfa.  And 
because  the  tiip§9oid  AB«4  m  ^ual 
to  the  product  of  it9  t^ltitude  A  a  by  balf 
the  pum  of  its  parallel  sides  AE,  <if 
(it  ?8.),  th^  cQnv^  surface  pf  the  fim- 
tunn  is  equi4  to  tlie  prpdupt  of  its  slant 
side  A  a,  by  half  the  sum  of  the  cirT 
ounqfi^ncep  ABD,a,bd> 

In  the  n?xt  place,  vyith  is^ard  to  the 
8pli4  content.  I^^tKtMN  b$  a  triangular 


V.  Draw  any  slant  side  V  a  A ;  from  A 
draw  any  straight  line  AE  perpendicular 
to  VA  (I.  44.)  ;  suppose  AE  to  be  taken 
equal  to  the  circumference  A  B  D,  and 
join  VE,  and  through  a  draw  a  e  parallel 
to  AB  (T.  48.),  to  meet  VE  in  e.  Then, 
because  the  circumferences  ABUi,  abd, 
are  as  their  radii  (III.  33.),  that  is,  as 
V  A,  V  a  (II.  31.),  that  is,  again,  as  A  E, 
ae  (11.31.),  and  that  AEis  equal  to 
ABD,  ae  is  equal  to  abd  (II.  18.). 
Now  the  triangle  V  A  E  is  equal  to  the 
convex  surface  of  the  cone  VABD 
(6.),  because  (I.  26.  Cor,)  it  is  equal  to 
half  the  product  of  V  A  the  slant  side, 
and  AE,  which  is  equal  to  the  circum- 
ference ABD;  and,  for  the  like  reason, 
the  triangle  Voc  is  equal  to  the  convex 
surface  of  the  cone  yabd;  therefore, 
the  convex  surface  of  the  frustum  is 


pyramid,  having  its  base  L  M  N  equal  to 
the  base  ABP,  and  in  the  same  plane  with 
it,  and  its  vertex  K  in  the  same  parallel 
to  the  base  with  the  vertex  of  the  cone. 
Th^n,  because  the  cone  an^  pjTamid 
have  equal  basesj  and  the  same  Utitude, 
they  are  equal  to  one  another  (9.  Cor.  3.). 
Let  the  plane  abd  he  produced  to  cut 
the  pyramid  in  the  triangle  I  mm  then, 
because  I  mn  is  simiilar  f  0  L  M  N 
(IV.  12.  and  IV.  15.).  they  are  to  one 
another  as  Im'  and  LM«  (111.42.  Cor.), 
that  is,  (II.  37.  Cor,  4.)  as  K/«  and 
K  L«.  or  (IV.  14.)  as  Va«  and  V  A«: 
but  the  bases  abd  and  ABD  are  to 
one  another  in  the  same  n^tip  (III.  33. 
and  II.  31.),  sind  ^^iK  is  equal  to 
ABD:  therefore,  also,  Imn  19  equal 
to  abd  (II.  12.  and  II.  18.),  and 
(9.  Cor,  3.)  the  cone  \ abd  is  equal 
to  the  pyramid  Klmn,  Therefore 
(I.  ax.  3.)  the  frustum  of  t^e  cone  is 
equal  to  the  frustum  of  the  pyramid. 
But  the  latter  (IV.  33.)  is  equal  to  the 
sum  of  three  pyramids,  having,  the 
same  altitude  with  the  fnistHm,  and 
for  their  bases  the  bases  of  the  frustum, 
and  a  mean  proportional  between  them ; 
and  (9.  Cor,  3.)  each  pf  these  pyra- 
mids is  equal  to  a  cone  having  the  same 
altitude  and  an  equal  base.  Therefore, 
also,  the  frustum  of  the  cone  is  equal  to 
the  sum  of  three  cones,  having  the  same 
altitude  wit^i  it,  and  for  their  bases  the 
bases  of  the  frustum,  and  a  mean  pro- 
portional between  thein. 

Therefore,  &c. 

Cor,  If  a  straight  line  A  a  be  made  to 
revolve  about  any  axis,  VC,  in  the  same 
plane  with  it,  the  surface  generated  by 
such  straight  line  shall  be  equal  to  the 
product  of  the  straight  line  and  the  cir- 
cumference generated  by  its  middle 
point  F, 
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'Wfoc  i\kp  merated  turfaee  is  that  of  a 
cylinder  if  tpe  line  be  parallel  to  the  axis ; 
and,  in  every  other  case,  that  of  a  frus- 
tum of  a  right  cone.  In  the  former 
ease,  the  reason  is  suijcientlv  manifest 
(3.).  In  the  latter,  it  may  he  shown, 
that  if  F6  be  drawn  parallel  to  A  B  (ill 
the  first  figure  of  the  proposition)  to 
meet  V  B  in  G,  FG  will  be  equal  to  the 
circumference  generated  by  the  point  F : 
also,  b€«!ause  V  F  is  equal  to  half  the 
sum  of  V  A  and  V  a,  FG  is  equal  to  half 
the  sum  of  AE  and  ae  (II.  30.  Cor.  2.); 
therefore  the  drcumferenoe  generate^  by 
the  point  F  is  equal  to  half  the  sun^  of 
the  circumferences  ABD,  abd;  and 
hence  by  the  proposition,  the  convex 
sarhce  of  the  frustum,  that  is,  the  con- 
vex surfisoe  generated  by  the  line  A  a  is 
equal  to  the  product  of  A  a  and  the  cir- 
cumference generated  by  its  middle 
point  F.  f 

Sckolium* 

Although  the  propositions  of  this  sec- 
tion have,  for  greater  brevity  and  sim- 
plicity, been  stated  and  demonstrated 
only  with  r^ard  to  the  right  cylinder  and 
right  cone,  it  will  be  found  that  Props.  2. 
aml,7.  apply  equally  to  the  oblioue  cylin- 
der and  oblique  coiie,  to  whicn  the  de- 
monstrations may  be  without  difficulty 
adapted,  and  hence  it  may  l)e  demon- 
strated, almost  in  the  words  of  Props. 
4.  9.  1 1. 5.  and  10.  that  the  solid  content 
of  an  oblique  cylinder  is  equal  to  the 
product  of  its  base  and  altitude;  the 
solid  content  of  an  oblique  cone  to  one- 
Ihird  of  the  product  of  its  base  and 
altitude ;  the  solid  content  of  a  truncated 
oblique  cone  to  the  sum  of  the  solid 
contents  of  three  cones,  having  the  same 
altitude  with  it,  and  for  their  bases  its 
two  bases,  and  a  mean  proportional  be- 
tween them ;  and,  lastly,  ttiat  the  sur- 
faces of  similar  oblique  cylinders  and 
cones  are  to  one  another  as  the  squares 
of  their  axes,  and  their  solid  contents  as 
the  cubes  of  the  axes.  With  regard  to 
the  convex  surface  of  the  oblicjue  cylin- 
der, it  may  likewise  be  shown  m  a  simi- 
lar manner  (see  lY.  29.  Scholium)  to 
be  equal  to  the  product  of  its  side  (or 
axis)  by  the  perimeter  of  a  plane  sec- 
tion perpendicular  to  it 

It  remains  to  observe,  with  regard  to 
Props.  3.  and  8.,  that  the  remarkable  pro^ 
perty  by  which  the  convex  surfaces  of 
the  cylinder  and  cone  have  been  denned, 
viz.  that  of  containing,  the  first,  straight 
lines  parallel  to  a  g^ven  straight  liu^, 
and  ttie  other  straight  Un^  diverging 


from  a  given  point,  leads  to  another 
property  of  those  surfaces,  from  which 
the  measures  assigned  in  Props.  2.  and 
6.  may  be  very  readily  inferred.  This 
property  is,  that  they  are  deioekpobl^ 
that  is,  thtiy  may  be  conceived  to  ba 
unfolded  and  spread  out  upon  a  plane, 
Now,  it  is  easjT  to  perceive,  that  if  the 
surface  of  a  right  cylinder  be  so  deve- 
loped, it  will  form  a  rectangle,  which 
has  for  its  base  the  circumference  of  the 
circle,  which  is  the  base  of  the  cylinder, 
and  for  its  altitude  the  altitude  of  the 
cylinder)  vvhence  it  follows,  that  the 
convex  surface  of  a  right  cylinder  is 
equal  to  the  product  of  its  altitude  by 
the  circumference  of  its  base.  In  like 
manner  the  developed  surface  pf  a  right 
cone  will  form  a  circular  sector,  the  ara 
of  which  is  equal  to  the  circumference 
of  the  base  of  the  cone,  and  its  radius 
to  the  slant  side;  whence  it  foUows, 
that  the  convex  surface  of  a  right 
cone  is  equal  to  half  the  product  of  its 
slant  side  t)y  the  circumference  of  its 
base. 

Section  8. — Surface  and  content  of 
the  ephere.^ 

Prop.  12. 

ffan  uoic^eM  triasigkA'QC  he  made 
to  revolve  about  an  axis  uJnch  has  in 
the  same  plane  with  it  and  passes 
through  thS  vertex  A,  and  if  a  perpen- 
dicuiar  A  J}  be  (frawn  from  the  vertex 
to  the  base,  atid  EF  be  that  portion  of 
the  axis  which  is  interested  by  per- 
pendiculars  drawn  to  it  from  the  ex- 
tremities qf  the  base;  the  convex  suff  ace 
generated  by  the  base  shall  be  equal  to 
the  product  qf^^  by  the  drcuntfereace 
of  a  circle  having  the  radius  A  D ;  and 
the  solid  generated  by  the  triangle  shall 
be  equal  to  one-third  ef  the  product  of 
this  surface  by  the  perpendicular  A  D. 

First,  of  the  surface  generated  by 
the  base  B  C.  This  is  evidently  the 
convex  surface  of  a  truncated  cona 
having  the  axis  E  F,  and  EB.  FG 
for  the  radii  of  its 
bases ;  and  is  there- 
fore (11.  Cor.}  equal 
to  the  product  of  HO, 
and  the  circumfer- 
ence generated  by  its 
middle  point  D,  that 
is,  (if  D  G  be  drawn 
parallel  to  13  K  to  meet 
EFinG)the  circum- 
ference which  has 
the  radius  T>  G»    Now,  if  E  L  be  drawn 
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parallel  to  B  C,  E  L  will  be  eaual  to  B  C. 
(T.  22.),  and  the  triangles  L  E  F,  A  D  G 
will  be  similar  (1. 18.).  because  the  sides 
of  the  one  are  perpendicular  to  the  sides 
of  the  other,  each  to  each;  therefore 
EL  or  BC  is  to  EF  as  AD  toDG 
(II.  81.),  that  is,  as  the  circumference 
of  a  circle  which  has  the  radius  A  D  to 
the  circumference  of  a  circle  which  has 
the  radius  DG  (III.  33.  and  11.12.); 
and  therefore  (II.  28.  SchoL  Rule  I.) 
the  product  of  B  C  and  the  latter  cir- 
cumference is  equal  to  the  product  of 
EF  and  the  former.  But  the  convex 
surface  in  question  is  equal  to  the  pro- 
duct of  B  C  and  the  cutsumference  of 
which  has  the  radius  D  G.  Therefore 
(I.  ax,  I .)  that  surface  is  likewise  equal 
to  the  product  of  E  F,  and  the  circum- 
ference which  has  the  radius  AD. 

Next,  of  the  solid  generated  by  the 
triangle  ABC.    Let  CB  and  FE  be 
TOoduced  to  meet  one  another  in  V. 
Then  the  solid  in  question  is  the  dif- 
ference of  those  generated  by  the  trian- 
gles A  C  V  and  A  B  V.    Now,  the  solid 
generated    by   the  triangle   ACV    is 
equal  to  the  sum  or  difference  of  two 
cones,  having  the  altitudes  AF,  VF 
respectively,  and  for  their  common  base 
the  circle  of  which  C  F  is  radius— equal, 
that  is  (9.),  to  one-third  of  the  product 
of  A  V,  which  is  the  sum  or  difference 
of  the  altitudes,  by  half  the  radius  C  F, 
and  the  circumference  which  has  the 
radius  C  F  (III,  32.)  ;  or  to  one-third 
of  the  product  of  AD,  half  VC,  and  that 
circumference  (for  ADxVC  is  eaual 
to  A  V  X  C  F),  or  lastly,  to  one-third  of 
the  product  of  AD,  and  the  surface 
generated  by  VC   (8.).     And  in  the 
same  manner  it  may  be  shewn,  that 
the   solid   generated   by    the   triangle 
A  B  V  is  equal  to  one- third  of  the  pro- 
duct of  AD,  and  the  surface  generated 
by  VB.     Therefore  the  difference  of 
these  solids,  that  is,  the  solid  in  question, 
is  equal  to  one-third  of  the  product  of 
AD,  and  the  surface  generated  by  B  C. 
It  has  been  supposed  in  the  above 
demonstrations,  that  E  F  and  B  C  are 
not  parallel.    If  B  C  be  parallel  to  E  F, 
the  surface  generated  by  BC  will  be 
that  of  a  right  cylinder  having  the  axis 
E  F,  whence  the  first  part  of  the  pro- 
position is  manifest ;  and  the  solid  ge- 
nerated by  the  trianjB;le  ABC  will  be 
equal  to  two-thirds  of  the  cylinder  (9.), 
whence  the  second  part  of  the  propo- 
sition* 
Therefore,  &c. 
Cor.  The  proof  of  the  second  part  of 


the  proposition  is  equally  applicable, 
whether  ABC  be  isosceles,  or  other- 
wise. Therefore,  if  any  triangle  ABC 
be  made  to  revolve  about  an  axis  which 
lies  in  the  same  plane  with  it  and  passes 
through  its  vertex  A;  and  if  AD  be 
drawn  perpendicular  to  the  base,  the 
solid  generated  by  the  triangle  shall  be 
equal  to  one-third  of  the  product  of 
AD  and  the  surface  generated  by  the 
base  B  C. 

Prop.  13. 
1/ the  half  AYGUKBof  any  re^ 
Uxr  polygon  of  an  even  number  of  etdes 
revolve  about  the  diagonal  A  B ;  Me 
whole  surface  qf  the  solid  generated  by 
its  revolution  shall  be  equal  to  the  pro- 
duct of  AB  by  the  circumference  of  a 
circle  whose  radius  is  the  apothem  C  S 
of  the  polygon;  and  its  solid  content 
shall  be  equal  to  one-third  of  the  product 
of  this  surface  by  the  apothem  C  E. 

From  the  points  F,  G,  H,  K,  draw 
FL,  GM,  HN,  KG 
perpendicular  to  AB, 
(L45.)  and  join  CF,CG, 
CH,  CK.  Then,  be- 
cause C  is  the  centre  of 
the  polygon,  the  trian- 
gles CAF,  CFG,  &C. 
are  isosceles  triangles, 
having  the  common  ver- 
tex C,  and  the  perpen- 
diculm  drawn  from  C 
to  their  respective  bases  eaual  each  of 
them  to  the  apothem  CE.  And,  because 
these  triangles  revolve  about  the  axis  AB 
passipg  through  C,  and  that  AL,  L  M, 
&c.  are  the  parts  of  the  axis  intercepted 
by  perpendiculars  drawn  from  the  ex- 
tremities of  the  base  of  each ;  the  por- 
tions of  the  whole  surface  in  question, 
generated  by  AF,  FG,  &c.,  are  eaual, 
respectively,  to  the  products  of  AL,  LM, 
&C.,  by  the  circumference  of  the  circle 
which  has  the  radius  C  E  (12.).  There- 
fore the  whole  surface  is  equal  to  the 
sum  of  these  products,  that  is,  to  the 
product  of  A  B  by  the  circumference  of 
the  same  circle. 

Again,  because  the  portions  of  the 
whole  solid  which  are  generated'by  the 
triangles  C  A  F,  C  F  G,  Sec.  are  the  third 
parts,  respectively,  of  the  products  of  the 
portions  of  surface  generated  by  A  F, 
F  G,  &c.  b3r  the  apothem  C  E  (]  2.) ;  the 
whole  solid  is  the  third  part  of  the  sum  of 
these  products,  that  is,  the  third  part  of 
the  product  of  the  whole  sur&ce  by  the 
apothem  C  E. 

Therefore,  &c. 
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Prop.  14. 


If  within  and  about  a  semicircle  there 
are  inscribed  and  circumscribed  any 
two  half-polyeons,  the  one  having  the 
diameter  of  the  semicircle  for  its  dtagO' 
nal^  and  the  other  the  diameter  pro^ 
duced;  and  if  these  figures  are  made  to 
revolve  together  wivi  the  semicircle 
about  tlie  diameter;  the  sphere  gene* 
rated  by  the  semicircle  shall  be  greater 
than  the  inscribed  solid  of  revolution, 
and  less  than  the  circumscribed  solid: 
also  the  surface  of  the  sphere  shall  be 
greater  than  the  surface  of  the  inscribed 
solid  of  revolution,  and  less  than  that  of 
the  circumscribed  solid. 

For,  with  respect  to 
the  solid  contents,  the 
sphere  contains  the  in- 
scribed solid,  and  is  itself 
contained  in  the  circum- 
scribed solid :  and,  with 
respect  to  the  surfaces, 
the  sur&ce  of  the  sphere 
envelops  the  surfoce  of 
the  inscTil)ed  solid,  and 
is  enveloped  by  that  of 
the  circumscribed  solid 
{Lemma  2.). 

Therefore,  Sec, 

Lemma  3. 

If  there  be  two  straight  lines,  of  which 
one  is  given,  and  the  other  may  be  made 
to  approach  to  it  within  any  given  dif- 
ference ;  the  cube  of  the  latter  may  also 
be  made  to  approach  to  the  cube  of  the 
former  within  any  eiven  difierence. 

Let  AB,  AC  be  uie  two  straight  lines, 
of  which  AB  is  given.  Upon  AB  (1. 62.) 
describe  the  square 


^ 


W 
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B  D ;  from  A  draw 
A  E  perpendicular 
to  the  planeBAE  h 
(lV.37.);makeAE 
equal  to  AB,  and 
complete  the  cube 
AP :  and  in  like  man- 
ner upon  A  C  describe  the  square  C  G 
in  the  same  plane  with  BD,  from  AE 
cut  off  A  H  equal  to  A  C,  and  com- 
plete the  cube  AK:  and  let  the  faces 
H  K  and  G  K  of  the  latter  cube  be  pro- 
duced to  meet  the  faces  B  F,  E  F,  of  the 
former.  Then  the  difference  of  the  two 
cobes  is  equal  to  the  sum  of  the  three 
parallelopioeds  G  F,  C  L,  and  L  E.  Of 
these,  the  first  has  its  base  DF  equal  to 
the  square  of  A  B  (lY.  22.),  and  its  alti- 
tude D  G  equal  to  the  difference  of  AB, 
AC ;  the  second  has  its  base  C  K  equal 
to  the  square  of  AC  (lY,  22.),  and  its 


altitude  C  B  likewise  eqaal  to  the  differ- 
ence of  A  B,  AC;  and  with  respect  to 
the  third,  its  altitude  HE  is  likewise 
equal  to  the  difference  of  AB,  AC,  and 
its  base  H  L  is  a  mean  proportional  be- 
tween the  squares  of  AB,  A  C,  because 
its  adjacent  sides  are  equal  to  AB  and  AC 
respectively,  and  (11.35.)  AB*  is  to  AB 
X  AC  as  AB  X  AC  to  AC«,  Therefore 
the  difference  of  the  cubes  is  less  than 
a  paraUelopiped,  whose  altitude  is  C  B. 
and  its  base  equal  to  three  times  the 
square  of  AB.  But,  because  C  B  may 
be  made  less  than  any  given  line,  this 
parallelopiped  may  be  made  less  than 
any  given  solid.  Much  more,  therefore, 
may  the  difference  of  the  cubes  l)e  made 
less  than  any  given  solid,  that  is,  Uian 
any  given  difference. 

Therefore,  &c. 

Cor.  It  appears  from  the  demonstra- 
tion, that  the  difference  of  the  cubes  of 
two  straight  lines  is  equal  to  the  pro« 
duct  of  the  difference  of  tne  straight  fines 
by  the  sum  of  their  squares,  and  a  mean 
proportional  between  those  squares. 

Prop.  15. 

Any  sphere  being  given,  tu)o  figures 
qf  revolution  generated  by  similar  half 
polygons  may  be,  the  one  inscribed  in 
the  sphere,  <md  the  other  circumscribed 
about  it,  such  that  the  difference  qf  their 
surfaces,  or  of  their  solid  contents,  shall 
be  less  than  any  given  difference. 

Let  the  given  sphere  be  generated 
by  the  revolution  of 
the  semicircle  A  D  B 
about  the  diameter 
AB.  And  first,  let 
P  be  the  given  diffe- 
rence of  surfaces  ;  and 
let  Q  be  the  surface  of 
any  solid  circumscri- 
bing the  sphere.  Then, 
since  (as  in  prop.  7.) 
a  regular  polygon 
may  be  inscribed  in 
the  circle  ABD,  such 
that,  CE  being  its 
apothem,  C  D«  —  C  E«  shall  be  to 
C  £*  in  a  ratio  less  than  that  of  P  to 
Q;  let  AFGHKB  be  the  half  of 
such  a  polygon,  and  let  a  similar  half- 
polygon  L  M  N  O  R  Y  be  circumscribed, 
so  that  one  of  its  sides  L  M  may  touch 
the  circle  in  D  (III.  27.  Cor.  2.)  Then, 
if  these  inscribed  and  circumscribed 
half-polygons  be  made  to  revolve  with 
the  semicircle  about  the  axis  AB,  they 
will  generate,  together  with  the  sphere 
generated  by  the  senu<^cle,  two  figures 
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of  revolution,  the  one  inscribed  in  the 
sphere,  the  other  circumscribed  about 
it.  And  because  the  surfaces  of  these 
figures  are  equal  respectively  (13.)  to  the 
rectangles  under  A  B  and  the  circum- 
ference which  has  the  radius  C  £,  and 
under  L  V  and  the  circumference  which 
has  the  radius  C  D,  and  that  these  rect- 
angles are  to  one  another  as  the  squares 
of  C  E,  CD  (II.  37.  Cor.  1.) ;  the  dif- 
ference  of  the  surfaces  is  to  the  surface 
of  the  inscribed  figure  as  C  D«  —  C  E« 
to  C  Es  (II.  20.) ;  that  is,  in  a  less  ratio 
than  that  of  P  to  Q.  But  the  stuface  of 
the  inscribed  figure  is  less  than  Q  :  much 
more,  therefore,  is  the  difference  of  the 
surfaces  less  than  P  (II.  18.  Cor,). 

Next,  let  S  be  the  given  difference  of 
contents ;  and  let  T  be  the  content  of 
any  solid  circumscribing  the  sphere. 
Then,  since  a  re^ar  polygon  may  be 
inscribed  in  the  circle  A  B  D,  such  that, 
C  E  bein^  its  apothem,  C  D^CE  shall 
be  less  than  any  given  difference,  and 
therefore  also  such  that  CD»— CE« 
shall  be  to  C  E*  in  a  ratio  less  than  that 
of  StoT  (Lemma's,);  let  AFGHKB 
be  the  half  of  such  a  polygon,  and  let  the 
figures  of  revolution  be  inscribed  in  the 
sphere,  and  circumscribed  al)out  it,  as 
before.  Then,  because  the  contents  of 
these  figures  are  (13.)  equd  respectively 
to  the  thirds  of  two  parallelepipeds  (1 V. 
25.  SchoL),  having  their  bases  equal  to 
the  surfaces,  and  their  altitudes  equal 
to  CE,  CD,  and  that  these  parallelo- 
pipeds  are  to  one  another  as  tne  cubes 
of  C  E,  C  D,  for  their  bases  are,  as  was 
shown  in  the  former  part  of  the  propo- 
sition, as  the  squares  of  C  E,  C  D ;  the 
difference  of  the  contents  is  to  the  con- 
tent  of  the  inscribed  figure  as  C  D« — 
C  E«  to  C  E«  (II.  20.),  that  is,  in  a  less 
ratio  than  that  of  S  to  T.  But  the  con- 
tent of  the  inscril)ed  figure  is  less  than 
T:  much  more,  therefore,  is  the  dif- 
ference of  the  contents  less  than  S  (II. 
18.  Cor,), 
Therefore,  &c. 

Cor.  Any  sphere  being  given,  a 
figure  of  revolution  may  be  inscribed 
(or  circumscribed),  which  shall  differ 
from  the  sphere  in  surface  or  in  content, 
by  less  than  any  given  difference.  For 
the  difference  between  the  sphere  and 
either  of  the  figures  of  revolution,  whe- 
ther in  surface  or  in  content,  is  less  than 
that  of  the  two  figures  (14.). 

Prop.  16. 

The  surface  of  a  sphere  is  equal  to 
the  product  of  the  circumference  and 
diameter  of  the  generating  circle. 


For  if  this  product  be  not  equal  io 
the  surface  of  the  sphere,  it  must  eitha* 
be  greater  or  less  than  it.- 

If  ereater,  it  must  be  greater  also 
than  uie  surface  of  some  circumscril>ed 
solid  of  revolution  (15.  Cor.)^  greater, 
that  is  (1 3.),  than  the  product  of  tne  dia- 
gonal L  V  by  the  circumference  which 
nas  for  its  radius  the  apothem  C  D  (see 
the  figure  of  Prop.  15.) ;  which  is  imnos- 
sible,  because  the  diameter  is  less  than 
LV,  and  the  circumference  of  the  gene- 
rating circle  is  the  same  with  the  ax^ 
cumKrence  which  has  the  radius  C  D. 
If  less,  it  must  also  be  less  than  the 
surface  of  some  inscril)ed  solid  of  revo- 
lution (15.  Cor,) — less,  that  is  (13.),  than 
the  proiduct  of  the  diameter  A  B«  which 
is  the  same  with  the  diameter  of  the 
generating  circle,  by  the  circumference 
which  has  for  its  radius  the  apothem 
CE;  which  Js  impossible,  because  the 
circumference  of  the  generating  circle  is 
greater  than  the  circumference  which 
has  the  radius  C  E. 

Therefore  the  product  in  question  is 
neither  greater  nor  less  than  the  suifaoe 
of  the  sphere ;  that  is,  it  is  equal  to  it. 
Therefore,  &c. 

Cor.  1.  The  surface  of  a  sphere  is 
equal  to  four  times  the  area  of  its  gene- 
rating circle.  For  the  area  of  this  circle 
is  equal  to  half  the  product  of  the  radius 
and  circumference  (HI.  32.). 

Cor.  2.  If  a  right  cy- 
linder be  circumscribed 
about  a  sphere;  the 
surface  of  the  sphere 
shall  be  equal  to  the 
convex  surface  of  the 
cylinder.  For  the  latter 
is  equal  to  the  pro- 
duct of  its  altitude,  and  the  circumference 
of  its  base  (3.) ;  and  its  base  is  equal 
to  the  generating  circle  of  the  sphere, 
and  its  altitude  to  the  diameter. 

Cor.  3.  The  surface  of  a  sphere  is 
equal  to  two-thirds  of  the  whole  surftce 
of  the  circumscribing  cylinder. 

Cor.  4.  If  D  is  the  diameter  of  a 
sphere,  its  whole  surface  is  equal  to  «*  D* 
(III.  34.  Schol,). 

Prop.  17/ 

The  solid  content  of  a  sphere  t>  equal 
to  one-third  of  the  product  of  the  radius 
hy4he  surface. 

For  the  third  part  of  this  product 
cannot  be  greater  than  the  content  of 
the  sphere ;  since  then  it  would  be  ^ater 
also  than  the  content  of  some  cnrcum- 
•cril>ed  solid  of  revolution  (15  Cor.y — 
greater,  that  is,  than  one-third  of  the 
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product  of  the  same  radius  bj^  the  sur- 
face of  that  solid  (13.) ;  which  is  impos- 
sible, because  the  surface  of  the  sphere 
is  less  than  that  of  the  solid  (14.). 

Nor,  on  the  other  hand,  can  it  be  less 
than  the  content  of  the  sphere,  for  then 
would  it  be  less  than  some  inscribed 
solid  of  revolution  (15.  Cor.\  less,  that  is, 
than  one-third  of  the  product  of  the  apo- 
thon  \xj  the  surface  of  that  solid  (13.) ; 
which  18  impossible,  because  not  only 
is  the  radius  greater  than  the  apothem, 
but  the  surface  of  the  sphere  is  likewise 
greater  than  the  surface  of  the  inscribed 
solid  (14.). 

Tho^ore  the  product  in  Question  is 
equal  to  the  solid  content  of  tne  sphere. 

Therefore,  &c. 

Cor,  1.  The  solid  content  of  a  sphere 
is  equal  to  one-thnrd  of  the  product  of 
the  radius  by  four  times  the  area  of  the 
generating  circle  (16.  Cor,  1.). 

Cor,  2.  The  solid  content  of  a  sphere 
is  two-thirds  of  the  solid  content  of  the 
circumscribing  cylinder.  For  the  latter 
is  equal  to  twice  the  product  of  the 
radius,  and  the  area  of  the  generating 
circle  (4). 

Cor,  3.  If  any  solid  contained  by 
planes  be  circumscribed  about  a  sphere, 
the  content  of  the  sphere  will  be  to  the 
content  of  the  solid  as  the  surface  of  the 

S there  to  the  surface  of  the  solid.  For 
e  solid  may  be  divided  into  pyramids, 
having  the  centre  of  the  sphere  for  their 
common  vertex,  and  their  altitudes  equal 
«ich  to  the  radius  of  the  sphere ;  and 
since  each  of  these  pyramids  is  equal  to 
a, third  of  the  product  of  its  base  and 
altitude,  their  sum  is  equal  to  a  third  of 
the  product  of  the  convex  surface  of  the 
solid  and  tiie  radius  of  the  sphere :  also, 
the  sphere  is  equal  to  a  pyramid,  having 
the  same  altitude,  and  its  base  equa]  to 
the  surface  of  the  sphere  (IV.  32.). 

Cor.  4.  If  D  is  the  diameter  of  a 
sphere,  its  whole  solid  content  is  equal 
to  Jrx  D»(16.  Cor.  4.). 

Fbop.  18.  (Euc.  xii.  18.). 

The  turfaces  of  spheres  are  as  the 
squares  of  the  radii,  and  their  solid  con- 
tents are  as  the  cubes  of  the  radii. 

For  the  surfaces  are  equal  respectively 
to  four  times  the  areas  of  the  generating 
circles  (16.  Cor.  1.),  and  these  areas  are 
as  the  squares  of  the  radii  (111.  33.). 

Axul  the  solid  contents  are  to  one 
another  in  a  ratio  which  is  compounded 
of  the  ratios  of  the  surfaces  and  of  the 
radii  ;  that  is  (because  the  surfaces  are 
to  one  another  in  the  duplicate  ratio  of 


the  radii),  in  the  triplicate  ratio  of  the 
radii,  or  (IV.  27.  Cor,  2.)  as  the  cubes  of 
the  radii. 

Otherwise : 

Let  D,  <f  be  the  diameters  of  two 
spheres,  and  R,  r  their  radii.  Then 
(16.  Cor.  4.)  «'D*,  wd*  will  represent 
thehr  surfaces,  and  (17.  Cor,  4.)  iwD^, 
iird*  their  solid  contents ;  or,  since  D 
is  equal  to  2Rand  d  to  2f,  4  wR*,  4  irr* 
will  represent  their  surfaces,  and  |  «r  R^t 
firr"  tneir  solid  contents.  But  (p.  47» 
Rule  ii.)  4  irR«  is  to  4  «t«  as  R*  to  r», 
andl^RMstol^r'asR'tor*.  There- 
fore,  the  surfaces  are  as  the  squares  of 
the  radii,  and  the  solid  contents  as  the 
cubes  of  the  radii. 

Therefore,  &c 

Section  3,-^Surfaces  cmd  contents  qf 
certain  portions  qf  the  sphere. 

In  order  to  have  a  clear  apprehension 
of  the  figures  intended  in  the  following 
definitions,  it  is  necessary  to  keep  in 
mind«  that  every  section  of.  a  sphere 
which  is  made  by  a  plane  is  a  circle,  the 
centre  of  which  is  the  foot  of  the  per* 
pendicular  drawn  to  the  plane  fk*om  the 
centre  of  the  sphere  (IV.  8.  Cor.), 

D^.  10.  A  sefpnent  of  a  mJicre  is  any 
portion  of  it  which  is  cut  off  by  a  plane, 
and  the  circle  in  which  the  plane  cuts  the 
sphere  is  called  the  base  of  the  segment 

When   the  plane  --— ^ 

passes  through  the  / 
centre,  the  two  s^- 
ments  into  which  the 
sphere  is  divided  are 
equd  to  one  another, 
and  are  therefore 
each  of  them  called  a  hemisphere. 

The  convex  surface  of  a  segment  is 
called  a  zone, 

11.  A  double-based  spherical  segment 

is  a  portion  of  a  sphere  ^^ ^ 

intercepted  between  two  /'''  \ 
parallel  planes;  and  the 
circles  in  which  these 
planes  cut  the  sphere 
are  called  the  bases  of 
the  segment.  The  con- 
vex surface  of  a  double-based  segment 
is  likewise  called  a  zone, 

12.  A  sector  of  a  sphere  is  the  solid 
figure  contained  by  __ 
the  convex  surface  of 
a  segment,  and  that 
of  a  rieht  cone,  which 
has  the  same  base 
with  the  segment,and 
for  its  vertex  the  cen- 
tre of  the  sphere. 
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.  The  convex  surface  of  the  segment  is 
called  the  base  of  the  sector. 

13,  A 'spherical  orb 
is  a  portion  of  a  spheare 
contained  between  its 
surface  and  that  of  a 
lesser  spjhere,  which  is 
concentric  (or  has  the 
same  centre)  with  it* 

14.  A  spherical  wedge  or  ungula  is  a 
portion  of  a  sphere  intercepted  between 
two  planes,  each  of  which  {)asses 
through  the  centre  of  the  sphere.  The 
convex  surface  of  an  ungula  is  called  a 
tune. 

Let  ADB  be  a  semicircle,  and  from 
the  points  D,  E  of 
the  semicircumfe- 
rence,  let  thestraight 
lines  DF,  EG  be 
drawn  at  ri^ht  an- 
gles to  the  diameter 
A  B ;  join  C  E,  and 
let  KNL  be  a  se- 
cond semicircle, 
having  the  same 
centre  O ;  then,  if  the  whole  figure  re- 
volve about  A  B,  the  parts  A  E  G,  D  E 
GF,  AEC,  and  ADB  LNK  will  ee- 
nerate  a  spherical  segment,  a  double- 
based  spherical  segment,  a  spherical 
sector,  and  a  spherical  orb  respectively. 
And  if  the  semicircle  ADB,  mstead  of 
making  a  complete  revolution,  revolve 
only  throuffh  a  certain  angle,  it  will  ge- 
nerate a  spherical  wedge  or  ungula. 

Prop.  19. 

If  a  semicircle  be  made  to  revolve 
about  its  diameter^  the  zone  which  is 
generated  by  any  arc  oj  the  semicirde 
shall  be  greater  than  the  surf  ace  gene- 
rated by  the  chord  of  that  arc,  an3  less 
than  the  surface  generated  by  the  tan- 
gent of  the  same  arc,  which  is  drawn 
parallel  to  the  chord,  and  terminated  by 
the  radii  passing  through  its  extremi- 
ties. 

Let  ADB  be  a 
semicirclehaving  the 
diameter  AB,  and 
the  centre  C  :  let 
D  E  F  be  any  arc  of 
the  semicircle,  DF 
its  chord,  and  GH  a 
straight  line  parallel 
to  DF,  which  touches 
the  arc  D  E  F  in  £, 
and  is  terminated  by 
the  radii  C  D,  C  F 
passing  through  the 


extremities  of  the  arc :  then,  if  the  semi- 
circle be  made  to  revolve  about  the  dia- 
meter A  B,  the  zone  which  is  generated 
by  the  arc  DF,  shall  be  greater  than  the 
surface  generated  by  the  chord  DF.  and 
less  than  the  surface  generated  by  the 
tangent  GH. 

From  the  points  D,  F  draw  the  straight 
lines  D  d,  F/,  each  of  them  perpendicu- 
lar to  A  B  (I.  45.).  Then,  in  the  sap- 
posed  revolution  of  the  figure,  these 
sfraight  lines  will  generate  two  circles 
which  have  the  points  d,f  for  their  cen- 
tres,  and  rfD,/F  for  their  radii  respec- 
tively (IV.  3.  Cor.  2.).  And,  because 
the  zone  generated  by  the  arc  DE  P, 
together  with  these  two  circles,  forms  a 
convex  surface  which  envdops,  and 
therefore  (Lemma  2.)  is  greater  than  the 
convex  surface  consisting^of  the  surface 
generated  by  the  chord  D  F  and  the  same 
two  circles,  the  zone  generated  by  the 
arc  D  E  F  is  greater  than  the  surface 
generated  by  the  chord  D  F. 

In  the  next  place,  from  the  points 
D,  F  draw  the  tangents  D  K.  F  L 
(in.  56.)  to  meet  GH  m  the  points  K,  L 
respectively;  bisect  DK  in  M  (1.43.); 
through  M  draw  M  N  parallel  to  C  G 
(I.  48.)  to  meetG  K  in  N,  and  fh)m  the 
points  M,  N  draw  M  »i,  N  n  perpendi- 
cular each  of  them  to  A  B ;  and,  lastly, 
through  m  draw  mp  parallel  to  M  N  to 
meet  N  n  in  p.  Then,  because  the  middle 
point  of  D  K,  in  the  supposed  revolution 
of  the  figure  about  the  axis  AB,  gene- 
rates the  circumference  which  has  the 
radius  Mm,  the  surface  generated  by 
D  K  is  equal  to  the  product  of  D  K  and 
the  circumference  which  has  the  radius 
Mm  (11.  Cor.).  And,  in  like  manner. 
since  N  is  the  [middle  point  of  G  K 
(II.  29.),  the  surface  generated  by  GK 
is  equal  to  the  product  of  GK  and  the 
circumference  which  has  the  radius  N  n. 
But,  because  (111.  2.  Cor.  1.)  the  angle 
KDG  is  a  right  angle,  and  therefore 
(1. 8.)  the  angle  KGD  less  than  aright 
angle,  that  is,  than  KD  G,  D  K  is  Icm 
than  G  K  (I.  9.) :  and,  because  (I.  22.) 
M  m  is  equal  to  Np,  which  is  less  than 
N«,  the  circumference  which  has  the 
radius  M  m  is  less  than  the  ^circumfer- 
ence which  has  the  radius  Nn  (III.33.). 
Therefore,  upon  both  accounts,  the  sur- 
face generated  by  D  K  is  less  than  the 
surface  generated  by  G  K.  And  in  the 
same  manner  it  may  be  shown  that  tlie 
surface  generated  bv  L  F  is  less  than  the 
surface  generated  by  L  H.  Therefore, 
the  whole  convex  surface  generated  by 
the  three  straight  lines  D  K,  K  L,  LF  is 
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less  than  the  vhole  surface  generated  by 
the  tangent  6  H.  But  the  zone  gene- 
rated by  the  arc  D  £  F  is  less  than  the 
surface  generated  by  DK,  KL,  LF 
{Lemma  2.X  for  the  zone  together  with 
the  drdes  which  have  the  radii  Dd,  ¥/, 
is  enveloped  by  the  latter  surface  toge- 
ther with  the  same  two  circles.  Much 
niore»  therefore,  is  the  zone  generated 
by  the  arc  D  £  F  less  than  the  surface 
generated  by  the  tangent  6  H. 
Therefore,  &c 

Prop.  20. 
A  spherical  zone  t>  equal  to  the  pro- 
duct  of  the  circumference  of  the  gene- 
rating circle  and  that  portion  ^  the 
ojcis  which  is  intercepted  between  its 
convex  surface  and  base;  or,  if  it  be 
double-basei^  between  its  two  bases. 
:  Let  ABB  be  a  semicircle,  and  AK 
any    arc,  by  the  revolution  of  which 


can  it  be  less  than  the  zone ;  for  then  it 
must  be  less  also  than  [some  inscribed 
surface — ^less,  that  is,  than  the  product 
of  AL  and  the  circumference  which 
has  the  radius  C  E ;  which  is  impossible, 
because  the  circumference  A  I)  BE  is 
greater  than  that  which  has  the  radius 
CE.  Therefore,  it  must  be  equal  to 
the  zone  ;  that  is,  the  zone  is  equal  to 
the  product  of  the  circumference  AD 
£  B,  and  the  part  A  L  of  the  diameter. 

Next,  let  H  K  be  any  arc,  by  the  re- 
volution of  which  about  the  diameter 
AB  a  double-based  zone  is  generated; 
and  let  H  L,  K  N  be  drawn  perpendi- 
cular to  A  B.  Then,  because  the  whole 
zone  generated  by  the  arc  A  K  is  equal 
to  the  product  of  AN^  and  the   cir- 


about  the  diameter  A  B  a  spherical  zone 
is  generated,  and  from  K  draw  KL 
perpendicular  to  AB :  the  zone  shall  be 
equal  to  the  product  of  the  whole  cir- 
cumference AD  B  £  by  the  part  A  L  of 
the  diameter. 

The  demonstration  is  in  every  respect 
similar  to  that  of  prop.  13.  For,  in  the 
first  place,  it  is  evident  that  the  arc 
AK  may  be  divided  into  a  number  of 
equal  arcs,  such  that,  the  chords  AF, 
FG,  &C.  l)eing  drawn,  their  common 
distance  C  £  from  the  centre  C  shall 
approach  to  the  radius  CD  within  any 
given  difference ;  and  hence  it  may  be 
shown,  as  in  prop.  15.,  that  there  may 
be  inscribed  m  the  zone  and  circum- 
scribed about  it,  two  surfaces  of  revo- 
lution which  differ  from  each  other,  and 
therefore  (19.)  each  of  them  from  the 
zone,  by  less  than  any  ^ven  difference. 
Therefore,  the  product  m  question  can- 
not be  greater  than  the  zone ;  for  then 
it  must  be  greater  also  than  some  cir- 
cumscribed surface— greater,  that  is, 
than  the  product  of  M  Q  and  the  circum- 
ference A  D  B  £ ;  which  is  impossible, 
because  AL  is  less  than  MQ.»   Neither 

•  •  If  the  point  Q  lies  between  A  ftnd  C,  MQ  will 
be  tbe  difiereoce,  not  the  lum,  of  M  L,  and  L  Q ;  but, 
in  this  cnne  also,  A  L  w  lees  than  M  Q,  becmue  LQ 
i>  leM  UiM  K  P,  Uuit  is,  than  M  A. 


cumference  ADBE,  and  the  part  gene* 
rated  by  the  arc  A  H  equal  to  the  pro- 
duct of  A  L  and  the  same  circumfe- 
rence, the  remainder,  that  is,  the 
double-based  zone  in  question,  is  equal 
to  the  product  of  L  N  and  the  same  cir- 
cumference. 

Therefore,  &c. 

Cor.  1.  If  a  cylinder,  having  the  axis 
A  B,  be  circumscribed  about  the  sphere  ; 
any  zone  having  the  same  axis,  snail  be 
equal  to  that  portion  of  the  convex  sur- 
face of  the  cyhnder  which  is  intercepted 
between  the  base  of  the  cylinder  and 
the  plane  of  the  base  of  the  zone,  or  be- 
tween the  planes  of  its  two  bases,  if  it 
be  double-based  (3.). 

Cor.  2.  In  the  same  or  in  equal  spheres, 
any  two  zones  are  to  one  another  as  the 
parts  of  the  axis  or  axes  which  are  in- 
tercepted between  their  respective  bases 
(II.  35.). 

Prop.  21. 

Every^  spherical  sector  is  equal  to 
one-third  of  the  product  of  its  base  and 
the  radius  of  the  sphere. 

•Rie  steps  by  wnich  this  proposition 
is  demonstrated  are  similar  to  those  in- 
dicated in  the  preceding.  In  the  first 
place,  it  may  be  shown  that  two  solids 
of  revolution  may  be,  one  inscribed 
in  the  sector,  the  other  circumscribed 
about  it,  which  approach  each  of 
them  to  the  sector  more  nearly  than  by 
any  given  difference.    Hence,  the  pro- 
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duct  in  question  cannot  be  greater  than 
the  sector;  for  then  would  it  be  greater 
than  some  circumscribed  solid,  and 
therefore  (12.)  the  base  of  the  sector 
greater  than  the  convex  surface  of  such 
a  solid,  which  (19.)  is  impossible :  nei' 
ther  can  it  be  less,  for  then  would  it  be 
less  also  than  some  inscribed  solid ;  which 
is  impossible,  because,  not  only  is  the 
base  of  the  sector  greater  (19.)  than  the 
convex  surface  of  such  a  solid,  but  the 
radius  C  H  is  likewise  greater  than  the 
perpendicular  C  E.  Therefore  it  must 
DC  equal  to  the  sector* 
Therefore,  &o. 

Prop.  22« 

Every  spherical  segment,  upon  a 
single  base,  is  equal  to  the  half  of  a  cy- 
linder having  the  same  base  and  the 
same  altitude,  togetJier  unth  a  sphere,  qf 
which  that  altitude  is  the  diameter. 

Let  ADFG  be  any  circular  half- 
segment,  by  the  revolu« 
tion  of  wmch  about  the 
diameter  A  B,  a  spheri- 
cal segment  having  the 
altitude  AG  is  gene- 
rated :  the  spherical  seg- 
ment shall  be  equal  to 
the  half  of  a  cylinder 
having  the  same  base  and 
altitude,  together  with  a 
sphere,  of  which  A  G  is  the  diameter. 

Join  AF;  and  from  the  centre  C 
draw  C  E  perpendicular  to  A  P.  Then, 
because  the  solid,  generated  by  the  seg- 
ment AD  F,  is  equal  to  the  difference 
of  the  solids  generated  by  the  sector 
CADF  and  the  trian^e  CAF,  the 
former  of  which  (21.)  is  equal  to  one- 
third  of  the  product  of  C  A  by  its  base 
AG  X  2  «•  X  C  A  (20.),  and  the  latter 
(12.)  to  one-third  of  the  product  of  C  E 
by  the  convex  surface  generated  by 
A  F  viz.  (12.)  AGx2trxCE;the 
solid,  generated  by  the  segment  A  D  F, 
is  equal  to  |  ir  X  AG  (C  A«  -  CE«), 
i.  e.  1  ir  X  AG  X  AE«,  or  to  i  «•  X  AG 
X  AF«,  because  (I.  36.  Cor.  1.)  C  A« 
—  CE«  is  equal  to  A  E«,  and  AE« 
(III.  3.)  to  a  fourth  of  AF^.  To  this 
add  the  cone  generated  by  the  triangle 
A FG,  which  (9.)  is  equal  to  i  «•  x  A G 
xFG«:  therefore,  the  spherical  seg- 
ment in  question  is  equal  to  i  ir  x  A  G 
(AF«  +  2 FG«). Le.to  itr  X  AG(3 FG« 
+ AGr«)  because  AF«  is  equal  to  AG«  + 
FG«(in.36.).  And  itr  X  AG(3FG« 
+  AGt«)isequalto  i^-x  AGxFG«^- 
|^r  x  AG»;  the  first  part  of  which  is 
(4.  Cor,  1.)  the  half  of  a  cylinder  having 
the  altitude  AG  and  the  same  base 
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with  the  segment,  and  the  other  part 
(17.  Cor.  4.)  a  sphere  of  which  A  G  ig 
the  diameter. 
Therefore,  &C. 

Prop.  23. 

Every  double-based  spherical  seg- 
ment is  equal  to  the  hcUfqf  a  cylinder 
having  the  same  altitude  with  the  seg- 
ment and  a  base  equal  to  the  sum  qf 
its  two  bases,  together  with  a  sphere  qf 
which  that  altitude  is  the  diameter. 

Let  F  H  K  G  be  any  portion  of  the  se- 
micircle ADB,  l^  the  revolution  of 
which  about  the  diameter  A  B,  a  double- 
based  segment,  having  the  altitude  GK, 
is  generated:  the  segment  shall  l>e 
equal  to  the  half  of  a  cylinder  having 
the  same  altitude  and  a  base  equal  to 
the  sum  of  its  two  bases,  together  with 
a  sphere  of  which  G  K  is  the  diameter. 

For,  in  the  first  place,  because  the 
solid,  generated  bv  the  revolution  of  the 
circular  segment  FH, 
is  equal  to  the  excess 
of  the  difference  of  the 
sectors  generated  by 
CAH  and  CAF 
above  the  solid  ge- 
nerated by  the  tri- 
angle C  F  H,  it  may 
be  shown  b)r  the 
same  steps  as  in  the 
last  proposition,  that  the  solid  generated 
by  the  revolution  of  FH  is  equal  to 
i-'XGKxFH*,  i.e.  ifFL  be  drawn 
parallel  to  GK,  to  i*  x  GK  (FL«  + 
LH«).  But(L22.)FLisequaltoGK, 
and  LH  is  equal  to  the  difference  of  F  G 
and  H  K  (I.  22.) :  therefore  (I.  33.). 
LHMsequaltoFG«+HK*-2FGx 
HK,andi*xGK(FL«+LH''),ortbe 
solid  generated  by  the  segment  F  H,  is 
equal  to*  «•  xGK  (FG«+HK«-2FG 
xHK)  +i«'xGK».  Tothisaddthe 
truncated  cone  generated  by  the  tra- 
pezoid FG  KH  ;  which  (ll.>  is  equal 
to  4  «•  X  GK  (F(5»  +  H K«  +  F  G  X 
H  K) :  therefore,  the  double-based  seg^- 
ment  in  question  is  equal  to  |  «■  x 
GK  (3FG«+3HK«)  +  |«'  +  GK«; 
or  to  l-'X  GK  (F(S»  +  HK«)  + I  » 
X  G  K' ;  the  first  part  of  which  is  the 
half  of  a  cylinder  (4.  Cor.  1.)  haviof^ 
the  altitude  GK,  and  a  base  «>  x  FG^ 
+  <r  X  H  K',  equal  to  the  sum  of  the 
bases  of  the  segment,  and  the  other 
part  a  sphere  of  which  G  K  is  the  dia- 
meter (17.  Cor.  4.). 

Therefore,  &c. 

Cor,  It  appears  from  the  demonstrsr- 
tions  of  this  and  the  preceding  proposi- 
tion, that  the  solid  generated  by  the  re- 
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Tolation  of  any  cireular  se^ent  about 
a  diameter  of  the  circle,  is  equal  to 
i*-  X  GKx  FH*;6K  being  that  por- 
tion of  the  diametery  which  is  intercepted 
between  two  perpendiculars  drawn  to  it 
from  the  extremities  of  the  segment, 
and  FH  the  chord  which  is  the  base  of 
the  segment 

Prop.  24. 

Every  spherical  orb  u  equal  to  tfie 
ntm  of  three  pyramids  having  their 
common  altitude  equal  to  the  thickness 
of  the  orbf  and  for  their  bases  its  ex- 
terior and  interior  surfaces,  and  a  mean 
proportional  between  them. 

"For,  a  spherical  orb  is  the  differ- 
enoe  l)etween  two  concentric  spheres. 
Now,  if  a  pyramid  be  described  having 
its  base  equal  to  the  exterior  surface, 
or  surface  of  the  larger  sphere,  and 


two  bases  and  a  mean  proportional 
between  them  (IV.  33.).  Therefore,  the 
spherical  orb  is  equal  to  the  sum  of 
three  pyramids,  having  their  common 
altitude  equal  to  the  thickness  of  the 
orb,  and  for  their  bases  its  exterior  and 
interior  surfaces,  and  a  mean  propor- 
tional between  them. 
Therefore,  &c. 

Prop.  25. 

Every  spherical  ungtda  is  to  the 
whole  sphere,  as  the  angle  between  its 
planes  to  four  right  angles;  and  its 
lune,  or  convex  surface,  is  to  the  surface 
of  the  whole  sphere  in  the  same  ratio. 

Let  ADBE  be  anungula  of  asphere 
having  the  centre  C  and  the  diameter 

A 


its  altitude  equal  to  the  radius  of  that 
surface,  this   pyramid  will  he   equal 
to  the  whole  sphere  (IV.  32.  Cor.  1. 
and  17.).    And  if,  from  this,  there  be 
cut  off,  by   a  plane  parallel   to   the 
base,  a  pyramid,  having  its    altitude 
equal  io  the  radius  of  the  interior  sur- 
face, the  two  pyramids  will  be  to  one 
another  as  the  cubes  of  any  two  homolo- 
gous edges  (IV.  34.  Cor.) ;  or,  since  it 
may  be  shown  that  their  altitudes  are 
to  one  another  in  the  same  ratio  with 
the  homologous  edges,  as  the  cubes  of 
their  altitudes,  (IV.  27.  Cor.  3.),  that  is, 
as  the  cubes  of  the  radii  of  the  spheres,  or 
(1 8.)  as  the  spheres.  Therefore,  because 
the  larger  p^mid  is  equal  to  Uie  larger 
sphere,  the  smaller  pyramid  is  equal  to 
the  smaller  sphere  (IT.  18.);  and  the  dif- 
ference of  the  two  pyramids  is  equal  to 
the  difference  of  the  two  spheres,  that  is, 
the  frustum  is  equal  to  the  spherical 
orb.    And,  because  the  larger  base  of 
the  frustum  is  equal  to  the  surface  of  the 
larger  sphere,  it  may  be  shown  that  its 
smaller  base  is  equal  to  the  surface  of 
the  smaller  sphere^  exactly  in  the  same 
manner  as  it  has  been  already  shown, 
that  the  content  of  the  smaller  pyramid 
is  equal  to  the  content  of  the  smaller 
sphere ;  also  the  altitude  of  the  frustum 
is  equal  to  the  thickness  of  the  orb. 
But  the  frustiun  is  equal  to  the  sum 
of  three  jiyramids,  having  the    same 
altiUide  witn  it,  and  for  their  bases  its 


AB;  and  from  C  let  CD,  CE  be 
drawn  in  the  planes  A  D  B,  A  E  B,  per- 
pendicular to  AB  (I.  44.):  the  ungula 
ADBE  shall  be  to  the  whole  sphere,  as 
the  angle  D  C  E  to  four  right  angles. 

For,  since  the  plane  D  C  E  is  per- 
pendicular to  AB  (IV. 3.),  the  angle, 
which  measures  the  inclination  of  any 
two  planes  passing  through  AB,  may 
be  drawn  in  that  plane  at  the  point 
C  (IV.  17.  Schol.);  and,  if  any  two 
of  these  angles  at  C  be  equal  to  one 
another,  the  dihedral  angles  which  they 
measure  willbe  equal  (IV.l  7.),  and  there- 
fore the  ungulas,  which  have  those  dihe- 
dral angles,  may  be  made  to  coincide,  and 
are  equal  to  one  another.  Now,  let  the 
angle  D  C  E  be  divided  into  any  number 
of  equal  angles  D  C  F,  F  C  G,  &c. ;  and 
therefore  the  dihedral  angle  D  A  B  E  into 
the  same  number  of  dihedral  angles  by  the 
planes  A  C  F,  A  C  G.  &c.  (IV.  17.);  and 
the  ungula  ADBE  into  as  many  equal 
ungulas  A  D  B  F,  A  D  B  G.  &c.  by  the 
same  planes.  Then,  if  the  angle  D  C  F 
be  contained  in  the  four  right  angles 
about  C  any  number  of  times  exactly, 
or  with  a  remainder,  the  ungula  ADBF 
will  be  contained  in  the  whole  sphere  the 
same  number  of  times  exactly,  or  with 
a  remainder.  Therefore  the  ungula 
A  D  B  E  is  to  the  whole  sphere  as  the 
angle  D  C  E  to  four  nght  angles  (II. 
def.  7.). 
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And  a  simflar  proof  may  be  applied 
to  show  that  the  lune  AD  B  E  is  to  the 
surface  of  the  whole  sphere  in  the  same 
ratio,  viz.  that  of  the  angle  D  C  E  to  four 
right  angles. 

Therefore,  &c. 

Cor,  1.  Every  spherical  ungula  is 
equal  to  one-third  of  the  product  of  the 
radius  by  its  lune  or  convex  surface. 

Cor.  2.  In  the  same  or  in  equal 
spheres,  any  two  ungulas  are  to  one 
another  as  the  angles  between  their 
planes.  And  the  same  may  be  said  of 
any  two  lunes. 

Scholium,  " 

We  might  here  add  the  proportions  of 
similar  segments,  sectors,  orbs,  ungulas, 
and  of  their  convex  surfaces.  The 
reader  will,  however,  easily  perceive, 
from  the  demonstration  of  prop.  15,  that 
if  similar  spherical  segments  and  sectors 
be  defined  to  be  such  as  are  generated 
by  similar  circular  segments  and  sectors, 
their  surfaces  will  be  as  the  squares  of 
the  radii,  and  their  contents  as  the  cubes 
of  the  radii.  And  the  same  may  be  said 
of  similar  spherical  orbs,  defined  to  be 
such  that  the  radii  of  their  exterior  and 
interior  surfaces  are  to  one  another  in 
the  same  ratio ;  and  of  similar  ungulas 
defined  to  be  such  as  have  their  dihedral 
angles  equal  to  one  another. 


BOOK  VI. 

§  !•  Q/*  great  and  small  circles  of  the 
Sphere.— §  2.  0/  Spherical  Trian- 
gles.— }  3.  0/ equal  Portions  of  SphC" 
rical  Surface,  and  the  Measure  of 
solid  Angles,— i  4.  Problems: 

J  1.— (y  great  and  small  Circles  of  the 
Sphere. 

Def.  1.  If  a  sphere  is  cut  by  a  plane 
which  passes  through  the  centre,  the 
section  is  called  a  great  circle  of  the 
sphere;  the  radius  of  such  a  section 
being  the  greatest  possible,  the  same, 
namely,  with  the  raciius  of  the  sphere. 

From  this  definition  it  is  evident  that 
a  great  circle  majr  be  made  to  pass 
through  any  two  points  in  the  surface  of 
a  sphere ;  and  that,  if  the  two  points  be 
not  opposite  extremities  of  a  diameter, 
only  one  great  circle  can  be  made  to 
pass  throuffh  them,  for  its  plane  must 
pass  through  the  centre  of  the  sphere, 
and  only  one  plane  can  be  made  to  pass 
through  three  points  which  are  not  in  the 
same  straight  line  (IV.  I.)    But  through 


the  two  extremities  of  a  diameter,  any 
number  of  great  circles  may  be  made  to 

f)ass,  for  they  are  in  the  same  straigiit 
ine  with  the  centre  of  the  sphere  (iV. 
1.  Cor.  4.). 

2.  If  a  sphere  is  cut  by  a  plane  wluch 
does  not  pass  through  the  centre,  the 
section  is  called  a  small  circle  of  the 
sphere;  the  radius  of  such  a  section 
being  less  than  that  of  the  sphere. 

A  circle,  it  is  plain,  may  be  made  to 
pass^  through  any  three  points  in  the 
8phere*s  surface;  and  it  will  be  a  great 
or  a  small  circle,  according  as  its  ^ane 
passes  through  the  centre  of  the  sphere, 
or  otherwise. 

3.  The  aocis  of  atiy  cu-cle  of  the  sphere 
is  that  diameter  of  the  sphere  which  is 
perpendicular  to  the  plane  of  the  circle; 
and  the  extremities  of  the  axis  are  called 
ihe  poles  of  the  circle. 

4.  Parallel  circles  of  a  sphere  arc 
such  as  have  their  planes  paralleL 

It  is  evident  that  parallel  circles  have 
the  same  axis  and  poles ;  for  a  straight 
line  which  is  perpendicular  to  one  of  two 
parallel  planes  is  perpendicular  to  the 
other  likewise  (IV.  11.).  It  may  also  be 
observed  that  two  parallel  circles  can- 
not both  of  them  pass  through  the  centre 
of  the  sphere,  that  is,  they  cannot  both 
be  great  circles  of  the  sphere. 

These  four  definitions  may  be  ilhis- 
tratedby  referring  to  the  figure  of  prop. 
1.  in  which  PAP'  is  a  great  circle, 
ABC  2L small  circle,  POP' the  axis, 
and  P,  F  the  poles  of  the  circle  ABC, 
and  A'B'CABC  Kre parallel  drdes 
of  the  sphere. 

5.  Any  portion  of  the  circumference 
of  a  great  circle  is  called  a  spherical 
arc. 

Two  points  are  said  to  be  joined  on 
the  surmce  of  the  sphere  when  the  sphe- 
rical arc  l)etween  them  is  described ;  and 
this  arc  is  called  the  spherical  distance 
of  the  two  points,  in  order  to  distinguish 
it  from  their  direct  distance,  which  is  the 
straight  line  which  joins  them.  Tlie 
spherical  distance  of  opposite  extremities 
of  a  diameter  of  the  sphere  is  evidently 
half  the  circumference  of  a  great  circle: 
but  the  spherical  distance  of  any  other 
two  points  is  less  than  a  semicircum- 
ference,  being  always  the  lesser  of  the 
two  arcs  into  which  they  divide  the 
great  circle  which  passes  through  them. 

6.  The  polar  distances  of  any  circle 
of  the  sphere  are  the  spherical  arcs 
which  join  any  point  in  the  circum- 
ference with  the  two  poles  of  the  cirde. 
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By  the  polar  distance  (sioriy)  the  lesser 
of  these  two  arcs,  or  distance  from 
the  nearer  pole,  is  generally  to  be  under- 
stood. 

7.  If  the  arcs  AB, 
AC  of  two  great  cir- 
cles meet  one  another 
in  a  point  A,  they 
are  said  to  form  at 
that  point  a  spherical 
angle  B  AC. 

A  spherical  angle 
is  grater  or  less, 
according  to  the  opening  between  its 
containing  arcs :  thus  Uie  angle  B  A  C  is 
greater  than  the  angle  D  A  C  by  the  an- 
gle BAD. 

Eyery  spherical  angle  is  measured  by 
the  plane  angle  which  measures  the  in- 
clination of  the  planes  of  the  containing 
arcs.  For  it  is  easy  io  perceive,  that  if 
this  inclination  is  the  same  in  any  two 
spherical  angles,  they  may  be  made  to 
coincide,  and  therefore  are  ec|ual  to  one 
another.  If,  therefore,  the  dihedral  an- 
gle made  by  the  planes  of  one  spherical 
ang^e  contain  any  sub-multiple  of  the 
dihedral  angle  made  by  the  planes  of 
another  a  certain  number  of  times  ex- 
actly, or  with  a  remainder,  the  first 
spherical  angle  will  contain  a  like  sub- 
multiple  of  the  other  the  same  number 
of  times  exactly  or  with  a  remainder; 
and,  therefore,  the  spherical  angles  are 
to  one  another  (II.  def.  7.)  as  the  dihe- 
dral angles  made  by  their  planes,  and 
have  the  same  measures  with  them.* 

8.  When  one  spheri* 
cal  arc  standing  upon 
another  makes  the  ad- 
jacent spherical  angles 
eqoal  to  one  another, 
each  of  them  is  called 
a  spherical  right  on- 

gle^  and  the  arc  which  stands  upon  the 
other  is  said  to  he  perpendicular,  or  at 
right  angles  to  it . 

The  terms  acute  and  obtuse  are  likewise 
applied  to  spherical  angles,  in  the  same 
sense  as  in  Book  I.  def.  1 1 . 

It  is  evident  that  a  spherical  right  an- 
gle is  measured  by  a  rectilineal  right  an- 
gle, a  spherical  acute  angle  by  a  rectili- 

•  Hum  a  tplierical  UKle  bu  been' defined  by 
mme  vriten  to  be  ideoticftlwitb  the  dihedral  angle 
oC  ita  planet;  while  othen  hare  extended  to  it  the 
geueaX  definition  of  the  angle  in  which  two  cairet 
cut  one  aaotber,  considering  it  the  same  with  the 
plane  rectilineal  angle  of  the  tangents  at  the  point 
A  ;  for  the  latter  angle,  being  contained  b  j  perpen- 
dieolftra  to  the  common  sectioa  OA,  me»saret  the 
^abedral  angle  of  the  planes. 


neal  acute  angle,  and  a  spherical  obtuse 
angle  by  a  rectilineal  obtuse  angle. 

9.  A  spherical  triangle  is  a  portion  of 
the  sphere*s  surface  mduded  by  three 
arcs  of  different  great  circles,  as  A  B  C. 

EveiT   spherical   tri-  >A 

angle,  ABC,  has  three 
sides,  viz.  the  containing 
arcsAB,  AC,  andBC, 

and  three  angles  A,  B,       ^ ^^ 

and  C.  B^  X 

In  the  spherical  triangles  here  con- 
sidered, it  is  supposed  that  each  of 
the  sides  is  less  than  a  semicircum- 
ference.  For,  the  greatest  spherical 
distance  at  which  t^o  points  can  be 
placed  is  a  semicircumference ;  and  if 
any  arc,  as  PAP,  » 

be   taken    equal  to  ^""^ 

a  semicircumference, 
its  extremities  P,  P 
win  be  extremities  of         a  /     o^      « 
a  diameter  P OF  of  [    ^\       ^ 

the  sphere,  and  there- 
fore the  same  great 
circle      will       pass  ^-^^p 

through  both  of  them,  ^ 

and  any  third  point  Q  on  the  sphere*s 
surface,  so  that  the  arcs  Q  P  and  Q  P' 
will  be  arcs,  not  of  different  circles,  but 
of  the  same  circle. 

Any  three  points  on  the  sphere's  sur- 
face may  be  assumed  for  the  angles  of 
a  spherical  triangle  (see  def.  5.)»  pro- 
vided they  are  not  in  the  same  ^eat 
circle,  nor  any  two  of  them  opposite  to 
one  another,  that  is,  opposite  extremities 
of  a  diameter  of  the  spnere. 

1 0.  Two  spherical  triangles  are  said  to 
be  symmetrical,  when  the  sides  of  the 
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one  are  equal  to  the  sides  of  the  other, 
each  to  each,  but  in  a  reverse  order,  as 
ABCandDEF. 

11.  If  ABC  is  any 
spherical      triangle, 
and  the  points  A',  B', 
C  are  those  poles  of 
the  arcs  B  C,  A  C, 
A  B,     respectively, 
which  lie  upon  the  ^ 
same  sides  of  them 
with  the  opposite  an- 
gles A,  B,  C,and  the  triangle  A'B'C 
is   completed :   this    triangle   A'  B'  C 
is  said  to  be  the  polar  triangle  of  the 
triangle  ABC. 
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There'are  nb  fewer  than  eight  differ- 
ent triangles  which  have  for  their  angu- 
lar points  poles  of  the  sides  of  a  given 
triangle  ABC;  but  thtere  is  only  one 
triangle  in  which  these  poles  A',  fl',  C, 
lie  towards  the  same  jparts  with  the  op- 
posite angles  A,  B,  C,  and  this  is  the 
triangle  A'  B'  C%  which  is  known  under 
the  name  of  the  polar  triangle* 

12.  A  spherical  polygon         A. 
isl  any    portion     of    the 
sphere's  surface    included  ^\ 
by  more  than  three  arcs  of 
different  great  circles,  as 
ABODE. 

13.  Opposite  points  on  the  surface  of 
the  sphere  are  those  which  are  opposite 
extremities  of  a  diameter  of  the  sphere. 
It  is  evident  that  the  arcs  which  join  two 
such  points  with  an>  third  point  on  the 
sphere's  surface,  are  parts  of  the  same 
great  circle,  and  are  together  equal  to  a 
semicireumference  (see  the  second  figure 
ofdef.9.) 

Prop.  1* 

Every  plane  section  of  a  sphere  is  a 
circle)  the  centre  of  which  is  either  the 
centre  of  the  sphere,  or  the  foot  of  the 
perpendicular  which  is  drawn  to  the 
plane  from  the  centre  of  the  sphere. 

The  substance  of  this  proposition  has 
been  already  'given  in  the  corollary  to 
Book  IV.  ?rop.  8 ;  and  the  following 
demonstration  is  only  a  statement  at 
greater  length  of  the  reasoning  from 
which  it  was  there  inferred. 

If  the  plane  pass  through  the  cen- 
tre O  of  the  sphere,  as  PAF,  the 
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distance  OA  of  any  point  A  in  the 
cireumference  of  the  section,  from  the 
point  O,  will  be  the  same  with  a  radius 
of  the  sphere,  and  therefpre  the  section 
will  be  a  circle  having  the  centre  O. 
And  if  the  plane  do  not  pass  through 
the  centre,  the  distances  A  K,  B  K,  of 
any  two  points  A,  B.  in  the  cireumfer- 
ence of  me  section,  from  K  the  foot  of 
the  perpendicular  O  K,  will  be  equal  to 


one  another;  because  the  rigiht-uigled 
triangles  OKA,  0KB  have  their  hypo- 
tenuses O  A,  O  B  each  a  radius  of  the 
sphere,  and  the  side  OK  common  to 
both  (1.13.).  Therefore,  in  this  case  the 
section  is  a  cirele  having  the  centre  K. 

Therefore,  8cc. 

Cor.  1.  The  radius  of  a  great  cinde  IS 
the  same  with  the  radius  of  the  sphere ; 
and  the  radius-square  of  a  smaU  drde 
is  less  than  the  radius-square  of  the 
sphere  by  the  square  of  the  perpendicu- 
lar, which  is  dniwn  to  its  plane  from 
the  centre  of  the  sphere  (I.  36.  Cor.  1.). 

Cor.  2.  Every  diameter  of  a  great 
circle  is  likewise  a  diameter  of  the 
sphere. 

Prop.  2. 

Either  pole  of  a  circle  of  the  sphere  is 
equally  distant  from  all  points  in  the 
arcumference  of  that  circle;  whether 
the  direct  or  the  spherical  distance  be 
understood. 

Let  AB  C(see  the  figure  of  prop.  1.) 
be  any  circle  of  a  sphere  which  has  the 
centre  O,  and  let  OX  be  drawn  perpen- 
dicular to  the  plane  ABC,  and  pro- 
duced to  meet  the  surface  of  the  sphere 
in  P ;  then,  if  A,  B  be  any  two  points 
in  the  circumference  of  the  circle  ABC, 
and  if  the  straight  lines  PA,  PB,  as 
also  the  spherical  ares  PA,  PB  be 
drawn,  the  fine  P  A  shall  be  equal  to  the 
line  PB,  and  the  arc  PA  to  the  arc  PB. 

Join  K  A,  KB.  Then,  because  K  is 
the  centre  of  the  circle  AB  C  (1.),  the 
right-angled  triangles  P  K  A  and  P  K  B 
have  the  two  sides  P  K,  K  A  of  the  one 
equal  to  the  two  sides  P  K,  K  B  of  the 
otner,  each  to  each;  therefore,  (I.  4.) 
the  hypotenuse  PA  is  equal  to  the  hy{x>- 
tenuse  P  B.  And  because,  in  equal  cir- 
cles, the  arcs  which  are  subtended  by 
equal  chords  are  equal  to  one  another 
(III.  12.  Cor,  1.),  the  arc  PA  is  likevrise 
equal  to  the  arc  PB.  And  in  like  man- 
ner it  may  be  shown  that  the  other  pole 
P'  is  also  equidistant  from  A  and  B. 

In  this  demonstration  it  is  supposed 
that  the  point  K  does  not  coinciae  with 
the  i>oint  O,  or  that  the  circle  in  ques- 
tion is  not  a  great  circle.  If,  however, 
ABC  is  a  great  circle,  the  angles  P  O  A, 
P  O  B  are  right  angles,  and  therefore 
equal  to  one  another  (1. 1.),  from  which 
the  equality  of  the  chords  P  A,  P  B  and 
of  the  arcs  PA,  PB  will  follow  as 
before. 

Therefore,  &c 

Cor.  1.  Hence  any  circle  of  a  sphere 
may  be  conceived  to  be  described  firom 
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dther  of  its  poles  as  a  centre  with  the 
sph«riealdistaaceofthatpoleas  aradius. 
^r,  if  this  distance  be  carried  round  the 
pole,  its  extremity  will  he  in  the  circum- 
ference of  the  circle. 

Cor.  2.  The  distances  of  any  circle 
horn  its  two  poles  are  together,  equal  to 
a  semicircumference. 

Cor,  3.  A  great  circle  is  equally  dis- 
tant from  its  two  poles ;  but  this  is  not 
the  case  with  a  small  circle.  For  if 
A  B  C  be  supposed  to  be  a  great  cmsle, 
the  angles  P  DA,  F  O  A  will  be  right 
angles,  and  therefore  equal  to  one  ano- 
ther, so  that  the  polar  distances  P  A, 
F  A  will  be  likewise  equal  (III.  12.) ; 
but  if  ABC  be  a  small  cbrcle,  the 
angles  POA,  P'OAwill  be,  one  of 
them  less,  and  the  other  greater  than  a 
right  anele,  and  therefore  the  dbtances 
P  A,  P' A  will  be  unequal. 

Prop.  3. 

Equal  circles  ofthesphere  have  equal 
polar  dietancee  ;  and  conversely. 

Let  A  B  C  and  A'  B'  C  (see  the  figure 
of  prop.  1.)  be  any  two  equal  circles  of 
the  sphere ;  K,  K'  their  centres,  and  P, 
F  their  poles ;  then,  if  the  radius  K  A 
is  equal  to  the  radius  K'  A',  the  polar 
distance  P  A  shall  be  equal  to  the  polar 
distance  P  A' ;  and  conversely. 

For,  if  O  be  the  centre  of  the  sphere, 
and  OK,  K  P  be  joined,  OK  will  be  per- 
poidicular  to  the  plane  AB  C  (1.)»  and 
therefore  (def.  3.)  O  K,  K  P  will  lie  in 
the  same  straight  line ;  and  in  like  man-  . 
ner  O  K'  will  be  perpendicular  to  the 
plane  A'  B'  C,  and  O  K',  K  P'  will  lie 
m  ihe  same  straight  line.  Join  OA, 
PA  and  OA',  F^A'.  Then,  because 
the  right-angled  triangles  O  K  A,  O  K  A' 
have  the  hypotenuse  O  A  equal  to  the 
hypotenuse  O  A',  and  the  side  K  A 
equal  to  the  side  K  A',the  angle  KO  A 
orPOA  is  equal  to  the  angle  K'O  A' 
or  F  O  A'  (1.  13.) ;  and  therefore,  also, 
the  arc  PA  (III.  1 2.)  is  equal  to  the  arc 
FA'.  And,  conversely,  if  the  arc  PA 
be  equal  to  the  arc  FA',  the  angle 
POA  will  be  equal  to  the  angle  F  O  A' 
(III.  12.) ;  and,  therefore,  because  in  the 
right4Uigled  triangles  O  K  A,  O  K' A', 
the  hsrpotenuse  O  A  is  equal  to  the  hypo- 
tenuse O  A',  and  the  angle  K  O  A  to  the 
9D^  K'OA',  the  radius  KAis  equal 
to  the  radius  K  A' (1. 13.). 

la  the  foregoing  demonstration  it  is 
supposed  that  the  points  K  and  K'  do 
not  coincide  with  the  point  O,  that  is, 
Uiat  the  circles  in  question  are  not  great 
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circles  of  the  sphere.  If,  however, 
the  circles  are  great  drcles,  the  angles 
POA,  FOA'  are  right  angles,  and 
therefore  the  arcs  PA,  FA'  quad- 
rants :  and  it  is  evident  that,  conversely, 
circles  whose  polar  distances  are  quad- 
rants pass  through  the  centre  of  the 
sphere,  that  is,  are  great  circles  of  the 
sphere,  and  are  equal  to  one  another. 

Therefore,  &c. 

Cor,  Curcles  whose  polar  distances  are 
together  equal  to  a  semicircumference 
are  equal  to  one  another  (2.  Cor.  2.) 

Prop.  4. 

Any  two  great  circles  of  the  sphere 
bisect  one  another. 

For,  since  the  plane  of  each  passes 
through  the  centre  of  the  sphere,  which 
is  also  the  centre  of  each  of  the  great 
circles,  their  common  section  is  a  dia- 
meter of  each ;  and  circles  are  bisected 
by  their  diameters. 

Therefore,  &c. 

Cor.  1.  Any  two  spherical  arcs  may 
be  produced  to  meet  one  another  in  two 
points,  which  are  opposite  extremities  of 
a  diameter  of  the  sphere. 

Cor.  2,  Any  number  of  spherical  arcs 
which  oass  through  the  same  point  mav 
be  produced  to  pass  Ukewise  through 
the  opposite  point. 

Prop.  5. 

The  spherical  arc  which  is  drtmm 
from  the  pole  of  a  great  circle  to  any 
point  in  its  circumference  is  a  quad" 
rant  of  a  great  circle,  and  is  at  right 
angles  to  me  circumference. 

Let  the  point  P  be  the  pole  of  a  great 
circle  ABC:  let  any  pomt  A  be  taken 
in  the  circumference   ABC,  and  let 


PA  be  joined  by  the  spherical  arc 
PDA:  the  arc  PDA  is  a  quadrant, 
and  at  right  angles  to  the  circumference 
ABC. 

Take  O  the  centre  of  the  sphere,  and 
join  O  P,  O  A.  Then,  because  (def.  3.) 
OP  is  at  right  angles  to  the  plane 
ABC,  the  angle  P  O  A  is  a  right  angle 
(IV.  def.  1 .) ;  and,  therefore,  the  arc 
PDA  is  a  quadrant.  Again,  because 
OP  is  at  right  angles  to  the  plane  ABC, 
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the  plane  OPD  A  is  at  right  angles  to 
the  plane  AB  C  (IV.  18.)  ;  and.  there- 
fore, the  arc  P  D  A  is  at  right  angles  to 
the  circumference  ABC  (deL  7.  and 
def.  8.). 

Therefore,  &c. 

Cor.  1.  If  two  great  circles  cut  one 
another  at  right  angles,  the  circumfe- 
rence of  each  shall  pass  through  the 
poles  of  the  other. 

Cor.  2.  If  the  spherical  distances  of  a 
point  P  in  the  surface  of  the  sphere  from 
two  other  points  A  and  C  in  the  same 
surface  which  are  not  opposite  extremi- 
ties of  a  diameter  be  each  of  them  equal 
to  a  quadrant,  P  shall  be  the  pole  of  the 
great  circle  which  passes  through  the 
points  A  and  C.  For,  if  O  be  the  centre 
of  the  sphere,  the  angles  POA  and 
P  O  C  will  be  right  angles,  because  the 
ai'cs  P  A  and  P  C  are  quadrants ;  and, 
therefore,  P  O  is  at  right  angles  to  the 
^ane  O  A  C  (IV.  3.) ;  for  which  reason 
P  O  must  be  the  axis,  and  P  the  pole  of 
the  great  circle  which  passes  through  A 
and  C  (def.  3.}. 

Prop.  6. 

Every  spherical  angle  is  measured  by 
the  sphincal  arc  which  isdecribedfrom 
the  angular  point  as  a  pole,  and  inter^ 
cepted  between  the  sides  of  the  angle. 

Let  BAG  be  any  spherical  angle, 
and  from  the  point 
A,  as  a  pole,  let  a 
great  circle  be  de- 
scribed cutting  the 
sides  AB,  AC  in 
the  points  M,  N  re- 
spectively :  the  sphe- 
rical angle  BAG 
shall  j  be  measured 
by  the  arc  M  N. 

Take  O  the  centre  of  the  sphere,  and 
join  O  A,  O  M,  0  N.  Then,  because 
A  is  the  pole  of  the  spherical  arc  M  N, 
the  plane  M  O  N  is  perpendicular  to 
O  A  (def.  3.),  and  M  (J,  N  O  are  each 
of  them  perpendicular  to  O  A.  There- 
fore the  angle  M  O  N  measures  the  di- 
hedral angle  MOAN  (IV.  17.),  or 
which  is  the  same  thing,  (def.  7.)  the 
spherical  angle  MAN  or  BAG.  There- 
fore, the  arc  M  N  which  measures  the 
angle  M  O  N,  measures  also  the  spheri* 
cal  angle  BAG. 

Therefore,  &c. 

Cor,  The  angle  contained  by  two 
spherical  ares  is  measured  by  the  dis- 
tance of  their  poles,  which  lie  towards 
the  same  parts  of  the  arcs.  For,  if  the 
arc  N  M  be  produced  to  R,  so  that  RN 
niay  be  a  quadrant,  and  to  Q,  so  that 


Q  M  may  be  a  quadrant,  Q  R  wiU  be 
equal  to  MN  (I.  ax.  3.).  And  the  points 
Q,  R  are  the  poles  of  A  M,  A I^  re- 
spectiyely,  because  Q  M,  Q  A,  as  also 
R  N,  R  A,  are  quadrants  (5.  Cor.  2.). 

Prop.  7. 

1/  one  triangle  be  the  polar  iriang!e 
of  another^  the  latter  shall  likewise  be 
the  polar  triangle  of  the  first;  and 
the  sides  of  either  triangle  shall  be 
the  supplements*  of  the  arcs  which 
measure  the  opposite  angles  of  the  other. 

Let  A  B  G  be  any  spherical  triangle; 
and  let  A',  B',  C  be  those  poles  of  the 
sides  B  C,  A  G,  A  B,  which  lie  towards 
the  same  parts  of  the  arcs  B  C,  AC, 
A  B,  with  the  opposite  angles  A,  B,  C, 
respectively,  so  that  A'  and  A  lie  to- 
wards the  same  parts  of  B  C,  B^  and  B 
towards  the  same  parts  of  A  C,  and  G' 
and  G  towards  the  same  parts  of  AB : 
that  is,  (de£  II.)  let  A'  B'  G'  be  the 
polar  triangle  of  ABC:  the  triangle 
ABC  shall,  likewise,  be  the  pour 
triangle  !of  A'  B'  C,  and  the  sides  of 
either  triangle  shall  be  the  supplements 
of  the  arcs  which  measure  the  opposite 
angles  of  the  other. 

For,  in  the  first  place,  B'  being  the 
poleof  ACAB'isa 
quadrant  (5.);  andC 
being  the  pole  of  A  B, 
AC'  is  likewise  a 
quadrant :  therefore 
(5.  Cor,  2.)  A  is  the 
poleofB'C.  Also, 
it  is  upon  the  same 
side  of  B'  G'  that  A'  is :  for,  because 
A'  and  A  are  upon  the  same  side  of 
B  G.  and  that  A'  is  the  pole  of  B  G, 
A'  A  is  less  than  a  quadrant ;  and  be- 
cause A  is  the  pole  of  B'  G',  and  that 
A  A'  is  less  than  a  quadrant,  A  and  A' 
are  upon  the  same  side  of  B'  G'. 

And,  in  the  same  manner,  it  may  be 
shown  that  B  is  the  pole  of  A'  G',  and 
B,  B'  upon  the  same  side  of  A'  C' ;  and 
.  that  G  is  the  pole  of  A'  B',  and  C,  C 
upon  the  same  side  of  A'  B'.  Therefore, 
the  triangle  A  B  G  is  the  polar  triangle 
ofA'B'C'(def.  11.). 

Next,  let  the  arc  B'  C  be  produced 
both  WWTS,  if  necessaiy,  to  meet  the  arcs 
AB,  AG  (produced  likewise  if  necessaiy) 
in  the  points  D.  E,  (4  Cor.  1.).  Then, 
because  A  is  the  pole  of  the  arc  B'  C', 
the  spherical  angle  BAG  is  measured  by 
D  £  (6.).  Again,  because  B'  is  the  pole 
of  A  G,  B'  E  is  aquadrant;  and  for  the 

•  From  this  property  polar  triangle  mn  «>««• 
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like  reason  CD  is  also  a  quadrant: 
therefore,  the  sum  of  B'  E  and  C  D, 
that  is,  of  D  £  and  B'  C,  is  equal  to  a 
semicircumference,  and  the  side  B'  C  is 
the  sunplement  of  D  E  which  measures 
the  spherical  angle  BAG.  And,  in  the 
same  manner,  it  may  be  shown  that  any 
other  side  of  either  of  the  triangles 
ABC,  A'B'C  is  the  supplement  of 
the  arc  which  measures  the  opposite 
angle  of  the  other. 
Therefore,  &c. 

Scholium. 
If  the  three  sides  of  a  spherical  tri- 
angle be  each  of  them  equid  to  ft  quad- 
rant, the  polar  triangle  will  coincide  with 
it;  for  each  of  the  aneular  points  will 
be  the  pole  of  the  side  opposite  to  it. 
(5.Cbr.2.)  The  surface  of  the  spheremay 
be  divided  into  eight  such  triangles,  by 
dividing  the  cm;umference  of  any  great 
circle  into  quadrants,  and  joimng  the 
points  of  division  with  the  poles  of  the 
great  cirde. 

Sbction  2.^-Of  Sphencal  Triangles. ' 
Prop.  8. 

The  anglee  which  one  spherical  are 
makee  urith  another  upon  one  side  of  it 
are  either  two  right  angles,  or  are  to* 
gether  equal  to  two  right  angles. 

See  the  Demonstration  of  Book  I. 
Prop.  2. 

Cfor.  1.  If  two  spherical  arcs  cut  one 
another,  the  vertical  or  opposite  angles 
will  be  equal  to  one  another.  See  the 
Demonstration  of  Book  I.  Prop.  3. 

Cor.  2.  If  any  number  of  spherical 
arcs  meet  in  the  same  point,  the  sum 
of  all  the  angles  about  that  point  will 
be  equal  to  four  right  angles. 

Prop.  9. 

Any  two  sides  of  a  spherical  triangle 
are  together  greater  than  the  third 
side;  and  anjf  side  of  a  spherical  tri- 
angle is  greater  than  the  difference  of 
the  other  two. 

Let  A  B  C  be  a  spherical  triangle ; 
the  sides  B  A  and  A  C   shall  be  to- 
gethergreaterthanBC;  and  AB  alone 
shall  be  greater  than  the  difference  of 
AC  and  BC.    Take  O 
the  centre  of  the  sphere, 
and  join  O  A,  O  B,  aC. 
Then,  because  the  solid 
angle  at  O  is  contained 
by    three    plane    angles 
AOB,AOC,andBOC, 
thetwo  AOBandAOC 
are  together  greater  than 
thethirdBOC(IV.  19.). 
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But  these  angles  are  respectively  mea- 
sured by  the  arcs  A  B,  A  C,  and  B  C. 
Therefore  A B  and  AC  are  together 
greater  than  B  C.  And  hence,  taking 
AC  from  each,  AB  alone  is  greater 
than  the  difference  of  A  C  and  B  C. 

Therefore,  &c. 

Cor.  1.  The  three  sides  of  a  spherical 
hiangle  are  together  less  than  the  cir- 
cumference  of  a  great  circle.  For,  if 
A  B  and  A  C  be  produced  to  meet  in  D, 
the  arcs  AB  D,  A C  D  will  be  semicir- 
cumferences ;  but  B  C  is  less  than  B  D 
and  D  C  together ;  therefore,  A  B,  A  C, 
and  B  C  are  together  less  than  A  B  D 
and  A  C  D,  that  is,  less  than  the  cir- 
cumference of  a  great  circle. 

Cor,  2.  In  the  same  manner  it  may 
be  shown  that  all  the  sides  of  any 
spherical  polygon  are  together  less  than 


the    circumference  of   a  great   circle. 
This  is  likewise  evident  from  IV.  20. 

Scholium. 
By  help  of  this  proposition,  it  may  be 
shown  that  the  shortest  distance  of  two 
points  on  the  surface  of  a  sphere,  mea- 
sured over  that  surface,  is  the  spherical 
arc  between  them.  See  Book  I.  prop. 
10.  Scholium. 

Prop.  10. 

The  three  angles  of  a  spherical  tri- 
angle  are  together  greater  than  two 
right  angles,  and  less  than  six  right 
angles. 

For  the  arcs  wWch  measure  the  three 
angles  together  with  the  three  sides  of  the 
polar  triangle  are  equal  to  three  semi- 
circumferences  (T.),  or  six  quadrants : 
therefore,  the  former  alone  are  less  than 
six  quadrants,  and  consequently  the 
angles  which  they  measure  are  less  than 
six  right  angles.  Again,  the  sides  of 
the  polar  triangle  are  less  than  a  whole 
circumference,  or  fom*  quadrants  (9  Cor. 
1.) :  therefore,  the  arcs  before  mention- 
ed are  greater  than  two  quadrants,  and 
consequently  the  angles  which  they 
measure  greater  than  two  right  angles. 

Therefore,  &c. 
"*  Cor.  1.  A  spherical  triangle  may  have 
two  or  even  three  right  angles^  or  two 
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or  even  three  obtuse  angles.  For,  it  is 
evident  from  the  demonstration  of  the 
proposition,  that  the  sum  of  the  angles 
depends  upon  the  magnitude  of  the 
sides  of  the  polar  triangle,  and  since 
the  sum  of  these  last  may  be  any  what- 
ever less  than  four  quadrants,  the  sum 
of  the  angles  of  the  original  triangle 
may  be  any  whatever  greater  than  two, 
ana  less  than  six  right  angles. 

C(^,  2.  If  one  side  of  a  spherical  tri- 
angle be  produced,  the  extenor  angle  will 
be  less  than  the  sum  of  the  two  interior 
and  opposite  angles.  '  \ 

For  the  exterior  an-  ^-^^  / 

gle,  together  with  its  y^^  ' 
adjacent  interior  an-  B  \,.^  / 
gle,  is  only  equal  to  c""~^ 

two  right  angles  (8.) ;  ^ 

but  the  two  mterior  and  opposite  angles, 
together  with  the  same  angle,  are  greater 
than  two  right  angles. 

Prop.  U. 

If  two  sides  of  a  spherical  triangle  be 
equal  to  one  another,  the  opposite  angles 
shall  be  likewise  equal ;  and  conversely. 

Let  A  B  C  be  a  spheri- 
cal triangle,  having  the 
side  AB  equal  to  the 
side  AC;  the  angle 
ACB  shall  likewise  be 
equal  to  the  angle  ABC. 

Take  O  the  centre  of 
the  sphere,  and  join  O  A, 
OB,  O  C.  From  the 
point  C,  in  the  plane 
A  O  C,  draw  C  8  at  right 
angles  to  CO  (and,  therefore  (III.  2.), 
touching  the  arc  C  A  in  C)  to  meet  O  A 
produced  in  S :  at  the  points  B  and  C 
draw  BT  and  CT,  touching  the  arc 
BC,  and  meeting  one  another  in  T, 
and  join  B  S,  S  T.  Then,  because  the 
arc  AB  is  equal  to  AC,  the  angle  AOB 
is  equal  to  the  angle  A  O  C  (III.  12.) ; 
and,  because  the  triangles  S  O  B,  S  O  C 
have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and 
the  angles  S  O  B,  8  O  C  which  are  in- 
cluded by  those  sides  equal  to  one 
another  (I.  4.),  the  base  SB  is  equal  to 
the  base  S  C,  and  the  angle  S  B  O  to  the 
angle  SCO,  that  is,  to  a  right  angle. 
Therefore,  B  8  touches  the  arc  A  B  in 
B  (III.  2.).  And,  because  the  spherical 
angles  ABC,  ACB  are  measured  by 
the  plane  angles  of  the  tangents  at  B 
and  C  (see  def.  7.  note)  they  are  mea- 
sured by  the  angles  S  BT,  S  CT  re- 
spectively. But,  because  TB  and  TC 
we  tangents  drawn   from  the  same 


points  to  the  arc  BO,  TB  is  equal 
to  T  C  (III.  2.  Cor.  3.).  Therefore,  the 
triangles  SBT  and  SOT  have  the 
three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  and 
consequently  the  angle  8  B  T  is  equal  \o 
the  angle  8  C  T  (1. 7.).  Therefore,  also, 
the  spherical  ansle  A  B  C  is  equal  to 
the  spherical  angle  ACB. 

Next,  let  the  angle  A  B  C  be  equal  to 
the  angle  A  C  B  :  the  side  A  B  shall  be 
equal  to  the  side  A  C.  For,  if  the  polar 
triangle  A'  B'  C  be  described,  its  sides 
A'  B'  and  A'  C  which  are  supplements 
to  the  measures  of  the  equal  angles  (7.) 
will  be  equal;  and,  therefore*  fay  the 
former  part  of  the  proposition,  the  8{>he- 
rical  angle  at  C  is  eaual  to  the  spherical 
angle  at  B'.  But  the  sides  AB  and 
A  C  are  supplements  to  the  measures 
of  these  angles  (7.)/  Therefore,  also, 
AB  is  equal  to  AC. 

Thererore,  &c. 

Prop.  12. 

If  one  angle  of  a  spherical  triangle 
be  greater  than  another,  the  opposite 
side  shall  likewise  be  greater  than  the 
side  opposite  to  thai  other;  and  con-- 
versely. 

See  the  demonshration  of  Book  I. 
Prop.  11. 

Cor,  If  one  side  B  C  of  a  spherical 
triangle  ;A  B  C  be  produced  to  D,  the 

A 

c 

exterior  angle  A  C  D  shall  be  equal  to,  ' 
or  less  than,  or  greater  than,  the  mterior  | 
and  opposite  angle  ABC,  according  as  i 
the  sum  of  the  two  sides  A B,  AC  is  ' 
equal  to,  or  greater  than,  or  less  than, 
the  semicircumference  of  a  great  circle. 
For,  if  B  A  and-B  C  be  produced  to 
meet  one  another  in  D,  the  angles  at  B 
and  D  will  be  equal  to  one  another, 
having  for  their  common  measure  the 
measure  of  the  same  dihedral  an^e 
(def.  7.)  ;  and  BAD  will  be  a  semicir- 
cumference. But,  by  the  proposition, 
the  angle  A  C  D  is  equal  to,  or  less  than, 
or  greater  than  the  angle  at  D,  accord- 
ing as  A  C  is  equal  to,  or  greater  than, 
or  less  than  AD.  Therefore,  the  angle 
A  C  D  is  equal  to,  or  greater  than,  or 
less  than  the  angle  at  B,  according  as 
A  B  and  A  C  are  together  equal  to,  or 
greater  than,  or  less  Uianasemicircum* 
ference. 
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Prop.  13. 


If  two  spherical  triangles  Have  two 
sidesofihe  one  equal  to  two  sides  of  the 
other,  each  to  each^  and  likemse  the  in- 
duded  angles  equal ;  their  other  angles 
shall  be  equal,  each  to  each,  viz,  those 
to  which  the  equal  sides  are  opposite, 
and  the  base,  or  third  side,  t^the  one 
shall  be  equal  to  the  base^  or  third  side, 
o/the  other. 

There  are  here  two  cases  for  consi- 
deration; first,  that  in  which  the  equal 
sides  AB,  AC  and  D£,  D  F  lie  in  the 
same  direction;  and,  secondhr,  that  in 
which  they  lie  in  opposite  airections. 
The  first  case  may  be  demonstrated  by 
superposition,  after  the  same  manner  as 
Book  I.  Prop.  4,  to  which,  for  brevity's 
sake,  the  reader  is  referred :  the  second 
case  as  follows: — 

Let  ABC«  DEF  be  two  spherical 


triangles,  which  have  the  two  sides  AB, 
AC  equal  to  the  two  sidesDE,  DF, 
each  to  each,  viz.  AB  to  D E  and  A C 
to  DF,  but  DE  lying  in  a  direction  from 
DF,  wluch  is  the  reverse  of  that  in  which 
AB  lies  firom  AC,  and  let  them  likewise 
have  the  angle  B  A  C  equal  to  the  angle 
£  D  F :  their  other  angles  shall  be  equal, 
each  to  each,  viz,  AB  C  to  DEF;  and 
ACBtoDFE,  and  the  base  B  C  shall 
be  equal  to  the  base  £  F. 

Take  O  the  centre  of  the  sphere :  fi-om 
A  draw  AP  perpendkular  to  the  plane 
O  B  C,  and  produce  it  to  meet  the  sur- 
face of  thersphere  in  A.  Join  P  O,  P  B, 
PC,  and  OB;  firom  P  draw  P Q  per- 
pendicular to  OB  ;  joinAQ,  AB,AC, 
A'  Q,*  A'  B,  A'  C ;  and  draw  the  spheri- 
cal arcs  AB,  A'C,  A' A,  Then,  be- 
cause in  the  right-angled  triangles  APO, 
A'P  O,  the  hypotenuse  A  O  is  eaual  to 
the  hypotenuse.  A'  O,  and  the  side  P  O 
common  to  both,  the  remaining  sides 
A  P  and  A'  P  are  equal  to  one  another 
(1. 13.) :  and  because  in  the  right-an^ed 
triangles  A  P  Q,  A'  P  Q,  the  side  A  P  is 
equal  to  the  side  A'P,;and  the  side  PQ 
common  to  both,  the  hypotenuse  A  Q  is 
equal  to  the  hypotenuse  A'  Q,  and  the 

«  A'Q  iioaitttd ia  tk<  figtune. 


angle  A  Q  P  to  the  an^e  A'  Q  P  (1. 4.) ; 
and  in  the  same  manner  it  may  be  shown 
that  A  B  is  equal  to  A'  B,  and  A  C  to 
A'  C.  Now,  because  A  P  is  perpendi- 
cular  to  the  plane  O  B  C,  and  that  P  Q 
is  perpendicular  to  the  line  O  B  in  that 
plane,  A  Q  is  hkewise  perpendicular  to 
O  B  (IV.  4.) ;  and  for  the  Uke  reason 
A'Q  is  perpendicular  to  the  same  O  B. 
Therefore,  the  angles  AQ  P,  A'  Q  P  mea- 
sure the  dihedral  angles  formed  by  the 
planesOAB,  OBC,andOA'B,OBC 
(IV.  17.),  or,  which  is  the  same  thing, 
(def.  7.)  the  spherical  angles  ABC  and 
A'  B  C ;  and  because,  as  has  been  already 
demonstrated,  the  angle  A  Q  P  is  equal 
to  the  angle  A'  Q  P,  Uie  spherical  angle 
A  B  C  is  equal  to  the  spherical  angle 
A'  B  C.  In  the  same  manner,  it  may  be 
shown  that  the  spherical  angles  A  C  B 
and  A'CB  are  equal  to  one  another. 
And  because  the  straight  line  (A  B  is 
equal  ,to  the  straight  Ime  A'  B,  the  arc 
AB  is  equal  to  the  arc  A'B  (III.  12. 
Cor.  1.) ;  and,  for  the  like  reason,  the  arc 
A  C  is  equal  to  the  arc  A'  C.  There- 
fore, in  the  isosceles  spherical^angle 
B  A  A',  the  angle  B  A'  A  is  equal  to  the 
angle  BAA',  and  in  the  isosceles  sphe- 
rical trianffle  C  A  A'  the  angle  C  A'  A  is 
equal  to  the  angle  CAA°(11.);  and, 
consequently,  the  whole  (or,  if  the  points 
B,  C,  are  on  the  same  side  of  the  arc 
A  A',  the  remaining)  angle  BA'C  is 
equal  to  the  whole  or  remaining  angle 
B  A  C.  Therefore,  the  triangles  A'  B  C, 
ABC  have  their  several  sides  and  angles 
equal  to  one.  another,  but  lying  in  a 
reverse  order. ' 

Now,  because  A'  B  and  D  E  are  each 
of  them  equal  to  AB,  they  are  equal  to 
one  another ;  and,  for  the  like  reason, 
A'  C  is  equal  to  D  F,  and  the  angle 
B  A'  C  to  the  angle  E  D  F.  Also,  the 
equal  parts  lie  in  the  same  direction 
firom  one  another  in  these  two  triangles, 
A'  B  C,  D  E  F.  Therefore,  by  the  first 
case,  the  base  B  C  is  equal  to  the  base 
£ F,  and  the  angles  A'B  C,  A'  C  B  to 
the  angles  DEF  and  DFE  respec- 
tively. And,  because  the andes ABC, 
A  C  B  are  equal  to  the  angles  A'  B  C, 
A'  C  B,  each  to  each,  the  former  andes 
are  likewise  equal  to  D  £  F  and  D  F  £ 
respectively. 

Therefore,  &c. 

Prop.  14. 

If  two  spherical  triangles  have  two 
angles  of  the  one  equal  to  two  angles  of 
the  other,  each  to  each,  and  likewise  the 
interjacent  sides  equal ;  their  other  sides 
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shall  be  equal,  each  to  each,  viz,  those  to 
which  the  equal  angles  are  opposite,  and 
the  third  angle  of  the  one  shall  be  equal 
to  the  third  angle  of  the  other.  • 

The  case  in  which  the  equal  angles 
lie  in  the  same  direction  from  one  ano- 
ther in  the  two  triangles  may  be  demon- 
strated by  superposition,  in  the  same 
manner  as  Book  I.  Prop.  5,  to  which 
the  reader  is  referred.  The  other  case, 
in  which  they  lie  in  different  directions, 
may  be  demonstrated  as  follows : — 

Let  A  B  C,  D  E  F  (see  the  figure  of 
Prop.  13.)  be  two  spherical  triangles, 
which  have  the  two  angles  ABC, 
A  C  B  of  the  one  equal  to  the  two 
angles  D  £ F,  D  FE  of  the  other,  each 
to  each,  but  in  a  reverse  order,  and  like- 
wise the  side  B  C  equal  to  the  side  £  F : 
their  other  sides  shall  be  equal  each  to 
each,  and  the  third  angle  B  A  C  shall 
be  equal  to  the  third  angle  £  D  F. 

Let  there  .be  described,  as  in  the  last 
proposition,  upon  the  other  side  of  the 
base  BC  the  triangle  A'  B  C,  which  has 
its  sides  and  angles  equal  to  those  of  the 
triangle  ABC,  each  to  each,  but  in  a 
reverse  order.  Then,  because  the  an- 
gles  A'B  C  and  D  E  F  are  equal,  each 
of  them,  to  the  angle  ABC,  they  are 
equal  to  one  another ;  and,  for  the  like 
reason  the  angle  A'  C  B  is  equal  to  the 
ane[le  DF£.  Also,  BC  is  e^ual  to  £  F ; 
and  these  equal  parts  lie  m  the  same 
direction  from  one  another  in  the  two 
triangles  A'  B  C,  D  £  F.  Therefore,  by 
the  first  case,  the  angle  B  A'  C  is  equal 
to  the  angle  £  D  F,  and  the  sides  A'  B, 
A'  C  are  equal  to  the  sides  D  £,  D  F  re- 
spectively. And,  because  the  angle 
B  A  C  is  equal  to  the  angle  B  A'  C,  and 
the  sides  AB,  AC  to  the  sides  A'B, 
A'  C,  each  to  each,  the  angle  B  A  C  is 
equal  to  the  angle  E  D  F,  and  the  sides 
Ab,  AC  to  the  sides  DE,DF  respectively. 

Therefore,  &c. 

Prop.  15. 

If  two  spherical  triangles  have  two 
sides  of  ine  one  equal  to  two  sides  of 
the  other,  each  to  each,  and  have  like- 
wise their  bases  equal,  the  angle  con- 
tained  bu  the  two  sides  of  the  one  shdU 
be  equcu  to  the  angle  contained  by  the 
two  sides  equal  to  them  of  the  other. 

The  case  in  which  the  equal  sides  lie 
in  the  same  direction  from  one  another, 
may  be  demonstrated  in  the  same  man- 
ner as  Book  I.  Prop.  7 :  the  other  case, 
in  which  they  lie  in  different  directions, 
as  follows  :-^ 

LetABC,DEF  (see  the  figure  of 


Prop.  13)  be  two  spherical  triangles  hav- 
ing the  two  sides  of  the  one  equal  to  the 
two  sides  of  the  other,  each  to  each,  and 
likewise  the  base  B  C  equal  to  the  base 
£F.  The  angle  B  A  C  shall  be  equal 
to  the  angle  ED F. 

Let  there  be  described,  as  in  Prop.  13, 
upon  the  other  side  of  the  base  B  C  the 
triangle  A'  B  C,  which  has  its  sides  and 
angles  equal  to  those  of  the  triangle 
ABC,  each  to  each,  but  in  a  reverse 
order.  Then,  because  A'  B  and  D  £  are 
each  of  them  equal  to  AB,  they  are 
equal  to  one  another:  and,  for  the  like 
reason.  A'  C  is  equal  to  D  F :  also  B  C 
is  equal  to  E  F ;  and  these  equal  parts 
lie  in  the  same  direction  firom  one  ano- 
ther in  the  two  triangles  A'  B  C,  D  E  F. 
Therefore,  by  the  first  case,  the  angle 
BA'C  is  equal  to  the  angle  EDF. 
Therefore,  because  the  angle  B  A  C  is 
equal  to  the  angle  BA'C,  the  angle 
BAC  is  likewise  equal  to  the  angle 
EDF. 

Therefore,  &a 

Prop.  16. 

If  two  spherical  triangles  have  the 
threeangles  of  the  one  equal  to  the  three 
angles  of  the  other,  each  to  each^  they 
shall  likewise  have  the  three  sides  of  the 
one  equal  to  the  three  sides  of  the  other, 
each  to  each,  viz.  those  which  are  oppo- 
site to  the  equal  angles,* 

Let  the  spherical  triangles  AB  C, 
D  £  F  have  the  three  angles  A,  B,  C  of 
the  one  equal  to  the  three  angles  D,  E,  F 


of  the  other,  each  to  each.  The  sides  AB, 
A  C  and  B  C  shall  likewise  be  equal  to 
the  sides  DE,  DF  and  EF,  each  to 
each. 

For,  if  the  polar  triangles  A'  B'  C, 
D'  £'  F  be  described,  they  will  have  the 
three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  because 
every  two  corresponding  sides,  as  A'  B' 
and  D'E'  are  (7.)  supplements  of  the 
measures  of  equal  angles  C  and  F  (I. 
ax.  3.).  Therefore,  by  the  last  proposi- 
tion, these  polar  triangles  have  likewise 
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the  three  angles  A^  B',  C'  of  the  one 
equal  to  the  three  angles  D\  E',  F'  of 
the  other,  each  to  each.  And  hence  the 
triangles  ABC,  DE F  have  the  three 
sides  of  the  one  equal  to  the  three  sides 
of  the  other,  each  to  each,  becaiuse  eveiy 
two  corresponding  sides,  as  AB  and 
D  E  are  supplements  of  the  measures  of 
equal  angles  C  and  F  (7.) 
Therefbre,  &c. 

Paop.  17. 

If  two  tpherical  triangka  have  two 
ndef  of  the  one  eaual  to  two  aides  of  the 
'other^  each  to  each,  but  the  angle  which 
is  contained  by  the  two  sides  of  the  one 
ereaier  than  theangle  which  is  contained 
oy  the  two  sides  tMch  are  equal  to  them 
of  the  other  ;  the  base  of  that  which  has 
the  greater  angle  shaU  be  greater  than 
thebcue  of  the  other:  and  conversely. 

See  the  demonstration  of  Book  I. 
Prop.  11. 

Prop.  18. 

Jf  any  point  be  taken  within  a  circle 
of  the  ^pnere  which  is  not  its  pole;  of  all 
the  ares  which  can  be  drawn  from  that 
point  to  the  circumference,  the  greatest  is 
that  in  which  the  pole  is,  ana  the  other 
part  of  that  arc  vroduced  is  the  least;  and 
of  any  others,  that  which  is  nearer  to  the 
greatest  is  always  greater  than  one  more 
remote  :  and  fiim  the  same  point  to  the 
drcumferenee  there  can  be  drawn  only 
two  arcs  that  are  equal  to  one  another, 
which  two  make  equal  angles,  upon  either 
side,  with  the  shortest  arc. 

Let  ABCbeany 
circle  (either  a  ^eat 
or  a  small  cnx;le) 
of  the  sphere,  P  its 
pole  (if  a  great  cir- 
cle, either  of  its  two 
poles;  if  a  small 
circle,  the  nearer 
pok),  and  D  a  point  on  the  surface  of 
the  sphere,  which  is  upon  the  same 
side  of  the  circle  AB  C  D  with  the  pole 
P.  OfallthearcsDA,DPB,DC,&c. 
which  can  be  drawn  from  D  to  the  cir- 
cumference, the  arc  D  PB  which  passes 
through  P  shall  be  the  greatest,  and 
DA  the  other  part  of  that  arc  produced 
the  least :  and  of  the  others,  DC,  which 
Ls  nearer  to  D  P  B,  shall  be  greater  than 
D£,  which  is  more  remote. 

Join  P£.  PC.  Then,  because  the  two 
sides  D  P,  P  C  of  the  triangle  D  P  C  are 
together  greater  than  the  third  D  C  (9.), 
and  that  PB  is  equal  to  PC,  the  arc 
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DPB  is  greater  than  DC.  A^ain, 
because  the  triangles  PCD,  PED  have 
the  two  sides  P  C,  PD  of  the  one  equal 
to  the  two  sides  PE,  PD  of  the  other, 
each  to  each,  but  the  angle  CPD  greater 
than  the  angle  E  P  D,  the  base  D  C  is 
greater  than  the  base  DE  ( 1 7.).  Again, 
l)ecause  the  side  ED  of  the  triangle 
PDE  is  greater  than  the  difference  of 
PD,  PE  the  other  two  sides  (9.),  and 
that  PA  is  equal  to  PE,  the  arc  ED 
is  greater  than  the  difference  of  PD  and 
PA,  that  is,  than  AD.  Therefore,  DPB 
is  the  greatest  and  D  A  the  least  of  all 
arcs  which  can  be  drawn  from  D  to  the 
circumference,  and  D  C,  which  is  nearer 
to  D  P  B,  is  greater  than  D  E,  which  is 
more  remote. 

Also,  there  can  be  drawn  only  two 
equal  arcs  D  E,  D  F  from  the  point  D 
to  the  circumference,  and  these  make 
equal  angles  with  the  shortest  arc  D  A 
upon  either  side  of  it.  For,  if  P  F  be 
drawn,  making  the  angle  A  P  F  equal 
to  the  angle  APE,  and  D  F  be  joined ; 
then,  because  the  triangles  P  D  F,  P  D  E 
have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and 
the  included  angles  D  P  F,  D  P  E  equal 
to  one  another,  the  bases  D  F  and  u  £ 
are  equal  to  one  another,  and  the  angles 
PDF,  PDE  which  are  adjacent  to 
ADF,  ADE,  likewise  equal  (13.). 
But,  besides  D  F,  there  cannot  be  drawn 
any  other  arc  from  D  to  the  circumfer- 
ence equal  to  D  E  ;  for  if  it  were  pos- 
sible, and  D  G  were  such  an  arc,  then 
D  G,  which  is  nearer  to  (or  farther  from) 
DPB  than  D  F  is,  would  be  equal  toD  F, 
which  is  contrary  to  what  was  shown  in 
the  former  part  of  the  proposition. 

Therefore,  &c. 

Cor.  1.  From  a  point  to  a  spherical 
arc,  the  perpendicular  is  either  the  least 
or  the  greatest  distance,  the  least  when 
it  is  less  than  a  quadrant,  the  greatest 
when  it  is  greater  than  a  quadrant. 
For  the  perpendicular  arc  either  passes, 
or  may  be  produced  to  pass  through 
Uiepole  of  the  spherical  arc  (5.  Cor.  1.) : 
in  the  former  case  it  is,  as  D  P  B, 
greater  than  any  other  arc  which  can  be 
drawn  from  the  point  E  to  the  circum- 
ference of  which  the  spherical  arc  is  a 
portion,  and  it  is,  at  the  same  time, 
greater  than  (5.)  the  ouadrant  PB ;  in  the 
latter  case  it  is,  as  D  A,  less  than  any 
other,  and  it  is,  at  the  same  time,  less 
than  (5.)  the  quadrant  P  A. 

Cor,  2.   If  there  l)e  taken  within  a 
circle  (that  is,  anywhere  on  the  surface 
of  the  sphere,  if  it  be  a  great  circle,  or 
O 
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on  the  same  ride  with  the  nearer  pole» 
if  a  Binall  circle)  a  point  from  which 
there  fall  more  than  two  equal  arcs  to 
the  circumference,  that  point  shall  be 
a  pole  of  the  circle. 

Cor,  3.  Hence,  also,  if  there  betaken 
without  a  small  cintle  a  point  from 
which  there  fall  more  than  two  equal 
arcs  to  the  circumference,  that  point 
shall  be  the  more  distant  pole  pf  the 
small  circle.  For  if  the  opposite  point 
through  which  the  equal  arcs  pass 
(4  Cor.  2.)  be  taken,  three  distances 
of  the  latter  from  the  circumference 
(I.  ax.  3.)  will  be  equal,  and  therefore,  by 
Cor.  2.,  it  will  be  the  nearer  pole. 

Prop.  19. 

In  a  spherical  triangle,  which  has 
one  of  its  angles  a  right  angle,  either 
qf  the  other  angles  is  greater  or  less 
than  a  right  angle,  according  as  the 
opposite  side  is  greater  or  less  than  a 
quadrant;  and  if  the  sides,  which  con- 
tain the  right  angle,  are  both  greater  or 
both  less  than  quadrants,  the  third  side, 
or  hypotenuse,  ihall  be  less  than  a  quad- 
rant ;  but  if  one  of  these  sides  be  greater 
than  a  quadrant,  and  the  other  less,  the 
hypotenuse  shall  be  greater  than  a  quad- 
rant. 


CVt.4S. 


Let  A  B  C  be  a  spheri- 
cal triangle,   having  the 
right  angle  ABC,  and  let 
A  C  B  be  one  of  the  other 
two    angles:    the    angle 
A  C  B  shall  be  greater  or 
less  than  a  right  angle,    ^ 
according  as  the  opposite   '^ 
side  AB  is  greater  or  less  than  a  quad- 
rant. 

For,  if  from  B  A,  or  from  B  A  produced, 
B  P  be  cut  off  equal  to  a  quadrant,  and 
PC  joined,  the  angle  P  C  B  will  be  a  right 
angle,  because  P  is  the  pole  of  B  C  (6.) ; 
and  it  is  evident  that  the  angle  A  C  B 
is  greater  or  less  than  the  angle  P  C  B, 
according  as  A  B  is  greater  or  less 
tbanPB. 

Also,  if  the  sides  A  B,  B  C  are  both 
greater  or  both  less  than  quadrants,  the 
hypotenuse  A  C  shall  be  less  than  a 
Quadrant ;  but  if  one  of  them  be  greater 
than  a  quadrant,  and  the  other  lesf, 
A  C  shall  be  greater  than  a  quadrant 

For,  if  from  B  C,  or  from  B  C  pro- 
duced, B  D  be  out  off  equal  to  a  quad- 
rant, and  AD  be  joined,  D  will  be  the 
pole  of  A  B  (5.),  and,  therefore,  A  D  will 
be  equal  to  a  quadrant.  And,  first,  if  AB 
and  B  C  be  both  less  than  quadrants, 


then,AB  being  (18. 

Cor.  1.)  the  least  are 

which  can  be  drawn 

fromAtoBC,  AC 

which  is  nearer  to  it 

is  less  than   AO, 

which  is  more  re* 

mote  (18.);  or,  se* 

condJy.ifAB^ndBC 

be  both  greater  than 

quadrants,  then  A  B 

being  (IS.Cor.l,)  the 

greatest  arc  which 

can  be  drawn  from 

A  to  BO,  AC  which  i^  further  from  it  is 
less  than  AD,which  is  not  so  remote  (18.); 
therefore,  in  both  cases,  AC  is  less  than 
a  quadrant.  But,  If  either  of  the  sides, 
as  AB,  be  greater  than  a  ouadrant,  and 
the  other,  B  C,  less,  AB  being  the 
greatest  arc  which  can  be  drawn  firom  A 
to  B  C,  A  C  which  is  nearer  to  it  is 
greater  than  AD,  which  is  more  remote 
(18.) ;  therefore,  A  C  is  greater  than  a 
quadrant. 
Therefore,  &c. 

Cor.  1.  It  is  evident  from  the  demon- 
stration, that  if  one  of  the  two  sides 
which  conUin  the  right  angle  be  mpul 
to  a  quadrant,  the  opposite  angle  wiU 
be  a  right  angle,  and  the  hypotenuse 
likewise  a  quadrant. 

Cor.  2.  Hence,  in  a  right-angled 
spherical  triangle,  either  of  the  two  sides 
is  of  the  same  affection  with  the  opposite 
ftngle;  and  the  hypotenuse  is,  P,  equal 
to,  or,  2°,  less  than,  or,  3^  greater  than, 
a  quadrant,  according  as,  1®,  one  of  the 
adjoining  angles  is  a  right  angle,  or 
these  two  angles  are,  2°,  of  the  same  or, 
3^  of  different  affections*  See  pote, 
page  61. 


Sbction  3.  —  (y  Equal  Powtiom  o/ 
Spherical  Surface^  and  ike  Mmttuft 

of  Solid  Angles, 

Prop.  80. 

Spherical  triangle  which  htwe  (he 
three  sides  qfthe  one  equal  to  th^  three 
sides  q/the  other,  each  to  each,  contain 
also  equal  portions  qf  spherical  surface, 
tphether  the  triangles  are  symmetrical 
or  otherpnse. 

Let  A  B  C,  D  KF  be  two  spherical 
triangles,  which  have  the  three  sides  of 
the  one  equal  to  the  three  sides  of  the 
other,  each  to  each,  viz.  AB  to  DE, 
AC  to  D  F,  and  B  C  to  E  F:  the  sur- 
face of  the  triangle  ABC  shall  be  equal 
to  the  surface  of  the  tritingle  D  fi  F, 
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Let  a  plane  be  drawn  through  the 
points  A»  B,  C»  to  cut  the  sphere  in  a 
circle  passing  through  those  pointsjl.) : 
from  the  centre  of  the  sphere,  draw  a 
perpendicular  to  the  plane  ABC,  and 
produce  it  to  meet  the  surface  of  the 
sphere  in  P :  then  P  is  the  pole  of  the 
curcle  ABC  (def.  3.) ;  and,  consequent- 
ly, (2.)  if  the  spherical  arcs  P  A,  PB, 
P  G  are  drawn,  joining  the  point  P  with 
the  points  A,  B,  C,  respectively,  they 
will  be  equal  to  one  another.  Make  the 
spherical  angle  D£Q  equal  to  the 
spherical  angle  ABP:  make  also  the 
arc  E  Q  equal  to  the  aro  B  P,  and  join 
Q  D,  Q  F.  Then,  because  the  angles 
DEF  (15.)  and  D£  Q  are  equal  to  the 
angles  A  B  C  and  A  B  P,  each  to  each, 
the  angle  QEF  is  equal  to  the  angle 
PB  C  (I.  ax.  3.).  And,  because  in  the 
triangles  Q  E  F,  P  B  C,  two  sides  of  the 
one  are  equal  to  two  sides  of  the  other, 
each  to  each,  and  the  included  angles 
Q  E  P,  P  B  C  likewise  equal  to  one  ano- 
ther (13.)  the  arc  Q  F  is  equal  to  the 
are  PC,  and  the  angle  EQF  to  the 
angle  B  P  C.  In  th»  same  manner,  it 
may  be  shown  that  the  arc  Q  D  is 
equal  to  the  aro  P  A,  and  the  angle 
D  Q  E  to  the  angle  A  P  B.  There- 
lore,  because  the  angles  DQE  and 
EQF  are  respectively  equal  to  the 
angles  APB  and  B  P  C,  the  angle 
D  Q  F  IS  equal  to  the  angle  A  P  C  : 
and  because  the  arcs  PA,  PB,  PC 
are  equal  to  one  another,  the  arcs  Q  D, 
Q  E.  Q  F,  which  are  severally  equal  to 
them,  are  Ukewise  equal  to  one  another 
(I.ax.l.). 

Now«  it  is  evident  that  isosceles  tri- 
angles, as  P  B  C  and  Q  £  F,  which  have 
equal  vertical  angles,  and  equal  sides 
containing  them,  may  be  made  to  coin- 
cide, and,  therefore,  are  equal  to  one 
another.  Therefore,  the  isosceles  trian- 
gles PAB,  PBC,  and  PAC  are  w- 
spectively  equal  to  the  isosceles  triangles 
QDE,  QkP,  and  Q  D  F*  But  the 
tnaqgie  ABO  is  equal  to  the  sum  of 


the  former  three,  if  ttie  point  P  ialls 
within  the  triangle  A  B  C ;  or  to  the  dif- 
ference between  the  sum  of  two  of  them 
and  the  third,  if  it  fall  without  the 
triangle ;  and  the  triangle  D  E  Fis  equal 
.  to  the  sum  of  the  latter  three,  in  the  first 
case,  or  to  the  diflference  between  the 
sum  of  the  corresponding  two  of  them 
and  the  third,  in  the  other*.  Therefore, 
the  triangle  ABC  is  equal  to  the  triamrle 
D  E  P  (I.  ax.  2.  3.).  ^ 

Therefore,  Sec. 

Prop.  21. 

Every  spherical  triangle  is  equal  io 
half  ihe  difference  between  the  hemin 
mherical  surface,  and  the  sum  of  three 
funes  which  have  their  angles  equal  to  the 
three  angles  of  the  triangle  respectively. 

Let  A  B  C  be  any  spherical  triangle ; 
its  surface  shall  be  equal  to  half  the 
difference  between   the  hemispherical 


surface,  and  the  sum  of  three  lunet 
having  their  angles  respectively  equal 
to  the  angles  A,  B,  C. 

Let  the  circles  be  completed,  of  which 
the  sides  A  B,  A  C,  and  B  C  are  parts, 
and  let  A  a,  B  6,  and  C  c  be  the  diameters 
passing  through  the  points  A,  B,  and  C. 
Then,  because  C  A  c  and  A  c  a  are  semi- 
circumferences  (4.),  they  are  equal  to  one 
another,  and  A  c  being  taken  from  each, 
the  remainders  AC,  ac  are  likewise 
equal  In  the  same  manner  it  may  be 
shown  that  A  B  is  equal  to  a  b,  and  B  C 
to  be.  And,  because  the  triangles 
ABC,  abc  have  the  three  sides  of  the 
one  equal  to  the  three  sides  of  the 
other,  each  to  each,  their  surfaces  are 
equal  to  one  another  (20.)  Now,  the  lune 
A  cab  A  has  its  angle  equal  to  the  angle 
A  of  the  triangle  A  B  C  (8.  Cor.  1 .),  and 
thelunes  B  A6  C  B,  C  Be  AC  have  for 
their  angles  the  angles  B,  C  of  the  same 
triangle.     And  these  three  lunes  are 

*  If  the  arcs  B  P,  £  Q,  or  these  area  pmduced,  ent 
tlie  arc*  A  C,  D  F  in  the  point!*  R,  S,  respectively,  it 
may  be  shewn  by  prop.  14,  that  B  R  b  equal  to  K  Si 
therefore,  sinoe  BP  is  eqnal  to  EQ,  if  the  point  P 
falls  within  the  triangle  ABC,  the  point  Q  must 
likewise  fall  within  the  triangle  DK  F ;  or  if  P  faU 
withoaC  the  triangle  ABC.  and  within  the  angle 
A  B  G,  Q  must  likewise  fall  withoat  the  triang It 
D£  F,  and  within  the  coiretpondiag  angle  DB  F. 
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together  equal  to  the  surface  of  the 
hemisphere  ^JlSlt-eJogether  with  the 
triangles  ABO,  abe\  that  is,  to  the 
surface  of  the  hemisphere,  together  with 
twice  the  triangle  ABC.  Therefore, 
twice  the  triangle  A  B  C  is  ea  ual  to  the 
difference  between  the  sum  ot  the  three 
lunes  and  the  surface  of  the  hemisphere ; 
and  the  triangle  AB  C  is  equal  to  half 
that  difference.  ;; 

Therefore,  &c. 

Cor,  1.  Hence,  if  the  angles  of  a 
sphericsd  triangle  are  ^yen,  we  may 
find  the  proportion  which  its  surface 
bears  to  the  surface  of  the  sphere. 
For,  since  the  surface  of  any  lune  is  to 
the  surface  of  the  sphere,  as  the  angle  of 
the  lune  to  four  right  angles  (V.  21.),  or 
as  twice  its  angle  to  eight  right  angles ;  if 
the  liurface  of  the  sphere  be  represented 
by  8  right  angles,  or  8  R.»  the  sur- 
faces of  the  lunes  which  have  the  angles 
A,  B,  and  C  will  be  represented  by  2  A, 
2  B,  and  2  C ;  and  the  hemispherical 
surface  will  be  represented  by  4  R : 
therefore,  the  surtoe  of  the  triangle 
A  B  C  will  be  represented  by  half  2  A+ 
2B+2C-4R,that  is,byA+B  +  C- 
2  R.  And  hence,  it  is  commonl)r  said, 
that  the  surface  of  a. spherical  triangle 
is  measured  by  the  excess  of  the  sum  of 
its  angles  above  two  right  angles;  it 
being  understood  that  the  surface  of 
the  sphere  is  measured  by  eight  right 
angles. 

Cor,  2.  The  surface  of  a  spherical 

trianele  whose  angles  are  A,  B,  C  is 

equal  to  the  surface  of  a  lune  whose 

,    .     A+B  +  C       T,      «      .   ,, 
angle  is R.     For  both 

surfaces  are  measured  by  A  +  B  +  C  — 
2R. 

Cor.  3.  The  surface  of  a  spherical 
polygon  A  B  C  D  E  is  measured  by  the 
excess  of  the  suqi  of 
all  its  angles,  toge- 
ther with  four  right 
angles,  above  twice 
as  manyrizht  angles 
as  the  polygon  has 
sides. 

For  the  polygon  may  be  divided  into 
as  many  triangles  as  it  has  sides,  by 
joining  its  angles  with  any  point  P  taken 
within  the  polygon ;  and  the  surface  of 
each  of  these  triangles  is  measured  by 

*  In  which  case,  R  reprneoto  the  tnrfAce  of  the 
•pherical  tnnnKl^  which  has  each  of  its  ancnUr 
TOinti  the  pole  of  the  tide  opposite  to  it  (7.  Soh^mm,\ 
M.e  shall  see  (28.  Seholiwil^  that  the  turfaoe  of  thhl 
of  Sf  tthJJ?*^'^*'  ••o'irf  rv**  a*^  »*  the  centre 
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the  sum  of  its  angles  minus  two  rig^ht 
angles :  therefore,  the  sum  of  all  the  tri- 
angles, that  is,  the  polygon,  is  measured 
by  the  sum  of  all  then:  angles  minus 
twice  as  many  right  angles  as  there  are 
triangles.  But  the  sum  of  all  the  an- 
gles of  the  triangles  is  equal  to  the  sum 
of  all  the  angles  of  the  polygon,  together 
with  the  angles  of  the  point  r,  tiiat  is,  (a 
Cor,  2.)  together  with  four  right  angles: 
and  there  are  as  many  triangles  as  the 
polygon  has  sides.  Therefore,  the  sur- 
face of  the  polygon  is  measured  by  the 
sum  of  its  angles  p^  four  right  angles 
minus  twice  as  many  right  angles  as 
the  polygon  has  sides. 

Let  2  be  the  sum  of  its  angles,  and 
n  the  number  of  its  sides :  then  the  sur- 
face of  the  polygon  is  measured  by 
2  +  4R-2nK. 

Scholium. 
It  follows  from  the  last  corollary,  that 
if  She  the  number  of  the  soUd  angles  of 
a  polyhedron,  F  the  number  of  its  foots, 
and  £  the  number  of  its  ed^es,  S + F*E 
will  be  equal  to  2.  For,  if  a  sphere  be 
described  about  any  point  within  the 
polyhedron  as  a  centre,  the  lines  which 
are  drawn  from  this  point  through  the 
solid  angles  of  the  polyhedron  wul  cut 
the  surface  of  the  sphere  in  S  points, 
and  the  ]jlanes  which  are  drawn  firom  the 
same  point  tlirous^  the  edges  will  cut 
the  surface  in  E  spherical  arcs ;  and  thus 
the  whole  surface  of  the  sphere  will  be 
divided  into  F  sphmcal  polygons,  cor- 
responding to  the  F  faces  of  the  poly- 
hedron. Now,  the  surface  of  each  of 
these  spherical  polygons  is  measured  by 
the  sum  of  its  an^es  plus  four  right 
angles  mtniM  twice  as  many  right  an- 
gles as  the  polygon  has  sides.  There- 
fore, the  surfaces  of  all  the  polygons 
taken  together  are  measured  by  the  sum 
of  all  their  angles  talcen  together  plus 
as  many  times  four  right  angles  as  there 
are  polygons  minus  mce  as  many  right 
aiigles  as  all  the  polygons  together  have 
•ides.  But  the  sum  of  all  ttieir  angles 
taken  together  is  the  sum  of  all  the  ui^^ 
at  the  S  angular  points,  and,  ther^re, 
is  equal  to  S  times  four  r^t  angles 
(8.  uor,  2.) :  the  number  of  thepolygons 
is  F ;  and  the  number  of  the  sides  of  the 
polygons  is  2  £,  because  the  numbo*  of 
different  sides  is  E,  and  each  of  these  b 
at  once  a  side  of  two  adjoining  polygons. 
Therefore,  the  surfaces  of  all  the  poly- 
gons, taken  together,  are  measured  by 
(S  +  F  —  E)  times  four  right  angles. 
Therefore,   since  th«   nwefS^  of  the 
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sphero  is  made  npof  the  sur&ces  of  all 
the  polygons,  and  that  the  surface  of 
the  sphore  is  ifleasured  by  8  or  2  x  4 
right  aiurles,  S  +  F  — £  is  equal  to  2. 

And  from  the  equation  S+F — E=2 
it  may  be  further  shown  that  the  sum  of 
all  the  plane  angles  which  contain  the 
eolid  angles  of  any  polyhedron  isS  —  2 
times  4  right  angles.  For,  the  plane 
angles  of  each  face  are  together  equal  to 
twice  as  many  right  angles  as  the  face 
has  sides  mwus  four  right  angles. 
Therefore,  the  plane  angles  of  all  the 
faces  are  together  equal  to  twice  as 
many  right  angles  as  all  the  faces  taken 
together  have  sides,  minus  as  many 
times  four  right  angles  as  there  are 
faces.  But  the  number  of  sides  of  the 
faces  is  2E,  for  the  reason  before  men- 
tioned ;  and  F  is  the  number  of  faces. 
Therefore,  fhc  sum  'in  question  is  equal 
to  E — F  times  4  right  angles ;  that  is, 
because  8—2  =  E— F,  to  S— 2  times 
4  right  angles. 

Prop.  22. 

Through  any  two  given  points  and  a 
third  twon  the  sufface  of  a  sphere, 
which  do  not  lie  in  the  circumference  of 
the  same  great  circle,  there  may  be 
made  to  pass  tuH>  equal  and  parallel 
small  circles;  that  is,  one  of  them 
through  the  first  two  given  points,  and 
the  other  through  me  third  given 
point;  and  every  spherical  arc  which  is 
terminated  by  these  circles  shall  be 
bisected  by  the  circumference  of  the 
great  circle  to  which  they  are  parallel. 
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Let  A  and  B  be  any  two  points  upon 
the  surfisuse  of  a  sphere,  and  C  an^  third 
point,  which  does  not  lie  in  the  cu-cum- 
ference  of  the  great  circle  passing 
through  A  and  B.  Through  tne  two 
points  A,  B,  and  the  point  C,  there  may 
be  made  to  pass  two  equal  and  parallel 
small  circles  of  the  sphere. 

Let  O  be  the  centre  of  the  sphere, 
and  let  c  be  the  opposite  extremity  of 
the  diameter  C  O  c.  Then  it  is  evident 
(IV.  1.)  that  through  the  three  points 
A,  B,  c  there  may  be  made  to  pass  the 
qnall  circle  A  B  c,  and  through  toe  point 


C  the  circle  C  D  E  parallel  to  A  B  d 
(ly.  11  Cor.  1.).  Let Pbethe common 
pole  of  the  two  circles,  and  join  P  C,  P  c. 
Then,  because  C  c  is  a  diameter  of  the 
sphere,  P  C  and  P  c  are  arcs  of  the  same 
great  circle,  and  are  together  equal  to  a 
semicffcumference.  And,  because  the 
polar  distances  P  C  and  P  c  of  the  circles 
ABc  and  C  D  E  are  together  equal  to  a 
semicircumference,  the  circles  A  B  c  and 
C  D  E,  which  have  been  made  to  pass 
through  the  two  points  A,  B,  and  the 
point  C,  are  equal  to  one  another  (3. 
Cor.y. 

Next*  let  D  B  be  any  spherical  arc 
which  is  terminated  by  these  circles ;  and 
let  it  be  cut  by  the  great  cu-cle  F  GH, 
to  which  they  are  parallel,  in  the  point 
G:  DG  shaU  be  equal  foGB.  Join 
DP;  let  the  great  circle  D  G  B  be  com- 
pleted, and  let  its  plane  cut  the  plane  of 
the  great  cu^le  F  G  H  in  the  diameter 
G  O^,  and  the  plane  of  the  great  circle 
D  P  m  the  diameter  D  O  d  Then,  be- 
cause PD  and  Prf  are  together  equal 
to  a  semicircumference,  and  that  the 
point  D  is  in  the  circle  C  D  E,  the  point 
d is  in  the  circle  ABc,  which  is  equal 
to  C  D  E,  and  has  the  same  pole  with,  it 
(3.  Cor.).  JoinO.G.  OB,  Brf:  and, 
because  G  O,  B  </are  sections  of  parallel 

? lanes  F  G  H,  ABc  by  the  plane 
)GBc/,GO  is  parallel  toBrfdV.  12.); 
therefore  the  angle  D  O  G  is  equal  to 
the  angle  DcfB,  and  the  angle  BOG 
to  the  angle  OB d  (L  15.).  But  the 
angles  Oad  and  OcfB  or  Dc/B  are 
equal  to  one  another,  because  0(/  is 
equal  to  OB  (I.  6.):  therefore,  also, the 
angle  D  O  G  is  equal  to  the  angle 
BOG  (L  ax.  1.),  and  the  arc  DG  to  the 
arc  GB  (III.  12.). 

Therefore,  &c. 

Cor.  1.  It  is  shown  in  the  latter  part 
of  the  demonstration,  that  if  there  be 
two  equal  and  parallel  small  circles,  and 
if  a  great  circle  meets  one  of  them  in 
any  point,  it  will  meet  the  other  in  the 
opposite  extremity  of  the  diameter  which 
passes  through  that  point. 

Cor.  2.  Hence  if  a  great  circle  cuts 
one  of  two  equal  and  parallel  small  cir- 
cles, it  will  cut  the  other  likewise ;  also 
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if  it  touched  one  of  fhem,  it  wiH  touch 
the  other  likewise. 

Prop.  23* 

Lanular  porHona  of  gurface,  which 
are  contained  by  equal  spherical  arcs 
iifiih  the  arcs  of  equal  small  circles  of 
the  same  sphere,  are  equal  to  one 
another;  so  also  are  the  pyramidal 
solids,  ufhich  have  these  portions  for 
their  bases,  and  their  common  vertex 
in  the  eentre  of  the  sphere. 

Let  A  B  C,  D  E  F  be  equal  small  cir- 
cles, and  let  the  spheiical  arcs  AB,  DE 
contain  with  the  small  arcs  A  C  B,  D  F  E 
the  lunular  surfaces  ACB,  D  F  E ;  then, 
if  the  arcs  AB  and  DE  are  equal  to  one 
another,  the  surfaces  A  C  B,  D  F  £  shall 
be  likewise  equal. 


gle  AB  C  shaD  be  equal  to  the  trisapto 
EBG.  Let  the  circumference  df  the  great 


Let  P  be  the  nearer  pole  of  the  circle 
ABC,  and  Q  the  nearer  pole  of  the  cir- 
cle D  E  F,  and  join  PA,  P  B,  Q  D,  Q  E. 
Then,  because  the  circles  are  equal  to 
one  another,  the  polar  distances  PA,  QD 
are  likewise  equal  (3.)  :  and,  because 
the  triangles  P  A  B,  Q  D  E  have  the  two 
sides  P  A,  P  B  equsd  to  the  two  sides 
Q  D,  Q  E,  each  to  each,  and  the  base 
A  B  equal  to  the  base  D  E,  the  angle 
A  P  B  is  equal  to  the  angle  D  Q  E  ( 1 5 .). 
Therefore,  if  the  pole  P  be  applied  to 
the  pole  Q,  and  the  arc  PA  to  the  arc 
Q  D.  the  arc  P  B  will  coincide  with  the 
arc  Q  E,  and  the  points  A  and  B  will 
coincide  with  the  points  D  and  E  respec- 
tively, and  the  arc  AB  with  the  arc  DE, 
and  the  small  arc  A  C  B  with  the  small 
arc  D  F  E  ;  and  therefore  the  lunular 
surface  ACB  coincides  with  the  lunular 
surface  D  F  E,  and  is  equal  to  it.  And 
because  these  surfaces  may  be  made  to 
coincide,  it  is  evident  that  the  pyramidal 
solids^  which  have  these  surfaces  for  their 
bases,  may  likewise  be  made  to  coin- 
cide, and  are  equal  to  one  another. 
^    Therefore,  &c. 

Prop.  24. 
Spherical  triangles,  which  stand  upon 
the  same  base  and  between  the  same 
equal  and  paraUel  small  circles,  are  equal 
to  one  another. 

Let  the  spherical  triangles  ABC, 
E  B  C  stand  upon  the  same  base  B  C, 
and  between  the  same  equal  and  parallel 
small  circles  AEF,BCG:  the  trian- 


circle  to  which  both  A  E  F  and  B  C  G 
are  parallel  cut  the  arc  A  C  in  H;  join 
BH,  and  produce  it  to  meet  the  circumfe- 
rence AEFinD(22.  Cor.  2.),  and  join  AD. 
Then,  because  every  spherical  arc  which 
is  terminated  by  the  circles  A  E  F,  B  C  G 
is  bisected  by  the  circumference  of  the 
great  circle  to  which  they  are  paraUd 
(22.),  AH  is  equal  to  H  C,  and  D  H  to 
H  B  ;  and  because  the  triangles  H  AD, 
HCB  have  the  two  sides  H  A.  HD 
equal  to  the  two  sides  H  C,  H  B,  each 
to  each,  and  the  included  angles  equal 
to  one  another  (8.  Cor,  1.),  the  base 
AD  is  equal  to  the  base  CB  (13.):  and, 
for  the  like  reason,  AB  is  equal  to  C  D : 
therefore,  the  triangles  A  B  C,  C  D  A 
have  the  three  sides  of  the  one  equal 
to  the  three  sides  of  the  other,  each  to 
each,  and  are  eoual  to  one  another  (20.) ; 
so  that  the  quadrilateral  AB  C  D  is  dou- 
ble of  the  triangle  ABC.  In  the  same 
manner,  the  quadrilateral  £  B  C  F  maj 
be  described,  which  is  double  of  the  tiv- 
angle  E  B  C,  and  has  its  sides  £  F,  FC 
equal  to  the  sides  BC,  EB,each  to  each. 
And,  because  the  spherical  arcs  AD  and 
ii  F  are  each  of  them  equal  to  B  C,  they 
are  equal  to  one  another :  therefore, 
also,  the  chord  AD  is  equal  to  the  diord 
E  F  (III.  12.  Cor,  L)  and  the  small  arc 
AD  to  the  small  arc  E  F;  and,  if  the 
small  arc  £  D  is  added  to,  or  taken  from 
them,  the  small  arc  A  £  is  equal  to  the 
small  arc  D  F ;  and  hence,  again,  be- 
cause the  chords  of  these  equal  small 
arcs  are  equal,  the  spherical  arc  AE 
is  equal  to  the  spherical  arc  D  F 
(IIL  12.  Cor,  1.).  And,  because  the 
triangles  ABE,  D C F have  the th«e 
sides  of  the  one  equal  to  the  three  sides 
of  the  other,  each  to  each,  they  are  equal 
to  one  another  (20. ) :  but  the  lunular  por- 
tions which  are  contained  by  the  small 
arcs  A  E,  D  F  with  the  equal  spherical 
arcs  AE,  DF  are  likewise  equal  (23.): 
therefore,  the  remaining  portions  of  the 
triangles  A  B  E,  D  C  Fare  equal  to  one 
another.-  Let  each  of  these  equals  be 
taken  from  the  whole  surface  iDdudcd 
by  the  small  are  A  E  F  and  the  spherical 
aroftAB,  B  Gj  C  F|  and  there  reaniaa 
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the  Bva^hiat  hidluded  b^fhs  small  arc 
B  F  and  the  spherical  arcs  £  B,  B  C| 
C  F,  equal  tb  the  surface  inclilded  by 
the  sinail  arc  AD  and  the  spherical  arcs 
AB,  BC,  CD.  To  each  of  these  equals 
add  the  equal  lunular  portions  (23;)  Which 
are  contained  by  the  small  arcs  EFi 
A  D,  with  the  equal  spherical  arcs  E  F, 
AD ;  and  the  whole  quadrilateral  EBCF 
is  ^ual  to  the  whole  quadrilateral 
A  B  C  D.  Therefore,  betsause  the  halves 
of  equals  are  e^iuali  the  triangle  £B  0 
11  equal  to  the  tnangle  AB  C; 

Tnereiure,  &o. 

Cor.  Hende,  if  equal  triangles  AB  G{ 
EEC  stand  upon  the  same  base  B  0, 
and  the  same  side  of  it,  the  points  A^  £ 
and  B,  C  lie  in  the  <3ircumferences  of 
two  equal  and  parallel  small  circles. 

For,  if  the  arc  BE  be  produced  to 
meet  the  drcumferenoe  A  D  F  in  some 
point  as  £'  (22.  Cor.  2.),  and  if  £'  C  be 
joined,  the  triangle  £'  B  C  will  be  equal 
to  the  triangle  A  B  C,  by  the  proposition, 
and  therefore  likewise  equal  to  the 
triangle  E  B  C,  which  is  impossible, 
unless  the  point  E'  coincides  with  the 
point  £.  In  fact,  if  the  point  E  were 
supposed  td  fall  between  the  two  circles, 
it  IS  evident  that  a  triangle  £'  B  C  might 
be  found  .having  its  vertex  E'  in  the 
circumference  A  D  F,  and  including  the 
vertex  £  of  the  triangle  E  B  C ;  or  if 
E  were  supposed  to  fall  within  the  circle 
-A  D  F^  a  triangle  E'  B  C  might  be 
found  having  its  vertex  E'  in  the  same 
drcumferenoe,  and  included  within  the 
triangle  E  B  C ;  and  in  neither  case 
could  the  trianffle  £'  B  C  be  equal  to 
the  trian^e  EB(J,  that  is,  to  the  triangle 
ABC,  whereas,  by  the  proposition, 
such  tnangle  £'  B  C  must  be  equal  to 
the  triangle  ABC. 

It  may  at  first  uipear  that  the  pre* 
ceding  proposition  does  not  apply  to  all 
triangles  whieh  stand  upon  the  base 
B  C*  and  have  their  vertices  in  the  cu^* 
eumference  ABFj  since  the  arc  B  A 
(for  instance)  may  be  produced  to  cut 
the  chcumference  A  E  F  a  second  time 
in  a  point  A'  whieh  may  be  joined  with 
the  point  C,  and  thus,  apparently,  a 
second  triangle  formed,  which  is  greater 
than  ABC:  but,  if  the  arc  B  A  pro- 
duced outs  the  circumference  A  E  F  in  a 
second  point  A',  the  arc  A'  A  B  will  be 
a  aemicircumfierence  (22.  Cor.  1.),  and 
therefore  the  triangle  which  is  appa- 
rently contained  by  A'  B,  BC,  and  A'  d 
is  not  a  triangle  ^ef.  9^  but  a  lmie% 


Pttop.  fifl. 


'cai  trianffies  twoi}  the 
isoscelea  has  the  least 


same  bicue, 
perimeter. 

LetABO,  DB  d  be  two  equal  spheri- 
eal. triangles  upon  the  same  base  BC, 
and  upon  the  same  side  of  it,  and  there- 
fore also  between  the  same  equal  and 
parallel  small  circles  A  D  E.  B  C  F  (24. 
Cor.) ;  and  let  the  triangle  A  B  C  be 


isosceles,  having  the  side  A  B  eqtial  to 
the  side  AC:  the  triangle  AB  C  shall 
have  a  less  perimeter  than  the  triangle 
DBC.  ^ 

Let  P  be  the  nearer  pole  of  the  circle 
A  D  E  ;  and  therefore,  also,  the  more 
distant  pol^  of  the  circle  B  C  F.  Join 
P  A,  and  through  the  point  A  draw  the 
spherical  arc  GH  at  right  angles  to  PA : 
then,  because  the  arc  P  A,  being  less 
than  a  quadrant,  is  less  than  any  other 
arc  which  can  be  drawn  from  P  to  G  H 
(18.  Cor.  1.)  and  that  PD  is  equal  to  PA, 
the  arc  G  H  will  cut  the  arc  BD  in  some 
point  H  which  is  between  D  and  B, 
From  B  draw  the  arc  B  G  perpendicular 
to  GH,  and  produce  it  to  meet  CA  pro- 
duced in  the  point  K ;  and  join  H  C, 
HK,  PB,  PC.  Then,  because  the 
spherical  triangles  PAB,  PAC  have 
the  three  side§  of  the  one  equal  to  the 
three  sides  of  the  other,  each  to  each, 
the  angle  PAB  is  equal  to  the  angle 
PAC  (15  ) ;  but  the  angle  PAG  is  equal 
to  the  angle  PAH,  because  they  are  nght 
angles ;  therefore,  the  remaining  angle 
B  A  G  is  equal  to  the  reihaining  angle 
CAH  or  (8.  Cor.  1.)  KAG.  And,  becausb 
the  triangles  B  G  A,  KG  A  have  two  an- 
gles of  the  one  equal  to  two  angled  of  the 
other,  each  to  each,  and  the  interjacent 
side  GA  common  to  both,  G  K  is  equal 
to  G  B,  and  A  K  to  A  B  (14.).  There- 
fore, because  the  triangles  H  G  B, 
H  G  K  have  two  sides  of  the  one  equal 
to  two  sides  of  the  other,  each  to  each, 
and  the  included  angles  H  CJ  B,  H  G  K 
equal  to  one  another,  H  K  is  equal  to 
H  B  (13.).  But  in  the  triangle  HKC,  the 
side  KC  is  less  thanH  K  and  H  C  toge- 
ther (9.) :  therefore^  A  B  BaaA  A  C  are 


204^ 


GEOMETRY, 


[VI.  43- 


tojcether  less  than  H  B  and  H  C.  And 
HB,  HC  together  are  less  than  DB.  DC 
together,  because  HC  is  less  (9.)than  DC 
and  D  H  together.  Much  more,  there- 
fore,  are  AB  and  AC  together  less  than 
D  B  and  D  C  together.  Therefore,  if 
B  C  is  added  to  each,  the  perimeter  of 
the  triangle  A  B  C  is  less  than  the  peri- 
meter of  the  triangle  D  B  C. 

Therefore,  &c. 

Cor.  Hence,  of  all  triangles  which 
are  upon  the  same  base,  and  have  equal 
perimeters,  the  isosceles  has  the  greatest 
area.  For  triangles,  which  have  the 
same  or  a  greater  area  than  the  isosceles, 
have  greater  perimeters. 

Prop.  26. 

If  tivo  spherical  triangles  have  two 
sides  of  the  one  equal  to  two  sides  (if 
the  other,  each  to  each,  and  the  angle 
which  is  contained  by  the  two  sides  of 
the  first  equal  to  the  sum  qf  the  other 
tuH)  angles  of  thai  triangle,  but  the  an^ 
gle  which  is  contained  by  the  two  sides 
of  the  other  not  so ;  this  first  triangle 
shall  be  greater  than  the  other. 

Let  the  spherical  triangles  ABC, 
D  E  F  have  the  two  sides  AB,  BC  equal 
to  the  two  sides  D  E.  E  F,  each  to  each, 
and  let  the  angle  AB  C  of  the  first  tri- 


angle be  equal  to  the  sum  of  the  other 
two  angles  B  C  A,  B  A  C,  but  the  angle 
D  £  F  of  the  other  not  equal  to  the  sum 
of  the  other  two  angles  E  F  D,  E  D  F : 
the  triangle  ABC  shall  be  greater  than 
the  triangle  D  E  F. 

.  Because  the  angle  A  B  C  is  equal  to 
the  sum  of  the  two  angles  B  C  A,  B  A  C, 
let  it  be  divided  into  the  parts  G  B  C, 
GBA,  equal  to  them  respectively,  by  the 
arc  B  G  which  meets  AC  in  G.  Draw 
the  arc  G  H,  bisecting  the  angle  A  G  B, 
and  let  it  meet  AB  in  H.  Then,  because 
the  angles  GB  C,  G  B  A  are  equal  to  the 
angles  G  C  B,  G  A  B  respectively,  G  C 
and  GA  are  equal,  each  of  them,  to 
GB'(1 1 .),  and  therefore,  also,  equal  to  one 
anotl\er  ;  and,  because  in  the  tiiangles 
GHA,GHBthetwQ  sides  GA,  GH 


ai«  equal  to  the  two  sides  GB,   GH, 
each  to  each,  and  the  included  ancles 
equal  to  one  another,  AH  is  equal  to 
H  B.  and  the  angle  A  H  G  to  the  an^ie 
BHG(13.).  Now,throughthe  two  points 
B,  C  and  the  thiid  point  A  let  there  be 
made  to  pass  two  equal  and  panHd 
small  circles  BCK  and  ALM  C22.X 
And,  because  in  arcs  A  B  and  A  C.tO'- 
minated  by  these  circles,  the  points  of 
bisection  H  and  G  lie  in  the  circumfer- 
ence of  the  great  cirdc  to  which  they 
are  parallel  (22.),  the  arc  G  H  is  an  are 
of  that  great  circle.    Make  the  angle 
CBLequalto  the  angle  FED.  and  let 
the  arc  BL  cut  the  arc  GH  in  N,  and  the 
circumference  ALM  in  L  (22.  Cor.  2.); 
and  join  L  C,  N  A.    Then,  because  the 
triangles  N  H  A,  NHB  have  two  sides 
of  the  one  equal  to  two  sides  of  the  othCT, 
each  to  each,  and  the  included  angles 
N  H  A,  N  H  B  equal  to  one  another, 
the  arcNAis  equal  toNB  (13.);  but 
NB  is  equal  to  N  L,  because  the  arcGH 
produced  bisects  every  arc  A  L  which 
IS  terminated  by  the   cirdes   ALM, 
BCK;  therefore  N  A  is  equal  to  NL: 
but  N  A  and  N  B  are  together  greater 
than  AB  (9.)';  therefore,  LB  is  likewise 
greater  than  A  B.    Therefore,  if  B  Q  be 
cut  off  from  the  arcBL  produced,  equal 
to  A  B  or  D  E,  the  point  Q  will  be  be- 
tween L  and  B.    Join  QC:  and,  be- 
cause the  trianglesQBC,  DEFhave 
the  two  sides  QB,  B  C  equal  to  the  two 
sides  D  E,  E  F,  each  to  each,  and  the 
included  angles  equal  to  one  another, 
the  third  sides  QC,  DF  are  equal  to  one 
another  (13.);  and,  consequently  (20.), 
the  triangle  QBC  is  equ^o  the  triangle 
DEF.  ButLBCisgreaterthanQBC; 
andABC  is  equal  to  LBC,  because 
they  are  upon  the  same  base  BC,  and  be- 
tween the  same  equal  and  parallel  small 
circles  (24.).    Therefore,  the  triande 
ABC  is  greater  than  the  triangle  DEF. 
Therefore,  &c. 

Cor,  Two  given  finite  spherical  arcs 
AB,  B  C,  together  with  a  third  indefi* 
nite,  inclose  the  greatest  surface  possi* 
ble,  when  placed  so  that  the  included 
angle  ABCfmay  be  equal  to  the  sum  of 
the  other  two  angles  of  the  triangle 
ABC. 

This  conclusion  is  analogous  to  that 
of  in.  39.  Cor.  with  regard  to  the 
greatest  possible  area  which  can  be 
enclosed  by  two  given  finite  straight 
lines  with  a  third  indefinite ;  for,  although 
the  angle  ABC  included  by  the  spherical 
arcs  is  not  a  right  angle,  it  is  equal  to 
the  sum  of  the  other  two  angles  of  the 
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tnaxigle  AB  C,  which  is  the  case  also 
with  the  right  angle  of  a  right-angled 
plane  triangle  (L  19.  Cor,  3.)- 

Scholium, 

In  a  triangle  ABC  which  has  one  of 
its  an^es  ABC  equal  to  the  sum  of  the 
other  two,  the  containing  sides  A  B,  B  C 
are  together  less  than  a  semicircumfer- 
enoe.  For  G,  the  middle  point  of  AC,  is 
the  pole  of  a  small  circle  passing  through 
A,B,  andCbecauseGA,  GBandGC 
are  equal  to  one  another :  and,  because 
a  si^ericalarc  (9.  Schol,)  is  the  shortest 
distance  between  two  points  along  the 
surface  of  the  sphere,  the  great  arcs 
AB  and  BC  are  together  less  than 
the  small  arcs  A  B  and  B  C,  that  is, 
than  the  semircircumference  of  a  small 
circle:  much  more,  therefore,  are  AB 
and  B  0  together  less  than  the  semi- 
circumference  of  a  great  circle.  In  fact, 
when  the  given  sides  A  B  and  B  C  are 
together  equal  to  a  semicircumference, 
B  C  coincides  with  BR,  the  pdar  diame- 
ter of  the  circle  BCK,  and  because  AC 
is  always  Insected  by  the  circumference 
of  the  great  circle  HGN,  AG  and 
GC  are  in  this  case  quadrants,  and 
consequently  (19.  Cor.  1.)  AGC  is  at 
light  angles  to  A  B  ;  so  that  A  B  C  is 
a  kine,  not  a  triangle,  and  equal  to  a 
fourth  part  of  the  surface  of  the  sphere. 
And  when  the  given  sides  A  B  and  B  C 
are  together  greater  than  a  semicircum- 
ference, it  is  evident,  without  reference 
to  the  fi£[ure,  that  a  trian^e  may  be 
found  which  shall  have  A  B,  B  C  for 
two  of  its  sides,  and  differ  by  as  little 
as  we  please  from  half  the  surface  of  the 
sphere.  For,  in  this  case,  if  A  B,  B  C 
are  placed  in  the  circumference  of  the 
same  great  circle,  that  is,  at  an  angle 
equal  to.  two  right  angles,  the  arc  A  C 
which  completes  the  circle  will  be  less 
than  a  semicircumference ;  and  if  A  B, 
B  C  are  placed  at  any  angle  less  than 
two  right  angles,  the  arc  AC  will  be  still 
less  (18.);  therefore,  if  AB,  BC  are 
placed  at  anv  angle  less  than  two  right 
angles,  A  C  being  joined  will  complete 
a  spherical  triangle  (def.  9.),  and  this 
triangle  will  differ  less  and  less  from 
the  hemispherical  surface,  as  the  an- 
^  A  B  C  approaches   to  two  right 


in  a  triangle  A  B  C  of  this  kind,  the 
angle  ABC,  which  is  equal  to  the  sum 
of  the  other  two,  is  always  greater  than 
a  right  angle,  liecause  the  three  together 
are  greater  than  two  right  angles  (1 0).  It 
is  worthy  of  notice,  also,  that  the  triangle 
B'  A  C,  which  is  the  difference  between 


the  lune  B  AB'C,  and  the  triangle  ABC 
has  its  surface  always  equal  to  a  fourth 
part  of  the  surface  of  the  sphere ;  for  it 
IS  measured  by  the  difference  of  2  B  and 
2B— 2R,  that  is,  by  2R,  and  the 
sphere's  surface  by  8  R  (21.  Cor.  1.). 

It  may  beobserved  that  asimilar  course 
of  reasoning  to  that  which  is  exhibited  in 
Book  III.  Prop.  40,  41,  42,  and  43, 
founded  upon  this  proposition,  will  lead 
to  the  same  conclusions  with  regard  to 
the  surfaces  included  by  spherical  poly- 
gons and  circles  of  the  sphere,  which 
are  there  stated  with  regard  to  the  areas 
of  rectilineal  figures,  and  circles  on  a 
plane  surface :  viz. 

1 .  Of  all  spherical  polygons,  contained 
bjr  the  same  given  sides,  that  one  con- 
tains the  greatest  portion  of  spherical 
surface,  which  has  all  its  angles  in  the 
circumference  of  a  circle. 

2.  A  circle  includes  a  greater  portion 
of  the  spherical  surface  than  any  sphe- 
rical polygon  of  the  same  perimeter. 

3.  The  lunular  surface,  which  is  in- 
cluded by  a  sphoical  arc  and  a  small  arc, 
is  ^eater  tlian  any  other  surface  which 
is  included  by  the  same  perimeter,  of 
which  the  same  spherical  arc  is  a  part 

We  may  also  infer  from  Prop.  25.,  that, 
of  all  spherical  polygons  having  the  same 
number  of  sides  and  the  same  perimeter, 
the  greatest  is  that  which  has  all  its  sides 
equal  and  all  its  angles  equal.  For  if  a 
spherical  polygon  A  B  C  D  £  have  not 
all  its  sides  equal,  and  AB,  A£  be  two 
adjoining  sides  which  are  unequal,  a 
greater  A'  B  C  D  E  may  be  found  with 
the  same  perimeter  by  describing  upon 
the  base  B  E  the  isosceles  triangle 
A' BE,  which  has  the 
same  perimeter  with  ^0<r-\A.' 
ABE  And,  as  above,  ])/ 
if  a  spherical  polygon 
have  not  all  its  angles  ^t 
lying  in  the  circumfer- 
ence of  a  circle,  a  greater  ^ 
may  be  found  with  the  same  sides. 
Therefore,  none  is  greatest,  but  that 
which  has  all  its  sides  equal,  and  all  its 
angles  lying  in  the  circumference  of  a  cir- 
cle, that  is,  which  has  all  its  sides  equal 
and  all  its  angles  equal;  and,  since 
there  is  evidently  some  greatest,  the 
greatest  is  that  which  has  all  its  sides 
equal  and  all  its  angles  equal. 

Prop.  27. 

Spherical  pyramicU,  which  stand  upon 
equai  bases ^  are  equal  to  one  another  $ 
so,  likewise,  are  their  solid  angles. 

First,  let  the  bases  of  the  pyramids 
be  equal  triangles,  which  have  one  side 
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of  the  one  equal  to  one  side  of  the  other, 
and  let  the  equal  sides  be  made  to  coin- 
cide, so  that  the  triangles  A  B  C,  E  B  O 
(in  the  figure  of  Prop.  24.)  may  repre- 
sent  the  bases  of  the  pyramids.    Then 
the  triangles  AB  C.  B  B  C,  being  equal 
to  one  another,  lie  between  the  same 
equal  and  parallel  small  circles,  and 
may  be  completed  (as  in  Prop.  24.)  mto 
the  quadrilaterals  AB  CD,  E  B  C  F. 
And  it  may  be  shown,  as  in  the  same 
iroposition,  that  the  triangles  E  A  B, 
^i'D  C  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other* 
each  to  each,  and  therefore  may  be 
made  to  coincide  (15.) !  wherefore,  also, 
the  pyramids,  which  have  these  triangles 
for  their  bases,  may  be  made  to  coincide, 
and  are  eqiial  to  one  another.  And  hence, 
as  in  Prop.  24.,  it  was  demonstrated, 
by  the  addition  and  subtraction  of  the 
lunular  portions  of  surface,  that  the  qua- 
drilateral A  B  C  D  is  equal  to  the  Quadri- 
lateral EBCF,  so,  here,  it  may  be  demon- 
strated, by  the  addition  and  subtraction 
of  the  pyramidal  solids  (23.),  which  have 
these  lunular  portions  for  their  bases, 
that  the  pyramidal  solids,  which  have  for 
their  bases  the  quadrilaterals  A  B  C  D 
and  EBCF,  are  equal  to  one  another. 
But,  because  the  triangles  A  B  C,  C  D  A 
have  the  three  sides  of  the  one  equal  to 
the  three  sides  of  the  other,  each  to  each, 
in  the  same  order,  they  may  be  made  to 
coincide  (15.).  and  therefore  the  pyramids 
which  have  these  triangles  for  theur 
bases  may  be  made  to  comcide,  and  are 
equal  to  one  another ;  and  each  of  them 
is  the  half  of  the  pyramidal  soHd  which 
has  the  quadrilateral  A  B  C  D  for  its  base. 
And  in  the  same  manner  it  may  be 
shown,  that  each  of  the  pyramids  on  the 
triangular  baaes,  EBC5,  CFE  is  the 
half  of   the  pyramidal   solid   on   the 
quadrilateral  base  EBCF.    Therefore, 
because  the  halves  of  equals  are  equal, 
the  pyramid  upon  the  base  A  B  C  is 
equal  to  the  pyramid  upon  the  base  E  B  C. 
Next,  let  the  bases  of  the  pyramids 
be  any  equal  triangles  A  B  C,  K  L  M« 


FromLK 
equal  to  B  A, 


or  L  K  produced  cut  off  L  K' 
A,  and  let  the  triangle  K'  IW 


be  taken  equal  to  the  triangle  A  B  C  or 
KLM,  and  join  K»M.  Then,  by  the 
former  case,  the  pyramids  upon  the 
bases  A  B  C.  K'  L  M'  are  equal  to  one 
another.  And,  because  the  triansde 
K'  L  M'  is  equal  to  the  triangle  KLM, 
the  triangles  K' M  M'  and  K  K' M 
which  have  the  common  side  K'  M  are 
likewise  equal;  therefore,  br  the  first 
ease,  the  pyramids,  which  have  these 
triangles  for  their  bases,  are  eaual  to  one 
another ;  and,  these  being  added  to,  or 
taken  from,  the  pyramid  upon  the  base 
K'  L  M,  the  whole  or  remaining  pyra- 
mid  upon  the  base  K'  L  M'  is  equal  to 
the  whole  or  remaining  pyramid  upon 
the  base  KLM,  that  is  to  the  pytamid 
upon  the  base  ABC. 

Lastly,  let  the  bases  of  the  pyramids 
P,  P'  be  equal  polygons.  Let  a  triangle 
be  found  which  ift  equal  to  one,  and 
therefore  also  to  the  other  of  the 
polygons,  and  let  Q  be  the  pyramid 
which  has  this  triangle  for  its  base. 
Then,  because  this  triangle  is^  equal  to 
the  base  of  the  pyramid  P,  it  may  be 
divided  into  triangles  which  are  equal 
respectively  to  the  triangles  into  which 
the  base  of  P  is  divisible.  An3  it  has 
been  already  shown  that  pvramids  which 
have  equal  triangles  for  their  bases  are 
equal  to  one  another ;  and  the  sums  of  , 
e(^uals  are  equal ;  therefore,  the  pyra- 
mids P  and  Q  are  equal  to  one  another. 
In  the  same  manner  it  may  be  shown  that 
the  pyramids  F  and  Q  are  equal  to  one  ' 
another.  Therefore  P  is  equal  to  P'.  And 
it  is  evident  that  what  has  been  shown 
with  regard  to  spherical  pyramids,  being 
derived  fix)m  comcidence,  may  be  shown 
equally  of  their  solid  angles  at  the  cen- 
tre of  the  sphere* 

Therefore,  &c. 

Pact*.  28. 

Any  (too  spherical  pyramids  are  te 
one  another  as  their  oases;  and  ths 
solid  angles  of  the  pyramids  are  to  one 
another  in  the  same  ratio. 

Let  P,  P'  be  any  two  spherical  pyrsr 
mids,  and  let  B,  B'  be  their  bases :  the 
pyramid  P  shall  be  to  the  pyramid  F 
as  the  base  B  to  the  base  B'. 

For  if  the  base  B'  be  divided  into  any 
number  of  equal  parts,  then,  because 
pyramids  which  stand  upon  equal  bases 
are  equal  to  one  another,  the  pyramid  F 
will  be  divided  into  the  same  number  of 
equal  parts  by  planes  passing  through 
the  arcs  of  division  (27.) ;  and  if  the  base 
B  contain  exactly,  o^  with  a  remainder,' 
a  certain  number  of  parts  equal  to  the 
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f(niner»  the  pjmniicl  P  will  contain 
exaetlj,  or  with  a  remainder,  the  seme 
namber  of  parts  equal  to  the  latter  (87.)  s 
therefore,  P  ia  to  F  as  B  to  B'  (11. 
def.  7.) 

And  the  same  maybe  said  of  the  solid 
■lurles. 

Therefore,  &c. 

Cor.  Every  spherical  pyramid  is  equal 
to  the  third  part  of  the  product  of  its 
base  and  the  radius  of  the  sphere. 

For,  if  the  whole  sphere  be  divided 
into  spherical  pyramids,  these  pyramids 
will  be  to  one  another  as  their  bases ; 
and,  therefore,  any  one  of  them  \t 
to  the  sum  of  all,  as  the  base  of  that  one 
to  the  sum  of  all  the  bases  (11.  S5. 
Cor.  3.)  J  that  is,  any  pyramid  is  to  the 
whole  sphere  as  its  base  to  the  surface 
of  the  sphere.  Therefore,  any  pyramid 
is  to  the  whole  sphere  as  the  product  of 
its  iMise  and  the  radius  of  the  sphere  to 
the  product  oi  the  whole  surface  and 
radius  (IV.  26.) ;  and  because,  in  this 
proportion,  the  second  term  is  equal  to 
the  third  part  of  the  fourth  (V.  17.),  the 
first  term  is  hkewise  equal  to  the  third 
part  of  the  third  (11. 19.  and  IL  IS.), 

Bcholium. 

Hence  it  appears  that  every  wMi 
angle  is  measured  by  the  spherical  sur- 
face which  is  described  unih  a  given 
radius  about  the  anfuiar  poini^  and  in- 
tercepted between  tUpUmes.  For  it  is 
shovni  in  the  proposition  that  any  two 
solid  angles  are  to  one  another  as  these 
surfaces. 

This  measure  bears  an  obvious  ana« 
\ozf  to  the  measure  of  a  plane  ande,  as 
stated  in  the  Scholium  at  Book  III. 
Prop.  13.  The  aneular  unit  of  the  latter 
measurement  is  the  right  ansle ;  into 
four  of  which  the  whole  angular  space 
about  any  point  in  a  plane  is  divided  by 
two  straight  lines  drawn  at  right  angles 
to  one  another ;  and  each  right  angle  is 
measured  by  a  quadrant,  or  fourth  part 
of  the  circumference  of  a  circle  descnbed 
about  that  point  with  a  eiven  radius. 
In  like  manner,  if,  through  a  point  in 
space,  three  planes  be  made  to  pass  at 
r^ht  angles  to  one  another,  they  will 
divide  the  whole  angular  space  about 
that  point  into  eight  ^/Kf  n^A^  ai^/e«, 
each  of  which  (a  solid  angular  unit)  is 
measured  by  an  octant,  or  eighth  part  of 
the  surface  of  a  sphere  described  about 
that  point  vnth  a  given  radius. 

Thus,  then,  the  plane  angles,  dihedral 
angles,  and  magnitude  of  a  solid  angle, 
whicl^.ha8  Jhrea  or  a  greatinr  number  of 
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feces,  are  represented,  upon  the  surface 
a  sphere  described  about  the  angular 
point,  by  the  sides,  angles,  and  surface 
of  a  sphencal  Wangle  or  polygon :  and 
whatever  has  been  stated  with  regard  to 
the  latter  may  be  understood  hkewise  of 
the  former.  It  is  shown  (for  instance) 
in  Prop  13.  that  if  two  solid  angles,  each 
of  which  IS  contained  by  three  plane  an- 
gles, have  two  plane  angles  of  the  one 
equal  to  two  plane  angles  of  the  other, 
each  to  each,  and  likewise  the  dihedral 
angles  contained  hy  them  equal  to  one 
another,- the  remaining  plane  and  dihe- 
dral angles  of  the  one  shall  be  equal  to 
the  remaining  plane  and  dihedral  angles 
of  the  other,  each  to  each.  And,  gene- 
rally, all  questions  which  relate  to  solid 
angles  will  be  placed  in  the  clearest 
view  before  us,  when  we  contemplate 
only  their  representation  and  that  of 
their  parts,  upon  the  surface  of  the 
sphere. 

Sbction  ^.--Problems. 

In  the  solution  of  the  following  pro- 
blems, it  is  assumed, 

1.  That  of  any  two  points,  which  are 
given  upon  the  surface  of  a  sphere,  the 
direct  distance  may  be  obtained ;  and, 

2,  That  from  any  given  point  as  a 
pole,  with  any  given  distance  less  than 
a  semicircuraference,  a  circle  may  be 
described  upon  the  surface  of  a  sphere. 

We  may  observe,  however,  that  the  first 
assumption  is  only  used  in  Prob.  1  to 
obtain  the  diameter  of  the  sphere ;  and, 
therefore,  if  the  diameter  is  supposed  to 
be  given,  it  may  be  dismissed  as  unne- 
cessary. Constructions  made  within 
the  Sphere  are  excluded. 

Prop.  29.    Prob.  1; 

To  find  the  diameter  of  a  given 
q)hereABCD.  ^ 

From  any  point  A,  as  a  pole,  with  any 
distance  AB,  describe  the  circle  B  C  D  j 


in  the  circumference  BCD  take  any 
three  points  B,  C,  D ;  describe  the  plane 
triangle  bed  with  its  sides  6/,  cd,bd 
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equal  to  the  direct  distances  B  C,  CD, 
B  D  respectively ;  find  e  the  centre  of 
the  circumscribing  circle  (III.  59.).  and 
join  e  b ;  from  the  point  e  draw  ea  per- 
pendicular to  eb,  and  from  the  centre 
by  with  a  radius  equal  to  the  direct  dis- 
tance B  A  describe  a  circle  cutting  ea 
in  a ;  produce  a  « to  /,  and  from  b  draw 
6/pNerpendicular  to  ^a  (1.44.)  to  meet 
af  in  /.•  a/ shall  be  equal  to  the  dia- 
meter of  the  sphere. 

For,  if  O  be  the  centre  of  the  sphere, 
and  the  diameter  A  O  F  be  drawn  cut- 
ting the  plane  6  C  D  in  E,  and  £  B  be 
joined,  A  F  will  be  the  axis  (def.  3,), 
and  therefore  ( 1 .)  the  point  E  the  centre, 
of  the  circle  B  C  D,  and  the  angle  A  E  B 
will  be  a  right  angle.  Al80,EB  is  eoual 
to  e  b,  because  the  triangles  BCD,  bed 
may  be  made  to  coincide,  and,  then,  the 
points  E,  e  being,  each  of  them,  the 
centre  of  the  same  circumscribing  circle, 
will  likewise  coincide.  Therefore,  be- 
cause in  the  right- angled  triangles  AEB, 
aeb,  the  hypotenuse  AB  is  equal  to 
the  hypotenuse  a  b,  and  the  sicle  E  B 
to  the  side  e  b,  the  angle  B  A  E  is  eoual 
to  the  angle  6a c  (I.  13.).  Join  AB, 
B  F,  O  B.  Then,  because  O  B  is  eoual 
to  the  half  of  A  F,  the  angle  AB  F  is 
a  right  angle  (L  19.  Cor.  4.);  and, 
because,  in  the  right-angled  triangles 
ABF,  abff  the  side  AB  and  angle 
B  A  F  are  equal  respectively  to  the  side 
a  b  and  angle  b  af,  the  hypotenuses  A  F 
and  a/ are  equal  to  one  another  (I.  5.), 
and  a/  is  equal  to  the  diameter  of  the 
sphere. 
Therefore,  &c. 

Cor.  Hence,  a  sphere  being  given, 
the  quadrant  of  a  great  circle  may  be 
found  ;  for  it  is  ecjual  to  the  quadrant 
of  the  circle  which  is  described  upon  the 
diameter  af. 

Pbop.  30.    Prob.  2. 
Any  point  A  being  given  upon  the 
surface  of  a  sphere,  to  find  the  opposite 
extremity  of  the  diameter  which  passes 
through  that  point. 


From  the  pole  A, 
with  the  distance  of 
a  quadrant,  (29. 
Cor.)  describe  a 
spherical  arc  PQ 
(5.) ;  and,  from  any 
two  points  P,  Q  of 
this  arc,  as  poles, 
with  the  same  dis- 
tance, describe  two 
great  circles  passing  through  A,  and 
cutting  one  another  again  in  the  point  a. 


Then,  because  the  planes  of  anjr  two 
great  circles  cut  one  another  in  a  dia- 
meter of  the  sphere,  the  points  A,  a  are 
opposite  extremities  of  a  diameter. 
Therefore,  &c. 

Prop.  31.    Prob.  3. 

To  join  two  given  points  A,  B  tipofi 
the  surface  of  a  sphere. 

From  the  pole  A, 
with  the  distance 
of  a  quadrant  (29. 
Cord,  describe  a 
great  circle,  and 
from  the  pole  B, 
vnth  the  same  dis- 
tance, describe  a 
great  circle  cut- 
ing  the  former  in  the  point  P.  From  P 
as  a  pole,  with  the  same  distance,  de- 
scribe the  arc  A  B.  Then,  because  AB 
is  the  arc  of  a  great  circle  (5.)  described 
between  the  points  A,  B,  it  joins  those 
two  points  on  the  surface  of  the  sphere 
(def.  5.). 

Therefore,  &c. 

Cor.  In  the  same  manner,  any  sphe- 
rical arc  being  given,  the  ^reat  cirde 
may  be  complete  of  which  it  is  a  part. 
Prop.  32.    Prob.  4. 

To  biiect  a  given  spherical  arc  A  B. 

From  the  pole  A,  with 
the  distance  A  B  describe 
a  circle,  and  from  the  pole 
B  with  the  same  distance 
AB  or  BA  descril}e  a  cir- 
cle cutting  the  former  cir- 
cle in  the  points  C,  D. 
Join  CD(31.)  and  let  it  cut 
ABinE.  AB  is  bisected 
inE. 

See  Book  I.  Prop.  43. 

Therefore,  &c.  " 

It  must  here  be  observed  that  al- 
though the  points  C,  D  are  determined 
by  the  intersection  of  small  circles,  the 
arcs  CA,  CB,  CD,  DA,  DB,  which  are 
the  sides  of  the  spherical  triangles  mthe 
demonstration,  are  portions  of  great  cir- 
cles ;  and  the  same  remark  applies  to 
some  subsequent  problems. 

Cor.  In  the  same  manner,  a  spherical 
arc  (3  D  may  be  drawn  which  snail  bi- 
sect any  spherical  arc  A  B  at  right  an- 

Prop.  33.    Prob.  5. 

To  draw  an  arc,  which  shail  be  per  * 
pendieular  to  a  pven  spherical  arc  AB, 
from  a  given  point  C  t«  the  same. 

FromCB,  orCB         3). 
produced,  cut  off  CP 
equal  to  a  quadrant,     ^      |  ^ 

and  frx)mthe,pole  P,     X .  c      B   -  ^ 
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with  tbedistancePC,  describe  the  spheri- 
cal arc  CD.  Then,  because  PC  is 
drawn  from  the  pole  of  a  great  circle 
CD  to  the  point  C  in  that  circle,  P C 
is  at  right  angles  to  CD  (5.)  ;  or,  which 
is  the  same  thmg,  C  D  is  at  right  angles 
toPGor  AB. 
Therefore,  &c. 

Prop.  34.    Prob.  6. 

To  draw  an  arc,  which  shall  be  per- 
penHcular  to  a  given  spherical  arc  AB, 
Jrom  a  given  point  C  without  it, 

Fh>m  the  pole  C, 
with  the  distance  of 
a  quadrant,  describe 
a  great  circle,  cut- 
ting AB  or  AB  pro- 
duced in  P,  and  from 
the  pole  P,  with  the  same  distance,  de- 
scribe the  spherical  arc  C  D.  For  the 
same  reason  as  in  the  last  problem,  C  D 
is  the  perpendicular  required. 

Therefore,  &c. 

Prop.  35.    Prob.  7. 

To  bisect  a  given  spherical  angle 
BAC. 

In  A  B  take  any  point 
B ;  make  A  C  equal  to 
A  B,  and  join  B  C ;  from 
the  poles  B,  C,  with  the 
common  distance  B  C, 
describe  two  spherical 
arcs  cutting  one  another 
in  D,  and  join  AD  (31.). 
AD  is  the  bisectine^  arc 
required.    See  Book  I.  Prop.  46. 

Therefore,  &c 

Prop.  36.    Prob.  8. 

At  a  given  point  A,  in  a  given  arc 
AB,  to  make  a  spherical  angle  equal  to 
a  given  spherical  angle  C. 

From  the  pole  C,  with  the  distance  of 
a  quadrant,  describe  a  circle  cutting  the 
sides  of  the  given  angle  in  the  points 


Prop.  37.    Prob.  9. 


To  describe  a  circle  through  three 
given  points  A,  B,  C,  upon  the  surface 
qf  a  sphere- 

Join  (31.)  AB  and 
AC,  and  bisect  them 
at  right  angles  (32. 
Cor^  with  the  arcs 
DP,  EP,  which  meet  i 
one  another  in  the  ' 
points  P,  P'.  From 
either  of  these  points, 
P,  as  a  pole,  with  the 
distance  P  A,descnbe 
a  circle.  It  shall  pass  throusrh  the  other 
two  points  B  and  C.  For  PB  is  equal  to 
PA,  because  the  triangles  P  D  B.  JP  D  A 
have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  the 
included  angles  PD  A,  PD  B  equal  to 
one  another  (13.);  and  in  the  same  man- 
ner it  may  be  shown  that  PC,  hkewise^. 
is  equd  to  P  A. 

Therefore,  &c. 

Cor.  In  the  same  manner,  the  poles 
P,  P'  of  any  given  circle  ABC  may  be 
found. 

Prop.  38.    Prob.  10. 

Through  two  given  points  A,  B,  and 
a  third  point  C  on  the  surface  of  a 
sphere,  to  describe  two  equal  and  paral- 
lel small  circles ;  the  points  A,  B,  C  not 
lying  in  the  circumference  qf  the  same 
great  circle. 

f  Join  A  B,  and  draw  D  E  bisecting  it 
at  right  angles  in  the  point  D  (32.  Cor.) ; 
find  A'  the  opposite  extremity  of  the 
diameter  which  passes  through  A  (30.) ; 
join  A'  C  (31.),  and  bisect  it  at  right 
angles  with  the  arc  F  P  which  meets 
D  E  in  the  points  P,  F  (32.  Cor.) ; 
join  PA,  P  C,  and  from  the  pole  P  with 


D,  E ;  and  from  the  pole  A,  with  the 
same  distance,  describe  a  circle  B  F  G 
cutting  A  B  in  B ;  from  B  F  6  cut  off 
BF  equal  to  DE,  and  join  AF  (31.).  The 
angle  B  A  F  is  equal  to  the  given  angle 
C ;  for  they  are  measured  by  equal  arcs 
BP,DE(6.) 
Therefore^  &c. 


the  distances  PA,  PC  descril)e  two 
small  circles  AGH  and  CKL:  the 
former  shall  likewise  pass  through  the 
point  B,  and  they  shall  be  the  two  equal 
and  parallel  small  circles  required. 

For,  if  PA  and  PB  be  joined,  they 
will  be  equal  to  one  another,  because 
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the  triangles  PDA,  PDB  have  two 
sides  of  the  one  equal  to  two  sides  of 
the  other,  each  to  each,  and  the  included 
angles  P D  A,  PD  B  equal  to  one  ano- 
ther (13.).  And,  for  the  same  reason,  it 
P  A'and  PC  are  joined,  P  A'.wiU  he  equal 
to  PC.  But  PA  and  P  A'  are  together 
equal  to  a  semicircumference,  because 
A  A'  is  a  diameter  of  the  sphere.  There- 
fore. P  A  and  P  C  are  toffether  equal  to 
a  semicircumference ;  and,  consequently 
(3.  Cor.),  the  parallel  circles  AGH, 
C  K  L  are  equal  to  one  another.  Also, 
because  PA  is  equal  to  .P  B,  the  qircle 
AGH  passes  through  the  point  B. 
Therefore,  Sus. 

Prop.  39.  Prob.  11. 
To  describe  a  triangle  which  shall  be 
equal  to  a  given  spherical  polygon,  and 
shall  have  a  side  and  adjacent  anefe  the 
same  with  a  given  side  AB  and  aqjacent 
angle  B  o/tne  polygon. 

First,  let  the  given 
polygon  be  a  quadri- 
lateral    A  B  C  D. 
Through    the  'two 
points  A,  C,  and  the 
third  point  D,  describe  two  equal  and 
parallel  small  circles  (38.),  and  let  the 
arc  B  C,  which  cuts  one  of  them  in  C, 
be  produced  to  cut  the  other  in  £  (22. 
Cor.  2.),  and  join  AE,  AG  (31.).  Then, 
because  the  triangles  A  C  D,  A  C  £  lie 
between  the  same  equal  and  parallel 
small  circles,  they  are  equal  to  pne  ano- 
ther ;  and,  Iheretore,  the  triangle  ABC 
being  added  to  each,  the  triangle  ABE 
is  equal  to  the  quadrilateral  Aa  C  D. 

Next,  let  ABC  DBF  be  the  given 
polygon.  Join  A  C,  A  D.    Make,  as  in 
the  former  case,  the  triangle  ADG  equal 
to  the  quadrilateral 
A  D  E  F,  the  trian- 
gle A  C  H  equal  to 
the      quadrilateral 
ACDG,  and  the 
triangle  ABK  equal 
to  the  quadrilateral 
ABCH.   It  is  evi- 
dent that  the  triangle  A  B  K  is  equal  to 
the  polygon  A  B  (3  D  E  F. 

And,  m  each  case,  the  triangle  de- 
scribed has  the  same  side  AB  and  angle 
B  with  the  given  polygon. 
Therefore,  &o. 

Prop.  40.  Prob.  12. 
Given  two  spherical  arcs  AB  and  Q, 
which  are  together  less  than  a  semicir- 
cumference ;  to  place  them  so,  that,  with 
a  third  not  given,  they  may  contain  the 
greatest  surf  ace  poesiSk. 
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Bisect  AB  in  H 

(82.),  and  produce 

HAtoP,  so  that 

HPmay  be  equal 

to    a    quadrant ; 

from  the  pole  P, 

with  the  distance 

PB,  describe  the 

small  circle  BCK, 

and  firom  the  pole 

B,  with  the  distance  Q,  describe  a  drde 

cutting  the  circle  B  C  K  in  C.    Jom 

AC,  B  C.    The  triangle  ABC  shaD  be 

the  triangle  required. 

For,  if,  with  the  distances  P  A,  PH, 
there  are  described  from  the  pole  P  the 
small  circle  A  L  M  and  the  great  rardc 
H  GN,  the  latter  cutting  the  arc  AC  in 
G,  the  circles  ALMandBCK  will  be 
equal  to  one  another,  because  the  dis- 
tances PA,  PB  are  together  equal  to 
twice  the  quadrant  PH  (I.  ax.  9.),  that 
is,  to  a  semicircumference  (3.  Cor.y ;  and 
they  are  parallel  because  they  have  the 
same  poles ;  and  HGN  is  the  great  circle 
to  which  they  are  parallel ;  therefore, 
AG  is  equal  to  GC  (22.).   But,  because 
P  is  the  pole  of  the  great  circle  HGN, 
PH  is  at  right  angles  to  H  G  (5.) ;  and, 
because  the  triangles  GHA,    GHB 
have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  the 
included  angles  G  H  A,  G  H  B  equal  to 
one  another,  G  B  is  equal  to  GA  or  G  C 
(13.).  Therefore,  because  in  the  isosceles 
triangles  GAB,  GBC,  the  angles  GBA, 
GBC  are  equal  to  the  angles  GAB, 
GCB  respectively  (11.),  the  whole  angle 
A  B  C  of  the  triangle  A  B  C  is  equal  to 
the  sum  of  the  two  angles  CAB,  ACB ; 
wherefore  the  triangle  ABC  is    the 
greatest  that  can  be  formed  with  the 
two  sides  A  B,  B  C,  or  the  greatest  that 
can  be  formed  with  the  given  sides  AB 
and  Q  (26.  Cor.). 
Therefore,  &c. 

Prop.  41.  Pirob.  18. 

Through  a  given  point  A  to  describe 

a  great  circle,  which  shall  touch  ttco 

given  equal  and  parallel  small  circles 

BCD,EFG. 

Find  the  point  P  which  is  the  com- 


VI.  i  4.] 


GEOMETRY. 


Uf 


mon  pole  of  the  circles  B  C  D,  £  F  G 
(37.  Car.),  and  join  P  A  (31.)  i  from  the 
pole  P,  with  Ihe  distance  P  A,  describe 
a  circle,  and  from  the  point  H,  in  which 
P  A  cuts  the  circle  B  (J  D,  draw  H  K  i|t 
right  angles  to  PA  (33.),  and  let  it  cut  the 
circle,  which  was  described  through  A, 
in  K :  join  PK  (31.),  and  let  it  cut  the 
circle  B  C  D  in  L :  the  great  circle  A  L  / 
which  passes  through  the  points  A  and 
L  shall  be  the  great  circle  required. 

For,  t^ecause  in  the  triangles  P  H  K, 
PL  A,  the  two  sides  PH,  PK  are 
equal  to  the  two  sides  P  L,  P  A«  ana 
the  included  angle  LPH  common  to 
both  triangles,  the  angle  P  L  A  is  equaJ 
to  the  angle  PH  K,  (13.)  that  is,  to  a 
right  angle ;  and  the  arcP  L  is  less  than 
a  quadrant ;  therefore,  P  L  is  the  least 
arc  which  can  be  drawn  from  the  point 
P  to  the  circle  A  L  i  (18.  Cor.  1.),  and  if 
L  P  l)e  produced  to  meet  the  circle  in  f, 
PI  i%  the  greatest.  But  every  point  of 
the  circle  B  C  D  is  at  the  distance  P  Lj 
and  every  point  in  the  equal  circle  £  F  Cr 
at  the  distance  P  I,  because  P I  ^d  P  L 
are  together  equsd  to  a  aemioiroum- 
ferenoe  (3.  Cor,).  Therefore,  the  circle 
ALM,  which  has  been  described  through 
the  given  point  A,  touches  the  given 
circles  B  C  D  and  £  F  Q  in  the  points  L 
and  /. 

Therefore,  &a 

Prop.  42.  Prop.  14. 

To  inscribe  a  circle  in  a  given  epheri- 
eai  triangle  ABC. 

Bisect  the  angle  ABC  with  the  arc  BP, 
and  the  angle  A  C  B  with  the  arc  C  P 
which  meets  the  former  arc  in  P  (35.) ; 
from  P  draw  P  a  per- 
pifndicular  to  B  C 
(34.)  ;  make  B  c  equal 
to  B  a,  and  C  b  equal 
to  C  a,  and  join  P  c, 
Fh,  Then,  because  the 
triangles  P  Bo,  PBc 
have  two  sides  of  the 
one  equal  to  two  sides 
of  the  other,  each  to  each,  and  the  in- 
cluded angles  P  B  a,  P  B  c  equal  to  one 
another,  Pr  is  equal  to  Pa  (13.),  and  the 
angle  PcB  to  the  angle  Pa  B,  that  is, 
to  a  right  an^le:  therefore,  the  circle 
which  IS  descnbed  from  the  pole  P,  with 
the  distance  Pa,  will  touch  AB  in  the 
pomt  c  ( 18.  Cor.  1.).  And,  in  the  same 
manner,  it  may  be  shown  that  the  same 
circle  will  touch  AC  in  6.  Therefore, 
from  the  pole  P,  with  the  distance  P  a, 
describe  the  circle  abc;  and  it  will  be 
tbo  wde  required,    Therefore,  &Ci 
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The  constructions  in  this  section  have 
little  or  no  practical  utihty,  and  have, 
accordingly,  been  added  rather  with  a 
view  to  illustrate  the  analogies  of  Plane 
and  Spherical  Geometry,  than  to  furnish 
rules  for  practice.  Some  of  these  we 
have  alreadjT  had  occasion  to  notice, 
and  others  will  have  offered  themselves 
to  the  reader ;  who  will  readily  perceive 
that  these  striking  points  of  resemblance 
(or,  as  he  may  be  disposed  to  call  them, 
of  identity)  are  to  be  ascribed  to  the  cir- 
cumstance, that  spherical  triangles, 
when  their  sides  are  but  small  portions 
of  great  circles,  and  consequently  their 
surfaces  small  in  comparison  with  the 
surface  of  the  sphere,  become  more  and 
more  nearly  plane,  their  sides  more  and 
more  nearly  straight  lines,  and  the  sum 
of  their  angles  (the  excess  of  which 
above  two  right  angles  bears  the  same 
ratio  to  eight  right  angles  (21  Cor.  I.) 
as  the  surface  of  the  triangle  to  the 
surface  of  the  sphere)  more  and  more 
nearly  equal  to  two  right  angles.  Thus 
every  plane  triangle  may  be  regarded 
as  a  spherical  triangle  upon  the  sur- 
face of  a  sphere,  the  radius  of  which 
is  indefinitely  great;  and  in  this  way 
of  viewing  the  subject,  the  properties  of 
plane  triangles  resemble  those  of  sphe- 
rical triangles,  only  as  a  particular  case 
the  generid  one  in  which  it  is  included. 

But  it  may  be  asked,  has  the  term 
similar,  which  introduces  us  to  so  wide 
a  field  in  Plane  Geometry,  any  place 
in  Spherics?  Not  in  propositions 
which  have  reference  only  to  the  sur- 
face of  one  and  the  same  sphere. 
Similar  figures  upon  the  surface  of  the 
same  sphere  are  likewise  equal  to  one 
another,  and  may  be  made  to  coincide. 
But,  when  we  consider  the  surfaces  of 
different  spheres,  and  compare  the  fi- 
gures which  are  formed  upon  them, 
here  again  we  shall  find  room  for  the 
application  of  the  term  in  its  full  and 
peculiar  sense.  Thus,  similar  spherical 
triangles  are  such  as  are  contained  by 
similar  arcs  upon  the  surfaces  of  dif- 
ferent spheres.  It  is  easy  to  perceive 
that  such  triangles  are  equiangular,  and 
have  their  sides  about  the  equal  angles 

Eroportionals ;  and  that  their  surfaces 
ear  the  same  ratio  to  one  another  as 
the  surfaces  of  their  respective  spheres, 
and,  therefore,  are  to  one  another  as  the 
squares  of  the  radii  of  the  spheres,  or 
as  the  squares  of  the  arcs  which  are 
homologous  sidea  of  the  triangles. 
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Part  I. — Of  Projection  by  Lines  diverg^g  and  by  Lines  parallel. 
Part  1L — Of  the  Plane  Sections  of  the  Right  Cone,  or  Conic  Sections. 
Part  III.— Plane  Sections  of  the  Oblique  Cone,  of  the  Right  Cylinder,  and  of  the 
Oblique  Cylinder. 


Part  I. —  Of  Projection  by  Lines  di- 
verging and  by  Lines  parallel. 

It  is  not  here  intended  to  enter  at  large 
upon  the  subject  of  perspective,  or  to 
anticipate  in  any  manner  the  rules  by 
which  it  affords  such  material  assistance 
to  the  draughtsman  and  artist  We 
propose,  on  the  contrary,  no  more  than 
the  explanation  of  a  few  terms,  and  the 
.  statement  of  a  few  theorems,  occasion- 
ally serving  to  simplify  the  consideration 
of  lines  in  different  planes,  and  which- 
will  be  of  immediate  service  in  the  ac- 
count which  will  be  subsequently  given 
of  the  general  properties  of  the  conic 
sections. 

Def.l.  LetAB 
be  a  plane  given 
in  position,  and  V 
a  given  point  with- 
out it;  then,  if 
through  anv  point 
P  ar  straight  line 
is  drawn  from  V 
to  meet  the  plane 
AB  in  p,  the  point 
pis  called  the  jD^- 
spective  prqjec- 
Hon  of  the  point  P  upon  the  plane  A  B. 

The  plane  A  B  is  called  the  plane  of 
prqfectton,  the  point  V  the  vertex,  and 
the  plane  £  F,  which  is  drawn  through 
the  point  V  parallel  to  A  B,  the  vertical 
plane. 

2.  Let  A  B  be  a  plane  given  in  posi* 
tion,  and  C  D  a  straight  line  given  in 
position,  not  parallel  to  the  plane  A  B : 
then,  if  through 
any  point  P  a 
straight  line  is 
drawn  parallel  to 
CD  to  meet  the 
plane  AB  in  p, 
the  point  pis  called 
the  orthographic 
projection  of  the 
point  P  upon  the 
plane  AB. 

The  straight  line  C  D  is  called  the 
direction,  and  the  plane  AB,  as  before, 
the  plane  of  projeehon. 

3.  A  line  P  Q  is  sud  to  be  projected, 
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either  perspectively  or  orthoffraphically, 
upon  a  given  plane  A  B,  wnen  all  its 
points  are  so  projected;  and  the  line 
p  q  which  contains  the  projections  of  the 
latter  is  called  the  perspective  (fig.  of 
def.  U)  or  orthographic  (fig.  of  deL  2.) 
projection  qf  the  line  P  Q. 

4.  A  figure  P  Q  R  is  said  to  be  pro- 
jected, either  perspectively  or  ortho^- 
phically,  upon  a  given  plane  A  B,  when 
all  its  containing  lines  are  so  projected ; 
and  the  figure pqr,  which  is  contained 
by  the  projections  of  the  latter  is  called 
the  perspective  (fig.  of  def.  I,)  or  ortho- 
graphic (fi^  of  def.  2.)  projection  of  the 
figure  VQv.. 

6.  Any  point,  line,  or  figure  is  called 
an  original  point,  line,  or  figure  with 
reference  to  its  perspective  or  orthognh 
phic  projection. 

Thus,  in  the  figures  of  def.  1.  and 
def.  2.,  the  point  F  is  called  the  original 
of  the  point  p,  the  line  P  Q  the  original 
of  the  line  p  q,  and  the  figure  P  Q  R  the 
original  of  the  figure  pqr. 

It  is  almost  needless  to  observe  that 
in  these  definitions  the  planes  E  F  and 
A  B,  (although  the^  necessarily  appear 
circumscrib^i  in  the  figures,  are  consi- 
dered to  be  of  unlimited  extent;  and 
the  same  is  to  be  understood  in  the  fol- 
lowing propositions. 

Prop.  1. 

In  perspective  projection^  no  point  in 
the  v^tical  plane  E  F  can  be  projected 
from  the  vertex  V  upon  the  plane  of 
projection  A  B  ;  but,  of  every  point 
which  is  not  in  that  plane,  the  projection 
may  be  found  upon  the  plane  A  B. 

For,  the  straight 
line  which  is  drawn 
from  the  point  V 
through  any  point 
in  the  plane  £  F^ 
can  never  meet  the 
plane  A  B  ;  be- 
cause it  lies  en- 
tirely in  the  plane 
£F,  which  is  paral- 
lel to  AB.  There- 
fore, no  point  in  the  plane  £  F  can  be 
projected  from  V  upon  the  plane  A  B. 


,-^ 

■1 

l/J 

•/ 

Appendix.] 


GEOMETRY. 


209 


fc 


Bat,  if  P  be  a  point  which  is  not  in 
the  plane  £  F,  draw  Y  O  perpendicular 
to  the  plane  A  B  (lY.  36.),  and  let  the 
plane  P  Y  O  cut  the  parallel  planes  E  F 
and  AB  in  the  8trai8:ht  lines  Y  M  and 
O  N  respectively.  Then,  because  the 
sections  of  parallel  planes  by  the  same 
plane  are  parallel  stnught  lines  (lY.  12.), 
VM  is  parallel  to  ON ;  and,  because  Yi\l 
is  parallel  to  O  N,  and  that  Y  P  cuts 

V  M  in  V,  YP  may  be  produced  to  cut 
ON  in  somepoint  j9  (1. 14.  Cor.  3.) ;  but 
if  it  cuts  O  N  in  any  point,  it  must  cut 
the  plane  AB  in  the  same  point,  because 
O  K  lies  in  that  plane :  therefore  p,  the 

rojectionof  the  point  P  (del  1.),  may  be 
bund. 

Therefore,  &c. 

Cor,  It  is  shewn  in  this  proposition, 
that  if  a  straight  line  cuts  one  of  two 
parallel  planes,  it  may  be  produced  to 
cut  the  other  likewise. 

Paop.  2. 

The pertpecHve projection  of  a  straight 
line  i>  a  straight  line;  and  if  any  point 
of  the  original  straight  line  be  tn  the 
vertical  plane,  the  straight  line  which 
is  its  prqfection  shall  be  of  unlimited 
extent. 

Let  AB  be  the 
])lane  of  projec- 
tion, Y  the  ver- 
tex, P  Q  any 
strai|^t  line,  and 
p  g  lis  projec- 
tion :  p  q  shall 
likewise  be  a 
straight  line. 

Because  the 
points  of  pq  lie 
in  stnught  hnes 
drawn    through 

Y  and  the  cor- 
responding i>oints  of  P  Q,  and  that 
P  0  is  a  straight  line,  the  points  of  p  q 
lie  in  the  plane  YPQ.  But  they  lie 
also  in  the  plane  A  B.  Therefore  they 
lie  in  the  common  section  of  the  planes 
YPQ  and  AB,  that  is  (lY.  2.),  in  a 
straight  line. 

Also,  if  any  point  M  of  the  original 
straight  line  Q  P  M  lie  in  the  vertical 
plane  £  F ;  the  straight  line  qp,  which 
IS  its  projection,  shall  be  of  unlimited 
extent  towards  p.  For  the  projection 
of  the  point  M  cannot  be  found  upon 
the  plane  AB  (1.) ;  and  every  point  in 
qp  produced  is  the  perspective  projec- 
tion of  some  point  of  QPM,  because  the 
stnught  line  which  is  drawn  from  it  to 


the  vertex  Y  cuts  Q  P  M  in  some  point 
between  Q  and  M. 

Therefore,  &c. 

Cor,  1 .  It  is  supposed  in  the  propo- 
sition that  the  original  straight  line  P  Q 
does  not  pass  through  the  vertex  Y ; 
for,  in  this  case,  it  is  "evident  that  all  its 
points  have  for  their  projections  the  sin- 
gle point  in  which  it  cuts  the  plane  of 
pr(yection. 

Cor.  [2.  The  perspective  projection 
of  any  given  straight  line  is  apart  of  the 
common  section  of  two  planes,  viz.  the 
plane  which  passes  through  the  vertex 
and  given  straight  line,  and  the  plane  of 
prmection. 

Cor.  3.  The  perspective  projection  of 
a  straight  line  which  is  parallel^  to  the 
plane  of  projection,  is  parallel  to  its  ori- 
ginal (IV.  10.) 

Cor.  4.  The  perspective  projection  of 
a  straight  line  which  is  not  parallel  to 
the  plane  of  projection,  shall  pass,  if 
produced,  through  the  point  in  which  a 
parallel  to  the  original  drawn  through  the 
vertex  cuts  the  plane  of  projection.  For 
such  parallel  is  in  the  plane  which  passes 
through  the  vertex  and  the  original 
straight  line,  and  consequently  the  point 
in  which  it  cuts  the  plane  of  projection 
is  in  the  common  section  of  the  two 
planes. 

Cor.  5.  If  the  original  straight  line 
cuts  the  vertical  plane,  in  the  point  M, 
so  that  one  part,  as  K  M,  lies  upon 
one  side  of  that  plane,  and  the  other 
part,  as  M  P  Q,  upon  the  other  side  of 
it,  the  projections  of  the  two  parts  shall 
together  make  up  the  whole  of  a  straight 
line  infinitely  produced  both  ways,  ex« 
cept  only  the  nnite  interval  k  q  between 
the  projections  of  its  extreme  points  K 
andQ. 

Cor.  6.  And  if  such  original  finite 
straight  line  KM  P  Q  be  infinitely  pro- 
duced both  ways,  the  projections  of  the 
produced  parts  shall  together  make  up 
the  finite  interval  k  q  between  the  pro^ 
jections  of  its  extreme  points  K  and  Q. 

For,  if  Y  t  be  drawn  parallel  to  K  Q 
to  meet  the  plane  A  B  in  t,  the  projec- 
tion of  every  point  in  the  part  produced 
beyond  K  will  be  found  between  k  and 
f,  and  the  projection  of  eveiy  point  in 
the  part  produced  beyond  Q  between 
q  and  t. 

Prop.  3. 

The  perspective  projections  of  parallel 
straight  lines,  which  are  likewise  paral- 
lel to  the  plane  of  projection,  are  parallel 
straight  lines. 

I«t  A  B  be  the  plane  of  projection, 
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V  the  vertex,  P  Q  and  F  Q'  any  two 
parallel  straight  lines,  which  are  like- 
wise parallel  to  the  plane  AB,  and  p  q 
and /)'(?' their  pro- 
jections :  p  q  shall 
be  parallel  to  y^. 
Because  P  Q  is 
parallel     to     the  /^t 

plane  A  B,  the  pro- 
jection /?  o  is  pa- 
rallel to  P  Q   (2. 


Cor,  3.)  and,  for 

the    like    reason,  * 

p^q'  is  parallel  to  FQ'.  Again,  be- 
cause p  9  and  P'  Q'  are  each  of  them 
parallel  to  P  Q,  p  g  is  parallel  to  F  Q' 
(IV.  6.) ;  and,  because  p  9  and  f/g'  are 
each  of  them  parallel  to  F  Q%  p  g  is 
parallel  to  p'  q\ 

And  in  the  same  manner  it  may  be 
shewn  that  if  there  are  any  number  of 
parallel  straight  lines  which  are  likewise 
I)arallel  to  the  plane  A  B,  their  perspec- 
tive projections  shall  be  parallel  to  one 
another. 

Therefore,  &c. 

Prop.  4. 

The  perspective  prof ections  of  parallel 
etraight  lines,  which  cut  the  plane  of 
prqjection,  are  straight  lines,  which  are 
not  parallels,  but  which  pass,  when  pro- 
duced, all  qf  them,  through  one  and  the 
same  point,  the  point,  namely,  in  which 
a  straight  line  drawn  through  the  vertex 
parallel  to  the  original  straight  lineSt 
cuts  the  plane  ofprqjectim. 

Let  A  B  be  the 
plane  of  projec- 
tion, V  the  vertex, 
P  Q  and  F  Q' 
any  two  paral- 
lel straight  lines 
which  are  not  pa- 
rallel to  the  plane 
AB,  andp9  and 
jf  (/  their  projec- 
tions ;  also  let  VC  be  drawn  through  the 
point  V  parallel  to  P  Q  to  meet  the  plane 
AB  in  C:  the  straight  lines  pqt  p'ql 

Produced,  shall,  each  of  them,  pass 
irough  the  point  C. 
Because  straight  lines  which  are  pa- 
rallel to  the  same  straight  line  are  pa- 
rallel to  one  another  (Iv.6.)  VC,  which 
is  parallel  to  PQ,  is  parallel  also  toFQ'. 
But  it  has  been  already  shown  (2  Cor. 
4.)  that  the  perspective  projection  of  a 
straight  line  which  is  not  parallel  to  the 
plane  of  projection,  passes  through  the 
point  in  which  a  parallel  to  it  drawn 
through  the  vertex  cuts  the  plane  of 


projection.  Therefore,  because  T  C  is 
parallel  both  to  P  Q  and  F  Q',  the  pro- 
jections  pq  and  pf  cf  pass  both  of  theai 
through  the  point  C.  And  in  the  tame 
manner,  it  may  be  shown  that  the  pro- 
jection of  any  other  straight  line  which 
IS  parallel  to  P  Q,  passes  throtu^h  the 
same  point  C;  for  such  straight  line 
is  likewise  parallel  to  V  C  (IV.  6.). 
Therefore,  &c. 

Prop.  5. 

The  perspective  projection  qf  a  curved 
line*  is  a  curved  hne  ;  and,  if  any  point 
of  the  original  curve  be  in  the  vertical 
plane,  the  curve  which  is  its  jprofecOon 
shall  have  an  arc  of  unlimited  extent 
corresponding  to  the  arc  of  the  original 
curve  which  is  terminated  in  thai 
point. 

Let  A  B  be  the  nlane  of  projection* 
V  the  vertex,  P  Q  R  any  curved  linet 
and pqr'iU  projection \  pqr  shall  like- 
wise be  a  curved  line. 


For,  if  any  part  of  pqr,  as  pq,  be 
a  straight  line,  then,  smce  P  Q  is  the 
perspective  projection  of  pq  upon  the 
plane  P  Q  R  (def.  1.),  PQ  must  likewise 
be  a  straight  line  (2.),  which  is  contraiy 
to  the  supposition.  Therefore^  no  part 
of /7  g  r  is  a  straight  line,  that  is,  jp  9  r  if 
a  curved  line  (I.  def.  6.). 

Also,  if  any  point  M  of  the  curve 
P  (J  R  lies  in  the  vertical  plane  E  F»  the 
projection pqr  shall  have  an  arc  of  un- 
limited extent  corresponding  to  the  are 
M  P,  which  is  terminated  in  M. 

Let  N  l)e  any  point  in  the  are  M  P, 
and  let  V  N  be  Joined  and  produced  to 
meet  the  plane  AB  in  n,  which  is  there- 
fore (def.  1.)  the  projection  of  the  point 
N  :  from  V  draw  V  O  perpendicular  to 
the  plane  AB  (IV.  36.),  and  from  N 
draw  NT  perpendicular  to  the  plane 

*  The  whole  of  which  (it »  also  inderstood)  Vim  in 
one  plane.  For,  if  the  parts  of  a  eorre  lie  in  differmt 
planes,  of  which  one  or  more  pass  through  the  Tertex 
of  projection,  the  preieeiions  of  the  citrreppondinc 
parts  will  be  straight  lines,  (see  Cor.  1  of  thu  prapo- 
■ition>  The  demonstratioii  f  Iven  ia  th«  Uact  H^am 
Qnl7t9ftpUuk«ciirTe« 
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K  F,  and  join  O  n,  VT.  Then,  because 
V  O  is  perpendicular  to  the  plane  A  B, 
which  is  parallel  to  the  plane  E  F,  V  O 
is  also  perpendiiiular  to  the  plane  E  F 
(IV.  11.);  but  N  T  is  perpendicular  to 
the  same  plane ;  therefore  N  T  is  pa- 
rallel to  VO  (IV.  5.).  And,  because 
the  plane  of  the  parallels  T  N,  V  O  (I. 
def.  12.)  cuts  the  planes  E  F,  AB  in  the 
lines  TV,  O  n  respectively,  TV  is  parallel 
to  On  (IV.  12.).  Therefore,  because 
the  triangles  VOn,  tNV  have  the 
sides  V  O,  O  n  of  the  first  parallel  to  the 
sides  NT,  TV  of  the  other,  each  to  each, 
and  their  side^  V  n,  N  V  in  the  same 
straight  line,  they  are  equiangular  (I. 
15.),  and,  cohsequentl?  (H.  31.),  On  is 
to  OV  as  TV  to  TN.  Therefore  (II.  9.), 
if  TV  contains  T  N  any  number  of  times 
eicflctly  or  vrlth  a  remainder.  On  will 
contain  O  V  the  same  numl)er  of  times 
exactly  or  with  a  remainder.  But,  if 
the  pomt  N  be  made  to  approach  to  the 
point  M,  TV  will  approach  in  magni- 
tude»  as  well  as  position,  to  MV,  and 
T  N,  which  is  the  distance  of  the  point 
N  from  the  plane  EF.will  be  diminished 
without  limit :  consequently,  there  is  no 
limit  to  the  number  of  times  TV  may 
be  made  to  contain  TN.  Therefore, 
also,  there  is  no  limit  to  the  number  of 
times  O  i»  may  be  made  to  contain  O  V, 
that  is,  the  hne  O  n  may  be  increased 
without  limit,  and  the  point  n  wiU  de- 
scril>e  an  arc  of  unlimited  extent  cor- 
responding to  f he  arc  P  N  M  or  M  P, 
which  is  terminated  in  M. 
Therefore,  &c. 

Cor.  1.  In  the  demonstration  of  this 
proposition  it  is  supposed  that  the  plane 
of  the  original  curve  does  not  pass 
through  the  vertex  V ;  for,  in  this  case, 
it  is  evident  that  its  projection  upon  the 
plane  A  B  is  a  straight  line  (IV.  2.). 

Cor.  2.  If  the  original  curve  cuts  the 
vertical  plane  in  the  point  M,  so  that 
one  part,  as  K  L  M,  lies  upon  one  side 
of  that  plane,  and  the  other  part,  as 
MPQ,  upon  the  other  side  of  it,  the 
projection  shall  have  two  arcs  which 
are  extended  without  limit  in  opposite 
directions,  corresponding  to  the  two 
arcs  K  L  M,  M  P  Q,  which  are  termi- 
minated  in  the  point  M* 

Def.  6.  If  a  curve  has  an  ait;  of  unli- 
mited extent,  and  if  a  straight  line  is 
drawn  which  never  meets  that  arc,  but 
which,  being  produced,  may  be  made  to 
approach  nearer  to  it  than  by  any  given 
distance,  such  straight  line  is  called 
an  asymptote  to  the  arc,  ^ 


This  definition  will  be  best  illustrated 
by  the  example  contained  in  the  follow- 
ing proposition. 

Prop.  6. 
The  perspective  prqfection  of  a 
straight  line  which  touches  any  curve  is 
a  straight  line  which  touches  the  pro- 
jection of  that  curve,  if  the  point  of 
contact  is  without  the  vertical  plane ; 
but,  if  the  point  of  contact  is  m  that 
plane,  the  projection  of  the  tangent  is  an 
asymptote  to  the  projection  of  the  curve. 
Xet  AB  be  the  plane  of  projection,  V 
the  vertex,  and  PQ  R  any  curve  j  and, 
firsts  let  P  be  a  point  of  the  curve  F  Q  R 


lyii^  without  the  vertical  plane  E  P,  and 
P  IT  a  strfught  line  which  touches  the 
curve  P  Q  R  in  the  point  P ;  then,  if  the 
point  p  be  the  projection  of  the  point  P 
(def.  1.),  because  P  is  a  point  both  in  the 
curve  PQ  R  and  the  tangent  PH,p will 
be  a  point  in  the  projection  of  each ;  let, 
therefore,  the  curve  pg  r  be  the  projec- 
tion of  the  curve  P  Q  R,  and  the  straight 
linep  h  the  projection  of  the  tangent  P  H : 
the  straight  line  p  h  shall  likewise  touch 
the  curve  p  qt  in  the  point  p. 

Because  PH  touches  the  curve  PQR, 
the  points  of  the  curve  P  Q  R  upon  both 
sid^B  of  P  lie  towards  the  same  part  of 
PH,  and  therefore  also  the  straight  lines 
drawn  fi-om  V  through  those  points  lie 
towards  the  same  part  of  tne  plane 
V  P  H  or  Vp  A.  But  these  straight  lines 
lire  the  same  which  are  drawn  from  V 
to  the  points  of  the  curve  p  g  r  on  both 
sides  of  p  (def.  I.).  Therefore,  the  lat- 
ter also  lie  towards  the  same  part  of  the 
plane  Vp  h  ;  and,  consequently,  the 
points  of  the  curve  pqron  both  sides 
of  p  lie  towards  the  same  part  of  the 
straight  line  p  A,  that  is,  p  h  touches  the 
curve  p  y  r  in  the  point  p. 

But,  m  the  next  place,  let  M  be  a 
point  of  the  curve  PQR  lying  in  the 
vertical  plane  £  F,  and  let  M  G  H  be  a 
straight  line  touching  the  curve  PQR 
in  the  point  M ;  then,  if  the  curve  p  or 
be  the  projection  of  the  curve  M  P  Q  K, 
cmd  the  straight  line  ^  A  of  the  tangent 
P  2 


«I2 


GEOMETRY. 


[Appendix. 


M  G  H,  the  straight  line  g  h  shall  be  an 
asymptote  to  the  curve  pqr. 

"because  the  point  M  lies  in  the  plane 
£  F,  and  therefore  (1.)  cannot  be 
projected  upon  the  plane  A  B,  and  be- 
cause the  tanf^^ent  M  G  H  does  not  meet 
the  curve  M  P  Q  R  in  any  other  point, 
no  point  can  be  found  in  which  the  pro- 
jection ^  A  of  the  tangent  meets  the  pro- 
jection pqr  of  the  curve,  to  whatever 
extent  both  of^  them  may  h%  produced. 
Again,  let  D  be  any  ^ven  distance : 
produce  the  tangent  M  H  to  meet  the 
plane  A  B  in  T,  and  therefore  also  to  meet 
its  projection  g  A  in  the  same  point  T,  and 
let  the  plane  of  the  curve  M  P  Q  R  be 
produced  to  meet  the  plane  A  B  in  the 
straight  line  T  Z  (IV.  2.) ;  from  T,  in  the 
plane  AB,  draw  T  Y  perpendicular  to 
g-T,  and  let  TV  be  taken  of  any  length, 
80  that  it  be  less  than  the  given  distance 
.D ;  through  Y  draw  Y  Z  parallel  to  g  T, 
and  let  it  cut  T  Z  in  Z,  and  join  M  Z. 
Then,  because  M  Z  falls  within  the  tan- 

fent  M  H  T,  and  that  no  straight  line  can 
>e  drawn  through  the  point  of  contact 
between  the  curve  and  its  tangent  so  as 
not  to  cut  the  curve,  M  Z  must  cut  the 
curve  P  Q  R  in  some  point  N.  And, 
because  VM  and  f'T  are  sections  of  the 
parallel  planes  EFand  AB  by  the  plane 
V  MT,  V  M  is  parallel  to£^T(IV.  12.) ; 
but  ^  T  is  parallel  to  Y  Z  ;  therefore 
(IV.  6.),  VM  is  likewise  parallel  to  Y  Z. 
But  the  point  N  is  in  the  plane  V  M  Z, 
that  is,  in  the  plane  of  V  M  and  Y  Z. 
.Therefore,  if  V  N  be  joined,  and  pro- 
duced, it  will  cut  the  straight  line  Y  Z  in 
some  point  n ;  and,  because  the  point  n 
is  also  in  the  plane  A  B,  it  is  the  pro- 
jection of  N,  and  therefore  a  point  in  the 
curve  pqr,  which  is  the  projection  of 
M  P  Q  R.  Also,  because  Y  Z  is  parallel 
to  ^  A  T,  n  is  at  the  same  distance  from 
^  A  T  (L  16.)  that  Y  is,  that  is,  at  a  less 
distance  than  the  given  distance  D. 
Therefore,  ^  AT  being  produced  may  be 
made  to  approach  nearer  to  the  curve 
pqr  than  by  any  given  distance.    And 


it  has  been  shown  that  it  never  meets 
the  curve,  to  whatever  extent  it  is  pro- 
duced. Therefore,  it  is  an  asymptote  to 
the  curve  pqr  (defc  6.). 

Therefore.  &c. 

Cor,  1.  In  that  part  of  the  propos- 
tion  which  relates  to  the  tan^nt  at  t 
point  M  in  the  vertical  plane ;  it  is  sap- 
posed  that  the  tangent  M  H  does  not  lie 
m  the  vertical  plane*  ;  for  in  thucaseit 
is  evident  that  no  point  of  the  tangent 
can  be  projected  upon  plane  A  B,  and 
consequently  there  is  no  asymptote. 

Cor.  2.  The  perspective  projection  of 
a  straight  line  which  cuts  a  curve  is  t 
straight  line  which  cuts  the  projectioa 
of  the  curve,  if  the  first  point  of  inter- 
section is  without  the  vertical  plane. 

Suholium*  ^ 
The  assumption  made  in  the  demon- 
stration of  the  foregoing  proposition, 
viz.  that  "  no  straight  line  can  be  drawn 
through  the  point  of  contact  between  a 
curve  and  its  tangent  so  as  not  to  cat 
the  curve;"  or,  in  other  words,  that  a 
curve  admits  of  only  one  tangent  at  the 
same  point  of  it,  may  be  regarded  as  an 
axiom.  That  such  is  the  case  in  the 
circle  has  been  shown  in  Book  iiL 
Prop.  2.;  and  hence,  with  regard  to 
other  carves,  generally,  it  may  be  illus- 
trated as  follows  :^Conceive  a  circle 
having  the  same  tangent  with  the  curve 
at  the  point  M,  and  suffi- 
ciently small  to  fall  within 
the  curve,  as  in  the  adjoined 
figure.  Then,  since  no 
straight  line  can  be  drawn 
through  the  point  M  so  near 
to  Uie  tangent  as  not  to  cut 
the  circumference  of  this 
circle,  and  since  the  curve 
lies  between  the  circumfer- 
ence of  this*  circle  and  the 
tangent;  much  less  can  any  straight 
line  be  drawn  so  near  to  the  tangent  as 
not  to  intercept  a  part  of  the  curve  l)e- 
tween  itself  and  the  tangent,  and,  con- 
sequently, being  produced,  to  cut  the 
curve.  , 

Prop.  7. 

The  direction  C  D  and  the  plane  of 
projection  A  B  being  given  ;  the  ortAo- 
graphic  prqfection  of  any  point  P  tthat-       I 
ever  may  be  found  upon  the  plane  A  B. 

*  It  may,  perhRps,  appear  at  first,  that  if  the  taa- 
gent  lies  in  the  vertical  plane,  the  enrre  miut  like- 
wine  lie  in  that  plane ;  this,  however,  is  not  a  neces- 
sary consequence ;  the  tangent  MH  may  be  the  eom- 
mon  section  of  the  plane  of  the  earre  with  the  vertical 
plane,  and  this  is  the  ease  which  is  suppoted  in  the 
ooroUary. 
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For,  the  direc- 
tion CD  not  being 
parallel  to  the 
planeAB(def.2.), 
the  straight  line 
which  is  drawn 
through  P  parallel 
to  C 1)  is  not  pa-  /  / 

rallel  to  that  plane;   B 

since,    otherwise, 

the  line  thus  drawn  would  be  parallel 
to  the  common  section  of  a  plane  pass- 
ing through  it  with  the  plane  AB 
(IV.  10.).  and  therefore,  also  (IV.  6.), 
C  D  would  be  parallel  to  the  same  com- 
mon section,  that  is,  to  a  straight  line 
in  the  plane  A  B,  for  which  reason  C  D 
would  be  parallel  also  to  the  plane  A  B 
(TV.  10.),  which  is  contrary  to  the  sup- 
position. Therefore,  the  straight  line 
which  is  drawn  through  P parallel  to  CD 
™^  he  produced  to  meet  the  plane 
A  B  in  some  point  p;  and  the  point© 
thus  found  (def.  2.)  is  the  orthographic 
projection  of  the  point  P. 

Therefore,  &c. 

Prop.  8. 

The  orthographic  projection  of  a 
Biraighi  line  is  a  straight  line. 

Let  CD  be  the 
direction,  AB  the 
plane  of  projec- 
tion, P  Q  any 
straight  line,  and 
p  q  its  orthogra- 
phic projection : 
p  q  shall  likewise 
be  a  straight  line. 

Because  P  Q  is  a  straight  line,  and 
that  the  parallels  to  CD,  which  are 
drawn  through  the  several  points  of  PQ, 
are  parallel  to  one  another  (IV.  6.),  these 
parallels  lie  in  one  and  the  same  plane 
P  Q  9  (IV.  1.  Cor.  2.) :  but  (def.  2.)  the 
points  oipq  lie  in  these  parallels  respec- 
tively ;  therefore,  the  points  oip  q  he  in 
the  plane  P  Q  9.  But  they  lie  also  in 
the  plane  AB.  Therefore  they  lie  in  the 
common  section  of  the  planes  P  Q  9  and 
A  B,  that  is,  in  a  straight  line  (IV.  2.). 

Therefore,  &c. 

Cor.  1.  It  is  supposed  in  the  proposi- 
tion that  the  original  straight  hne  P  Q 
is  not  parallel  to  C  D ;  for,  then,  it  is 
evident  that  all  its  points  have  for  their 
projections  the  single  point  in  which  it 
cots  the  plane  of  projection. 

Cor.  2.  The  orthographic  projection 
of  any  given  straight  Tine  is  a  part  of  the 
common  section  of  two  planes,  viz.  a 
plane  which  passes  through  the  given 
straight  line  parallel  to  the  direction  CD 
and  Uie  plane  of  projection  A  B, 
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Cor»  3.  The  oithographic  projection 
of  a  straight  line,  which  is  parallel  to 
the  plane  of  projection,  is  parallel  to  its 
original  (IV.  10.). 

Prop.  9. 

The  orthogrcphic  projections  of  pa- 
rallel straight  lines  are  parallel  straight 
lines,  and  have  the  same  ratio  to  their 
respective  originals. 

Let  C  D  be  the 
direction,  AB  the 
plane  of  projection, 
PQ  and  FQ' any 
twoparallel  straight 
lines,  andpg,  jr^' 
their  respective  pro- 
jections: pq  shall 
be  parallel  to  p  q'.  ^ 

Because  Q  q  and' 
Qf  qf   are   each  of 

them  parallel  to  C  D  (def.  2.),  they  arc 
parallel  to  one  another  (IV.  6.);  also 
PQ  is  parallel  to  FQ';  therefore,  the 

?lane  P  Q  g  is  parallel  to  the  plane 
^Q'  q'  (IV.  15.).  Butpg  and  jy^'  are 
the  respective  sections  of  these  parallel 
planes  made  by  the  plane  of  projection 
A  B  (8.  Cor,  2.).  Therefore,  p  7  is  pa- 
rallel top' g' (IV.  12.). 

Also,  tne  projections  p  q  and  p'  q!  have 
the  same  ratio  to  the  original  straight 
lines  P  Q  and  F  Q'  respectively. 


For,  if  P  Q  is  paraflel  to  pq,  then, 
because  P'  Q'  and  p  9  are  each  of  them 
parallel  to  P  Q,  P'Q'  is  parallel  to  ^  g 
(IV.  6.) ;  and  because  p'  g'  is  likewise 
parallel  to  p  g  by  the  former  part  of  the 
proposition,  P'  Q'  is  parallel  to  pf  cf. 
Also,  because  Pp  and  Q  9  are  each  of 
them  parallel  to  C  D  (def.  2.),  Pp  is 

Parallel  to  Q  9 ;  and,  for  the  Uke  reason, 
'p'  is  parallel  to  Q'  q'.  Therefore,  the 
figures  Pp  9  Q,  P'p'g'Q'  are,  in  this  case, 
parallelograms:  and,  because  (I.  22.) 
the  opposite  sides  of  parallelograms  are 
equal  to  one  another,  pq  and  p'g'  are 
equal  to  P  Q  and  F  Q'  respectively ; 
that  is,  the  projections  have  the  same 
ratio  to  their  respective  originals,  viz. 
the  ratio  of  equality.  But,  if  P  Q  is  not 
parallel  to  p  q,  draw  P  R  parallel  to  p  g 
to  meet  Q  g  in  K,  and  P'  R'  parallel  to 
to  meet  Q'  g'  in  R'.    Then,  because 


PI 

respectively  ( 

and  F  R'  are  parallel  to  p  g  and  p  g'  re- 
spectively, and  that  p  g  is  parallel  to  p'  g', 
PR  is  parallel  to  FR'  (IV.  6.).  There- 
fore, the  triangles  P  Q  R,  F  Q'  R'  have 
the  three  sides  of  the  one  parallel  to  the 
three  sides  q!  the  other,  each  to  each, 
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and  (IV,  15.)  ipr#  oquiangulu*.  Conse- 
quently, PR  is  to  PQ  asFR'toFQ' 
al.  31.),  that  is,  since  pqi*  equal  to 
PR  andp'9'  to  FR'  o.a  is  tp  PQ  as 
j/cptoFQ'. 

Therefore,  &c. 
•    Cor.  If  tiie  original  straight  lines  are 
parallel  to  the  plane  of  projection,  the 
orthographic  prqjections  are  equal  tp 
their  respective  originals. 

Prop.  10. 

Theorthographicprc^ecHonofa  curved 
lifu^  u  a  curv&d  line  ;  and,  if  a  straight 
line  touches  the  original  curve,  the  vro- 
jection  of  that  straight  line  shall  like- 
wise  touch  the  projection  of  the  curve. 

Let  CD  be  the 
direction,  A  B  the 
plane  of  projec- 
tion; PQR  any 
curved  line,   and 

q  r   its    proi'ec- 

on:  pqr  shall 
likewise  be  a 
curved  line, 

For^  if  apy  part  of  jo  g  r,  as  »  o,  he 
a  straight  Une.  tlien,  because  x>  Q  is 
the  orthographicprojection  oip  q  (def.  2.) 
upon  the  plane  P  QH,  P  Q  must  like- 
wise be  ^  straight  line  (8.),  which  is 
contrary  to  the  supposition.  There- 
fore, no  part  of  pqr  is  a  straight  Une, 
that  is,  (I.  def.  6.)  p  o  r  is  a  curved  line. 

Next,  let  the  straight  line  PH  touch 
th^  curve  P  Q  R  in  the  point  P,  and  let 

fh  be  the  orthographic  projection  of 
H :  J)  A  shall  touch  the  ci^rve/?  qrvap* 

For,  CD  beinjf  parallel  to  P  o  (def.  2.), 
straight  lines  wnich  are  parallel  to  C  I) 
are  parallel  to  Pd  (IV.  6.),  and  there- 
fore (IV .  1 0.)  parallel  to  the  plane  H  Pp. 
Also,  the  points  of  the  curve  P  Q  R  on 
both  sides  of  p  fall,  all  of  them,  without 
and  to  the  same  part  of  the  tangent  PH. 
Therefore,  the  parallels  to  C  D  or  P^, 
which  pass  through  these  points  likewise 
fall  without  and  to  the  same  part  of  the 
plane  HP  p.  But  these  parallels  pass 
through  the  correspondingpoints  of  the 
projection  pgr  (def,  2.).  Tlierefore  the 
points  ofp  qr,  on  both  sides  of  p,  lie  with- 
out and  to  the  same  part  of  the  plane 
H  Pp,  and  consequently  also  without  and 
to  the  same  part  of  the  straight  line  p  h 
which  is  in  that  plane  (8.  Cor,  2).  There- 
fore, p  h  meets  the  curve  d  9  r  in  p,  but 
does  not  cut  it,  that  is,  p  A  touches  the 
curve  pgr. 

Therefore,  &c 

Cor,  I.  It  is  supposed  in  the  proposi- 
tion  that  the  plane  of  the  original  curve 


is  not  parallel  to  the  direction  C  D ;  ibr, 
then,  it  is  evident  that  the  projection  of 
the  curve  is  a  straight  line,  and  that  \bA 
projection  of  the  tangent  is  confounded 
with  (or,  if  parallel  to  the  direction  CD 
(8.  Cor,  1.)  is  only  a  point  in)  the  pro* 
jection  of  the  curve. 

Cor.  2.  The  orthographic  projection  of 
a  straight  line  which  cuts  any  curve  is  a 
straight  line  which  cuts  the  projection 
of  that  curve. 

Part  U.-^Cfthe  Plane  Sections  of  the 

Eight  Cone,  or  Conic  Sections, 
It  is  easy  to  perceive  that  every  section 
of  a  right  cone  which  is  made  by  a  plane 
passing  through  the  vertex  is  rectibneal, 
and,  again,  that  every  section  which  is 
made  by  a  plane  parallel  to  the  base  is  a 
circle.  The  former  follows  from  the 
definition  (V.  def.  4.)  of  a  cone :  the 
latter  will  be  demonstrated  at  laree 
hereafter  (in  prop.  11.).  But,  if  a  right 
cone  be  cut  py  a  plane  which  neither 
passes  through  the  vertex  nor  is  parallel 
to  the  base,  the  section  will  be  neither 
rectilineal  nor  circular;  but  will,  ac- 
cording to  the  position  of  the  cutting 
plane,  take  one  of  the  three  forms  men- 
tioned in  the  following  definitions. 

Def  7.  If  the  slant 
sides  of  a  right  cone 
are  produced  up- 
wards through  the 
vertex,  the  produced 
parts  will,  it  is  evi- 
dent, lie  in  the  sur- 
face of  another  right 
cone  which  has  the 
same  vertex,  and  its 
axis  lying  in  the 
same  straight  line 
with  the  axis  of  the 
first.  This  cone,  with 
reference  to  the  first,  is  called  the  opposite 
cone,  and  its  surface  the  opposite  surface. 

The  two  opposite  surfaces,  infinitely 
produced,  are  to  be  considered  as  con- 
stituting one  complete  conical  surface; 
which  may  be  conceived  to  be  gene- 
rated by  the  revolution  of  a  slant  side 
infinitely  produced  both  ways  about  the 
axis  of  the  cone. 

8.  If  a  complete  conical  surface  is  cut 
by  a  plane  which  neither  passes  through 
the  vertex  nor  is  parallel  to  the  base, 
the  curved  line  in  which  such  plane  cuts 
the  surface  is  called  a  conic  section*, 

*  The  pUna  ^0(10119  which  are  here  iZMptad,  tix. 
the  straight  line  and  eircl«,  are  likewise  sometimet 
ealled  oonio  aectiont,  inaamuch  as  they  likewise  are 
plane  sections  of  a  eone :  the  tarm  is,  howevo'.  ttsnally 
aDpropriated  to  the  other  plane  sectioos,  via-  the  eQtp&e 
(a«f-  lOA  theparabQla  (def.  U.),  and  the  hypexboU 
(def,  IS')* 
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9.  Hie  vertical  plana  of  a  conio  sec- 
tion 18  a  plane  which  passes  through  the 
vertex  of  the  cone  parallel  to  the  plane 
Qf  ttie  conic  section. 

10.  If  the  ver- 
tical plane  of 
a  conic  section 
falls  entirely  with- 
out the  surface, 
the  conic  section 
surrounds  the 
lower  cone,  and  is 
called  an  ellipse. 

The  reason  why 
the  section  in  this 
case  surrounds 
the  lover  cone  is, 

that  the  lower  surface  only  is  intercepted 
between  the  planes ;  and  because  every 
slant  side  of  this  surface  cuts  the  vertical 
plane  in  V,  it  will,  if  produced,  cut  also 
the  plane  of  the  come  section  which  is 
parallel  to  the  vertical  plane  (1.  Cor,). 

11.  If  theverti-  ^ 
cal  plane  touches 
the  conical  surface 
in  a  slant  side,  the 
conic  section  has 
two  infinite  arcs, 
and  is  called  a  pa- 
raboku 

The  section  has 
in  this  case  two  in- 
finite arcs,  because 
one  slant  side   of 

the  cone  lies  in  the  vertical  plane,  and 
therefore  can  never  be  produced  to  meet 
the  plane  of  the  conic  section;  it  is  still, 
however,  only  the  lower  surface  which  is 
intercepted  t)etween 
the  planes,  and  be- 
cause every  other 
slant    side  of  this 
surface  outs  the  Vier- 
tical  plane  in  V,  it 
may  be  produced  to 
cat  the  plane  of  the 
conic    section     (1. 
Cor.). 

12.  If  the  vertical 
plane  cuts  the  coni- 
cal surface  in  two 
slant  sides,  the  conic 
section  has  four  in- 
finite arcs,  two  lying 
in  one  and  two  in 
the  other  of  the  op- 
posite surfaces,  and 
18  called  an  hyper- 
bola. 

The  section  in  this 
I  cut«  both  of  the  opposite  surfaces. 


?1» 
because  apart  of  each  is  intercepted  be» 
tween  the  vertical  plane  and  the  plane  of 
the  conic  section ;  and  because  tnere  are 
two  slant  sides  in  each  surface  which  lie  in 
the  vertical  plane,  and  therefore  cannot 
be  produced  to  meet  the  plane  of  the  co- 
nic section,  the  section  has  two  infinite 
arcs  in  each  surface  corresponding  to 
them. 

These  curves,  or  the  conic  gectione 
properly  so  called,  different  as  they  are 
in  form,  the  first  a  complete  figure  in- 
closing an  area,  the  second  having  two 
infinite  arcs,  the  third  four,  are  never- 
theless ver]r  nearly  related  to  one  ano- 
ther in  their  properties,  many  of  which 
bear  a  striking  analogv  to  the  proper- 
ties of  the  circle.  Tnus,  "if,  in  any 
conic  section  two  chords  are  drawn 
which  cut  (or  are  produced  to  cut)  one 
another,  and  other  two  chords  parallel 
to  the  former  respectively  which  like- 
wise cut  one  another,  the  rectangles 
contained  under  the  segments  of  the 
former  two  shall  have  Uie  same  ratio 
to  one  another  as  the  rectangles  which 
are  contained  under  the  sefffnents  of  the 
latter  two  ;**  a  property  wnich  we  have 
seen  (III.  20.)  obtains  in  the  circle,  the 
ratio  in  this  case  being  always  that  of 
equality.  It  is  proposed  in  the  present 
part  of  the  Appendii^  to  demonstrate  a 
few  of  these  properties,  among  them  the 
one  just  stated;  and  it  will  be  found 
that  the  demonstrations  are  consider- 
ably aided  and  abridged  by  help  of  the 
principles  laid  down  in  the  preceding 
part. 

Prop.  11. 

Every  section  of  a  right  cone  which 
is  matle  by  a  plane  parallel  to  its  base^ 
is  a  circle  having  its  centre  in  the  axie 
qf  the  cone. 

Let  V  be  the  vertex 
of  a  right  cone,  V  O  its 
axis,  and  ABC  its 
base ;  and  let  a  6  c  be 
a  section  which  is 
made  by  any  plane 
parallel  to  the  base 
ABC:  the  section 
abc  shall  be  a  circle 
having  its  centre  in 
the  axis  VO. 

Let  the  plane  a  b  c  cut  the  axis  of  the 
cone  in  the  point  o :  in  the  curve,  or 
circumference,  abc,  take  any  two  points 
a,  b ;  join  V  a,  V  6,  and  produce  them  to 
meet  the  circumference  of  the  circle 
A  B  C  in  the  points  A,  B  respectively, 
and  join  oa,ob^  O  A,  OB.    Theai  be-* 
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cause  0  a  and  0  A  are  sections  of  pa- 
raltel  planes,  by  the  plane  V  O  A,  oais 
parallel  to  O  A  (Iv.  12.),  and  conse- 
quently (11.30.  Cor.  2.).  0  a  is  to  O  A  as 
V  0  to  V  O.  And,  in  the  same  manner,  it 
may  be  shown  that  o  fc  is  to  O  B  as  V  o 
to  VO.  Therefore  (II.  12.)  o  a  is  to  OA 
as  o  &  to  O  B  ;  and,  because  OA  is  equal 
to  O  B,  oa  is  equal  to  o  6  (II.  18.  Cor,). 
In  like  manner,  if  c  be  any  other  point 
in  the  circumference  a  be,  and  if  o  c  be 
joined,  it  may  be  shown  that  o  c  is  equal 
to  0  a  or  0  6.  Therefore,  every  point  in 
the  circumference  abcis  at  the  same 
distance  from  the  point  o ;  that  is  (I.  def. 
24.),  a  6  c  is  a  cvrde  of  which  o  is  the 
centre. 
Therefore,  &c. 

Prop.  12. 

Evert/  conic  section  QVRisthe  per- 
spective projection  of  a  circular  section 
q  p  r,  tqxm  the  jdoene  of  the  conic  section, 
ty  straight  lines  drawn  from  the  ver- 
tex V;  and  the  vertical  plane  of  such 
perspective  projection  is  the  vertical 
pUme  q/*  the  conic  section. 

For,  everjr  straight 
line  which  is  drawn 
from  V  through  a 
point  of  the  circum- 
ference pqrXo  meet 
the  plane  of  the 
conic  section,  meets 
that  plane  in  some 
point  of  the  conic 
section;  and  there  is 
no  point  of  Q  P  R 
which  is  not  in  a 
straight  line  withV 
and  some  point  of 
q  p  r  ;  tnerefore 
(def.  1.).  QPR  is 
the  perspective  pro- 
jection of  qpr  by  straight  lines  drawn 
f^om  V.  And,  because  the  vertical  plane 
of  the  conic  section  Q  PR  is  parallel  to 
the  plane  QPR  (def. 9.),  that  vertical 
plane  is  also  the  vertical  plane  of  pro- 
jection (def.  1 .;. 
Therefore,  &c. 

Cor.  1.  In  like  manner,  also,  every 
circular  section  qpr  may  be  considered 
as  the  perspective  projection  of  the  conic 
section  Q  P  R  by  straight  lines  drawn 
from  the  vertex  V. 

Cor.  2.  The  projection  of  every  point 
in  the  conic  section  may  be  found  in  the 
circular  section,  whether  it  be  an  ellipse, 
or  a  parabola,  or  an  hyperbola  (1.) :  for 
the  plane  which  passes  through  Y  pa- 


rallel to  the  circular  section,  falls  entirely 
without  the  cone,  so  that  no  point  of 
the  conic  section  is  found  in  that  plane. 
Cor.  3.  And  so,  the  projection  of 
every  point  in  the  circular  section  may 
be  found  in  the  conic  section ;  except,  in 
the  case  of  the  parabola,  the  proieefion 
of  the  point  in  which  the  vertical  plane 
touches  the  circular  section,  and  except, 
in  the  case  of  thehj])erbola,  the  projec- 
tions of  the  two  pomts  in  which  ttie  ver- 
tical plane  cuts  the  circular  section. 

Prop.  13. 
Every  conic  section  is  symmetriealiy 
divided  by  a  straight  line,  which  is  the 
common  section  of  the  cutting  plane, 
and  a  plane  which  passes  through  ike 
axis  of  the  cone  perpendicular  to  the 
cutting  plane. 

Let  V  be  the 
vertex,  and  VO 
the  axis  of  the 
concandletPQR 
be  the  conic  sec- 
tion; from  V  draw 
VU,  perpendicu- 
lar to  the  plane 
PQR,  and  let  the 
plane  UVO,  which 
passes  through 
V0,andaV.18.) 
is  perpendicular 
to  the  plane 
PQR,  cut  the  lat- 
ter plane  in  the  straight  line  AM :  the 
conic  section  PQR  shall  be  divided 
symmetrically  by  the  straight  line  A  M. 

Through  the  point  A  let  there  be 
drawn  a  plane  perpendicular  to  the  axis 
V  O,  and  let  it  cut  the  cone  in  the  cir- 
cular section  pqr,  having  the  centre  O 
(11.)^  and  the  plane  Q  P  R  in  the  strai^dit 
line  A  F  (IV.  2.) ;  through  V  draw  Vl> 
parallel  to  AF  (1. 48.).  Take  any  point  P 
m  the  conic  section,  join  V  P,  and  let  the 
plane  D  V  P  cut  the  planes  of  the  conic 
section  and  circle  in  the  straight  lines 
P  Q,  and  p  q  respectively  (IV.  2.) ;  also, 
let  these  straight  lines  cut  A  M.  A  O  in 
the  points  M,  m  respectively.  Then,  be« 
cause  VD  is  parallel  to  AF,it  is  parallel 
(IV.  10.  Cor.  1.)  to  PQ  and  to  p^,  which 
are  the  common  sections  of  planes  pass- 
ing through  A  F  with  the  phme  D  V  P 
which  passes  through  DV:  therefore, 
also,  P  Q  and  p  9  are  parallel  to  one 
another  (IV.  6.)*  Now,  because  the 
plane  pqrof  the  circle  is  perpendicular 
to  the  axis  V  O,  if  is  perpendicular  to 
the  plane  UVO,  which  passes  through 
VO  (IV.  18.);  ^nd  the  plane  PQRis 
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by  the  construction  perpendicular  to 
the  same  plane  U  V  O :  therefore  A  F, 
the  common  section  of  the  planes  pqr, 
P  Q  R,  is  perpendicular  to  the  same 
plane  (IV.  18.  Cor,  2,\  and,  conse- 
quently (IV.  def.  1.),  perpendicular  to 
each  of  the  straight  bnes  A  M,  A  O 
which  meet  it  in  that  plane.  Therefore, 
because  P  Q  is  parallel  to  A  F,  P  Q  is 
perpendicular  .to  AM  (I.  14.);  and, 
for  the  like  reason,  pq\s  perpendicular 
to  A  O.  And,  because  the  chord  pqoi 
the  circle  f>  ^  r  is  perpendicular  to  the 
radius  A  O,  it  is  bisected  by  A  O  in  the 
point  m  (III.  3.) ;  but  P  Q  is  parallel  to 
pq;  therefore  (II.  30.)  P  Q  is  bisected 
by  A  M  in  M.  And  in  the  same  man- 
ner it  may  be  shown,  that  all  other 
straight  lines  which  are  drawn  in  the 
conic  section  parallel  to  A  F,  or  (which 
is  the  same  thing)  perpendicular  to  AM, 
are  bisected  by  A  M,  Therefore,  the 
straight  line  A  M  divides  the  conic 
section  P  Q  R  symmetrically. 

Therefore,  Sec. 

Cor.  1.  The  straight  line  AF,  to 
which  the  bisected  chords  are  parsdlel, 
touches  both  the  circular  section  and  the 
conic  section  at  the  point  A. 

Cor.  2.  The 
straight  line  AM, 
wlu<£  divides  a  pa- 
rabola symmetrical- 
ly, is  parallel  to  the 
slant  side  VL,  in 
which  the  vertical 
plane  of  the  para- 
[X)la  touches  the 
surface  of  the  cone. 

For  if  the  vertical 
plane  cuts  the  plane 
of  the  circle  pqr  m  the- shtught line 
KL,  KL  touches  the  circle,  and  is 
therefore  (III.  2.)  perpendicular  to  the 
radius  O  L ;  and  A  F  was  shewn  in  the 
proposition  to  be  perpendicular  to  A  O ; 
also,  K  L  is  parallel  to  A  F,  because 
they  are  sections  of  parallel  planes  by 
the  plane  of  the  circle  (IV.  12.) ;  there- 
fore (I.  14.)  O  L  and  O  A  are  in  the 
same  straight  Une,  and  V  L  is  in  the 
plane  V  A  O,  that  is,  in  the  same  plane 
with  AM.  And,  because  VL  and 
A  M  are  sections  of  parallel  planes  by 
the  same  plane,  they  are  parallel  to  one 
another. 

Def.  13.  The  straight  line  A  M,  which 
divides  a  conic  section  symmetrically, 
is  called  the  aan9  of  the  conic  section. 

14.  In  the  eUipse  and  hyperbola,  the 
axis  A  M  cuts  the  curve  in  two  points, 
A,  A' ;  these  points  are  called  the  ortn* 


cipal  vertices  of  the  ellipse  or  hyper- 
bola, and  the  straight  line  A  A',  which 
is  intercepted  between  them,  is  called 
the  principal  diameter  or  transverse 
axis  of  the  ellipse  or  hyperbola,. 

In  the  parabola,  the  axis  cuts  the 
curve  in  one  point.  A,  only ;  and  this 
point  is  called  the  principal  vertex  of 
the  parabola. 

15.  The  centre  of  an  ellipse  or  hyper- 
bola, is  the  middle  point  C  of  the  trans* 
verse  axis  A  A'. 

A  parabola  has  no  centre. 

See  the  figures  of  defs.  10, 11,  12. 

Prop.  14. 

The  hyperbola  has  ttoo  asymptotes^ 
which  pass  through  the  centre,  and 
make  equal  angles  with  the  axis  upon 
opposite  sides  of  it. 

Let  V  be  the  vertex  of  the  cone,  V  O 
its  axis,  V  A  and  V  A'  the  slant  sides  in 


which  the  conical  surface  is  cut  by  a 

Elane  perpendicular  to  the  plane  of  the 
yperbola,  A  and  A'  the  principal  ver- 
tices of  the  hjrperbola,  Ac/ the  circular 
section  passing  through  the  point  A, 
O  its  centre,  A  O  a*  ifi  diameter,  and 
E  A  F  the  common  section  of  the  planes 
of  the  circle  and  hyperbola  which,  as  has 
been  ah«ady  seen  (13.  Cor.  1.),  touches 
both  the  circle  and  the  hyperbola  in  the 
point  A ;  also,  let  the  vertical  plane  of 
the  hyperbola  cut  the  circular  section 
A  e/m  the  chord  ef,  and  at  the  points 
e,  f,  let  the  straight  Hnes  c  Er  cF  be 


drawn  touching  the  circle ;  let  c  £  and 
c  F  meet  one  another  in  c  and  the 
straight  line  E  F  in  the  points  E  and  F 
respectively,  and  let  the  chord  e/cut 
the  diameter  A  O  a' in  L.  Then,  because 
e/  and  E  F  are  sections  of  parallel  planes 
by  the  plane  of  the  circle  A  ef,  ef  is 
parallel  to  E  F  (IV.  12.) ;  but  E  F  is  per- 
pendicular to  the  diameter  A  O  a',  be- 
cause it  touches  the  circle  in  A  (III.  2.) ; 
therefore  efis  perpendicular  to  the  same 
diameter(Ll4.),andconsequently(III.3.) 
is  bisected  by  it  in  the  point  L ;  also,  be- 
cause c  e,  cf,  are  tangents  drawn  from  c 
to  the  circle  A  ef,  they  are  equal  to  one 
another  (III.  2.  Cor.  3.),  and  the  triande 
c  e/is  an  isosceles  triangle :  therefore  the 
straight  line  A  Oaf,  which  bisects  e/^t 
right  angles,  passes  through  the  nomt  c 
(1. 6.  Cor,  3.).  Join  c  V,  and  produce  it 
to  cut  A  A'  in  C  (1.  14.  Cor.  3.),  and 
Irom  C,  through  the  points  E  and  F,  draw 
the  straight  lines  C  £,  C  F :  the  point  C 
shall  be  the  centre  of  the  hyperbola,  and 
the  straight  lines  C  E,  C  F  produced, 
shall  be  asymptotes,  making  equal 
angles  with  the  axis  A  A'  upon  either 
side  of  it. 

Join  Oe  and  VL.  Then,  because 
c  e  touches  the  circle  in  e,  the  triangle 
Oecia  right-angled  at  e  (III.  2.) ;  and 
it  has  been  shown  that  «  L  is  perpendi- 
cular to  the  opposite  side  O  c ;  therefore, 
O  6  or  O  a'  is  a  mean  proportional  be- 
tween O  L  and  O  c  (II.  34.  Cor.).  But 
OA  is  equal  to  Oa',  Therefore,  the 
straight  line  A  c  is  harmonically  divided 
in  the  points  L  and  a'  (II.  46.),  and, 
consequently  (II.  def.  20.  page  68.),  the 
four  straight  lines  V  A,  V  L,  V  a*,  and 
V  c,  are  harmonicals.  But,  because 
VL  and  A  A'  are  sections  of  parallel 
planes  by  the  plane  V  A  A',  A  A*  is  pa- 
rallel to  VL  (iV.  1 2.).  Therefore  (II.  49. 
Cor.  1.),  A  A' is  bisected  by  Vc  pro- 
duced, and  the  point  C  is  the  centre  of 
the  hyperbola  (def.  15.)« 

Again,  because  the  hyperbolic  arcs 
A.P»  A'  P',  are  the  projections  of  the 
circular  arcs  Apf,  afp'f,  by  straight 
lines  drawn  from  V  (12.).  and  that  the 
point  /  of  the  arcs  Apf,  afp'f,  lies  in 
the  vertical  plane  Vfi/;  the  projection 
of  the  tangent  cf,  that  is,  the  straight 
line  C  F  produced,  is  an  asymptote  to 
the  hyperbolic  arcs  A  P,  A'  P'  (6.). 
And,  for  the  like  reason,  C  E  produced 
is  an  asymptote  to  the  hyperbolic  arcs 
AQ.A'Q'. 

Lastly,  because  C  E  and  V  e  are  sec- 
tions of  parallel  planes  by  the  plane  C  V^, 
p  fi  is  parallel  to  V  e  (IV,  12.),  and,  for 
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the  like  reason,  C  F  is  parallel  tp  V/; 
and  it  has  been  already  shown  thai  A  A' 
or  C  A  is  parallel  to  V  L ;  therefore  the 
angles  EGA  and  FCA  are  equal  to 
the  angles  eYh  and  /V  I*  respectivelj 
(IV«  15.) ;  but,  because  the  slant  sides 
V  e,  V/,  are  equal  to  one  another  ( IV.  8.), 
and  that  «/is  bisected  in  L>  the  triangles 
Ye  L,  V/L,  have  the  three  sides  of  the 
one  equal  to  the  three  sides  of  the  other* 
each  to  each,  and,  consequently,  the  angle 
«VL  equal  to  the  ande/VL  (I.  7.); 
therefore,  also,  the  angle  £  C  A  is  equal 
to  the  angle  FCA,  that  \b,  the  aqgles 
which  C  E  and  C  F  make  with  the  axis 
A  A'  upon  either  side  of  it,  are  equal  to 
one  another. 
Therefore,  &c. 

Cor.  I,  'Die  asymptotes  of  thehjner- 
bda  are  parallel  respectively  to  the  slant 
sides  in  which  the  vertical  plane  of  the 
hyperbola  cuts  the  surface  of  the  cone. 

Cor.  2.  And  as  the  existence  of 
asymptotes  to  the  hyperlwla  hBA  been 
inferred  from  Proposition  6,  so  from 
Cor.  I.,  of  the  same  proposition,  it  fol- 
lows that  the  infinite  arcs  of  the  para- 
bola do  not  admit  of  asymptotes »  be- 
cause the  tangent  of  the  curcle  at  the 
Eoint  a'  (see  me  figure  of  13.  Cor.  2.) 
es  in  the  vertical  plane  of  tlie  paraboia. 

Prop.  15, 

A  conw  section  cannot  be  cui  By  a 
straight  line  in  more  than  two  poinU  ; 
and,  \f  a  straight  line  touches  a  conic 
section,  it  shaumeet  it  in  one  point  omi^^ 
viz,  the  point  of  contact. 

For,  the  circular  section  being  consi- 
dered ( 1 2.  Cor.  1  •)  as  the  projection  of  tlM 
conic  section,  the  projection  of  any  point. 
P,  of  the  conic  section,  may  be  found  in 
the  circular  section  (12.  Cor.  2.) ;  and  the 
projection  of  a  straight  Une  which  cuts 
any  curve  in  a  point  that  may  be  pro- 
jected,  is  a  straight  line  which  cuts  the 
projectionof  the  curve  in  the  projection 
of  that  point  (6.  Cor.  2.) ;  therefore,  if 
it  were  possible  that  a  straight  line 
could  cut  a  conic  section  in  more  points 
than  two,  the  straiffht  Une  which  is  its 
projection  (2.)  would  cut  the  circular 
section  in  more  points  than  two.  which 
is  impossible  (III.  ].). 

And,  in  the  same  manner,  we  may 
reason  with  regard  to  the  tangent.  If 
it  were  possible  that  a  straight  line  whidi 
touches  a  conic  section  should  meet  it 
in  any  other  point  besides  the  point  of 
contact;  then,  because  the  projections 
of  the  point  of  cpatact  ana  any  9ucb 
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other  point  may,  both  of  them,  be  found 
in  the  circular  section  (12.  Cor,  2.),  and 
because  the  projection  of  a  straight  line 
which  touches  a  curve  in  a  point  that 
may  be  projected  is  a  straight  line  which 
touches  the  projection  or  that  curve 
(6.)>  the  prqjection  of  such  tangent 
would  be  a  straight  line  touching  the 
circular  section,  and  meeting  it  also  in 
another  point  besides  the  point  of  con- 
tact, which  is  impossible  (III.  2.), 
Therefore,  &c. 

Prop.  16. 

A  straight  line  which  is  parallel  to 
the  (ucis  of  a  parabola  cannot  cut  the 
parabola  in  more  than  one  point ;  and 
a.  straight  line  tohich  is  parallel  to  either 
of  the  asymvtotes  of  an  hyperbola  can- 
not cut  the  hyperbola  in  more  than  one 
point ;  but,  with  these  exceptions,  if  a 
straight  line  cuts  a  conic  section  in  any 
point,  it  may  be  produced  to  cut  it  in  a 
second  point. 

Let  PAQ  be  a  pa- 
rabola, AM  its  axis, 
and  PN  any  straight 
line  which  is  parallel 
to  the  axis  A  M,  and 
cuts  the  parabola  in 
P:  PN  shall  not  out 
the  parabola  in  any 
other  point,  to  what- 
erer  aistance  it  may 
be  produced. 

Let  V  be  the  vertex 
of  the  cone^  V  L 
the  slant  side  in 
which  the  vertical 
fdane  of  the  parabola  touches  the  sur- 
fiuse  of  the  eone,  and  Ap  L  q  the  ciri- 
culair  section  passing  through  A.  Then, 
beoause  V  L  (13.  Cor.  2.)  and  P  N  are 
each  of  them  parallel  to  AM,  VL  is  pa« 
raUel  to  PN  (IV.  6.).  And,  because 
V  L  is  parallel  to  P  N,  the  projection jd  n 
of  the  straight  line  P  N  on  the  plane 
Ap  L  q  will,  if  produced,  pass  through 
the  pomt  L  (2.  Cor,  4),  and  the  pro- 
jection of  every  point  in  PN  produced 
will,  it  is  evident,  be  found  between  p 
and  L,  that  is,  within  the  surface  of  the 
cone.  Therefore,  every  point  of  P  N 
produced  falls  within  the  surface  of  the 
cone,  and  consequently,  since  the  curve 
of  the  parabola  is  always  in  the  surfiEuie 
of  the  cone,  P  N  cannot  be  produced  to 
meet  the  parabola  in  a  second  point 

But,  if  PN'  be  not  parallel  to  the 
axis  of  the  parabola,  then  neither  is  it 
pandiel  to  V  L,  and  consequently  the 
pioje^ioD  p  nf  does  not  pasi  torough  the 
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goint  L.  But,  because  PN'  cuts  the  para- 
ola  in  P,  p  n'  likewise  cuts  the  circle  in 
p(6.Cor.2.).  Therefore,pn',  if  produced, 
will  cut  the  circle  in  a  second  point  q 
different  from  the  point  L.  And,  be- 
cause the  projection  of  every  point,  ex- 
cept L,  may  be  found  in  the  parabola  (1 2. 
Cor.  3.),  Q  the  projection  of  q  may  be 
found,  and  consequently  PN'  produced 
will  meet  the  parabola  in  the  point  Q. 

And  the  same  rea- 
soning, in  every  re- 
spect, applies  to  the 
case  of  the  hyperbola. 
For,  if  a  straight  line 
PN  be  parallel  to 
one  of  the  asymp- 
totes C  £,  it  will  also 
be  parallel  to  the 
slant  side  V  e,  to 
which(14.Cor.l.)the 
asymptote  is  parallel, 
and,  therefore,  its 
projection  o  n  passing 
through  the  point  e, 
every  point  of  PN 
produced  will  fall 
within  the  surface  of  the  eone.  But  if 
a  straight  line  P  N'  be  not  parallel  to 
either  of  the  asymptotes,  its  projection 
pn^  will  not  pass  through  either  of  the 

Eoints  e,  f,  but,  because  P  N'  cuts  the 
yperbola,  jp  n!  cuts  the  circle  in  p,  and 
will  cut  it  if  produced  in  some  other 

Eoint  q,  the  projection  Q  of  which  may 
e  found  in  the  hyperbola,  and,  conse* 
quently,  P  N  produced  will  meet  the  hy- 
perbola in  a  second  point  Q. 

In  the  case  of 
the  ellipse,  since 
the  projection pn 
of  any  straight 
line  PN  which 
cuts  the  ellipse 
must  cut  the  cir- 
cle (6.  Cor.  2.), 
p  n  may  be  pro- 
duced to  meet  the 
circumference  in 
a  second  point 
q  as  before ;  and 
since  the  projec- 
tion of  every  point 
in  the  circle  may  be  found  in  the  ellipse 
(12.  Cor.  3.)  Q  the  projection  ofq  may  be 
found,  and,  consequently,  PN  produced 
will  meet  the  ellipse  in  a  seconcl  point  Q. 
Therefore,  &c. 

Def.  16.  In  the  ellipse  and  hyperbola, 
any  straight  line  P  P'  which  is  drawn 
through  thecentre«C|  and  terminated 
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straight  lines  are  drawn  to  touch  the 
circle,  every  straight  line  which  is  drawn 
through  that  point  to  cut  the  circle  shall 
be  harmonically  divided  by  the  circum- 
ference and  the  chord  joining  the  points 
of  contact ;  and  the  tangents  at  the 
points  in  which  every  such  straight  line 
cuts  the  circumference  shall  meet  one 
another  in  the  chord  produced. 

Let  A  B  C  be  a  circle,  and  D  any 
point  without  it,  from  which  Uie  straight 


both  ways  by  the  curve,  is  called  a  dia- 
meter ;  and  the  points  P,  F  in  which  it 
meets  the  curve  are  called  the  veriicee 
of  that  diameter. 

In  the  parabola,  any  straight  line  PN, 
which  is  drawn  parallel  to  the  axis  AM, 
is  called  a  diameter^  and  the  point  P  in 


which  it  cuts  the  parabola  is  called  the 
vertex  of  that  diameter. 

17.  If  at  the  vertex  P  of  any  diameter 
of  a  conic  section,  there  be  drawn  a  tan- 
gent P  Hf  any  straight  line  Q  R  which 
u  paralM  to  the  tangent  P  H  and  is 
terminated  both  ways  oy  the  conic  sec- 
tion, is  called  an  ordinate  of  that  dia- 
meter. 

18.  In  the  ellipse  and  hyperbola,  the 
segments  P  N,  N  F,  into  which  a  dia- 
meter or  a  diameter  produced  is  divided 

Sany  of  its  ordinates,  are  called  the 
acitace  corresponding  to  that  ordinate. 
In  the  parabola,  the  part  of  the  diameter 
P  N,  which  is  intercepted  between  the 
vertex  P  and  the  ordinate  Q  R  is  called 
the  dbsciisa  of  that  ordinate. 

Lemtna* 
w  If  Jrom  any  point  without  a  cirde  two 


lines  D  A,  DB  are  drawn  to  touch' the 
circle  in  the  points  A,  B  respectively : 
then,  if  DEFG  be  any  irtraight  line 
passing  through  D,  and  cutting  the  cir- 
cumference in  the  points  E,  G  and  the 
chord  A  B  in  the  point  F,  D  6  shall  be 
divided  harmonically  in  E  and  F,  and 
the  tangents  at  the  points  E,  6  shall 
meet  one  another  in  some  point  of  A  B 
produced. 

Take  O  the  centre  of  the  drde,  and 
draw  the  straight  line  D  O  cutting  the 
circumference  m  the  points  K,  C,  and 
the  chord  A  B  in  the  point  L ;  and  join 
O  A.  Then,  because  D  A  touches  the 
circle,  the  angle  D  A  O  b  a  right  an^ 
(III.  2.)  ;  also,  because  (III.  2.  Cor.  3.) 
the  tangents  D  A,  D  B  are  equal  to  one 
another,  D  is  the  centre  of  a  circle  pass- 
ing through  the  points  A,  B,  and,  con- 
sequently, DO  bisects  AB  at  light 
angles  (III.  3.  Cor.  3.) ;  therefore,  be- 
cause from  the  right  angle  A  of  the  tri- 
angle DAO,  AL  is  drawn  at  ri^t  andes 
to  the  hypotenuse  D  O,  OA  or  O  K  js  a 
mean  proportional  between  OL  and  OD 
(II. 34.  Cor.)  But  OC  is  equal  to  OK. 
Therefore  (II.  46.),  D  C  is  harmonicaUy 
divided  in  the  points  K  and  L.  And 
because  D  C,  the  diameter  produced  of 
the  circle  ABC,  is  harmonically  divided, 
every  straight  line  DG  which  passes 
through  D  is  harmonically  divided  by 
the  circumference  and  the  perpendicular 
AB  which  passes  through  L  (III.  52. 
Cor.) ;  and  the  tangents  at  the  points 
K,  G  in  which  eveiy  such  straight  hoe 
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cuts  the  circle  meet  one  another  in  A  B 
produced  (III.  53.  Cor.). 
Therefore,  &c. 

Prop.  17. 

Every  diameter  of  a  conic  section  bi* 
sects  its  ordinates  ;  and,  if  the  conic 
section  is  an  ellipse  or  an  hyperbola,  the 
diameter  is  itsetf  bisected  by  the  centre. 

Let  A  P  Q  be  any  conic  section,  A  M* 
its  axis,  P  N  any  diameter,  P  H  a  tan- 
gent at  P,  Q  R  a  parallel  to  P  H,  and 
therefore  an  ordinate  to  the  diameter 
PN  (def.  1 7.),  and  let  QR  cut  PN  in  N : 
QR  shall  be  bisected  in  N. 

Let  the  vertex  V  of  the  cone,  the  cir- 
cle A  pq,  its  centre  O,  and  diameter 
A  o  a',  as  also  the  line  AF*,  which  is  the 
common  section  of  the  planes  A  P  Q, 
Ap  9,  remain  as  in  the  foregoing  pro- 
positions ;  let  the  lines  q  r  and  jo  n 
in  the  circle  be  the  projections  of  Q  R 
and  P  N  in  the  conic  section,  and 
the  tangent  p  h*  (6.)  the  projection  of 
the  tangent  PH;  and  let  the  vertical 
plane  of  the  conic  section  cut  the  plane 
Ap  9  of  the  circle  in  the  line  KG,  which 
cuts  A  a'  or  A  a'  produced  in  L,  and 
join  V  L.  Then,  because  V  L  and  A  M 
are  sections  of  parallel  planes  by  the 
same  plane,  V  L  is  parallel  to  A  M 
(IV.  12.) ;  and,  for  the  like  reason,  K  G 
is  parallel  to  AF,  and  therefore  (III.  2.) 
perpendicular  to  A  a'. 

And  first,  in  the  ellipse  or  hyperbola, 
let  A'  be  the  other  principal  vertex  and 
C  the  centre,  join  V  C*,  and  let  V  C 
orY  C  produced  cut  Aaf  or  Aa^  pro- 
duced in  c.  Then,  because  A  A'  is 
paraUd  to  V  L,  and  bisected  by  V  C 
m  C,  the  four  straight  lines  VL,  VA', 

V  C,  V  A  are  harmonicals  (II.  49.  Cor. 
2.).  Therefore,  A  L  or  A  L  produced 
is  divided  by  these  straight  lines  harmo- 
nically (IL  49.);  and,  because  the  mean 
A  a'  is  bwected  in  O,  O  L,  O  o'and  O  c 
are  proportionals  (II.  46.).  Let  the 
planes  VPF,  VPH  cut  the  vertical 
plane  in  the  lines  VK,  V  G,  which  meet 
the  line  K  G  in  the  points  K,  G  respec- 
tively. Then,  because  VK  and  P  P'  are 
sections  of  parallel  planes  by  the  plane 

V  P  F,  VK  is  parallel  to  P  F  (IV.  12.). 
and,  for  the  like  reason,  V  G  is  parallel 
to  P  H  :  therefore,  because  the  straight 
lines  V  K,  V  G  are  parallel  to  the  origi- 
nal  straight  lines  PP',  P  H  respectively, 
and  meet  the  plane  of  the  circle pAq 

«  The  liae  VC  it  wantiog  in  the  npper  figare,  ftnd 
VS,  VP,  VP,  VQ.  VR,  and  VT,  are  wan  ling  in  each 
of  tke  fifiires  of  this  proposition.  It  has  oeen  at> 
toipied,  however,  to  snpplf  the  assistance  which 
miflit  have  Ueen  derived  to  the  coaeeptioa  from  the 
▼i««blc  piweaca  of  these  lines  by  placing  the  corre* 
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in  the  points  K,  G  respectively,  the  pro- 
jections/?//,  ph  will,  if  produced,  pass 
through  the  points  K,  G  respectively 
(2.  Cor,  4.),  and,  for  the  like  reason,  the 
projection  gr  of  the  ordinate  QR,  which 
IS  parallel  to  PH  or  V  G,  wiU  also  pass 
through  the  point  G. 

Join  Gi/*.  Then,  because  pp'  is  a 
chord  of  tne  circle  pAq  passing  through 
the  point  e,  and  that  L  G  is  drawn  per- 
pendicular  to  the  diameter  O  c  produced 
from  a  point  L  so  taken  that  the  dia- 
meter produced  is  divided  harmonically, 

spondine  letters  n,p,p\  q,  r,  and  t,  in  the  straieht 
lines  Vjr,  VP,  VP^  VQ,VR,  and  VT  respMtively. 
The  line  AF  and  the  letter  F ;  in  the  two  first  firares, 
the  letters  M  and  h ;  in  the  second  the  line  Qp^,  and 
in  the  third  the  line  Qhp,  hare  likewise  been  omitted. 
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the  tangents  at  the  extremities  of  the 
chord  p,//  will  meet  one  another  in  some 
point  of  the  line  LG  (III.  53.  Cor.) ;  but 
the  straight  line  GAp  is  the  tangent  at 
p :  therefore  Gp'  is  the  tangent  at  p'. 
And,  because  from  the  point  G,  in  which 
the  tangents  Gp,  Gp'^  meet  one  ano- 
ther, the  line  G  o  is  drawn  to  cut  the 
circumference  in  the  points  q,  r  and  the 
chord  p  p'  in  n,  G  q  is  harmonically 
divided  in  these  points  {Lem.y  There- 
fore (IL  def.  20.)  the  four  straight  lines 

V  G,  V  rR,  V  wN.  V  9  Q  are  harmo- 
nicals ;  and,  consequently,  because  Q  R 
is  parallel  to  V  G,  it  is  bisected  by  V  N 
inNdl.  49.  Cor.  1.). 

In  the  parabola, 
the  point  L  coin- 
cides with  a',  and 
because  the  dia- 
meter P  N  is  pa- 
rallel to  AM.  that 
is  (13.  Cor.  2.)  to 

V  L,  its  projection 
pn  passes  through 
Ii.  Therefore,  be- 
cause G  9  is  drawn 
from  the  intersec- 
tion G  of  the  tan- 
gents G  L  and 
GAjp*,Ggishar- 
monicalljf  divided 
by  the  circumfer- 
ence and  the  chord 
hp  (Lem,),  and  Q  R  is  bisected  in  the 
point  N,  as  before. 

But,  further,  in  the  ellipse  and  hyper- 
bola,the  diameter  P  P'  is  bisected  by  the 
centre  C .  For,  since  K  p  pas  ses  through 
the  point  c,  and  is  cut  by  the  straight 
line  K  L,  which  is  drawn  perpendicular 
to  the  diameter  O  c  from  a  point  L  so 
taken  that  O  c  produced  is  harmonical- 
ly divided,  Kp  is  harmonically  divided 
hir  K  L  and  the  circumference  (III.  52. 
Cor.).   Therefore,  the  four  straight  lines 

V  K,  V  D'F.  V  cC,  V  p  P,  are  harmo- 
nicals  (II.  def.  20.) ;  and,  because  P  P' 
is  parallel  to  V  K,  it  is  bisected  by  V  C 
in  C  (II.  49.  Cof*.  1.). 

Therefore,  &c. 

Cor.  1.  In  the  ellipse  and  hyperbola, 
the  tangents  at  the  extremities  P,  P'  of 
any  diameter  are  parallel  to  one  another. 
For  they  are  the  originals  of  Gp  and 
Gp'  in  the  plane  of  the  circular  section; 
and  all  straight  lines,  the  projections  of 
which  pass  through  G,  are  parallel  to 
VG  and  to  one  another  (IV.  10.). 

Cor,  2.  If  any  diameter  of  a  conic 
section  bisects  a  straight  Ime  which  is 
not  a  awm«(«r»  the  bisected  straight 


Ime  shall  be  an  orttinate  of  the  Aaine- 
ter  by  which  it  is  bisected* 

Prop.  18. 

In  every  conic  section  the  iangtnU 
at  the  extremities  o/anvordincUe,  Q  R, 
meet  the  diameter,  PN,  m  the  same 
point,  T  ;  and  that  in  such  a  manner, 
that,  in  the  ellipse  and  hyperbola,  C  N, 
C  P,  and  C  T  are  proportionals,  and, 
in  the  parabola,  NV  is  equal  to  P  T. 

Let  the  construction  remain  as  in  the 
last  proposition.  Then,  in  the  ellipse 
and  hyperbola,  because  qr,  the  pro- 
jection of  Q  R,  passes  through  6, 
and  that  Gp,  Gjy  an  tangents  drawn 
fi'om  G  to  the  circle*  the  tangents 
at  q  and  r  meet  one  another  in  some 
point  of  pp'  produced  (Lem,).  But  these 
tangents  are  the  projections  of  the  tan- 
gents at  the  points  Q  aad  R  of  the  ellipse 
or  hyperbola  (6.),  and  pp'  produced  is 
the  projection  of  P  F  produced.  Ilier^ 
fore,  the  tangents  at  Q  and  R  meet  one 
another  in  some  point,  T,  of  P  P  pro- 
duced. Again,  because  to  and /rare 
tangents  drawn  from  /  to  the  circle,  the 
line  tp  which  passes  through  /  is  har- 
monically divided  by  g  r  and  the  cir- 
cumference (Lem.).  Therefore,  the  foor 
straight  lines  Vp'P',  VnN,  V  j»P, 
V  /  T»,  are  harmonicals  (II.  del  20.), 
and  divide  P  P'  produced  hannoiiical^ 
(II.  49.) ;  and,  because  the  mean  P  R 
is  bisected  in  C,  C  N,  C  P»  and  C  T  are 
proportionals  (11.  46.). 

In  the  parabola,  because  the  projee* 
tion  gr  of  the  ordinate  QR  passes 
through  G,  and  that  G  L,  Gp  are  tan- 
gents drawn  from  G  to  the  circle,  tlie 
tangents  at  q  and  r  meet  one  another  in 
some  point  /  of  Lp  produced  {Lent.}, 
and  conseauently,  as  before,  the  tangents 
at  Q  and  R  meet  one  another  in  some 
point,  T,  of  N  P  produced.  Again,  be- 
cause tq  and  /r  are  tangents  drawn  | 
from  /  to  the  circle,  the  line  tp  is  har- 
monically divided  by  q  r  and  the  circum-  I 
ference  (Lem,).  Therefore,  the  four 
sfraight  lines  V  L.  V  nN,  V  p  P,  V  / T. 
are  harmonicals  (II.  def.  20.) ;  and  be* 
cause  N  T  is  parallel  to  V  L  (IV.  6.),  it 
is  bisected  by  V  P  in  P  (II.  49.  Cor.  1)^ 
that  is,  N  P  is  equal  to  PT. 

When  the  diameter  in  question  is  the 
axis  of  the  conic  section,  these  demon- 
strations will  be  modified,  and  appear 
under  a  more  simple  form,  to  which  they 
are  easily  reduced  by  substituting  A  M 
forPN,AFforPH,&c. 

Therefore,  &c. 
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Prop.  19. 


In  the  eitipse  and  hyiperbola,  the 
9qtuare9  of  any  two  iemtordinates  qf 
the  eame  diameter  are  to  one  another 
at  the  rectangles  under  the  correspond- 
ing abedseee:  in  the  parabola,  the 
squares  of  any  two  semiordinates  of  the 
same  diameter^  are  to  one  anotJier  as 
the  absdssce. 

Let  P  Q  R  be  an  ellipse  or  hyperbola^ 


PU  any  diameter,  and  Q  R,  Q'  R'  any 
two  ordinates,  cutting  the  diameter  P  \J 
in  the  points  N,  N'  respectively ;  the 


square  of  Q  N  shall  be  to  the  square  of 
Q'  N'  as  the  rectangle  P  N  x  N  U  to  the 
rectangle  PN'xN'U. 
Through  N  draw  a  plane  parallel  to 


the  base  of  the  cone,  \ftd,  therefbre, 
cutting  the  cone  in  a  circular  section 
p  g  ti  r  (1 1 .),  and  let/)  ti,  g  r  be  the  projec- 
tions  of  P  U,  Q  R  respectively,  upon  this 
plane,  by' straight  lines  drawn  from  the 
vertex  V  of  the  cone ;  then,  becausepgur 
is  a  circle,  the  rectangle  under  q  N,  N  r 
is  equal  to  the  rectangle  under/)  N,  N  » 
(III.  20.).  ThroughVdrawVK  parallel  to 
P  U  to  meet  the  plane  of  the  circle  in  K, 
and  VG  parallel  to  QR  to  meet  the  same 
plane  in  G  ;  then,  because  puis  the  pro- 
jection of  P  U,  it  will,  if  produced,  pass 
through  the  point  K,  and,  for  the  like 
reason,  q  r  produced  will  pass  through 
the  point  G  (2.  Cor.  4.). 

Then,  because  V  K  is  parallel  to  P  U, 
the  triangles  VKp  and  V  Kk  are  simi- 
lar to  the  triangles  PNp  and  UNtt 
respectively  (I.  15.):  therefore  (II.  31.) 
PN:pN::VK:KpandNU:NM;: 
V  K  :  K «,  and,  consequently  (II.  37. 
Cor.3.),PNxNU:pNxNti:!VK^ 
:  K  p  X  K  tf .  And,  in  the  same  manner, 
because  the  triangles  Q  N  g,  R  N  r  are 
similar  to  the  triangles  V  G  g,  V  G  r  re- 
spectively*, it  may  h%  shown  that  Q  N  x 
NRor(17.)QN»  :  gNxNrorpNx 
Ntt  ::  VG«  :GgxGr.  But,  fromthe 
former  proportion,  invertendo  (II.  15.) 
pNxNtt:PNxNU  ::Kpx  Kw 
:  V  K«.  Therefore  (II.  def.  12.),  the 
ratio  of  QN  ■  to  PN  x  NU  is  compound- 
ed of  the  ratios  of  V  G'  to  G  g  x  Gr  and 
KpxKtttoVK*. 

Now,  if  through  N'  there  be  Ukewise 
drawn  a  plane  parallel  to  the  base  of  the 
cone,  and  which,  therefore,  likewise  cuts 
the  cone  in  a  circle  (1 1  .)i  p'  g'  u'  r',  and 
if  VK  and  VG  are  produced  to  meet  this 
new  plane  in  the  points  K'  and  G'  re- 
spectively, the  projections  p'  u'  and  q'  t* 
of  the  diameter  PU  and  the  ordinate  Q'R' 
upon  this  plane  will  pass  through  the 
points  K'  and  G'  respectively  (2.  Cor,  4.), 
Decause  PU  is  parallel  to  vK'  as  before, 
and  Q'  R'  to  Q  R,  that  is  (IV.  6.),  to  VG'. 
Therefore,  as  before,  it  may  be  shown, 
that  the  ratio  of  Q'  N'«  to  PN'  x  N'  U' 
is  compounded  of  the  ratios  of  V  (y  •  to 
G'g'xGV  and  K'p'xK't*'  to  VK' «. 

But,  if  rr  y  is  the  projection  of  Q  R 
upon  the  plane  p' g' «' r',  ary  produced 
will  pass  through  the  point  G',  because 
Q  R  is  parallel  to  VGK  (2.  Cor,  4.) :  and, 
because  p^  q' u' r^  is  2i  circle,  G'  g'  x  G'  r'  is 
equaltoG'a:xG'y(III.20.).  Also,  be- 
cause the  triangles  V  Kp,  V  K  ti  are  suni- 
lar  to  the  triangles  V  KV,  V  K'u'  respec 
tively,VK  :  Kp::  VK^ :  Ky  (11.31.), 

•  The  straight  line*  VflO*,  VRry,  VffV,  and  VRV 
are  omitted  in  each  of  the  figures  of  tbu  propoiition. 
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and  VK  :  Kult  VK' :  K'ti'.and,con. 
sequently  (H.  37.  Cor.3.).  VK«  :  Kpx 
Kw  ::  V  K'«  :  K'p'  x  K'm',  or,  inver- 
tendoai.}5.\KpxKu  :  VK« ::  Ky 
X  K'  1/  :  V  K'  • ;  and,  in  like  manner, 
because  the  triangles  V G g.  VGr  are 
similar  to  the  triangles  V  G'  *,  V  G'y 
respectively,  VG»  :  Go  x  Gr  :: 
VG''  :  G'j:  X  G'y  or  G'q'  x  G'r'. 
Therefore  the  ratio  of  V  G  Mo  G gx 
G  r  is  the  same  with  the  ratio  of  V  G'  • 
to  GV  X  G'  r',  and  the  ratio  ofKpxKu 
to  V  K»  is  the  same  with  the  ratio  of 
KV  X  K'  u'  to  V  K' ».  Therefore,  be- 
cause ratios  which  are  compounded  of 
the  same  ratios  are  the  same  with  one 
another  (II.  27.),  the  ratio  of  Q  N«  to 
P  N  X  N  U  is  the  same  with  the  ratio 
of  Q'N'«  to  PN'xN'U;  and.  alter- 
nando  (II.  19.).  QN«  :Q'N"::PN 
xNUrPN'xN'U.  ■ 

In  the  next  place,  let  Q  P  R  be  a  para- 
bola, P  N  any  diameter,  and  Q  R,  Q'  R' 


any  two  ordinates  cutting:  the  diameter 
P  N  in  the  points  N,  N' respectively: 
the  square  of  QN  shall  be  to  the  square 
ofQ'N'asPNtoP'N'. 

Through  N  draw  a  plane  parallel  to 
the  base  of  the  cone,  and  therefore 
cutting  it  in  a  circular  section  qprill,), 
and  let  p  N,  g  r  be  the  projections  of  PN, 
Q  R  respectively  upon  this  plane,  by 
straight  lines  drawn  fromV;  also,  let 
V  L  be  the  slant  side  of  the  cone,  which 
is  parallel  to  the  axis  of  the  parabola 
(13.  Cor,  2.).  and  therefore  (IV.  6.) 
fikewise  parallel  to  the  diameter  PN, 
and  let  it  meet  the  plane  gpr  in  the 
point  L  of  the  circumference  qp  r :  then, 
because  V  L  is  parallel  to  P  N,  p  N 
produced  passes  through  the  point  L 
(2.  Cor.  4.),  and,  because  qpr  is  a  circle, 
the  rectangle  under  g  N,  N  r,  is  eoual  to 
the  rectangle  under  p  N,  N  L.  (III.  20.) 
Through  V  draw  VG  parallel  Jo  Q  R, 


to  meet  the  plane  of  the  drde  pgrin 
G ;  then,  because  g  r  is  the  proj^stion 
of  Q  R,  it  will,  if  produced,  pass  througfa 
the  point  G  (2.  Cor.  4.). 

Now,  as  in  the  former  part  of  fhe 
proposition,  it  may  be  shown  that  Q  N* 
rgNxNr  orpNxNL::VG«: 
GoxGr;  also,  because  the  triangles 
VLp,  PNp  are  similar,pN  :PN:: 
Lp  :VL  (II.  31.),  and  consequent^, 
since  pN  x  N  L  is  to  P  N  x  N  L  as  »N 
to  PN(II.  35.).  pN  x  NL  :  PXx 
N  L  ;:  Lp  :  VL(lI.  12.);  therefore  the 
ratio  of  Q  N  •  to  PN  x  N  L  is  com- 
pounded  of  the  ratios  of  VG»  to  G  ^  x 
Gr  and  Lp  to  YL.  And  in  the  same 
manner,  if  through  N'  there  be  drawn  a 
plane  parallel  to  the  base  of  the  cone,  and 
if  y  L  and  V  G  be  produced  to  meet  it  in 
the  points  L'  and  G'  respectively,  it  may 
be  shown  that  the  projections^  N'  and 
q'r'  of  the  diameter  PN  or  PN'  and 
the  ordinate  Q  R  upon  this  plane  pass 
through  the  points  L'  andG'  respective- 
ly, and  accordingly  that  the  ratio  of 
Q'  N'  •  to  P  N'  X  N'  U  is  compounded 
of  the  ratios  ofVC^*  to  G'^y^G't', 
and  Vp'  toVL'.  But  if  xy  is  the 
projection  of  Q  R  upon  the  plane  of  the 
circle  p'  qf  u'  r',  it  may  be  shown,  as  in 
the  former  part  of  the  proposition » that 
xy  produced  will  pass  through  G%  and 
that  G^^xG'r^  is  equal  to  GxxGy. 
Also,  because  the  triangle  VLp  is  simi- 
lar to  the  triangle  VL'p^,  the  ratio  of 
Lpto  V  L  is  the  same  with  the  ratio  of 
L'p'  toV.L'  (II.  31.);  and,  becaxise  the 
triangles  V  G  9,  V  G  r  are  similar  to  the 
triangles  V&x^YG'y  respectively,  the 
ratio  of  VG  •  to  G  9  X  Gr  is  the  same 
with  the  ratio  of  VG'*  to  G'ar  xG'y 
or  GV  X  G'  r'.  Therefore  (II.  27.)  Q  N  • 

:pNxNL::Q'N'«:pn',x  N'L'. 

and  altemando  (II.  19.),  QN«  :  Q'N'- 
::PNxNL  :  PN'xN'L'.  ButXL 
is  equal  to  N'L'  (I.  22.),  and  conse- 
quently (II.  35.),  PNxNL  :  FN'  X 
N'  IJl: :  P  N  :  P  N'.    Therefore  Q  N  = 

:  Q'N'« ::  PN  :  pn'. 

The  foregoing  demonstrations  are  not 
applicable,  in  the  above  form,  to  the 
case  in  which  the  diameter  P  N  is  also 
the  axis  of  the  conic  section.  They 
become,  however,  much  more  simple 
when  thev  are  adapted  to  this  particular 
case,  and  the  manner  in  which  this  is  to 
be  done  is  obvious. 

Therefore,  &c. 

Cor.  1 .  In  the  ellipse  and  hypobola, 
the  square  of  the  semiordinate  varies  as 
the  rectangle  utider  the  abscissae ;  in  the 
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parabola,  the  square  of  the  semiordinate 
varies  as  the  abscissa  (II.  35.  SchoL). 

Cor,  2.  If,  in  the  ellipse,  a  diameter 
DZ  is  drawn  parallel  to  the  ordinates  of 
the  diameter  P  U,  (see  the  first  figure 
of  the  Scholium  which  follows  this  pro- 
p(  sition,)the  square  of  the  semiordinate 
QN  is  to  the  rectangle  PN  x  NU  under 
the  abscissae,  as  the  square  of  the  semi- 
diameter  C  P  to  the  square  of  the  semi- 
diameter  C  D. 

Car.  3.  It  is  not  necessary,  in  the 
demonstration  of  the  first  part  of  the 

E reposition,  that  the  conic  section  should 
e  an  ellipse  or  an  hyperbola,  or 
PU  a  diameter  having  the  ordinates 
Q  R,  Q'R';  but  only  that  PU  should 
be  a  straight  line  cutting  the  conic 
section  P  Q  R  in  two  points,  and  Q  R, 
Q'  R'  two  parallel  straight  lines  Uke- 
wise  cutting  the  conic  section,  each  in 
two  points,  (in  which  case  the  part 
shewing  that  Q  N  x  N  R  and  Q'N'  x 
N'  R'  are  equal^to  Q  N«  and  Q'  N'«,  will 
have  to  be  omitted,)  or  even  one  or  both 
touching  the  conic  section  in  a  single 
point,  the  only  difiPerence  being  that  in 
this  case  the  points  Q  and  Q'  coincide 
with  the  points  R  and  H'  respectivel)r. 

Therefore,  generally,  if  a  straight  line 
PU  cuts  a  conic  section  in  two  points, 
and  is  cut  by  any  two  parallel  straight 
lines  wliich  likewise  cut  the  conic  sec- 
tion each  in  two  points,  or  one  or  both 
of  them  touch  the  conic  section,  the 
rectangle  under  the  segments  of  one 
parallel,  or  its  square,  if  it  be  a  tangent, 
shall  be  to  the  rectangle  under  the  seg- 
ments of  the  other,  or  to  its  square  if  it 
be  a  tangent,  in  the  same  ratio  as  the 
rectangles  under  the  corresponding  seg- 
ments of  the  straight  line  which  is  cut 
by  them. 

Cor.  4.  And  hence,  in  any  conic  sec- 
tion, if  two  straight  lines,  P  U,  Q  R  cut 
one  another,  and  Ukewise  other  two 
FU',  Q'R',  which  are  parallel  to  the 
two  first  respectively,  and  if  each  of 
them  cuts  the  conic 
section  in  two  points, 
or  one  or  more  touch  it 
in  a  single  point,  the 
rectangleunder  the  seg- 
ments of  either  of  the 
first  shall  be  to  the 
rectangle  under  the 
segments  of  its  parnllel 
as  the  rectangle  under 
the  segments  of  the 
remainmg  one  of  the  first  to  the  rectan- 
gle under  the  segments  of  its  parallel ; 
the  square  of.  any  of  the  straight  lines 


being  understood  instead  of  the  rectan- 
gle under  its  segments,  when  it  touches 
the  conic  section  instead  of  cutting  it. 

For,  let  P  U  and  QR  cut  one  another 
in  N,  and  F  U'  and  Q'R'  in  N' ;  also, 
because  Q'  R'  is  parallel  to  Q  R,  let  it 
cut  P  U  in  M  (1. 14.  Cor.  3.).  Then,  by 
the  last  corollary, 

QNxNR  :  Q'MxMR'::PNxNU 
:PMxMU,  and 

Q'MxMR':Q'N'xN'R'::PMx 
MU:FN'xN'U'; 

therefore,  ex  {ffouali  (II. 24.),  QN  x NR 
:Q'N'xN'R^::PNxNU:FN'x 
N'U'. 

And  the  same  may  be  directly  inferred 
from  the  demonstration  of  the  proposi- 
tion :  for  the  projection  of  P'  U'  will  pass 
through  the  point  K'  in  the  same  man- 
ner as  the  projection  of  Q'  R'  passes 
through  G. 

Cor.  5.  It  is  indifferent,  also,  in  the 
second  part  of  the  demonstration,  whe- 
ther P  Q  R  be  a  parabola  and  P  N  a 
diameter,  or  PQR  be  an  hyperbola, 
and  PN  a  straight  line  parallel  to  one  of 
the  asymptotes,  for  in  Inis  case  also  PN 
will  be  parallel  to  a  slant  side  of  the 
cone  (14.  Cor.  1.  and  IV.  6.);  and  in 
either  case,  Q  R  and  Q'  R'  may  be  any 
two  parallel  straight  lines  cuttinjf  the 
conic  section  each  in  two  points,  or  one 
or  both  of  them  touching  it  in  a  single 
point. 

Therefore,  genei-ally,  if  a  straight  line 
PN,  which  is  a  diameter  of  a  parabola 
or  parallel  to  one  of  the  asymptotes  of 
an  hyperbola,  be  cut  by  any  two  parallel 
straight  lines  which  likewise  cut  the 
parabola  or  hyperbola  each  in  two 
points,  or  one  (or  both  of  them,  as  is 
possible  in  the  case  of  the  hyperbola) 
touch  it  in  a  single  point ;  the  rectangle 
imder  the  segments  of  one  parallel,  or 
its  square  if  it  be  a  tangent,  shall  be  to 
the  rectangle  under  the  segments  of  the 
other,  or  to  its  square  if  it  be  a  taneent, 
in  the  same  ratio  as  the  parts  P  N,  P  N' 
of  the  line  P  N,  which  are  cut  off  by  the 
parallels  respectively. 

Scholium. 

The  diameter  D  Z,  which  is  supposed 
in  Cor.  2.  to  be  drawn  in  the  ellipse 
parallel  to  the  ordinates  of  the  diameter 
P  U,  is  said  to  be  conjugate  to  P  U.  It 
is  easy  to  perceive  that  the  diameter 
P  U  is  in  this  case  likewise  parallel  to 
the  ordinates  of  D  Z :  for,  let  Q  R  be 
any  ordinate  of  the  diameter  PU,  and  let 
QC  be  joined,  and  produced  to  meet  the 


226 


GEOMETRY. 


fAppovUx. 


dlipse  in  X,  and  let  RX  be  joined,  and 
let  it  cut  DZ  in  Y  ;  then  RX  will  be  pap 


rallel  to  PU  (II.  29.).  because  Q  R  and 
QX  are  bisected  in  N  and  C  respectively 
(17.);  and  RX  is  an  ordinate  to  the 
diameter  D  Z,  (17.  Cor.  2.)  because  11 Y 
is  to  Y  X  as  QC  to  CX,  that  is,  in  a  ratio 
of  equality.  From  this  reciprocal  rela- 
tion such  diameters  PU  and  DZ  are 
called  conjugate  diameters  ;  and  the  dia- 
meter which  is  conjugate  to  the  trans- 
verse axis  (and  therefore  (13.  Cor,  1.) 
perpendicular  to  that  axis)  is  called  the 
corrugate  axu*  of  the  ellipse,  for,  being 
perpendicular  to  its  ordinates,  it  divides 
the  figure  symmetrically,  and  therefore 
is  a  second  axis  of  the  figure  t. 

In  the  hyperbola,  which,  as  we  have 
seen,  although  so  different  in  form,  is 
very  like  the  ellipse  in  its  properties, 
there  are  no  diameters,  properly  speakr 
ing,  except  such  as  lie  in  the  angle  made 
by  the  asymptotes.  Let  us,  however, 
define  the  conjugate  diameter  of  any 
diameter  P  U  to  be  a  straight  line  D  Z, 
ii?hich  is  drawn  through  the  centre  C 
parallel  to  the  ordinates  of  P  U,  is 
bisected  in  the  centre,  and  is  such  that 
CD'  is  to  CP'  as  the  square  of  the 
ordinate  QN  to  the  rectangle  under  the 
abscissas  P  N,  N  U.  Such  a  straight 
line  D  Z  will,  it  is  evident,  as  in  the 
ellipse,  bisect  all  straight  lines  which  are 
drawn  parallel  to  the  diameter  P  U,  and 
terminated  by  the  hyperbola.    But  there 

*  The  conjus^te  axis  of  the  ellipse  beinr  alir&jri 
1e«  than  the  priacipal  or  transrerae  axis,  the  former 
it  freqaentljr  called  the  minor  ant,  and  the  Utter 
the  major  axis  of  the  eUtpee. 

f  There  is,  howerer,  no  other  straight  line  which 
divides  the  fignre  symmetrical!  f,  that  b,  no  third 
■sis.  For,  if  C  Q  be  joined  in  the  first  figure  of  prop. 
17i  and  if  P  C  P  be  snpposed  to  represent  the  tram- 
Tvrse  ftsts,  then  if  it  were  possible  that  C  Q  conld  di- 
vidi  the  fif  are  sf  mnotricallf,  or  (^ which  is  the  same 
thing)  biseet  its  ordinates  at  right  angles,  C  Q  T 
Woald  be  a  right  angle,  and,  eonseqaentfjr,  beoanse 
Q  N  is  perpendicular  to  CT,  C  Q  wonld  be  a  mean 
Froportional  between  C  N  and  C  T,  (II.  81  Cor.) 
auid  therefore  equal  to  C  P  (18A  so  thatQ  H*  would 
be  to  C  Pt— c  Nt  or  P  N  X  N  P'in  a  ratio  ofequa- 
lity,  and  coaseqaentlf  (19.)  the  square  of  everf  other 
■einiKndinato  of  the  axis  would  be  equal  to  tkelreet* 
angle  under  its  abscissK,  and  the  figure  would  be  ft 
•iMkioataaeUipMb 


is  yet  a  more  striking  analos^y,  to  whidi 
we  are  led  by  observing  that,  in  the 
ellipse,  the  curve  in  which  the  extremity 
of  a  conjue^ate  diameter  so  defined  lies,  is 
a  part  of  the  ellipse  itself,  or,  as  we  may 
consider  it,  an  ellipse  having  the  same 
centre  and  axes  with  the  given  ellipse. 

It  might  be  expected  that  the  same,  or 
something  similar,  would  obtain  in  the 
hyperbola;  and  such,  we  are  about  to 
demonstrate,  is  the  case ;  viz,  that  "  the 
locus  of  the  extremities  of  all  the  conju- 
gate diameters  of  a  given  hyperbola  is 
an  hyperbola  which  has  the  same  centre 
and  the  same  axes  as  the  first.*' 

To  demonstrate  this : 

Let  C  B  be  drawn  parallel  to  the  tan- 
gent at  the  principal  vertex  A,  andthoe- 
fore  perpendicular  to  the  transverse  i 


A' C  A  (13.  Cor.  1.):  let  P  be  any  point 
in  the  hyperbola,  and  draw  PM  likewise 
parallel  to  the  tangent  at  A,  to  meet  CA 
produced  in  M,  so  that  P  M  is  a  semi- 
ordinate  to  the  transverse  axis  A'  C  A 
(17.  and  def.  17.);  take  CB  such  ttial 
C  B»  shall  be  to  C  A«  as  PM«  to  A M 
X  MA',  and  make  CB'  equal  to  CB,  so 
that,  according  to  the  above  definition, 
B  B'  is  the  conjugate  axis  of  the  hyper- 
bola. Let  PT  be  drawn  touching  the 
hyperbola  in  P  to  meet  CA  in  T; 
through  A  draw  AQ  parallel  to  FT, 
and  therefore  (defl  17.)  an  ordinate  to 
the  diameter  P  U,  by  which  it  is  oon- 
sequently  bisected  (17.)  in  the  point 
of  mtersection  N ;  through  C  draw  C  D 
parallel  to  P  T,  and  take  C  D  such  that 
CD»  shall  be  to  CP'asQNMoFN 
X  N  U,  and  make  C  Z  equal  to  G  D,  so 
that  D  Z  is  the  diameter  which  is  conjn- 

gite  to  the  diameter  C  P.  The  ponits 
,  Z  shall  lie  in  an  hyperbola  whkh 
has  B  B'  for  its  transverse  axis  and  A  A' 
for  its  conjugate  axis. 

From  D  draw  D  B  perpendienhir  t<» 
C  B  produced.  Then,  because  the  sides 
of  the  triangles  C  D  E,  PTM  are  paral- 
lel, each  to  each,  those  trian^es  are 
similar  (1. 18.) :  therefore,  CE  :  PM  : : 
CD  :  PT  (IL3KX  9odp  ooiunqiimtlj 
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(11.  37.  CifT.  4.x  C  E«  :  P  M« ::  C  D» 
:  PT«.  Now,  CD*  is  to  PT«  in  a 
ratio  which  is  compounded  of  the  ratios 
ofCD»toQNSandQN«orNA»to 
PT».  And  because,  by  supposition, 
CD»  :  CP»  ::QN«  :  PNxNUor 
(L  34.)  C  N*  -  C  P«  altemando  C  D» 
:  QN«;:  CP«  :  CN«-CP«;  also, 
because  N  A  is  parallel  to  PT,  N  A* 

:  PT« ::  c  N« ;  CP«  (li.  3o.  Cor.2. 

and  II.  37.  Cor,  4.);  therefore,  the 
ratio  which  is  compounded  of  the  ratios 
of  CD«toQN«  and  NAMo  PT*  is 
the  same  with  the  ratio  which  is  com- 
pounded of  the  ratios  of  CP"*  to  C  N  "^  — 
C  P»  and  CNUo  CP«,  the  same,  that  is, 
with  the  ratio  of  C  N»  to  C  N«  -  C  P«, 
thatis»  again,  since  (II.  29.)  C  N  :  C.P 
::  C  A  :  C  T,  the  same  with  the  ratio 
of  C  A«  to  C  A»  -  C  T«  (II.  37.  Cor.  4. 
and  II.  20.  Cor.  1.).  Therefore,  C  E'  : 
PM*::CA»  :  CA»  -  CT«  (a). 

Again,  because  P  M  is  a  semiordinate 
of  the  diameter  A  A'  to  which  B  B'  is 
coiqugate,  PM» :  BC«::AM  x  MA' 
er  C  M«  -  C  A«  :  C  A».  Therefore, 
combining  this  with  the  proportion  (a), 
ex  aquo  perturbaio,  C  E«  :  B  C«  :: 
CM*  -CA*  :  CA«  -  CT«:  and, 
consequently,  because  CM.  C A,  C T 
are  proportionals  (18.),  C  E<  :  B  C*  :: 
C  M«  :  C  A«  (II.  22.).  And  hence, 
dividendo,  C  E«  -  C  B«  :  C  B«  ::  « 
CM«-  CA«:  CAM^). 

But,  because  the  triangles  C  D  £, 
PTM  are  similar, DE»:  MT«::CE« 
:  PM*  (11.  3U  and  11.  37.  Cor.  4.); 
therefore,  by  the  proportion  (a),  D£> 
ia  to  MT*  as  CAHo C  A»- CT*,  that 
is,  since  C  M,  C  A,  C  T  are  propor- 
tionala  (18.),  as  C  M  to  C  M  -  C  T  or 
MT  (II.  37.  Cor.  2.  and  II.  20.  Cor.  1.), 
orasGMxMTtoMT*  (II.  35.) ; 
therefore,  D  E*  is  equal  to  C  M  x  M  T, 
or,  since  MA,  M  T,  M  C,  M  A'  are  pro- 
portionals (II.  47.),  to  A  M  X  MA' 
(IL  38.).  that  is  (1. 34.)  to  CM*  -  CA*. 

Therefore,  by  the  proportion  (6),  DE* 
:  CA*::CE*-.CB*:  CB«;anda//«% 
nando  ill.  19.)  DE*  :  CE*-  CB*  or 
(L34.>BExEB' ::  CA«  1  CBSwhich 
shows  that  the  point  D  is  in  an  hyperbola 
which  has  the  transverse  axis  B  B'  and 
tibe  conjugate  axis  A  A'.  (19.)  And, 
becanae  CZ  is  equal  to  CD,  and  that  the 
diameters  of  an  hyperbola  are  bisected 
by  the  centre,  the  point  Z  is  in  the  same 


hyperbola,  which  has  for  its 
transvene  axis  the  conjugate  axis  of  the 
given  hyperbola,  is  caUed  the  cot^itgaie 
hfperbdci.  Thus  the  two  hyperbolas.are 


mutually  oop^usatey  each  to  the  ofthef, 
uid  each  of  them  is  the  locus  of  the 
vertices  of  all  the  conjugate  diameters  of 
the  other. 

Prop.  20. 

If  through  any  point  taken  within  or 
tnthout  a  conic  section,  there  are  drawn 
any  number  of  straight  lines,  each  cut" 
ting  the  curve  in  two  points,  and  if  at 
every  such  two  points  tangents  are 
drawn  intersecting  one  another  in  a 
third  point  P,  the  locus  of  thepotnUt  P 
shall  be  a  straight  line;  and  every 
straight  line  which  is  drawn  through 
the  point  taken  to  cut  the  curve  shall  be 
harmonically  divided  by  that  straight 
line  and  the  curve. 

For  the  point  taken,  D,  may  be  trans- 
ferred by  a  straight  line  drawn  from  the 
vertex  of  the  cone  to  a  corresponding 


point  d  within  or  without  the  cu-cle  which 
IS  the  projection  of  the  conic  section 
(12.):  also  any  straight  line  passing 
through  the  former  may,  in  like  manner, 
be  transferred  to  a  corresponding  straight 
line  passing  through  the  latter,  and  the 
tangents  at  the  points  in  which  the  conio 
section  is  cut  by  the  former  straight 
line  to  tangents  of  the  circle  (6.)  at 
the  points  in  which  it  is  cut  by  the  latter, 
and  the  point  P  in  which  the  tangents  of 
the  conic  section  intersect  one  another 
to  a  corresponding  point  p  in  which  the 
tangents  of  the  circle  intersect  one  ano* 
ther.  But  the.  points  j9  lie  in  a  straight 
line  (III.  53.)  because  they  are  the  in* 
tersections  of  tangents  to  a  circle  at  the 
extremities  of  chords  passing  through 
the  same  point.  Therefore,  the  proiee* 
tions  of  the  points  P  are  such  that  tlieir 
projections  he  in  a  straight  line,  tiiat  is, 
they  also  lie  in  a  straight  line  (2.)» 
Q2 
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•  A^^ain,  in  the  circle,  any  straight  line 
which  passes  throuj^h  the  projection  of 
the  point  taken,  is  divided  harmonically 
by  the  circumference  and  the  straight 
line  which  is  the  locus  of/>(III.  53.  Cor,); 
and  lines  harmonically  divided  are  the 

fffojections  of  other  lines  which  are 
ikewise  harmonically  divided  (II.  49.) ; 
therefore,  also,  in  the  conic  section,  any 
straight  line  which  passes  through  the 
point  taken  is  divided  harmonically  by 
the  conic  section  and  the  straight  line, 
which  is  the  locus  of  P. 
Therefore,  &c. 

Prop.  21. 

In  every  conic  section  A  P  Q,  if  in 
the  right  cone  of  which  it  is  a  section 
there  be  inscribed  a  sphere  which  touches 
the  plane  of  the  come  section  in  a  point 
S,  and  the  conical  surface  in  a  circle^ 
the  f^ane  of  which  is  produced  to  cut  the 
plane  of  the  conic  section  in  a  straight 
line  RX;  the  distances  SP  owrf  PR 
of  any  point  P  in  the  conic  section  from 
the  point  S.  and  the  straight  line  RX, 
shall  be  to  one  another  tn  a  constant 
ratio.* 

Let  V  O  be  the  axis  of  the  cone,  and 
A  M  the  axis  of  the  conic  section,  so 


that  the  plane  V  A  M  A'  passes  through 

V  O,  and  is  perpendicular  to  the  plane 
of  the  conic  section  AP  Q  (13.  and  def. 
13.) :  then,  because  the  axis  V  O  makes 
equal  angles  with  the  slant  sides  V  A, 

V  A',  if  the  angle  VAM  be  bisected  by  a 
straight  line  cutting  VO  in  O,  the  point  O 
will  be  the  centre  of  a  circle  touching  the 
three  straight  lines  V  A,  V  A',  and  A  M 
(III.  59.) ;  and,  if  OB,  OS  be  drawn  per- 
pendicular to  V  A',  A  M  respectively,  it 
will  touch  V  A'  in  the  point  B,  and  AM  in 
the  point  S.  Therefore,  if  the  half  of  this 
eircle,  which  is  upon  the  same  side  of  VO 
nyith  the  tangent  V  B,  be  made  to  revolve 

•  From  the  "  Transaclions  of  the  Cambridffe  Philo- 
•o^«il«oci«ty,-  YoL  UI,  No.  VUI.         * 
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together  with  VB  about  the  axis  VO  of 
the  cone,  it  will  generate  a  sphere  (IV. 
def.  21.)  which  touches  the  conical  sur* 
face  (in  which  V  B  always  lies)  in  the 
circleBDE(lV.3.  Cor.  2.).  generated  by 
the  point  B.  And  the  same  sphere  wiU 
touch  the  plane  APQ  in  the  point  S 
(IV.  8.) ;  for  OS,  being  drawn  in  the  plane 
VAM  perpendicular  to  A  M,  which  is 
the  common  section  of  the  plane  VAM 
with  the  plane  A  P  Q  to  which  it  is  ] 
pendicular,  is  perpendicular  to  the  [ 
A  P Q  (IV.  18.).  It  is  supposed,  tii 
fore,  that  the  pUme  of  the  circle  BDE  is 
produced  to  meet  the  plane  A  P  Q  in  the 
line  RX;  and  it  is  required  to  show  that, 
if  from  any  point  P  of  the  conic  section, 
PR  is  drawn  perpendicular  to  RX,  and 
SP  is  joined,  SP  shall  be  to  PR  in 
a  constant  ratio. 

Through  V  draw  V  L  parallel  to  AM 
(I.  43.),  and,  since  V  L  so  drawn  is  in 
the  plane  VAM  (I.  def.  12.  and 
IV.  1.)  let  it  meet  the  straight  line 
E  B,  in  which  the  "plane  of  the  circle 
is  cut  by  the  plane  V  A  M,  or  E  B  pro- 
duced, in  L;  join  VP,  and  let  it  cut 
the  circumference  B  D  E  in  D,  and  j<Hn 
li  D,  D  R.  Then,  because  the  plane 
BDE  of  the  circle  is  perpendicular  to  the 
axis  V  O  (1 1.),  and  consequently  to  the 
plane  VAM  which  passes  through  V  G 
(IV.  18.),  and  that  the  plane  APQ  of 
the  conic  section  is  perpendicular  to  the 
same  planeV  A  M,  the  common  section 
R  X  is  perpendicular  to  the  same  plane 
(IV.  18.  Cor.  2.),  and  therefore,  also,  to 
the  line  X  A  M  which  meets  it  in  that 
plane  (IV.  def.  1.).  But  RX  is  also 
perpendicular  to  R  P.  Therefore  RP  is 
parallel  toXAM  (1. 14.),  that  is  (IV.  6.). 
to  V  L.  Therefore  the  points  L,  D.  R 
are  in  the  plane  of  the  parallels  V  L, 
R  P ;  but  they  are,  also,  in  the  plane  of 
the  circle  BDE;  therefore  they  are  in 
the  common  section  of  these  two  planes, 
that  is,  in  a  straight  line  (IV.  2.),  and  LD, 
DR  are  in  one  and  the  same  str^ht  line. 
Again,  because  the  plane  VPS  cuts  the 
sphere  in  a  circle  (VI.  1.),  and  that  the 
straight  lines  P  D,  P  S  meet  this  circle 
and  do  not  cut  it,  they  touch  it  in  the 
points  D,  S  respectively,  and  con- 
sequently, PD  is  equal  to  PS  (III.  2. 
Cor.  3.).  But,  because  V  L  is  parallel 
to  R  P,  the  h-iangles  VD  L,  PD  R  are 
similar  (I.  15.).  Therefore,  PD  is  to 
PRasVDto  VL(II.31.).  Therefore, 
since  S  P  is  equal  to  PD,  and  VB  to 
yD,SP  is  toPRasVBtoVL,that 
is,  in  a  constant  ratio. 

Therefore,  &c 
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Car,  1.  If  the  conic'  section  be  an 
ellipse  or  an  hyperbola,  a  second  circle 
may  be  described  in  the  angle  A  V  B  or 
in  the  ande  vertical  to  it,  touching  the 
straight  fines  VA,  VA',  and  A  A',  and 
accordingly,  a  second  sphere  inscribed 
in  the  cone  touching  the  plane  of  the 
ellipse  or  hyperbola  in  a  second  point 
S'  of  the  axis,  and  the  surface  of  the 
ccne  in  a  second  circle  B' D' E'.  And 
if  the  plane  of  this  circle  be  produced 
to  cut  the  plane  of  the  ellipse  or 
hyperbola  in  a  line  R'  X',  it  may  be 
shown,  as  in  the  proposition,  that  the 
distances  S'  P  and  PR'  of  any  point 
P,  from  the  point  S'  and  the  line  R'X'. 
are  to  one  another  in  the  constant 
ratio  of  VB'  to  VL',  that  is,  in  the 
same  constant  ratio  as  before,  of  V  B 
to  VL  (11.29.). 


In  the  case  of  the  parabola  no  such 
seeond  eircle  can  be  described,  because 
y  B  is  parallel  to  A  M. 

Cor.  2.  If  C  is  the  centre  of  the 
dlipsexnr  the  hyperbola,  OS,  CA,|CX,  as 


also  C  S',  C  A',  C  X',  are  proportionals. 
For,  since  (by  the  proposition)  S  A  is 
to  AX  as  S A'  to  AX,   the  straight 
lines  A' X,  A' A,  and  A' S,  are  in  bar- 
monical  progression  (II.  45.  Cot»)  ;  and 
consequently,  the  mean  A  A'  being  bi- 
sected in  C,  C  S,  C  A,  and  C  X  are  pro- 
portionals  (11.46.) ;  and  the  like  demon- 
stration applies  to  C  S',  C  A'  and  C  X'. 
Cor,  3.  The  constant  ratio  of  S  P  to 
P  R  is  the  same  with  that  of  C  S  to  CA, 
or  (which  is  the  same)  of  C  S'  to  C  A'. 
For  A  being  a  point  of  the  ellipse  or  hy- 
perbola, S  A  is  to  A  X  in  the  constant 
ratio ;  and  because  C  S,  C  A,  C  X  are 
proportionals,  C  S  is  to  C  A  as  S  A  to 
A  X  (II.  22.)    And  for  the  like  reason 
C  S'  is  to  C  A'  as  S'  M  to  A'X',  that  is, 
likewise  in  the  constant  ratio. 

Cor.  4.  In  the  ellipse  SP+  PS'= 
A  A' ;  and  in  the  hyperbola  S  P  -  P  S' 
= A  A'.  For,  since  S  P  is  to  P  R  in  the 
constant  ratio  of  CS  to  GA,  or  of 
C  A  to  C  X,  or  again  (II.  23.),  of  A  A'^ 
to  XX',  and  that  S'  P  is  to  PR'  in  the 
same  ratio,  SP  iS'Pis  to  PR+PR' 
in  the  same  ratio  of  AA' to  XX' (II. 
23.  and  II.  22.).  But  in  the  ellipse  P  R 
+  PR'  is. equal  to  RR',  and  RR'  iff  . 
equal  to  XX'  (I.  22.);  therefore  (II. 
18.  Cor,\  SP  +  S' Pis  equal  to  A  A'. 
And,  in  the  hyperbola,  PR -PR'  i» 
equal  to  R  R',  and  R  R'  is  equal  to  X  X' 
(1.22.);  therefore  (II.  18.  Cor.)  SP- 
S' Pis  equal  to  A  A'. 

Cor,  5.  In  the  ellipse  S  P  is  less  than 
PR;  in  the  hyperbola  SP  is  greater 
than  P  R ;  and  m  the  parabola  S  P  ig 
equal  to  P  R. 

Scholium. 

The  points  S  and  S'  are  called  the /octV 
and  the  straight  lines  R  X,  R'  X'  the 
directrix-es,  of  the  conic  section:  the 
ellipse  and  hyperbola  having  two  foci 
at  equal  distances  from  the  centre  upon 
either  side  of  it,  and  two  directrix-es  ; 
the  parabola  one  focus  and  one  directrix 
only.  From  the  simple  properties  which 
have  just  been  demonstrated  with  re- 
gard to  these  remarkable  points,  viz., 
that 

1.  In  the  ellipse  SP+S'P=A  A'. 

2.  In  the  hyperbola  S  P  -  S'  P = A  A'. 

3.  In  the  parabola  S  P=PR, 
others  of  very  considerable  impor« 
tance  are  derived.  The  three  conic 
sections  are,  indeed,  commonly  defined 
by  these  properties,  and  from  these,  by 
help  of  the  theorems  of  Plane  Geometry*  . 
all  other  properties  are  derived  in  order. 
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Pakt  III. — Plane  Sections  of  the  ob- 
lique cone,  of  the  right  cylinder,  and  qf 
tM  oblique  cylinder, 

Proi'.  22. 
''   Every  section  of  an  oblique  cone  which 
is  made  by  a  plane  parallel  to  its  base, 
is  a  circle  having  its  centre  in  the  axis 
of  the  cone. 
,  ^  See  the  demonstration  of  Prop.  1 1 . 

Prop.  23. 
In  an  oblique  cone,  if  V  A,  VA'  are' 
the  slant  sides  in  which  the  surface  qf 
^  cone  is  cut  by  a  plane  passing 
through  the  axis  V  O  perpendicular  to 
the  base,  and  if  the  cone  be  cut  by  a 
plane  P  Q  R  whidi  is  perpendicular  to 
the  plane  V  A  A',  ana  is  inclined  to 
either  of  the  slant  sides  Y  A  at  the  same 

X'  f  at  which  the  base  is  inclined  to  the 
slant  side  V  A',  the  section  made 
by  the  plane  P  Q  R  shall  be  a  circle  : 
in  other  words,  every  subcontrary  sec- 
tion of  an  oblique  cone  is  a  circle. 

Let  the  plane  PQR 
cut  the  plane  V  A  A' 
in  the  straight  line 
PF;  take  any  point 
Q  in  the  curve  PQR, 
and  through  Q  draw 
the  plane  A  Q  A'  R 
parallel  to  the  base  of 
the  cone,  and  let  this 
Diane  cut  the  plane  .  _ 
V  A  A'  in  the  straight  line  A'A',  and  the 
plane  PQR  in  the  straight  line  QR 
(IV.  2.) ;  then  A  QA/ is  a  circle  ha:ving 
its  centre  O  in  fHe  axis  of  the  cone  (22.). 
And,  because  the  planes  A  Q  A',  P  Q  R 
are  each  of  them  perpendicular  to  the 
plane  V  A  A',  their  common  section  QR 
18  perpendicular  to  the  same  plane  (IV. 
18. Cor.  2.),  and  consequently  (IV. def.  1.) 
to  the  straight  lines  AA',  PP'  which  meet 
it  in  that  plane.  Now,  because,  by  the 
supposition,  the  planes  P  Q  R,  A  Q  A' 
are  equally  inclined  to  the  straight  lines 
VA,  VA'  respectively,  the  angles  of 
inclination  V  P'^P  and  V  A'  A  are  equal 
to  one  another,  and  (I.  3.)  the  vertical 
angles  P  N  A'  and  A  N  P'  are  likewise 
6qual;  therefore  the  trianpjles  PNA', 
AN F  are  similar,  and  (11.31.)  PN 
is  to  N  A'  as  AN  to  N  P',  and  con- 
sequently (II.  38.).  PN  X  N  F  is  equal 
to  AN  X  NA'.  But,  because  A  A'  is 
the  diameter  of  the  circle  A  Q  A',  and  is 
perpendicular  to  the  chord  Q  R  at  the 
point  N,  Q  R  is  bisected  in  N  (III.  3.), 
and  QN»  is  equal  to  AN  x  N  A'  (III.  20.). 
Therefore  QN»  is  equal  to  PN  xN  F. 

Therefore,  l)ecause  P  F  bisects  every 


straight  line  Q  R,  which  is  drawn  per- 
pendicular to  it  from  a  point  Q  of  the 
sectionPQR,  and  that  the  square  Q  N* 
of  the  half  of  such  straight  Ime  is  equal 
to  the  rectangle  PN  x  N  F,  under  the 
segments  of  PF,  the  section  P  Q  R  is  a 
chrcle,  having  PF  for  its  diameter  (III. 
3.  and  III.  20.). 
Therefore,  &c. 

Prop.  24. 
Every  plane  section  of  an  oblique 
cone  which  neitiier  passes  through  the 
vertex,  nor  is  parallel  to  the  ba^  nor 
is  subcontrary,  is  a  conic  section^  thai 
is,  either  an  ellipse  or  a  parabola  or  am 
hyperbola. 

Let  V  be  the  vertex,  and  VO  the  axis 
of  an  oblique  cone,  and  let  it  be  cot  bj 
any  plane  PQR:  through  V  draw  the 
straight  line  VD  parallel  both  to  the  base 
of  the  cone  and  to  the  plane  PQR 
(IV.  40.  Cor.):  through  any  pohit  in 
the  base  of  the  cone  draw  a  straight 
line  parallel  to  VD,  and  (III.  57.)  a 
straight  line  touching  the  base  parallel 
to  this  straight  line  or  (IV.  6.)  to  V  D ; 
and  let  VP  be  the  slant  side  of  the  cone 
which  passes  thisough  the  point  of  con- 
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tect,  so  that  the  plane  DVP  touches  the 
conical  surface  in  the  slant  side  VP. 
Let  the  plane  PVO  cut  the  plane  P  Q  R 
in  the  straight  line  P  N,  ana  the  conical 
surface  in  the  second  slant  side  Vp'. 
Then,  if  PN  cuts  Wj/  in  a  point  F, 
the  section  P  Q  R  shall  be  an  ellipse ;  if 
P  N  is  parallel  to  V  o',  the  section  shall 
be  a  parabola;  and  if  PN  cuts  \p* 
produced  beyond  the  vertex  in  a  point 

V  the  section  shall  be  an  hyperbola. 
First,  let  us  suppose  that  PN  is  not 

parallel  to  VP',  and  therefore,  if  pro- 
duced, cuts  it  in  a  point  P'  below  or 
above  the  vertex  V.  Take  any  two  points 
Q,  (y  in  the  curve  P  Q  R,  and  throurfi 
these  points  draw  the  planes  DVQ, 
D  V  Q'  (IV.  1 .)  cutting  the  plane  P  Q  R 
in  the  shraight  lines  Q  R,  Q'  R'  and  the 
plane  V  P  F  in  the  straight  lines  V  N, 

V  N'  respectively  (IV.  2.) ;  also  through 
Qie  point  P  draw  a  plane  parallel  to  the 
base  of  the  cone,  and  therefore  cutting 
ttie  cone  in  a  circular  section  ¥qr  (22.), 
and  let  the  same  plane  cut  the  plane 
P  Q  R  in  the  straight  hne  P  H.  Then, 
b«^use  the  plane  DVP  touches  the 
conical  surface,  the  straight  line  PH 
touches  both  the  circular  section  Vqr 
and  tiie  curve  P  Q  R,  and  consequently 
file  diameter  P  O  f/  of  the  circle  is 
perpendicular  to  PH.  Let  9 n  r  be  the 
projection  of  Q  N  R  on  the  plane  P  <gf  r 
by  straight  lines  drawn  from  V,  or,  which 
is  the  same  thing,  the  common  section 
of  the  plane  pqr  with  the  plane  DVQ; 
then,  because  VD  is  parallel  to  the  plane 
of  the  circle,  and  likewise  to  the  plane 
P  Q  R,  it  is  parallel  to  PH,  which  is  the 
conmion  section  of  these  two  planes 
(IV.  40.  Cor,)\  but  ^r  is  parallel  to 

V  D,  because  it  is  the  common  section 
of  a  plane  passing  through  VD  with  the 
plane  pq'r,  to  which  V  D  is  parallel 
(IV.  10.):  therefore  ^r  is  parallel  to 
P  H  (IV.  6.) ;  and,  for  the  like  reasons, 
Q  R  is  likewise  parallel  to  PH,  that  is 
(IV.  6.),  to  qr.  Also,  because  ^r  is 
parallel  to  PH,  which  touches  the  circle 
r  9  r  in  P,  it  is  perpendicular  to  the  dia- 
meter P  Op'  (III.  2.  and  1.  14.),  and  is 
therefore  (I  II .  3 .)  bisected  in  the  point  n ; 
wherefore,  also,  since  Q  R  is  parallel  to . 
or,  it  is  bisected  in  the  point  N  (II.  30.). 
Thrpugh  N  and  N'  draw  KL  and  K'  L', 
each  of  tliem,  paiallel  to  P  Op'.  Then, 
because  the  triangles  V  K  N,  V  N  L  are 
smilar  to  the  triangles  Vp'»,  VnP 
respectively  (1. 15.)  kN  :  /?'n  ::  VN 

:  Yn  (II.  31.  and  II.  19.),  and  N  L  : 
fiP  ::  VN  :  Vn,  and  consequently 
(IL  37.  Cor.  3.),  KN  xN  L  is  top'nx 


nPasVN«  to  Vn«,  that  is,  since  the 
triangles  V N  Q,  Vn^  are  similar,  as 
QN«  to  9  71*  (II.  37.  Cor.  4.):  butj^n 
X  n  P  is  equal  to  g  /i«  (III.  20.) :  there- 
fore, also,  K  N  X  N  L  is  equal  to  Q  N« 
(II.  18  Cor,).  In  the  same  manner,  it 
may  be  shown  that  K'  N'  x  N'  L'  is 
equal  to  Q'N'«.  But,  because  the  tri- 
angles P'  K  N,  PN  L  are  sunilar  to  the 
triangles  FK'N',  PN'L'  respectively 
(1. 15.)  KN  :  NP'.tK'N  :  N'F,  and 

NL  :  NP  ::  n'L'  :  n'p  (II.  31.), 

and  consequently,  KNxNLorQN«ia 
to  PNxNP'  as  K'N'xN'L'  orQ'N'« 
is  to  P  N'  X  N'  P'  (II.  Z7.  Cor.  3.). 
Therefore,  altemando,  Q  N  •  is  to  Q'  N'« 
as  PN  X  NP'  to  P  N'  X  N'P' ;  and 
consequently,  P  Q  R  is  an  ellipse  or  an 
hyperbola  having  the  diameter  P  P'  and 
tangent  PH  (19.);  an  ellipse,  if  PN 
cuts  V  P'  below  the  vertex ;  an  hyper- 
bola, if  above. 

And,  by  a  similar  construction,  if 
PN  be  parallel  ioYp',  it  mav  be  showrt^ 
in  the  same  manner,  that  K  N  x  N  L  is 
equal  to  Q  NS  and  K'  N'  x  N'  L'  to 


Q'  N'=.  But,  because  K  N'  is  a  paral- 
lelogram.  KN  is  equal  to  K'  N'  (1. 22.), 
and,  because  NL  is  parallel  to  N'L', 
N  L  is  to  N'L'  as  PN  toPN'  (II.  30. 
Cor,  2.) ;  therefore,  K  N  x  N  L  is  to 
K'  N'  X  N'  L'  as  P  N  to  P  N'  (IL  35.). 
Therefore,  Q  N»  is  to  Q' N'^  as  PN  to 
PN';  and,  consequently,  PQR  is  a 
parabola  having  the  diameter  P  N  and 
tangent  PH  (19.). 
Therefore,  &c. 

Prop.  25. 

Every  section  of  a  cylinder  which  it 
made  by  a  plane  parallel  to  its  base^ 
is  a  circle  having  its  centre  in  the 
axis  of  the  cylinder,  whether  the  cylin- 
der be  right  or  oblique. 

Let  A  B  C,  a  6  c  be  the  bases  of  a 
cylinder,  and  Oo  its  axis,  and  let 
PQR  be  a  section  made  by  any  plane 
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which  IS  parallel  to 
ABC  or  a  be,  and  cuts 
the  axis  O  o  in  £.  The 
section  PQR  shall  be 
a  circle  having  the  cen- 
tre E. 

Let  P  be  any  point 
in  the  curve  PQR; 
join  PE;   through  P 
draw  P  A  parallel  to  E 
O,    and,  consequentlv 
(V.  def.  1.),  lying  in  the  convex  surface 
of  the  cylinder,  to  meet  the  circumfer- 
ence A  B  C  in  A,  and  join  O  A.    Then, 
because  the  parallels  PA,  EO  arc  in- 
tercepted between  parallel  planes,  they 
are  equal  to  one  another   (TV.  13.); 
and,  because  PA  and  EO  are  both 
equal  and  parallel,  E  P  is  equal  to  O  A 
(I.  21  .X  that  is,  to  the  radius  of  the  circle 
ABC.    And,  in  the  same  manner,  it 
may  be   shown  that  the  straight  line 
drawn  from  E  to  any  other  point  Q  of 
P  Q  R  is  equal  to  the  same   radius. 
Therefore,  the  point  E  is  at  the  same 
distance  from  every  point  of  PQR ;  and, 
consequentlv,  P  Q  K  is  a  circle  having 
the  centre  E. 
.   Therefore,  &c. 

Cor.  The  radius  of  every  circular 
section  of  a  cylinder,  which  is  made  by  a 
plane  parallel  to  its  base,  is  equal  to  the 
radius  of  the  base. 

.     Prop.  26. 

In  an  oblique  cylinder,  if  Ab,  and 
A'  a'  are  the  parallel  straight  lines  in 
which  the  surface  of  the  cylinder  is  cut  by 
a  plane  passing  through  the  aris  O  o  per^ 
pendicular  to  the  bate,  and  if  the  cylin- 
der be  cut  by  a  plane  PQR  which  is  per- 
pendicular  to  the  plane  A  a  a'  A',  and  is 
inclined  to  either  of  the  parallel  straight 
lines,  AsL,ai  tlie  same  angle  at  which  the 
base  is  inclined  to  the  other  A'  a',  the 
section  made  by  the  plane  PQR  shall  be 
a  circle  having  its  centre  in  the  axis  of 
the  cylinder ;  or,  in  other  u>oixls,  every 
subcontrary  section  of  an  oblique  ct/lin- 
der  is  a  circle  having  its  centre  in  the 
axis  of  the  cylinder. 

Let  the  plane  PQR  cut  the  plane 
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Aaa' A' in  the  straightline P  P' (IV.2.X 
take  any  point  Q  in  the  curve  PQR, 
and  through  Q  draw  tlie  plane  D  Q  IK  R 
parallel  to  the  base  of  the  cylinder  (IV. 
43.),  and  let  this  plane  cut  the  plane 
A  a  a'  A'  in  the  straight  line  D  E  D'  and 
the  plane  P  Q  R  in  the  straight  line 
Q  R ;  then  D  Q  D'  is  a  circle  having 
the  centre  E  (23.).  And,  because  ^the 
tlanesD.QD',  PQR  are  each  of  them 
perpendicular  to  the  plane  A  a  a' A', 
their  common  section  Q  R  is  perpendictt- 
lar  to  the  same  plane  (IV.  18.),  and  con- 
sequently to  the  straight  lines  Diy,  PP. 
which  meet  it  in  that  plane  (IV.  def.  1 .). 
Now,  because,  by  the  supposition,  the 
planes  P  Q  li,  D  Q  D'  are  equally  indined 
to  the  straight  lines  A  a.  A' a'  respec- 
tively, the  angles  of  inclination  N  P  D» 
ND^P'  are  equal  to  one  another;  but 
N  D'  F  is  equal  to  N  D  P,  because  AV 
is  parallel  to  A  o  (1. 15.) ;  therefore,  the 
angle  N  P  D  is  likewise  eaual  to  N  D  P, 
and  consequently  (L  6) the  side  N  P is 
equal  to  the  side  ND.  And.  for  the  like 
reasons,  N  P'  is  equal  to  N  D'.  There- 
fore, the  rectangle  P  N  x  N  F  is  equal 
to  the  rectangle  D  N  x  N  D'.  But,  be- 
cause D  E  D'  is  the  diameter  of  the  cir- 
cle D  Q  D',  and  is  perpendicular  to  the 
chord  QR  at  the  point  N,  QR  is  bisected 
in  N  (in.  3.),  and  Q  N«  is  equal  to  DN 
X  N D'  (IIL  20.).  Therefore,  Q  N*  is 
eoual  to  PN  X  N  P'.  Therefore,  because 
PF  bisects  every  straight  line  QR  which 
is  drawn  perpendicular  to  it  from  a  point 
Q  of  the  section  PQR,  and  that  the 
square  QN '  of  the  half  of  such  straight 
line  is  equal  to  the  rectangle  P  N  x  N  P 
under  the  segments  of  P  P,  the  section 
P  Q  R  is  a  c&cle  having  P  F  for  its  dia- 
meter (III.  3.  and  IIL  20.).  Also,  the 
middle  point  of  P  P'  is  the  centre  of  the 
circle.  But,  because  0  o,  A  a  and  AV 
are  parallel,  and  that  A'  O  is  equal  to 
0  A,  P  F  is  equal  to  F  P  (II.  29.),  that 
is,  F  is  the  middle  point  of  P  F.  There- 
fore,  F  is  the  centre  of  the  circle  PQR. 

Therefore,  &c. 

Cor.  The  radius  of  every  subcontrary 
section  of  an  oblique  cylinder  is  equal  to 
the  radius  of  the  base  of  the  cylinder. 

Prop.  27. 

Every  plane  section  of  a  cylinder 
whicli  is  neither  parallel  to  the  axis^  nor 
jparallel  to  the  base,  nor  subcontrary^ 
is  an  ellipse  having  its  centre  in  the 

*  A  plane  which  is  pwaUrl  to  th«  axis  of  a  cyK«- 
der,  cat*  the  eonrex  carface  in  two  stntifht  ums 
which  are  paraUel  to  the  asia. 
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am>  of  the  cylinder,  whether  the  cylinder 
be  right  or  oblique. 

Let  ABA',  abaf  be  the  bases,  and 
O  0  the  axis  of  a  cylinder,  and  let  P  Q  R 
be  any  plane  section  which  is  neither 
pai  allel  to  the  axis  O  o  nor  to  the  base 


ABA',  nor  subcontrary:  PQR  shall 
be  an  ellipse  having  for  its  centre  the 
point  C  in  which  its  plane  cuts  the  axis 
of  the  cylinder. 

Through  O  draw  a  plane  parallel  to 
the  plane  PQR  (IV.  43.),  and  let  it  cut 
the  plane  ABA'  in  the  straight  line  OB ; 
draw  the  diameter  A  A'  perpendicular  to 
O  B,  and  let  the  plane  A  0  o  cut  the 
convex  surface  of  the  cylinder  in  the  pa- 
rallel straight  lines  Aa,  A'a',  and  the 
plane  P  Q  R  in  the  straight  line  PGP': 
m  the  curve  PQR  take  any  two  points 
Q,  Q',  and  through  these  points  draw 
the  planes  KQLR,  K'Q'L'R'  parallel 
to  the  base  ABA'  (IV.  43.)  and  cutting 
the  plane  PQR  in  the  straight  lines 
Q  N  R,  Q'  N'  R'  and  the  plane  A  a  a'  A' 
in  the  straight  lines  K  N  L,  K'  N'  V 
req)€ctively  (IV.  2.).     Then,  because 


Q  R  is  the  common  section  of  two  planes 
which  are  parallel  respectively  to  the  two 
passing  through  O  B,  Q  R  is  parallel  to 
OB  (fV.  12.  Cor.)\  and,  for  the  like 
reason,  Q'  R'  is  parallel  to  O  B  or  Q  R 
Also,  because  K  L  and  A'  A  are  the 
common  sections  of  parallel  planes  by 
the  same  plane  A  ao' A',  K  L  is  parallel 
to  A'  A  (IV.  12.) ;  and.  for  the  like  rea- 
son, K'  L'  is  parallel  to  A'  A  or  K  L. 
But  A' O  A  is  at  right  angles  to  OB. 
Therefore,  QR  is  at  right  angles  to  KL. 
and  Q'R'  is  at  right  angles  to  K'L' 
(IV.  15.).  And,  because  the  diameter 
KL  of  the  circle  KQLR  is  at  right 
angles  to  the  chord  Q  R,  it  bisects  (j|  R 
in  the  point  N  (TIL  3.);  and,  for  the  like 
reason,  Q'  R'  is  bisected  in  N'.  There- 
fore (III.  20.)  Q  N«  is  equal  to  K  N  X 
NL,  and  Q'  N'«  to  K'  N'  x  N'  L'.  But, 
because  the  triangles  P'  K  N,  PN  L  are 
similar  to  the  triangles  F  K'N',  P  N'  L' 
respectively  (1. 15.)  KN  :  NF : :  K'N'  : 
N'F.  and  N  L  :  P  N  ::  N'  L'  :  P  W 
(II.  31.),  and,  consequently,  K  N  x  N  L 
orQN«  :PNxNF::K'N'xN'L'or 
Q'N'»  :  PN'x  N'P'  (IL  37.  Cor.  Z.y 
Therefore,  altemando,  QN«  :  Q' N'» 
::  PN  X  N  F  :  PN'  x  N'P';  and 
consequently  (19.),  P  Q  R  is  an  ellipse 
having  the  diameter  P  F,  and  the  tan- 
gent at  P  parallel  to  O  B.  Also,  l>e- 
cause  A  A'  is  bisected  in  O,  and  that 
A  a,  O  0  and  A'  a'  are  parallel  to  one 
another,  P  F  is  bisected  in  C  (II.  29.). 
Therefoie,  C  is  tlie  centre  of  the  ellipse 
PQR. 
Tht'refore,  &c. 


ERRATA. 


*  Those  marked  with  «n  asterisk  are  of  importance. 


age  Col.  Line 

4    2    47  for  greater  read  greater  or  lew 
a    1    2)   ^  bide  1>  E  rotttf  Rides  D  E 
13    2    27   —  same  line  read  same  side 
11     1     12  for  to  the  same  straight  line  read  to 
the  same  straight  line,  and  In  the 
Fame  plane 

17  1    29   —  22.  Cor.  r*aJ  22.  Cor.  1 

18  1      3  and  4  /pr  A  D,  and  read  A  D.    And 
20     1     13 /or  82  read  31 

«  13  2  42   —  and  hence  read  therefore,  adding 
twice  the  square  of  A  E  or  A  C 

24  1  23   —  39.  Cor.  2  reiu<  29.  Cor.  2 

25  1  26   ~  equal  to  reo^  is  equal  to 

26  1  52   —  the  pointoDE  read  the  points  D,E 
28  1  as  —triangle  ABC  read  triangle  a6e 
28  2  3  ftom  bottom, /or  H  C  remi  AC 

45    2     16 /or  [10].  Cor.  read  [11].  Cor.  2 

*  40    1      6  and  2  from  bottom,  for  A' :  B' : :  A :  B 

read  A'  :  B  : :  A  :  B' 
«  4«    1      4  and  8  firom  bottom, /or  A  readA%  and 
for  A'  read  A . 

*  46    1      1  from  bottom,  fbr  B  read  B%  and  for 

B'readB 

*  46    2      1  for  B'  read  B,  omitting  becaase  it  is 

supposed  to  be  greater  than  B,  which 

is  greater  than  Q 
47    1    18  of  note, /or  and  d  read  e  and  d 
60    1    45 /or  def.  7  read  def.  m 
54    2    12   —  A,  B,  A',  B  read  A.  B,  A',  B' 
66    1    48  ^  10.  Cor.  reod  11 .  Cor.  2 
62    1     6   —  homologous,  and    read   homolo« 

gous}  and 
64    1    29  —  Euc.  1. 17  read  EncYI.  17 
64    2    83   —  1. 38  read  1. 34 

69  2    13   —  ACre^dAc 

70  2    39    —  I.flrcaiil.  6 

75    1    19   —  D.  (I.  48  read  D.  (1. 48) 

78    1      2—56  read  56.  Cor. 

78    2    in  the  figure  of  the  Scholium,  for  C 

rcflcG' 
82    1      7 /or  1  read  1.  Cor.  I 
as    1  in  the  figure  of  the  Scholium, /or  theC 

nearest  to  A  read  c 
92    2      7/or  ABODE  F  read A,B,C,D,E,F 

95  2    89   —  31  read  81.  Cor.  1 

96  1     17   —  is  greater  read  is,  greater 

99    1      1  from  bottom,  for  impracticable  read 
impracticable  in  the  way  of  calcu- 
lation 
101     2      2  from  bottom,/or  II.  17  read  II.  13 

109  2    41  for  as  may  easily  be  shown  read  (II.  23} 

110  1     25  /or  P  C  D  read  BCD 

♦110    2    31    —  P  AS  X  A  6  read  P  A*  X  E  6 
«111    I    16  and  17  for    (produced  if  necessary) 

reatf  produced 
*I11    2    5  /or  B  C  D  read  B  C  D  and  the  point  A 
« 1 1 1    2  read  line  19  immediately  before  Une  18 
117    1    56  for  of  given  read  of  the  given 
120    1    81    —  12.  Cor.  1  reod  11.  Cor. 
—    —    41    —  12.  Cor.  1  read  11.  Cor. 
*I22    2  in  the  figure  the  letter  C  is  wanting  be- 
tween N  and  B 


Pa/ft  Col.  Lint.  ^      _^ 

•124    2  in  the  Scholium  case  6, /or  ««4.jf«=^ 

read^-^^i/t 
126    2      I  of  note  from  bottom,  for  Mid  read 

made 
126    2    26 /or  17  read  17.  Cor. 
128    1    11    — pass  read  passes 
134    2    47   —will  be  read  will  lie 
137    2      5    —  this  read  that  one 

139  2      1  from  bottom, /or  20  reotf  21 

140  2     8  from  bottom,  for    thenwelTCi  fwtf 

Ukewise 
•148    2  '88  for  altitude  6H  reoi  aMlnde  CH 

144  2    88  —  81rea422 

145  1    16   ABCDreo^ABCDE 
•146    1    27  omit  the  reference  (II.  12) 

•150  1  in  the  figurethellne  AE  is  dotted  YgfraMOue 

152  2    30 /or  1. 12  read  1. 12.  Cor.  1. 

154  2     16 —GH,  being  reotfGHbelflg 

157  I      4  — AB,  AC  read  OB,  OC 

160  1       1  — ABCDreo^ABCDE 

«160  1      4  from  bottom,/or  FLreadE  L 

1 60  1  in  the  lower  figure,  for  m  read  U 

167  2    19 /or  right  angle  rearfright-aagrled 

171  1    21  —  1  Cor.  2  road2  Cor.  2 

172  2    22  —  IV.  32  read  IV.  82,  Cor.  J 

173  2    It  fhmi  bottom, /or  pyramid  real  e«ae 
178  1    18  /or  6.  Cor.  1  road  7,  Coc  1 

178    1    26  —  pyramid  road  cone 

174  1  in  the  figure,  the  letter  C  is  waniinK  at  fbe 

centre  of  ABO 

174  1      9  from  bottom, /or  6  reotf  8 

175  2     8  and 4  /or  Props.  2  and  6  roadTnigt* 

8  and  8 

181  1    29 /or  18  reatf  18  and  16 
•182    1     12  —  C  H  read  C  D 

182  1      5  from  bottom,  for  II  I.  86  read  L  96 
182    2    13  from  bottom,  /or  i  «"  +  O  K>  rmi 

i  «•  X  G  K» 
184    1    20  /or  15  read  18 
190    2     5  from  bottom, /or  greater  rea4l  less 
190    2     4  from  bottom,  for  less  read  greater 

'ADDENDUM. 
Page  93,  col.  2,  after  Book  III.  prop.  28.  add. 

Cor.  In  an  isosceles  triangle,  which  bias  each  of 
the  equal  angles  double  of  the  rerUcal  angLe*  the 
sides  and  base  are  in  extreme  and  m^ui  propor- 
tion i  and  conversely. 

In  such  a  triangle,  each  of  the  equal  aaglca  is 
four-fifths  of  a  right  angle  (I.  19.)  As  we  are  ena- 
bled, therefore,  to  describe  such  a  triangle  by  U. 
59,  we  can  thus  divide  a  right  angle  into  five  equal 
parts,  as  was  observed  in  the  scholium  of  p.  26. 
And  generally,  if  a  regular  polygon  of  n  aides  caa 
be  inscribed  in  a  circle,  (as,  in  the  present  instance* 
the  regular  polygon  of  five  sides,)  a  right  angle 
may  be  divided  into  n  equal  parts,  by  taking  f«- 
one  of  those  parts  (I.  46.  Cor.)  a  fourth  of  th« 
angle  which  the  side  of  the  polygon  aubteads  at  the 
centre  of  the  circle.    (1. 3.  Cor^ 


INDEX. 


The  tbeomns  and  problems  of  Plane  Geometry  will  be  found  under  the  headii  Straight  Line,  AngU, 
Vrimmgte,  SfMore,  JUkom6t»»  Rectangle,  Paraltetogram,  Quadrilateral,  HeetUineal  Figvre,  Circle ;  those 
«f  Solid  Geometry  nnder  Plane,  Dikedrai  Angle,  Solid  Angle,  Tetrahedron,  Cube,  Rectangular  Parol- 
leiamiped,  ParaUelapiped,  Prim,  Pyramid,  Polyhedron,  Regular  Polyhedron,  Cylinder,  Cone,  Sphere, 
Soria  of  Revolution;  of  Spherical  Geometry  under  that  head;  of  Ratioe  and  Pruportion  under  those 
vemectiTe  heads ;  and  so  of  Projection  and  the  Conic  Sections. 

The  parts  indnded  in  unci*  are  additions  j  having  been  made,  either  with  the  view  of  supplying  such 
connecting  links  aa  seemed  wanting  in  the  present  digest  of  the  whole  woric,  aa  in  **  Circle  '*  (E)  and 
(G) ;  or  of  completing  what  had  been  left  imperfect,  as  in  the  noteson  '*  Proportion  *'  and  "  Rectangle;" 
or  of  extending  and  generalising  where  only  partial  views  had  been  given,  as  under  the  heads  "  similar,*' 
**  symmetrical,"  **  touch  ;**  or  of  adding  wnaterer  of  use  or  interest  had  been  inadvertently  omitted,  as 
In  **  Annulna,"  "  J^naeB,"  nod  the  note  on  "  CentroUnead." 


jiBSCISSud   (Lat.,  a   part   cut  off)  of  a 
conic  section      .  .  .     tie/.  220 

Aeuie,  (Lat,  pointedj)  a  term  applied  to  an- 
gl»,  whether  plane,  dihedral,  or  spherical, 
which  are  less  thAn  right  angles. 
Adiaeent  angles  are  those  whioi  one  straight 
line,  or  plane,  or  ^herical  arc  makes  with 
another  upon  one  side  of  it 
Affection^  angles  said  to  he  of  the  same,  or 
of  different  affections    .  iio/«  62 

Jilg^tra,  its  sigi^i  +>  —^  Xy&c^  borrowed 
with  adrantage  by  seomehy         .         20 
Aiiermamdoj  a  rule  in  rroportion.    See  ^'  Pro- 
portion." 
A&ermatey  certain  angles  said  to  be,  which 
aie  made  hv  two  straight  lines  (or  planes), 
with  a  third  straight  hue  (or  plane)        13 
Aittiudty  %ili  aay  figure,  is  a  perpendicular 
drawn  to  the  base  from  the  vertex,  line,  or 
plane,  o^osite  to  it. 
Anaitftit,  (Gr.,  undoing,  or  taking  to  pieces,) 
m   geomf^iV)   is  that  mode   of   demon- 
straiittg  a  theorem,  or  solving  a  problem, 
which  searches  into  the  thing  proposed, 
and  takes  it  (as  it  were)  to  pieces,  in  order 
to  discover  the  more  simple  truths  and 
constructions  upon  which  it  is  built :  the 
reverse  process  is  called  Synthesis,  (Gr , 
putting  together,)  and  proceeds  in  a  didactic 
form,  by  the  putting  together  of  truths  and 
constructions  already  established,  to  do,  or 
establish  the  certainty  of  the  tlung  pro- 
posed ...  107 
Angle,  dihedral.    See  <<  Dihedral  Angle." 
Amgle,  rectilineal             .              .         def.  1 
When  said  to  be  right,  oblique,  acute, 
obtuse        .                           .      def.2 
Supplementary         .             •        notch 
Cxplementary,  reverse        •         .85 
More    complete  definition  of   angular 
magnitude         •             .            .85 
(a)  l%e  magnitude  of  an  angle  is  in- 
dependent of  the  extent  of  its  legs 
def.  I 
(6)    IRquaX  angles  ms^  be  inade  to 
coincide                               •         eut,  4 
(4b)  All  right  angles  me  equal  to  one 
aimtfaer      ...  4 
(d)  Erery  angle  it  measured  l)y  (he  cir- 


cular arc,  which  is  described  about 
the  angular  point  with  a  given  radius, 
and  is  included  between  the  l^gs, 
«cA.85 
(e)  By  continued  bisections,  a  given 
angle  may  be  divided  into  2,  4, 8, 16, 
&c.  equal  parts ;  but  the  division  of 
an  angle  (in  general)  into  any  other 
number  of  equal  parts  is  impracticable 
by  a  plane  construction,  i.  e.  with  the 
right  line  and  circle  only  ack.  26 

(/)  To  bisect  a  given  angle       •       25 
(sf)  At  a  given  point  in  a  given  straight 
line  to  make  an  angle  equal  to  a  given 
angle  .  .  26 

See  "  Straight  Line." 
Anffle,  aolid.    {See  «  Solid  Angle.")  def.  125 
Angle,  spherical,    {See  "  S^ibericu  Geome- 
try.") .  •  .      rfe/.  185 
Angle  in  a  Begment.    {See  "  Circle.")  def.  79 
[Annulu9  (Lat.,  a  ring,)  a  name  given  to  tiie 
space  which  is  the  difference  of  two  con- 
centric circles — two  annuli  are  said  to  be 
similar,  when  the  radii  of  the  interior  and 
exterior  circumferences  are  to  one  another 
in  the  same  ratio.     Sec  ^'  Circle."] 
Antecedent,  of  a  ratio,  is  the  leading  term  : 
the  antecedents  of  a  proportion  are  the  first 
and  third  terms         .         .       de/.32, 33 
Apothem  of  a  regular  polygon        •       def.  91 
Approximation  to  the  area  of  a  circle,  when 
the  radius  is  given ;  or,  to  the  radius  when 
the  circimiference  is  given;  or,  to  the  radius 
when  the  area  is  given.    {See  "  Circle.") 
sch,  97,  98 
Arc  (Lat.,  a  bow)  of  a  circle.    {See  «  Circle."^ 


Arc,  spherical.  {See  * 


def.\ 

Spherical  Geometry.") 

dtf  184 

Area  (Lai,  a  floor)  means,  sometimes,  the 
same  as  surface;    but  is  more  properly 
applied  to  signify  the  number  of  times  any 
surface  contains  the  superficial  unit  sch,  18 
Area  of  a  triangle.     See  "  Triangle." 
Area  of  the  circle.     See  "  Circle." 
Arithmetical  mean,  between  two  magnitudes^ 
is  a  magnitade  which  exceeds  the  lesser  of 
the  two  by  as  mnch  as  it  falls  short  of  the 
greater. 
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(a)  Is  equal  fo  half  the  som  of  the  two 
magnitudes  .  .  oar.  4 

(6)  Is  greater  than  the  geometrical 
mean  .  .  cor.  42 

(c)  Arithmetical  means  being  continually 
taken  between  two  magnitudes,  be- 
tween the  new  mean  and  the  last,  and 
so  on ;  to  arrive  at  the  approximate 
result  immediately,  after  a  certain 
number  have  been  taken  note  98 

jiritkmetica/  profession.  Magnitudes  A,  B, 
C,  D,  &c.  are  said  to  be  in  arithmetical 
progression,  when  their  successive  diffe- 
rences are  equal,  t.  e.  when  A  is  as  much 
mater  or  less  than  B,  as  B  is  than  C,  as 
C  is  than  D,  and  so  on. 
Arithmetical  theory  of  proportion.  {See  "Pro- 
portion.'*) 

In  what  respects  inadequate  to  the  pur- 
poses of  geometry  .  note  57 
Arris  of  a  solid.  {See »« Polyhedron.")  def,  126 
As.     Peculiar  use  of  the  word^  in  expressing 
certain  proportions         •         .         sch.  62 
Asymptote  of  a  curve.      {See  '*  Conic  Sec- 
tions," and  "Projection.")      .      def.  211 
Axiom  (Gr.),  a  self-evident  truth        .         4 
Axioms  of  equality  and  inequality         .        4 
Axis  of  a  circle  of  the  sphere             tie/.  184 
Of  a  cone  or  cylinder        de/»  166,  167 
Of  a  regular  prism  or  pyramid  def.  127 
Axis  of  a  fgure  of  revolution  (and  in  this 
sense  of  a  sphere)  is  the  straight  line  about 
which  the  revolution  is  supposed  to  take 
place. 
Axis  of  a  conic  section           .             1^^217 
Principal  or  transverse                def.  217 
Conjugate         •             #             </^.  226 

Base  of  a  triangle,  def.  2 — of  a  pyramid,  127 
—of  a  cone,  167 — of  a  spherical  segment, 
179— of  a  spherical  sector,  179. 

Bases  of  a  parallelopiped,  def  126 — of  a 
prism,  127— of  a  cylinder,  166. 

Centre  of  a  circle,  def  3— of  a  regular  poly- 
gon, 91— of  a  sphere,  127^-of  a  regular 
polyhedron,  161— of  an  ellipse,  or  hyper- 
bola        •         •         .         .         .        217 
Centrolinead,  an  instrument  for  drawing  con- 
verging lines     .         .         .         •        75 
ror  a  description  of  Mr.  Nicholson's 
instrument,*  see  the  *<  Transactions 
of  the  Society  of  Aits,'*  vol.  zxxii. 
Circle,  (also  centre,  circumference,  radius  or 
semidiameter,  diameter)  .         def.  3 


•  A  more  simple  instraraeot,  for  the  same  parpose, 
oroslitiDff  of  three  rulers,  which  »re  stiffly  moveable 
ftbovt  a  common  joint  in  the  same,  or  in  parallel 
planes*  is  likewise  of  fieqaent  nse  amon;  draaghts- 
men.  Its  form  is  not  so  convenient,  neither  from  the 
want  of  the  additional  rulers  is  iU  adjustment  sus- 
ceptible of  the  same  accuracy  as  Mr.  Nicholson'^. 
It  derives  its  nse,  however,  from  the  same  prineiple, 
Md  the  manner  of  apptjrinf  it  may  be  eiplained  as 
foQows:— 

Let  A  B  and  C  D  be  two  pren  lines,  eonvergiag  to 
the  distant  point  O,  and  let  it  be  required  to  draw 
thnmgb  ant  fiven  point  P  a  straicfht  line,  which 
shall  iMuw  fhtoueih  the  same  point  O.  In  A  B  take 
any  point  A,  and  in  C  O  any  point  C,  and  join  A  C  > 


AiC|  chord,  segment,    sector,  tangent 

der.7B,79 

Similar  arcs,  similar  segments,  similar 

sectors  .         .  .        de/.9i 

(A.)  First  Properties,  III.  §  1. 

(a)  If  a  straight  line  meets  a  cirdein 
two  points,  it  cuts  the  drde  io  those 
points,  and  the  part  between  th^n  fiiUs 
within  the  circle  .         .       79 

(b)  A  straight  line  cannot  meet  a  drde 
in  more  than  two  points  cor.  79 

(c)  A  circle  is  every  where  coocare  to- 
wards its  centre  .  c^r.  79 

(cQ  The  straight  line  which  is  drawn  ct 
right  angles  to  the  radius  of  a  circle 
from  its  extremity  totx:hes  the  cirde ; 
and  no  other  straight  line  can  touch 
it  in  the  same  point       •         .       79 

(e)  If  a  straight  une  touches  a  cirde,  the 

straight  line  drawn  from  the  centre  to 

the  point  of  contact  shall  be  perpendi- 

cular  to  the  line  touchinjs  ue  drde 

>r.80 

(/)  If  a  straight  line  touches  a  drde, 
and  if  from  the  point  of  contact  a 
straight  line  he  drawn  at  riglit  ang  n 
to  the  touching  line,  the  centre  of  the 
circle  shall  be  m  that  line        cor.  89 

(^)  Tangents  which  are  drawn  to  a  drde 
from  anv  the  same  point  without  if, 
are  equal  to  one  another  cor.  80 

(A)  Tangents  at  the  extremities  of  the 
same  mameter  are  parallel       cor.  SO 

(B).  OftheDiamHer  and  other  C*orA,  III.Sl. 

(a)  The  diameters  of  the  same  ditle 
are  equal  to  one  another  def.  3 

(b)  Every  diameter  divides  the  drde 
and  its  circumference  into  two  equal 
parts  .  .  noteJB 

(c)  The  diameter  is  the  greatest  straight 
line  in  a  circle ;  and,  of  others,  that 

'  which  is  nearer  to  the  centre  is  greater 
than  the  more  remote;  also,  the greattr 
is  nearer  to  the  centre  than  the  less  80 


let  QA,  QP,  QC,  represent  the  three  rolers,  Uvint 
the  common  joint  Q.  and  let  the  angles  PQA.  PQC 
be  set  (or  made  eqoal)  to  the  angles  AC  D  and  BAG 
respectively ;  fix  two  pins,  one  at  A,  the  other  st  C, 
and  move  the  rulers  AQ,  C  Q,  along  these  pinit,  satU 
QP  passes  through  the  point  P ;  let  the  ralerQ  P  be 
then  steadily  fixed,  and  the  line  Q  P  drawn ;  QP  is  tke 
line  re<]nired.  For,  if  a  circle  be  described  throa^h 
the  points  A,  C,  O,  the  point  Q  will  always  lie  is  its 
eircumferenee,  because  AQG  is  equal  to  the  sam 
(fig.  1)  or  the  difference  (fir.  S)  of  PQA  awl  PQC. 
t.  e.  of  BAG  and  A  C D,  I.  e.  to  the  supplement  of 
the  angle  O  (fig.  1),  or  to  the  angle  0  (fig.  S);  ihew 
fore,  since  the  angle  PQC  is  eijoal  to  BAG.  QP 
prodaoed  passes  through  O. 
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(d)  Ekjual  straight  lines  in  a  cirde  are 

equally  distant  from  the  centre ;  and 

those  which  are  equally-  distant  from 

the  centre  are  equal  to  one  anotlier 

cor.  81 

{e)  If  a  diameter  cuts  any  other  chord 
at  right  angles,  it  hisects  it;  and 
conversely,  if  a  diameter  bisects  any 
other  chord,  it  cuts  it  at  right  angles  80 

{/)  Two  chords  of  a  circle  cannot  bisect 
one  another,  except  they  both  pass 
through  the  centre  .         cor.  80 

(g)  The  straight  line  which  bisects  any 
chord  at  right  ang^les,  passes  through 
the  centre  of  the  circle         .     cor.  80 

(A^  If  two  circles  have  a  common  chord, 

it  shall  be  bisected  at  right  angles  by 

the  straight  line  joining  their  centres 

cor.  80 

(t)  A  diameter  bisects  all  chords  which 
axe  parallel  to  the  tangent  at  either  of 
its  extremities         .         .         cor.  80 

[(k)  Every  diameter  divides  the  circle 
symmetrically^    See  "  Symmetrically 

(/)  If  a  pomt  be  taken,  from  which  to 
the  circumference  of  a^  circle  there 
fall  more  than  two  equal  straight  lines, 
that  point  is  the  centre  of  the  circle  8 1 

(m)  From  any  other  point  than  the  centre 
thero  cannot  be  drawn  to  the  circum- 
ference of  a  circle  more  than  two 
straight  lines  that  are  equal  to  one 
another,  whetlier  the  point  be  witliin 
or  without  the  circle         .         cor.  81 

{n)  If  a  point  be  taken  within  a  circle 
which  is  not  the  centre,  of  all  the 
straight  lines  which  can  be  drawn 
from  that  point  to  the  circumference, 
the  greatest  is  that  which  passes 
through  the  centre,  and  the  other  part 
of  that  diameter  is  the  least ;  also,  of 
any  others,  that  which  is  nearer  to 
the  greatest  is  greater  than  the  more 
remote,  and  any  two,which  are  equally 
distant  from  the  greatest  upon  cither 
side  of  it,  are  equal  to  one  another 
9ch.  83 

^o)  If  a  point  be  taken  without  a  circle, 
and  straight  lines  be  drawn  from  it 
to  the  circumference,  of  those  which 
fall  upon  the  concave  circumference, 
the  greatest  is  that  which  passes 
through  the  centre,  and  of  the  rest 
that  which  is  nearer  to  the  greatest  is 
greater  than  the  more  remote,  and 
any  two  which  are  equally  distant 
from  the  greatest  upon  either  side  of 
it  are  equal  to  one  another;  also,  of 
those  which  fall  ui>on  the  convex  cir- 
cmnference,  the  leasit  is  that  between 
the  point  without  the  circle  aud  the 
diameter,  and  of  the  rest,  that  which 
is  nearer  to  the  least  is  less  than  the 
more  remote,  and  any  two  which  are 
equally  distant  from  the  least  upon 
inther  side  of  it  are  equal  to  one 
another        •         •        •        <cA.  83 


(C)^  Of  Circles    which     cut  or   touch   one 

anot fiery  III.  J  1. 

(a)  Circles  which  are  concentric  either 

do  not  meet  one  another,  or  coincida 

alto^ther  .         .         .         81 

(6)  Circles  which  cut    or    touch    one 

another  cannot  have  the  same  centre 

cor.  81 

(c)  Circles  cannot  cut  one  another  in 
more  than  two  points     .         .         82 

(d)  If  two  circles  meet  one  another  in  a 
point  which  is  not  in  the  straight  line 
joining  their  centres,  or  in  that  straight 
line  produced,  they  shall  meet  one 
another  in  a  second  point  upon  the 
other  side  of  that  straight  line,  and 
shall  cut  one  another     .         .         82 

(e)  If  two  circles  meet  one  another  in  a 
point  which  is  in  the  straight  line 
joining  their  centres,  or  in  that  straight 
line  produced,  they  meet  in  no  ower 
point-;  the  circumference  of  the  circle 
which  has  the  greater  radius  falls 
wholly  without  the  circumference  of 
the  other,  and  the  circles  touch  one 
another      ....         83 

(/)  Circles  which  cut  one  another  meet 
in  two  points,  [and  the  distance  be- 
tween the  two  is  bisected  at  right 
angles  by  the  straight  line  which 
joins  their  centres]  .         cor.  83 

{g)  If  two  circles  cut  one  another,  the 
straight  line  which  joins  their  centres 
is  less  than  the  sum,  and  greater  than 
the  difference  of  their  radii        cor.  83 

(A)  Circles  which  touch  one  another  meet 
in  one  point  only ;  and  the  straight 
line  which  joins  their  centres,  or  that 
straight  line  produced,  passes  through 
the  point  of  contact  .         cor.  82 

(0  If  two  circles  touch  one  another,  the 
distance  of  their  centres  is  equal  to 
the  sum  or  to  the  difference  of  their 
radii ;  the  sum,  if  they  touch  exter- 
nally;  the  difference,  if  they  touch 
internally      .  .         .         cor.  82 

{k)  If  the  circumferences  of  two  cixdes 
do  not  meet  one  another  in  any  point, 
the  distance  between  their  centres 
shall  be  greater  than  the  sum,  or  less 
than  the  difference  of  their  radii,  ac- 
cording as  each  of  the  circles  is  with-  - 
out  the  other,  or  one  of  them  within 
the  other;  [and  the  circles  approach 
nearest  to  one  another  in  the  straight 
line  joining  their  centres,  or  in  that 
straight  line  produced]  .         83 

(/)  If  the  distance  between  the  centres 
of  two  circles  be  at  once  less  than  the 
sum,  and  greater  than  the  difference 
of  their  radii,  tbe  circles  will  cut  one 
another ;  if  that  diiitancc  be  equal  to 
the  sum,  or  to  the  difference  of  the 
radii,  the  circles  will  touch  one 
another;  and,  if  that  distance  be 
greater  than  the  sum,  or  less  than  tlie 
difierenee  of  the  radii,  the  circles  will 
not  meet  one  another      .        cor.  84 
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(J))  Of  Arc*  and  Angiet  in  a  Circk,  IIL 
$2. 

(a)  In  the  aame^  or  in  equal  circlesi 
equal  chords  subtend  equal  angles  at 
the  centre,  and  conversely ;  and  the 
greater  chord  subtends  me  greater 
angle  at  the  centre,  and  conversely  84 

{b)  In  the  same,  or  in  equal  circles,  equal 
angles  at  the  centre  stand  upon  equal 
arcs,  and  conversely       •         •         84 

(c)  In  the  same,  or  in  equal  circles^  equal 
chords  subtend  equal  arcs ;  and  con- 
versely •         .         •         cor.  83 

{d)  In  the  same,  or  in  equal  circles,  any 
anelea  at  the  centre  at  the  arcs  upon 
which  they  stand ;  i.  e.,  any  angle  at 
the  centre  is  measured  by  the  arc  upon 
which  it  stands  •  .         85 

(e)  The  angle  at  the  circumference  is 
equal  to  half  the  angle  at  the  centre 
upon  the  same  base ;  •'.  c,  any  angle 
at  the  circumference  is  measured  by 
half  the  arc  upon  which  it  stands    86 

(y)  In  the  same,  or  in  equal  circles, 
equal  angles  at  the  circtunference  stand 
upon  equal  arcs,  and  conversely ;  also, 
any  angles  at  the  circtunference  are 
aa  the  arcs  upon  which  they  stand 
cor.  86 

{g)  Angles  in  the  same  segment  of  a 
cirde  are  equal  to  one  another        86 

(A)  The  angle  in  a  semicircle  is  a  ri^ht 
angle ;  the  angle  in  a  se^pnent,  which 
is  greater  than  a  semicircle,  is  less 
than  a  right  angle ;  and  the  angle  in 
a  segment,  whidi  is  less  than  a  semi- 
circle, is  greater  than  a  right  angle 
cor.  86 

(i)  If  a  triangle  and  a  circular  segment 
stand  upon  the  same  base  and  upon 
the  same  side  of  it,  the  vertex  of  the 
triangle  will  fall  without,  or  within, 
or  upon  the  arc  of  the  segment,  ac- 
cording as  the  vertical  angle  is  less 
than,  or  greater  than,  or  equal  to,  the 
angle  in  the  segment         •         cor.  87 

(A)  If  any  diord  be  drawn  in  a  circle, 
the  angles  contained  in  the  two  oppo- 
site segments  shall  be,  together,  equal 
to  two  right  angles         •         •        87 

(/)  The  opposite  angles  of  a  quadrila- 
teral in  a  circle  are,  together,  equal  to 
two  right  angles  •  cor.  87 

(m)  If  at  oue  extremity  of  a  chord  a 
tangent  be  drawn,  the  angles  which  it 
makes  with  the  chord  sluiU  be  equal 
to  the  angles  in  the  alternate  seg- 
ments ;  and  conversely,  if  at  one  ex- 
tremity of  a  chord  a  straight  line  be 
drawn  such  that  the  angles  it  makes 
with  the  chord  are  eqwU  to  the  angles 
in  the  alternate  segments,  such  straight 
line  is  a  tangent  •  •         87 

(it)  Parallel  chords  intercept  equal  arcs, 
and  conversely  .  •  88 

(o)  If  a  tangent  and  a  chord  be  parallel, 
the  arc  between  tiiem  is  bisected  by 
the  point  of  contact ;  and,  conversely, 


if  the  are  between  a  cbeid  ead  tan- 
gent be  bisected  br  the  poiat  of  con- 
tact, the  chord  and  tangent  shall  be 
parallel         .  .  •       cor.  SS 

(jp)  If  any  two  chords  meet  one  another, 
the  angle  contained  by  than  is  mea- 
sured by  half  the  sum,  or  by  half  the 
difference  of  the  intercepted  axes,  ac- 
cording as  the  point  in  which  they 
meet  is  within  orwitbout  the  aide  88 

(9)  If  a  chord  meet  a  tangent,  the  angle 
contained  by  them  is  meaaured  oy 
half  the  diflferenee  of  the  inftempted 
arcs  [and  the  same  measure  obUins 
when  two  tangents  meet  one  another.] 


(£)  Of  RectoMffies  under  the  SegmemU  •f 
Chordt,  III.  i  3. 

[(a)  If  a  diameter  bisects  any  chord, 
the  square  of  half  the  hisecled  chord 
is  equal  to  the  rectangle  under  the 
segments  of  the  diameter  (L  36,  and 
1.34.)] 

1(b)  The  tangents  at  the  extremities  of  a 
chord  meet  one  another  in  the  same 
point  T  of  the  bisecting  dianseter,  and 
that  in  such  a  manner,  that  if  C  is  the 
centre  of  the  circle,  N  the  point  of 
bisection,  and  CA  the  radius,  CN,  CA, 
and  CT,  are  proportionals  (IL  34.)] 

(c)  If  any  two  chords  cut  one  anotbnv 
the  rectang^  imder  their  segments 
shall  be  equal,  whether  they  cut  one 
another  within  or  without  the  cirde  88 

{d)  If  two  straight  lines  AB»  CD,  cut 
one  anotiier  m  a  point  £,  and  if  the 
points  A,  B,  and  C,  D,  are  taken,  (the 
two  first  upon  the  same  side  of  £,  and 
the  two  last  Ukewise  upon  the  same 
side ;  or  the  two  first  upon  opposite 
sides  of  £,  and  the  two  last  Ukewise 
upon  opposite  sides,)  so  that  the  rectan- 
gle under  A  £,  £B,  shall  be  equal  to 
the  rectans^  under  CE,  ED,  the  points 
A,  B,  C,  £>,  shall  lie  in  the  circum- 
fereuce  of  the  same  cirde  cor.  89 

(e)  If  a  chord  meet  a  tangent,  the 
sqiuire  of  the  tangent  shall  be  equal  to 
the  rectangle  under  the  segmmts  of 
the  chord  ...  89 

(/)  If  two  straight  lines,  AB  and  C  S, 
meet  one  another  in  a  point  S,  and  if 
the  points  A,  B,  and  C,  are  so  taken, 
that,  A  and  B  being  upon  the  aame 
side  of  £,  the  square  of  £  C  ia  equal  to 
the  rectangle  under  A£,  BB,  the 
straight  line  £C  shall  toudi  the  ciide 
which  passes  through  the  points  A, 
B,C  .  .  cor.  89 

(ff)  If  a  triangle  be  inscribed  in  a  drde, 
and  if  a  perpendicular  be  drawn  from 
the  vertex  to  the  base,  the  rectangle 
under  the  two  sidee  shall  be  equal  to 
the  rectangle  under  the  perpendicular 
and  the  dumeter  of  the  circia  90 

(A)  If  triangles  are  inscribed  in  the 
same,  or  in  equal  cirde%  the  lectai^ks 
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undar  &e  sides,  containing  any  two 
angksy  shall  be  to  one  another  as  the 
perpendicuUn  drawn  to  the  opposite 
aides  .  •  •         cor.  90 

(t)  If  a  quadrihiieTal  be  inscribed  in  a 
ciide,  its  diagonals  are  to  one  another 
as  the  sums  of  the  rectan^s  under 
the  sides  tenmnated  in  their  extremi- 
ties ....  90 

(Jk)  If  a  quadrilateral  be  inscribed  in  a 
civde,  the  rectangle  under  its  diago- 
nals  shall  be  equu  to  the  sum  of  the 
rectangles  under  its  opposite  sides  90 

(/)  If  from  any  point  without  a  circle, 
two  straight  lines  are  drawn  to  touch 
the  circle,  every  straight  line  which  is 
drawn  through  that  point  to  cut  the 
circle  shall  be  harmonically  divided 
by  the  circumference,  and  the  chord 
joining  the  points  of  contact ;  and  the 
tangents  at  the  points  in  which  every 
such  straight  line  cuts  the  circum- 
ference shall  meet  one  another  in  the 
chord  produced  lent.  220 

(]»)  If  through  any  point  taken  within 
or  without  a  circle,  there  are  drawn 
any  number  of  straight  lines,  each 
cutting  the  circle  in  two  points,  and 
if  at  ever^  sach  hro  points  tangents 
are  drawn  mtersecting  one  another  in 
a  point  P,  the  locus  of  the  points  P 
shall  be  a  straight  line;  and  every 
straight  line  whum  is  drawn  through 
the  point  taken  to  cut  the  circle  shall 
be  harmonically  divided  by  that 
straight  line  and  the  circle      cor.  1 12 

(F)  Of  rrffuiar  Potygum^  iMtcribed  and  cir- 
eumueribed,  IIL  §  4. 

(a)  If  any  two  adjoining  angles  of  a 
regular  polygon  be  bisected,  the  inter- 
section of  tlw  bisecting  lines  will  be 
the  common  centre  of  two  circles,  the 
one  circumscribed  about,  the  other  in- 
scribed in,  the  polygon  .  91 

{If)  If  the  circmmerence  of  a  circle  be 
divided  into  any  number  of  eqiial 
parts,  the  chords  joining  the  points  of 
division  shall  include  a  regular  poly- 
gon inscribed  in  the  circle ;  and  the 
tangents  drawn  through  those  points 
shaS  inchide  a  regnUr  polygon  of  the 
same  number  of  sides  circumscribed 
about  the  cinde  .  •  92 

(e)  If  any  regular  polygon  be  inscribed 
in  a  circle,  a  siinilar  polygon  may  be 
circumscribed  about  the  circle  by 
drawing  tangents  through  the  angular 
points  of  the  former;  and,  conversely 
cor,  92 

(i/)  If  any  regnlar  polygon  be  inscribed 
in  a  circle,  and  if  a  tangent  be  drawn 
parallel  to  one  of  its  sides,  and  be  ter- 
minated botitwaya  b^  radii  passing 
tfanragh  the  estremities  of  that  side, 
such  ttfmnated  tangent  shall  be  a  side 
of  a  stntilar  polygoui  circumscribed 
«lwat  the  cirde      .        •        cor.  92 


(«)  The  side  of  a  regular  hexagon  is 
equal  to  the  radius  of  the  circle  in 
which  it  is  inscribed;  the  side  of  a 
regular  decagon  is  equal  to  the  greater 
segment  of  the  radius  divid^  me- 
dially ;  and  the  side-square  of  a  regu- 
lar pentagon*  is  ereater  than  the 
souare  of  the  radius  by  the  side-square 
of  a  re^ar  decagon  inscribed  in  the 
samecurcle    ....        93 

(/)  If  K  and  L  represent  two  regular 
polygons  of  the  same  number  of  sides, 
the  one  inscribed  in,  and  the  other 
circumscribed  about  ttie  same^circle, 
and  if  M  and  N  represent  the  inscribed 
and  circumscribed  polygons  of  twice 
the  number  of  sides;  M  shall  be  a 
geometrical  mean  between  K  and  L, 
and  N  an  harmonical  mean  between 
L  and  M  .        .        .        96 

ig)  lik  and  /represent  the  radii  of  the 
circles  which  are  inscribed  in  any 
regular  polyzon,  and  circumscribed 
aoout  it,  and  if  m  and  n  represent 
these  radii  for  a  regular  polygon 
which  has  twice  as  many  sides  as  the 
former,  and  an  equal  perimeter;  m 
shall  bean  arithmetical  mean  between 
k  and  /,  and  n  a  geometrical  mean  be- 
tween /  and  m        .         .         note  98 

(A)  If  A  and  /  represent  the  radii  of  the 
circles  which  are  circumscribed  about 
any  regular  polygon  and  inscribed  in 
it,  andm  an  arithmetical  mean  between 
them ;  and  if  k'  and  f  represent  these 
radii  for  a  reg^ular  polygon  which  haa 
twice  as  many  sides  as  the  former  and 
an  equal  area,  k!  shall  be  a  mean  pro- 
portional between  k  and  /,  and  t  a 
mean  proportional  between  /  and  m 
note  98 

(»)  The  area  of  any  regular  polygon  is 
equal  to  half  the  rectangle  un£r  its 
perimeter  and  the  radius  of  the  in- 
scribed circle  ...        93 

(Jt)  The  perimeters  of  similar  regular 
polygons  are  as  the  radii  of  the  in- 
scribed or  circumscribed  circles,  and 
their  areas  are  as  the  squares  of  the 
radii 94 

(t)  Table  of  the  areas  of  the  regular  po- 
lygons of  4,  8,  16,  &c.  sides  up  to  2"^, 
which  are  inscribed  in  and  circum- 
scribed about  the  same  circle,  as  far 
as  the  10th  decimal  place  inclusively ; 
the  square  of  the  radius  being  unity 
9ch.  97 

(Q)  Of  the  Circumference  and  Area  of  the 
Cirde,  III.  }  4,  5. 
[(a)  The  circumference  of  a  circle  is 
greater  than  the  perimeter  of  any  in- 
scribed polygon,  and  less  than  that  of 
any  circumscribed  polygon;  so  also 


•  The  diagoiiAls,  »l»o,  of  a  r*gal«T  pentagon  are 
Mverallf  parallel  to  its  sides,  and  greater  tbao  them 
ia  extreme  and  mean  ratio.    Note,  16^ 
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lis  area  is  greater  than  the  area  of 
any  inscribed  polygon,  and  less  than 
that  of  any  circumscribed  polygon. 
(I.  10.  sch,)] 

(6)  Any  circle  beiugf  given,  a  regular 
polygon  may  be  inscribed  (or  circum- 
scribed), which  shall  differ  from  the 
circle  in  perimeter,  or  in  area,  by  less 
than  any  given  difference        cor,  95 

(c)  Any  two  circles  being  given,  similar 
regular  polygons  ma^  be  inscribed, 
or  circumscribed,  which  shall  differ 
from  the  circles,  in  perimeter  or  in 
area,  by  less  than  any  the  same  g^ven 
difference         .        ,        .        cor,  95 

{<Q  The  area  of  a  circle  is  equal  to  half 
the  rectangle  under  the  radius  and 
circumference        ...        95 

{e)  The  circumferences  of  circles  are  as 
the  radii,  and  their  areas  are  (in  the 
duplicate  ratio,  or)  as  the  squares  of 
the  radii        .         .         .         .96 

(/)  The  ratio  of  the  circumference  to  the 
diameter  is  3.1415926535  &c. ;  to 
which  number  we  may  approximate 
by  any  of  the  theorems  (/),  (^),  (A), 
in  the  last  division        .  ach,  97 

For  rules  to  abridge  the  calculation,  aee 
note  97 

(jf)  The  ciraimference  and  cUameter 
have  been  demonstrated  to  be  incom- 
mensurable, so  that  their  approxima- 
tion has  no  limit  .  9ch.  99 

(A)  If  R  represents  the  radius  of  a  cir- 
cle, and  9-  the  number  3.1415  &c.  the 
circumference  =  2  ir  R,  and  the  area 
=  <rR«        .  .  .        9ch,  99 

-  (t)  The  circle  is  a  mean  proportional  be- 
tween any  circtmiscribed  polygon  and 
a  similar  polygon  which  has  the  same 
perimeter  with  the  circle        note  102 

(*)  The  circle  is  greater  than  any  (regu- 
lar polygon,  or  any  rectilineal  figure, 
or  any  other)  plane  figure  whatever 
which  has  the  same  perimeter;  and 
has  a  less  perimeter  than  any  other 
plane  figure  whatever  which  has  the 
same  area        .  .         102,  105 

'(H)  Of  certain  Portion*  of  the  Circumference 
and  Area  i  III.  §4,  5. 

(a)  Similar  arcs  of  circles  are  as  the 
radii         .  .  .        cor,  96 

(b)  In  the  same,  or  in  equal  circles,  any 
two  sectors  are  as  the  arcs  upon  which 
they  stand  .  .  85 

[(c)  A  sector  of  a  circle  is  to  the  whole 
circle  as  the  arc  upon  which  it  stands 
to  the  whole  circumference]. 

(d)  A  sector  of  a  circle  is  equal  to  half 
the  product  of  the  radius  and  the  arc 
upon  which  it  stands         #         cor,  96 

(e)  Similar  sectors  are  as  the  squares  of 
the  radii  .  .  '  cor.  96 

(/)  Similar  segments  are  as  the  squares 
of  the  radii         .  .  cor.  96 

(ff)  A  circular  seOMient  as  greater  than 
any  other  plane  figure  whatever  having 


the  same  right  line  for  a  base  and  the 
same  perimeter  [and  has  a  less  ptri- 
meter  than  any  other  plane  figure 
whatever  having  the  same  right  line 
for  a  base  and  the  same  area]  cor,  106 

[(A)  A  circular  aimulus  is  equal  to  the 
product  of  its  breadth  and  half  the  * 
sum  of  its  interior  and  exterior  dr- 
cumferencesj 

[(i)  Similar  annuli  are  as  the  smiares  of 
their  interior  or  exterior  radii.] 

(I).  Probiems  relating  to  the  Circle. 

(a)  To  divide  a  given  circular  are  into 
2,  4,  8,  &c.  equal  parts  .  .     112 

(b)  To  find  the  centre  of  a  given  dicn- 
lar  arc,  and  to  complete  the  circum- 
ference of  which  it  is  a  part  1 13 

(c)  To  draw  a  tangent  to  a  given  circle 
from  a  given  point — 

1.  When  the  g^ven  point  is  in  the 
circumference. 

2.  When  without  it     .         •     113 

(d)  To  draw  a  tangent  to  a  given  cirde^ 
which  shall  be  panUd  to  a  given 
straight  line  •         .  .113 

(«)  To  draw  a  common  tangent  to  two 
given  circles— 

1.  So  as  totoach  them  upon  the 
same  side  of  the  line  joining  their 
centres. 

2.  So  as  to  touch  them  upon  oppo- 
site sides  of  that  line  1 14 

(/)  Upon  a  given  straight  line  to  de- 
scribe a  circular  segment  which  shall 
contain  an  angle  equal  to  a  gives 
angle  .         .         •         .119 

(^)  From  a  given  point,  to  draw  a  chord 

which  shall  cut  off  from  a  giren  ditle 

a  segment  containing  a  given  angle— 

1 .  When  the  given  point  is  in  the 

circumference  •  .119 

[2.  When  not.]* 

(A)  To  inscribe  in,  or  circumscribe 
about,  a  ^iven  circle,  a  triangle  simi. 
lar  to  a  given  triangle  .     119 

(t)  To  inscribe  in  or  cireumscribe  abouit 
a  given  circle— 

1.  An  equilateral  trian^. 

2.  A  square. 

3.  A  regular  neutagon. 

4.  A  regular  hexagon. 

5.  A  regular  decagon. 

6.  A  regular  pentedecagon         120 
(k)  To  inscribe  in  or  circumsciibe  about 

a  given  circle  a  regular  figure  of  any 
required  number  S  sides,  very  nearly 
aeA.120 
(/)  To  describe  a  circle,  in  which  foor 
given  straight  lines,  of  which  everyone 
is  less  than  theother  three,  shall  toge- 
ther subtend  the. whole  circumfer- 
ence     ....         .91 


,  *  Describe  a  eirele  abont  tbe  tame  eentre,  toiuk- 
ins^  a  chord  which  is  drawn  fr»iB  any  pjtat  of  theeir' 
camference  to  cat  off  a  Be^^eat  coataiaing  tb«  fiTca 
angle,  and  throogh  the  given  point  draw  a  ta~  ' 
toihucirole.. 
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(m)  TV>  deicribe  a  cnde,  which  shall 

1.  PasB  through  three  ^ven  points, 
.  not  in  the  same  straight  line  (to 

cir£uni8cribe  a   circle   about   a 
triangle  b  the  same  as  this)  1 1 4 

2.  Pass  through  two  given  points, 
and  touch  a  iriven  straight  line 

114 

3.  Pass  through  a  g^Ten  pointj  and 
touch  two  given  straight  lines 

114 

4.  Touch  three  given  straight  liues, 
of  which  not  more  than  two  are 
parallel  (to  inscribe  a  circle  in  a 
triangle  is  a  case  of  this)        114 

5.  Pass  through  two  ^ven  points, 
and  touch  a  given  circle  «cA.  116 

6.  Pass  through  a  given  point,  and 
touch  two  g^ven  circles   seh.  116 

7.  Touch  three  given  circles,  of 
which  not  more  than  two  are  con- 
centric .         .     sch.  117 

8.  Pass  through  a  eiven  point, 
touch  a  g^ven  straight  line,  and 
also  touch  a  given  circle  9ch.  117 

9.  Touch  two  given  straight  lines, 
and  also  a  given  circle    sch  118 

10.  Touch  a  given  straight  line, 
and  also  two  given  circles  «cA.l  18 

In  what  maimer  these  problems 
may  be  modified  and  varied,  see 

96h,U9. 

arde  of  a  sphere  (See  ^^  Spherical  Geome- 

ti>'")  ....     rfe/.184 

CircHiar  section  of  a  cone,  or  cylinder. — See 

«  Cone  "  and  "  Cylinder." 
Ciratmference  of  a  circle.  (See  "  Circle  ")  3 
GreMmscribed  about  a  circle,  a  rectilineal 

figure  said  to  be  .         •     de/.79 
■                 about  a  rectilineal  figive,  a 

circle  said  to  be      .         .         .      def.  79 
about  a  cone,  a    pyramid 

said  to  be       ....  </e/.  167 
►   about  a  cylinder,  a  prism, 

said  to  be       .  .         .         .  de/.l67 

Cbattneiuarraft/e,  magnitudes  said  to  be,     31 

(a)  Magpiitudes,   which    measure    the 


I  magnitude,  are  commensurable ; 
and  if  two  [or  more]  magnitudes  are 
commensurable,  a  magnitude  may  be 
found  which  is  measured  by  them   37 

(h)  If  one  magnitude  is  commensurable 
with  another,  which  is  commensurable 
with  a  third,  the  first  is  commensur- 
able with  the  thvd ;  and  so,  of  any 
number  of  magnitudes  •  .37 
C^mmam  factor  of  two  numbers,  is  a  number 
-which  divides  each  of  them. 

(a)  The  ^atest  may  be  found  by  the 
xide  given  for  the  greatest  common 
measure  of  any  two  magnitudes  sch,  36 

(&)  Every  other  is  contained  an  exact 
number  of  times  in  the  greatest  sch.36 

(«)  The  greatest,  and  the  greatest  only, 
diriding  the  two  numbers,  gives 
prime  quotients         •         •    sen.  3S 

^t/)  I^  -T"  ~  Tr  "**^  i^  "  "  ^nme  to  6, 


c  and  d  are  equimultiples  of  a  and  6 
iio/e47 

(e)   If  -r  =  -Ti  ^^  fractions  -r  and  -; 
b        a  o  a 

have  the  same  lowest  terms     note  47 

Common  measure  of  two  (or  any  nuniber  of) 

magnitudes  •    '     .         .     def,  31 

Qa)  Measures  their  sum  and  difference 

34 
(6)  If  A  contains  B  any  number  of 
times,  with  a  remainder  R,  every 
common  measure  of  A  and  B  mea- 
sures R,  and  every  common  measure 
of  B  and  R  measures  A;  also  the 

rBatest  common  measure  of  B  and 
is  the  greatest  common  measure  of 
AandB        .         .         .         .35 
(c)  Process  by  which  the  greatest  com* 
mon  measure  may  be  found— 

1.  Of  two  magnitudes. 

2.  Ofany  number  of  magnitudes  35 
(ji)  Every  other  common  measure  mea- 
sures the  greatest  .         •      36 

Common  section  of  any  two  surfaces  is  the 
line  in  which  they  cut  one  another,  and 
which  is  common  to  both  the  surfaces,  see 
p.  128,131, 151,214. 

Common  tangent.— See  "  Circle."  (I). 

Complement  J  one  angle  is  said  to  be  the  com- 
plement of  another,  when  the  two  together 
are  equal  to  a  right  angle. 

Complements  of.  parallelograms  about  the  di« 
agonal  of  a  parallelo^am  .        def,  3 

of  parallelopipeds  about  the  dia- 
gonal plane  of  a  parallelopiped.  See  iv. 
22,  Cor.  2. 

Complete  conical  surface     •  .  def.2\A 

Componendo,  a  rule  in  proportion.  See 
"  Proportion." 

Compound  ratio,  a  name  given  to  the  ratio 
winch  is  compounded  of  two  or  more  rar 
tios  .  .  .     eor.  45 

Compounded,  ratios  said  to  be       •     def  34 

-^— — —  proportions  said  to  be    •   sch,  48 

Concentric,  circles  (or  spheres)  are  said  to  be 
when  they  have  the  same  centre    ^  def  79 

Cone,  (also  its  base,  axis,  slant  side,  con* 
vex  surface,  frustum)      •       def  166,  167 
When  said  to  be  right,  when  oblique 

def  167 
When  two  cones  arc  said  to  be  similar 

ete/.167 

When  a  pyramid  is  said  to  be  inscribed  in, 

or  circumscribed  about  a  cone    def  167 

(a)  The  convex  surface  of  a  cone  may 
be  supposed  to  be  ^nerated  by  a 
straight  line  which  is  carried  round 
the  circumference  of  its  base,  so  as  to 
pass  always  through  tlie  vertex  def  1 67 

(b)  A  right  cone  is  generated  by  the  re- 
volution of  a  ri^ht  angled  triangle 
about  one  of  the  sides  •       167 

(c)  A  pyramid  may  be  inscribed  iu  any 
cone  (or  circumscribed  about  it) 
wMtfh  shall  approach  nearer  to  the 
cone,  in  convex  surface  or  in  solid 
content,  than  by  any  given  difference 

eor.  172  and  fcA.  175 


m 
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(<Q  A  cone. is  greater  than  any  inscribed 
fyrBmid,  and  less  than  any  circum- 
fcrlbcd  pyramid;  also,  (he  convex 
surface  of  the  cone  is  greater  than 
that  of  any  inscribed  pyramid,  and 
less  than  that  of  any  circumscribed 
pyramid     .  •     171  and  «cA.  175 

(e)  Any  two  similar  cones  being  g^ven, 
similar  pyramids  may  be  inscribed 
(or  circumscribed),  which  shall  ap- 
proach nearer  to  the  cones,  in  convex 
surface  or  in  solid  content,  than  by 
any  the  same  given  difference 

cor.  172  and  ich,  175 

(/^  The  convex  surface  of  a  right  cone 
is  equal  to  half  the  product  of  its 
slant  side  and  the  circumference  of  its 
base,  or  (if  R  represents  the  radius  of 
the  base,  and  S  the  slant  side)  =5rR  S 

172 

Of)  The  solid  content  of  every  cone  is 
equal  to  one-third  of  the  product  of  its 
base  and  altitude ;  or  (if  R  represents 
the  radius  of  the  base,  and  A  the  alti- 
tude) =  J  «.|l«A       173  and  sch,  173 

(A)  Every  cone  is  equal  to  the  third 
part  of  a  cylinder  which  has  the  same 
base  and  the  same  altitude 

cor.  173  and  Mch,  175 

(t)  Every  cone  is  equal  to  a  pyramid 
which  has  an  equal  base  and  an  equal 
altitude       .       cor.  1 73  and  tch,  1 75 

(A)  Cones  which  have  equal  altitudes 
are  to  one  another  as  their  bases; 
and  cones  which  have  equal  bases,  as 
their  altitudes;  also  any  two  cones 
are  to  one  another  in  that  ratio  which 
is  compounded  of  the  ratios  of  their 
bases  and   altitudes 

cor.  173  and  «cA.  175 

(f)  Hie  surfaces  of  similar  cones  are 
in  the  duplicate  ratio  (or  as  the 
scares)  of  their  axes;  and  their 
solid  contents  in  the  triplicate  ratio 
(or  as  the  cubes)  of  their  axes       173 

(«)  The  convex  siuface  of  the  frustum 
of  a  right  cone  is  equal  to  the  product 
of  the  slant  side  of  the  frustum  by 
half  the  sum  of  the  circumferences  of 
its  two  basest  t.  e,  of  the  slant  side 
and  the  circumference  generated  by 
its  middle  point     .         .         .174 

(m)  The  solid  content  of  a  frustum  of  a 
cone,  whether  it  be  right  or  oblique, 
is  equal  to  the  sum  of  the  solid  con- 
tents of  three  cones  which  have  the 
same  altitude  with  the  frustum,  and, 
for  their  bases,  its  two  bases  and  a 
mean  proportional  between  them  1 74 

(o)  If  a  cone  is  cut  by  a  plane  which  is 
jtarallel  to  its  base,  the  section  is  a 
circle,  having  its  centre  in  the  axis  of 
the  cone         .         •         215  and  229 

(p)  The  subcontrary  section  of  an  ob- 
lique cone  is  a  circle         •         .    229 

(;)  If  a  cone  is  cut  by  a  plane  which  is 
neither  parallel  to  the  base  nor  sub- 
contraiy,  nor  passes  through  the  ver- 


tftK.  the  scciioa  is  a  eonic  aeetiaa 

214  and  230 
Conic  ueiim  •         •         •       de/.2U 

yertical  plane  of     .       <l^.  215 

when  said  to  be  an  ellipse,  when 
a  parabola,  when  an  hyperbola        de/,  215 

(A)  0/  Ihe  ihrce  Come  Sedions. 

(a)  Every  conic  section  is  tbe  ^pa^»e- 
tive  projection  of  a  circular  sectioa  of 
the  cone  upon  the  plane  of  tbe  conic 
section  by  straight  tines  dzawn  Iroo 
the  vertex  of  the  cone  •     ^   216 

(6)  And  in  tike  maimer,  every  dreular 
section  may  be  considered  as  the 
perspective  projection  of  the  come 
section  by  straight  lines  drawn  from 
the  vertex  of  the  cone       •     ear.  216 

(c)  The  projection  of  every  point  in  the 

conic  section  may  be  found  in  the 

circular    section,   whether  it  be  in 

ellipse  or  a  parabola,  or  an  hyperbola 

cor.  216 

(<f)  The  projection  of  every  point  in  (he 
circular  section  may  be  found  in  the 
conic  section;  except  in  the  case  of  tiie 
|Hirabola,  the  projection  of  tbe  paint 
in  which  the  vertical  plane  touches 
the  circular  section  ;  and  except  ia 
the  case  of  the  hyperbolic  the  projec- 
tions of  the  two  points  in  which  the 
vertical  plane  cuts  the  diculai-  secdoa 
cor.  216 

(e)  A  conic  section  cannot  be  cut  by  a 
straight  line  in  more  than  two  points  ; 
and,  if  a  straight  line  touches  a  oonic 
section,  it  shSl  meet  it  in  one  poiet 
only,  vis.,  the  point  of  contact        218 

[  (/)  If  from  any  point  without  a  conic 
section,  two  straight  lines  are  drawn 
to  touch  it,  every  straight  line  which 
is 'drawn  through  that  point  to  cut  the 
conic  section,  shall  be  harmonicaDy 
divided  by  the  curve  and  the  chord 
which  joins  the  points  of  contact; 
and  thie  tangents  at  the  points  ia 
which  every  such  straight  line  cub 
the  curve,  shall  meet  one  aaotfacr  in 
the  chord  produced — SteSem.  p.  220^ 
and  the  dewumttroHtm  of  Atw,  20,  ia 
227.] 

If,  through  unj  poin  taken  withia 
or  without  a  conic  section,  there  aie 
drawn  an^  number  of  strai^t  lines^ 
each  cutting  the  curve  in  two  points, 
and  if  at  every  such  two  points  tan- 
^uts  be  drawn,  cutting  one  another 
m  a  point  P,  the  locus  of  the  pointi 
P  sliall  be  a  straight  line,  and  everr 
straight  Une  which  is  drawn  throng 
the  point  taken  to  cut  the  curre^ 
shall  be  harmonically  divided  Inf 
that  straight  line  and  the  curre    22/ 

(B)  Of  ihe  EitipK  and  H^erMa. 

(a)  The  curve  of  the  ellipse  letnms  into 
itself,  and  incloses  an  area:  the  curve 
of  the  hyperbola  has  fo  v  infinite  arcs. 
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(6)  In  botk^  Ae  curve  is  symmetrically- 
divided  by  a  certain  straight  line, 
which  cuts  itin  two  points,  and  is  per- 
pendicular to  the  tang^ts  at  those 
points  •  .  .  216,217 
Transrerte  (or  major)  axis,  principal 
fcitiees,  and  centre  .     def.  217 

(e)  The  hyperbola  has  two  asymptotes, 
which  pass  through  the  centre,  and 
make  equal  angles  with  the  axis  upon 
opposite  sides  of  it,  being  psorallel  re- 
■pectiTeljr  to  the  slant  sides  in  which 
the  vertical  plane  of  the  hyperbola 
cuts  tile  Buxface  of  the  cone  217 

(d)  If  a  straight  line  (not  parallel  to 
cither  aspx^tata,  in  the  hyperbola) 
cuts  the  curve  in  any  point,  limay  be 
produced  to  out  it  in  a  second  pomt ; 
but,  in  the  hyperbola,  a  parallel  to 
eiOwr  of  tiie  asymptotes  cannot  meet 
the  curve  in  more  than  one  point  219 

'  Diameter,  vertieeSy  ordinate,  abscissae 
iir/.219,  220 

(tf)  fiverr  diameter  bisects  its  oidinates, 
and  is  itadf  bisected  bythe  centra  221 

Cf)  If  a  strai^t  line,  which  cuts  the 
carwintvo  points,  but  does  not  pass 
through  the  centre,  be  bisected  by 
any  djameter,  it  is  an  ordinate  to  that 
diameter  cor.  222 

£(f)  Twostrai^t  lines  cannot  bisect  one 
another,  except  they  both  pass  through 
theoeotre*.} 

(M)  Tangents  at  the  extremities  of  a 
diameter  are  parallel         .      cor.  222 

(0  Tugeats  ai  the  extremities  of  any 
oxdinate  meet  ihe  diameter  in  the 
same  peiaet,  and  that  in  such  a  man- 
ner (/%r.  p.  221)  thatCN,  CP,  CT, 
«e  praportionals  .         222 

(il)  The  squares  of  ai^  two  semiordi- 
■■!■■•  of  the  same  dinneAer,  are  to  one 
another  as  the.  rectangles  uxler  the 

(/)  If  two  sliaiu^  tines  cut  one  another, 
and  tiiDBviee  otiwr  two,  winch  are 
pnttsl  tn  the  two  fint  nepective^, 
and  if  each  of  them  cuts  the  curve  m 
two  poinli^  or  if  ohb  or  man  tauch  it 
in  a  single  point,  the  raetangle  under 
fte  seKmenta  «f  cither  of  the  two  first, 
shidt  DC  to  the  ledangle  under  the 
segments  of  its  parallel,  as  the  rect- 
angle under  the  segments  of  the  re- 
aHumng  one  of  tiie  first  to  the  rect- 
angle under  &e  segments  of  its  paral- 
U;  ilie  square  of  any  of  the  straight 
Jines  being  understsod,  instead  of  the 
TCctangle  under  its  segments,  when  it 
touches  the  curve  instead  of  euttinf  it 
cor.225 

(as)  H  in  the  hyperbola,  a  parallel  to 
eitiier  of  ttte  asymptotes  be  cut  by  any 
taro  paralld  straig^  linesy  the  seg- 

*   *  FarcaobwtiildbeparsIMtotbe  tMiig|tatst<he 
e^rauB^ef  tlie  dUmetwr  (J),  vrladi  it  impoMiUs 


ments  of  sudi  parallel  shall  be  to  one 
another  as  the  rectangles  under  the 
segmente  of  the  straight  lines;  the 
square  being  undentood  instead  of 
the  rectangle,  if  one  or  both  touch  the 
hyperbria  .         .        cor.  225 

Conjugate  diameter  of  aa  ellipse^ 
and  conjugate  axis     .     Mch,  226 
There  is  no  other  axis        note  226 
Conjugate  diameter  of  an  hyperbola, 
and  conjugate  axis     •     sch,  226 
(a)  Tlie  vertices  of  the  conjugate  dia- 
meters of  an  hyperbola  lie  in  another 
hyperbola,  which  has  the  same  centra 
and  axes  as  the  first         .      $ch.  226 
Conjugate  hyperbolas         tch,  227 
The  two  are  mutually  conjugate, 
(o)  If  two  spheres  are  d^cribed,  touch- 
ing the  plane  of  the  curve  in  two  points 
S,  S',  and  the  conical  surface  in  two 
curdes,  the  planes  of  which  being  pro« 
duced,  cut  the  plane  of  the  curve  in 
two  straijriit  tines  XR,  X'R';  then, 
if  PR,  PR'  are  the   perpendiculars 
drawn  from  any  point  P  in  the  curve 
to  the  tines  XRjX'R',  SPistoPR, 
and  S'P  to  PR',  in  the  samecoustant 
ratio ;  SP  b^g  less  than  P  R  in  the 
eUipae,  and  greater  in  the  hyperbola 

(jp)  The  same  being  supposed,  in  th« 
eUipee  SP  +  SKP  =  AA';  in  the 
hyperbola,  S  P  <^  S^  P  =  A  A',    eor. 

229 

The  points  SjS' are  called  the  foci, 

and  each  of  the  tines  XR,  X'R',  a 

directrix         .         .         .       so*.  229 

(C)  OfihtPanAola. 

(a)  The  curve  of  the  parabola  has  two 
infiniteares  .         .        ife/.  215 

(6)  It  is  symmetrieally  divided  by  a 

certain  straight  tine,  which  cuts  it  a 

one  point  only,  and  is  perpendicular  to 

the  tangent  of  that  wMnt      .        316 

Axis  and  principal  vertex,   €fe/:217 

(c)  The  infinite  avei  of  the  parabola  do 
not  admit  of  asymptotes        air.  118 

(cQ  The  axis  of  a  parabola  is  parallel  to 

the  slant  side  m  which  tlra  vertical 

plane  toodies  the  surface  of  the  cone 

esr.21T 

(e)  If  a  stndffht  tine  (not  parallel  to  the 
axis)  cut  tne  curve  in  any  poin^  it 
may  be  produced  to  cut  it  in  a  second 
point ;  hit  a  paraUel  to  ^  axis  caiK 
not  meet  the  curve  in  move  than  one 
point  .  .  •  •  219 
Diameter,  vertex,  ordinate,  abscissa 
d€f.  219,  220 

(/)  Evenr  diameter  bisects  Us  ordmatss 

221 

(^)  If  a  straai^t  line,  aiiich  cuts  the 
cury^e  in  Ijropoijits,  be  bisected  by  any 
diameto^  it  is  an  ordinate  to  tiiat  diJh 
meter  .     '    .         .         cor.  222 

[<A)  NotwoslnugfattineB,maparabeliv 

.  can  bisect  eoe  aaatbs^^J         ^ 
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(i)  Tangents  at  the  extremitiea  of  any 
ordinate  meet  the  diameter  in  the  same 
pointy  and  that  in  such  a  manner  (see 
y?y.p.222)  thatNP  is  equal  toPT 

221 
{A)  The  squares  of  any  two  semiordi- 
nates   of  the  same  diameter  are  to 
one.  another  as  the  abscisssa  223 

(I)  If  two  straight  lines  cut  one  an- 
otheri  and  likewise  other  two,  which 
are  parallel  to  the  two  first  reapec- 
tivelj,  &c.  (see  (/)  of  the  last  division) 
cor,  225 
(m)  If  a  diameter  be  cut  by  any  two 
parallel  straight  lines,  the  segments 
i)f  the  diameter  are  to  one  another  as 
the  rectangles  under  the  segments  of 
theparallcOs         .         •        cor.  225 
(»)  If  a  sphere  is  described,  touching 
the  plane  of  the  parabola  in  a  point  S, 
and  the  conical  surface  in  a  cirdc,  the 
plane  of  which  (being  nroduced)  cuts 
the  plane  of  the  parabola  in  a  line 
RX ;  then,  if  PR  is  drawn  perpendi- 
cular from  any  point  P  in  the  para- 
bola to  the  line  RX,  S P  is  equal  to 
PR-         .         .        228  and  cor.  229 
The  point  S  is  called  the  focus,  and 
the  line  RX  the  directrix       tcA.  229 
Canjugaie  axig  of  an  ellipse  or  hyperbola 

Mch.  226 
Conjugaie  diameters  of  an  ellipse  or  hyper- 
.    hola         .         •  •         .        jcA.226 

Conjugaie  k^erboia»       .  .         »cA.  227 

CoMseqw-nt  of  a  ratio,  is  the  second  term. 
jCoMequenia  of  a  proportion,  are  the  second 

and  fourth  terms. 
Construction  of  a  geometrical  proposition     3 
When  said  to  be  a  plane  construction 
t  tcA.26 

'Contact  of  two  circles,  when  said  to  be  inter- 
nal, when  external       .  »  note,  US 
.              point  of    .             ,  ,  de/,  79 

' problems  of.  See  «  Circle."  (I)  (m). 

X>mtinued  proportion,  magnitudes  said  to  be 

in    (See  "Geometrical  Progression.*')   34 

Content  of  a  solid,  is  the  number  of  times  it 

Cttntains  the  cubical  unit,  or  unit  of  solidify 

*ch,  142 
l!1ie  terms  '^  capacity"  and ''  volume"  are 
used  in  the  same  sense. 
^Concave,    (See  "  Convex  Side.")         de/.  1 
Convertendo,  a  rule  in  proportion.    See  «  Pro- 
portion." 
Comvrx,  a  line  or  surfece  is  said  to  be,  when 
its  roundness  or  bulging  is  everywhere  to- 
wards the  same  i^arts ;  Sie  test  of  which, 
whether  it  be  a  Ime  or  a  surface,  is,  that  it 
cannot  be  cut  by  any  the  same  straight 
line  in  more  than  two  points. 
.Convex  aide  of  a  line  or  surface,  is  that  side 
.   upon  which  is  the  roundness  or  bulging 
'.   out ;  and  the  other  nde  is  called  the  con- 
-     cave  side.  •         «         •         def,  1 

-Convex  mufaoe  of  a  prism  or  pyramid,  def, 

•—^  of  a  cylinder  or  cone,       def,  166,167 
W  A  convexfliBfaee  is  greater  than  a 


plane  surface  which  has  the  same 
contour  •         •         •  167 

(6)  Of  two  surfaces,  one  of  which  is 

convex  and  is  enveloped  by  the  other, 

the  enveloping  surface  is  greatest  163 

G9ro//arjf  of  a  proposition  •  .         3 

Cube.    (A/to  "  Cube  of  a  straight  I^ine.**) 

41^.126 

(a)  Cubes  are  to  one  another  in  the 
triplicate  ratio  of  their  edges ;  •*.  e. 
the  triplicate  ratio  of  two  atrai^ 
lines  is  thesame  with  the  ratio  of  their 
cubes.         •         •         •  eor.  144 

(6)  The  di£ference  of  two  cubes  is  equal 
to  the  sum  of  three  parallelop^eds 
having  the  same  altitude,  vix^  the 
difierence  of  the  edges,  and  for  their 
bases  the  respective  bases  of  the  cubes 
and  a  mean  proportional  between 
them;  i.  «.,  R»  — r»=:  (B  -  r)  X 
(R«  +  r«.fRr)*.         .  iem^UJ 

(c)  If  the  difference  of  the  edges  of 
two  cubes  may  be  made  less  than  any 
given  d^erence,  the  dififerenoe  of  the 
cubes  may  likewise  be  made  less  than 
any  given  difference         •     Jem.  177 

(d^  The  cubes  of  proportional  straight 
lines  are  propovtionals,  [and  con- 
versely]      .         •      '  .         cor.  144 

(e)  The  cube  is  one  ofthe  regular  solidly 

and,  as  such,  is  sometimes  called  the 

hexahedron  •         •         160 

Cuboetahedron,  a  solid  derivable  from  either 

the  cube  or  the  octahedron     sek,  163 

Curve^  or  curved  One  •         •         de/.  1 

Upon  which  side  concave  upon  which 
convex  •         •         •         de/.  1 

(a)  A  curve  is  greato'  than  a  straij^ 
line  which  has  the  same  extremities, 
and  less  (if  convex)  than  the  sum  of 
any  number  of  straight  lines  which 
are  exterior  to  it,  and  joins  those  ex- 
tremities        •         •         •         #cA.8 

(b)  Of  two  curves,  one  of  whidt  is  eon- 
vex  and  is  envelojMd  by  the  other,  the 
envelopmg  curve  is  greatest        ecJh.  8 

Minder  (also  its  bases,  axis,  convex  soxface) 

^.  1«6 

When  send  to  be  right,  when  oUique : 
when  two  cylinders  are  said  to  be  simi- 
lar: when  a  prism  is  said  to  be  in- 
scribed in,  or  dxcumacribed  about  a 
cylinder     ...         166,  167 

(a)  The  convex  muhee  of  a  cylinder 
may  be  swyposed  to  be  generated  by 
a  straight  line  which  is  carried  round 
the  circumference  of  either  base  so  as 
to  be  always  parallel  to  the  axis    166 

(4)  A  right  cylinder  is  generated  by  the 
revolution  of  a  rectangle  about  one  of 
its  sides  •         •         •         167 

(e)  A  cylinder  is  gteater  than  any  in- 
scribed prism,  and  less  than  any  df- 
cumscribed  piism;    and  the  convex 


•  Hcnes  tlieform  under  wfciel  fli«  ditiBfCBc*  of 
two  mafttitodM,  which  an  as  the  eabat  of  ««rt^ 
stnighiltast,  appears  la  IV.Sa.,  V.  21.  and  ▼•M» 
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surface  of  the  cylinder  is  greater  than 
that  ef  any  inscribed  prism,  and  less 
than  that  of  any  circumscribed  prism 

168  and  fcA.  175 
(cO  A  prism  may  be  inscribed  in  any 

cylinder  (or  circumscribed  about  it) 

•  winch  shall  approach. nearer  to  the 

cylinder,  in  convex  surface  or  in  solid 

content,  than  by  any  given  di£feience 

169  and  «cA.  175 
(e)  Any  two  similar  cylinders  beine 

given,  similar  prisms  may  be  inscribed 
(jor  circumscribed),  which  shall  ap 
proach  nearer  to  the  cylinders,  in 
convex  surface  or  in  solid  content, 
than  by  any  the  same  given  difference 
cw.  170  and  mcA,  175 
(/)  The  coniraz    surface    of  a   right 

3  Under  is  equal  to  the  product  ofits 
titude  and  the  circumference  of  its 
hase;  or  (if  R  represents  the  radios  of 
the  base,  and  A  the  axis)  »2rRA. 

170 

Of)  Tht  convex  surface  of  any  cylinder 
IB  equal  to  the  product  of  its  axis,  and 
the  perimeter  of  a  section  which  is 
perpendicukr  to  the  axis  $ch.  175 
(A)  llie  solid  content  of  every  cylinder 
is  equal  to  the  product  of  its  base  and 
altitude,  =s«*R«  A.   170  and  mA.  175 

(i)  Eveiy  cylinder  is  equal  to  a  prism 
which  has  an  equal  base  and  an  equal 
altitude       .      <»r.  170  andwA.  175. 

(i)  Cylinderswhich  have  equal  altitudes 
are  to  one  another  as  their  bases ;  and 
^Unden,  idiich  have  equal  bases,  as 
their  altitudes ;  also  any  two  cylinders 
are  to  one  another  in  the  ratio  which 
is  compounded  of  the  ratios  of  their 
bases  and  altitudes    cor,  170  and  Mch, 

175 

(/)  Hie  surfaces  of  similar  cylinders  are 
in  the  duplicate  ratio  (or  as  the 
squares)  of  their  axes;  and  their  solid 
contents  are  in  the  triplicate  ratio  (or 
as  the  cubes)  of  their  axes  170  and 
Mch.\75 

(mi)  If  a  cylinder  be  cut  by  a  plane 
whidi  is  parallel  to  its  base,  the  sec- 
tion is  a  circle,  having  its  centre  in 
the  axis  of  the  cylinder,  and  its  radius 
eand  to  the  radius  of  the  base      231 

(jf)  The  subcontrary  section  of  an  ob- 
liq[ue  cylinder  is  a  circle,  having  its 
centre  in  the  axis  of  the  cylinder,  and 
its  radius  equi^  to  the  radius  of  the 
base         «...         232 

(o)  If  a  cylinder,  whether  right  or  ob- 
lique, be  cut  by  a  plane,  which  is  nei- 
tlMT  parallel  to  the  axis,  nor  parallel 
to  the  base,  nor  subcontrary,  the  sec- 
tion is  an  elfipse  •         •         231 

J>aia  (Lat.  things  given),  in  geometrical  pro- 
blems, limits  of    .         .         $ch.  27,  124 

Deea^n  (figure  of  ten  sides)  reguiar.  See 
«<  Ctide  "  and  ^  Regular  Polygon." 

J}eveiopMe,  «  tenn  applied  to  the  surfaces 


of  the  cone  and  eylinder.^[AII  coniform 
and  cylindrical  surfaces  are  developable.] 

sch,  17& 

Diagonala  of  a  quadrilateral         .         def.  3 

See  "  Quadrilateral,"  <<  Parallelogram;* 

and  «  Circle." 
[The  diagonals  of  any  rectilineal  figure- 
are  the  straight  lines,  which  join  any 
two  angles  not  immediately  adjacent 
to  one  another.! 
/>ra^ofia£r  of  a  polyhec&on         •         def,\2& 

See  «  Parallelopiped," 
Diameter  of  a  circle  3,  of  a  sphere  127,  of  tf 

conic  section  219. 
Dihedral  angle       •  •  «         def,  125 

When  said  to  be  right,  when  acute,  when 
obtuse      ....         125 
(a)  If  a  dihedral  angle  is  cut  by  any 
two  parallel  planes,  it  intercepts  equa( 
angles  in  those  planes      .      cor,  13S^ 
(fi)  A  dihedral  angle  is  measured  by  the 
rectilineal  angle  of  the  perpendicular!, 
to  the  common    section  which  are' 
drawn  in  its  two  planes  firom  any  the 
same  point  of  the  common  section 
9ch.  136' 
(c)  Or  by  the  angle  of  two  perpendicu- 
lars to  its  planes,  which  are  drawn- 
from  any  the  same  point         tch,  136 
(cf)  To  bisect  a  given  dihedral  angle  1 55 
(e)  If  a  dihedral    an^^le    is  bisected, 
every  point  in  the  bisecting  plane  is 
at  equal  distances  from  the  pUnes  of 
the  dihedral  angle         •        cor,  155 
&e«  Plane  •» 
Direction  of  projection,  in  orthographic  pro- 
jection      .  .         •         «         d^.  20S 

Directrix  of  a  conic  section  tek,  229 

Dietance  between  two  points  9,  from  a  point 
to  a  straight  line  10,  from  a  point  to  a. 
plane  131,  from  one  point  to  another  over 
the  surface  of  a  sphere  189. 
Diverging  linear  projection  by.     See  **  Pro 

jection," 
Dtvidendo,  a  rule  in  proportion.    See  *'  Pt9* 

portion." 
Dodecahedron  (solid    contained  by  twelve 
planes)  regular.   See  **  Regular  Polyhe> 

Duplicate  ratio,  •         •         •     def,  34 

Edge,  of  a  polyhedron    .         •        def,  126 

See  "  Polyhedron." 
Elementary  courte  of  Geomeirg,  in  the  pre- 
sent Treatise  ■•  .  •  p»xw 
Enneagon  (figure  of  nine  sides)  regular,  to  in- 
scribe in  a  circle,  very  nearly  .  121 
Enunciation,  of  a  geometrical  proposition  3 
Equal,  ciicies  said  to  be  .         def.  79 

ratios  said  to  be  .        '*/-^5 

Equality  and  inequaHtg,  axioms  of      .         4 

Equationg  of  two  unknown  quantities,  solved 

geometricaUy     .        .         •        *cA.124 

Epiiangular,  triangles  are  said  to  be,  when 

the  angles  of  the  one  are  equal  to  tbm 

angles  of  the  other,  each  to  each     tee  59 

EquUaierai  triangle  .        •         ^^ 

Is  equiangulaii   and  cuuv«scly«    Sie^ 


^ 
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also  ''Circle  *'  and  "  Ragular  F^ly- 
gon." 
J^fmmu/iip/e$  of  two  (or  more)  magnitudes 

def.  31 
(a)  Equimnliiples  of  equal  magnitudes 
are  equal ;  and  coavenely:  also  the 
equimultiple  of  the  greater  is  greater 
than  the  equimultipLe  of  the  less ;  and 
conTorsely  .         .        or.  34 

(6)  If  two  magnitudes.  A,  A',  are  equi- 
multiples of  other  two  B,  B',  wmch 
again  are  equimultiples  of  other  two 
-C,  C\  the  first  two  shall  he  equimal- 
pies  ofthe  last  two        •         •        34 
(c)  If  two  ma^itudes  A,  A'  axe  equi- 
multiples of   other  two   B,  B',   and 
again  of  other  two  C.  C%  and  if  B  he 
a  multiple  of  C,  B'  snail  he  the  same 
multiple  of  C.        .         •         cor.  34 
JSx  tBpuJi   in   proportione   direci&f   or  ex 
itquaii,  or  ex  <tquo^  a  rule  in  proportion. 
See  «  Proportion." 
Ex  tequaii  in  proportione  perturbatSj  or  ex 
ofquo    perturbato,    a   rule  in  proportion. 
See  «  Proportion." 
Exoube,  extetrahedron,  exociahedron,  exdode- 
cahedroHf    exicosahedroHf    solids    formed 
from  the  regular  solids      •      see  Moh,  162 
Bxplementaryy  an  angle  said  to  be      note  83 
Exterior  angle.  See  **  Straight  Line,"  *'  Tri- 
angle/' "  Rectilineal  Figure/'  ^'  Spherical 
Geometry." 
Extreme  and  mean  ratio,  a  straight  line  said 
to  he  dirided  in.  {See  "  Straight  line.")  71 
Extremes  of  a' proportion,  are  the  first  and 
last  terms  .         .         .        <^.  33 

EaceM  of  a  polyhedron      .         •       def.  126 
May  be  of  any  number  greater  than 
three.    See  «  Polyhedron." 
Figure,  plane,  de/.  2,  plane  rectilineal,  tie/,  2 

See  "  Rectilineal  Figure,"  and  '*  Circle." 
FocuM,  of  a  conic  section.    See  "  Conic  Sec- 
tion." 
Foot  of  a  perpendicular,  is  the  point  in  which 
H  meets  the  line  (or  plane)  to  which  it  is 
perpendicular. 
J^urth  proportional  .  .         </^.33 

May  be  found  to  any  three  given  mag- 
nitudes •         .         note  43, 54 
Fhuiwn  of 'a  wfamid,"  def,  127,  of  a  cone 
J  67.    See  "  Pyramid/'  and  «  Cone." 

Oeometricai  Mean,  def  33.     See  '' Arithme- 

lical  Mean/'  and  <'  Straight  line." 
O'iomeirical Ana/jfiit,     See  ''Analysis." 
Oeometricai  Progresnon,  magnitudes  said  to 
be  in         .         .         .         .         .         34 
(a)  The  differences  of  magnitudes,  which 
are  in  ^metrical  progpnession  form  a 
geome&cal  progression   having  the 
sAme  common  ratio  .         cor.  42 

(6])  Magnitudes  A,  B,  C,  &c.,  which  are 
in  jTCometrical  progression,  are  the 
differences  of  other  magnitudes  A\  Bj 
C',  D',  &c.  in  a  geometrical  progres- 
sion havin^^  the  same  common  ratio 


def,  IS4 


and  in  whifth  «ba  fint  tena  A' is  to  A 
asAtoA-^B.  •  •  cor.  42 
[(c)  And  the  sura  of  any  Bambcr  of  the 
magnitodes  A,  B,  C,  &c  in  mtcctwmm, 
is  equal  to  the  differeaea  ef  twoof  the 
magufaidcs  A',  B',  C,  IX,  &c:  tltus, 
A  is  the  diffsreBca  of  A'  aad  B', 
A-hB  ofA'andC,  A  +  BH-Cof 
A'  and  JX,  and  so  on.] 
[(d)  Bxaee,  if  A  is  greater  than  B,  &e 
sum  of  the  whide  aenea  A,  B^  C,  D, 
Ac  contiwwd  without  end  ia  equal  to 
A' j  I.  e.  the  sum  of  a  fiaite  number 
of  terms  is  leas  than  A',  but  by  the 
eontmued  addition  of  new  Icnss  may 
be  made  to  awoaeh  to  it  by  kM  than 
any  given  dilierence.] 
O^eoflte/ry,  its  subject         •         •  »         1 

Geometry  is  distinguished  by  the  epi- 
thets of  "plane,"  "solid,"  and  ««pheri- 
eal,"  accofding  as  it  treats  ef  plane 
figmres  and  lines  in  one  pbu^  or  of 
s^id  figures  and  lines  in  di£terent  planei^ 
or  offigmes  and  Unea  ii^Nin  41ie  sailace 
of  a  sphere. 
Oenerai  theorg  of  prttportim  •         48 

General*  propertiea  tf  the  eomie  eeeHatu  21A 
Generated,  meaning  of  the  word  aa  applied  to 
solids  of  revolution  .         •         127 

Seeabo^'Cone^"  "Cylinder,"  "Plane," 
^<  Sphere." 
Oreai  Grete  of  a  sphere 

See  "  Spherical  Geometry.'' 

Harmonieai  mean  •         •         def,  67 

(a)  The  hamonical  mean  between  two 

numbers,  m  and  »,  is  ■  scA.97 

jfi  +  f» 
(6)  If  five  harmonieai  means  are  taken 
between  1  and  -J^,  we  obtain  the  pro- 
gression 1,  f ,  i,  |»  |,  A»  i>  '^ 
eeven,  the  progression  1,  f»  -ff  -jftp.  |» 

•^»  4»  "J^'.i'  ''«>™  ^*4*  progres- 
sions, rejecting  such  fractions  as  have 
7,  11,  and  13  in  the  deuondnateri 
those  remaining,  via.  1  >  ^  ^  i«  '^ 
!*•  .'^«  h*  ^^  reprnpent  the  lengths  of 
strings  producing  with  the  same  thick- 
ness and  tension  the  sounds  denoted 
by  C,  D,  £,  F,  G,  A,  B,  &  noie  67 
HarmomcaUg  divided,  astrai^t  line  said  to  be 

68 

Harmonieali,  four  straight  lines  when  said  to 

be      •  •  •  •  68 

Barmonicai  progrcMum,  magnitudes  said  to 

bein  •  •  •  .68 

to  what  observation  the  name  is  owix^ 

natef  $T 
HemiepJkere,  the  half  of  a  sphere,  [is  eqoal  to 

•  By  "  general  propertieK,*'  are  hen  mesatsvdi 
properties  as  may  be  declared  in  tbe  sama  worda,  « 
nearly  so,  (i.  «.  with  sonM  eliglit  diffeienaa  ariaiar 
from  their  difference  of  form.)  to  pertain  to  the  thres 
ooaie  sections.  Thoee  in  the  Appendix  are  moreotcr 
only  snch  as  admit  of  beinr  derived  frtwi  tha  cirdi 
hy  perspective  pngsotion.   Bee  •*CoBto  t 


ladHLl 


geometry: 
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twMbMte  of  ft  cyUudar  vpoB  the  tame  base 

and  of  the  mne  altitude^  eor.  179]. 
Bemdeeagon  (figure  of  1 1  sides)  regmioTj  to 

inocribe  in  a  circle,  Tenr  nearly  121 

H9fi^9m  (figure  of  7  sides)  reguiar^  to  in- 

acnbe  in  a  dicle^  very  nearly        .        121 
Hemifom  (figure  of  6  sides)  reguiar.    See 

•*  Eegiikr  Polygoa*'  and  <<  Circle.'* 
Beamkedran  (solid  contained  by  6  planes) 
.  regiUtir,     See  <<  Re^^ular  Polyhedrons." 
Hamoioatm*  edge*  of  similar  polyhedrons,  are 

the   homologooB   sides  of  thetf  similar 


B&moiofjfmu  wUn  of  sunilar  figures  def,  57 
B9moiog9m»  iermt  of  a  proportion  def.  3  3 
Ufptrhoioy  one  of  the  conic  sections  def,  215 

See  "Conic  Section." 
JHyp0/aMfse  of  a  rifi^angled  triangle  defZ 
&e<^  Triangle." 
[Ite  side  opposite  to  the  right  an^le  is 
called  the  Hypotenuse  alw  in  right- 
angied  spherical  triangles.] 

ieam  dodeemkedrm^^  a  solid  derirable  either 
from  the  ioosahedrony  or  from  the  dodeca- 
hedron    .  .  .  .163 
Me^mktdrm  (solid  contained  by  20  planes) 

reguiar.    See  ^  Be^^ular  Polyhedroas.' ' 
imtiinatiwm  of  a  straight  line  to  a  straight 
Uaa,  is  the  acute  an^e  which  the  former 
makes  with  the  latter. 
■  of  a  plane  to  a  ]dane,  is  the  acute 

diliedral  angle,  which  the  former  makes 
with  the  ktter. 
«— ^»—  of  a  straight  line  to  a  plane 

def  125 
Mmeomtmemttrabie,  magnitudes  said  to  be    32 
(o)    If  one  magnitude  is    incommen- 
•nrable  with  another,  it  is  incommen- 
surable with  every  magnitude  which 
is  commensurable  with  that  other 

ewr.  37 
((6)  Although  the  ratio  of  two  incom- 
mensnraUe  magnitudes  can  never  be 
exactly  expressed  by  numbers,  yet  two 
numbers  may  be  obtained  whidi  shall 
ezpRsa  it  to  any  required  degree  of 
eiactaess     •  .48 

(e>  Magnitcides  are  incommensurable, 
when  the  process  for  finding  the  great- 
est common  measure  leads  to  no  con- 
clusion, but  has  an  unlimited  number 
of  steps  •  •  cor.35 

^d)  If  P  and  Q  are  two  magnitudes  of 
tbe  same  kind,  and  if  Q  be  contained 
in  P  any  number  of  times  witili  a  re- 
mainder R,  which  is  to  Q  as  Q  to  P, 
P  and  Q  are  incommensurable 

toA.73 
<e)  Hie  ssme  being  supposed,  if  It  be  the 
number  of  times  that  Q  is  contained 
in  P,  the  ratio  of  Q  to  P  shaUlie  be- 
tween the  ratios  of  any  two  sncceteive 
terms  of  the  series  1,  it>  o,  6,  e,  &c., 
where  a,  the  third  term,  is  e^ial  to 
»  X  i|  + 1,  6,.  the  foui^  term  s=:na 
+  (S  ^>  tile  fifth  tam  =  n  6 -f  a,  >and 
«         M  9^,  mvj  flMawv«  t^nn  .being 


dqual  to  n  times  flae  la^  tdgethei 
with  the  last  but  one  *  •  acA.  73 
(f)  The  parts  of  a  tine  divided  in  niedial. 
ratio  are  inoommensurables  of  tfaie 
dass,  and  their  ratio  may  be  approaU 
mated  to  by  the  series  1,  1, 2,  3, 5,  8, 
&c :  the  side  and  the  sum  of  the  sida 
and  diagonal  of  a  sqiiare  are  incom« 
mensurables  of  the  same  dass,  and 
their  ratio  may  be  approximated  td 
'      I,  2,  5,  12,  29,  &c. 


by  the 

tcA.73 

b^mite  are  is  an  are  of  unlimited  extent  ; 
such  as,  for  example,  occurs  in  perspective 
projection,  when  any  point  of  the  original 
curve  lies  in  the  vertical  plane.  211 

The  hyperbola  afOrads  an  example  of  infi- 
nite arcs  with  asymptotes,  the  parabola 
of  infinite  arcs  without  asymptotes. 
infiniie  extent.^   Straight  lines  and  arcs  of 
infinite  extent  may  have  finite  projections, 
toad  vice  versd  .  .     209,210 

Aucribed  in  a  cirde,  a  rectilineal  figure  said 
tobe  •  .  .  .79 

_...-^«  in  a  rectilineal  figure,  a  drde  said 
tobe  .  •  -79 

I.  in  a  cone  or  cylinder,  a  pyramid 
or  prism  said  to  be  •  •      167 

....^ in  a  sphere^  a  solid  of  revolntio'd^ 

said  to  be       •  •  •  167 

htierwr^  a  term  applied  to  any  of  the  angles 
of  a  triangle,  in  contradistinction  to  the  cx« 
terior  angle  formed  by  produdng  one  o£ 
the  sides ;  also  to  certain  angles  made  by 
parallds  with  a  straight  line  cutting  them 

Lnvertendo^  a  nile  in  proportion.  (See  "  Pr*-' 

portion.") 
Juimed^  two  points  are  said  to  be, 

(a)  In  space,  when  the  straight  line  be* 

tween  them  is  drawn. 

(6)  Upon  the  surface  of  a  sphere^  when 

the  spherical  arc  between  them    ia 

drawn.  •  •     184 

J90»ee/e$i  iriangle,,  (See  «  Triangle.")  def  2 

Jfoseeiea  •pketicai  Iritmgie,     See  ^  Spherical 

Geometry." 


•  It  is  observed  in  p.  74,  that  this  series  ms^  be 
deriwd  from  tbe  doctrine  of  oontinued  fractionsj 
For,  everr  saecesstTe  quotient  in  tbe  division  of  P 
by  Q,  of  Q  by  BL,  of  R  t>y  the  next  remainder,  and  lo 
on,  being  «,  the  ratio  of  Q  to  P  is  represented  by  tbe 


thertfete  die 


uxn 
b 


:^(-^.«PPo.e),^(f. appose), 


>,  &c  TvUl  represent  the  ration  eaoh  atrs 


»6  +  a' 
nearly  than  the  preceding, 
f  *•  Having  equal  legs,  V^i  the  Greek 
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Lateral  surface  of  a  prism  or  pyramid 

def.\27 
l^egy  of  an  angle,  def.  1 ,     See  "  Angle.*' 
Lemma  (6r.),  is  an  auxiliary  proposition. 
Length  of  a  line  is  the   number  of  times  it 
contains  the  unit  of  length         •      Mch,  18 
Like  parti  of  two  (or  more)  magnitudes, 

def.ZX 
See  "  equimultiples"  and ''  ratio." 
Limiia, 

(a)  Two  fixed  magnitudes  A,  B,  are 
said  to  be  limits  of  two  others  P,  Q, 
when  P  and  Q,  by  increasing  toge- 
ther, or  by  diminishing  together,  may 
be  made  to  approach  more  nearly  to 
A  and  B  respectively,  than  by  any 
the  same  given  difierence,  but  can 
never  become  equal  to,  much  less 
pass  A  and  B  :  e.^.  two  circles  are 
the  limits  of  the  similar  inscribed  or 
circumscribed  re^pilar  polygons       46 

(b)  If  two  magmtudes  A  and  B  are 
the  limits  of  two  others  P  and  Q,  and 
if  P  is  always  to  Q  in  the  same  con- 
stant ratio,  A  is  to  B  in  the  same 
ratio*  ,'  .  .46 

For  examples  of  this  theorem  see 
56,  96,  146,  171,  173. 
Umite  of  a  geometrical  problem^  are  of  fre- 
quent occurrence,  and  are  commonly  indi^ 
cated  by  the  construction :   loci  are  useful 
in  determining  them         .     27,  106,  124 
Xtfitfy  (also  <*  straight  line"  ''curved  line.") 

defi 

See  «  Curve,"  «  Straight  Line,"   and 

"  Projection." 

Ijocut  (Lat.,  place),         .         .         def,  106 

[More  generally,  a  locus  is  any  part  of 

space,  every  point  of  which,  and  none  else, 

satisfies  certain  conditions.] 

When  said  to  be  a  simple  locus,  when 
a  plane  locus,  when  of  higher  dimen- 
sions .  •  .     107 
How  servioeable  in  the  solution  of  pro- 
blems        .             .             .         106 
Is  the  Umit  between  excess  and  defect 

106 
(A}  Examplee  of  Simple  Loci. 

(a)  All   points  which   are  equidistant 

from  two  given  points  .         107 

(&)  All  points   which   are   equidistant 

from  two  given  straight  lines         107 

[(c)  The  extremities  of  all  equal  parallels 

whose  other  extremities  lie   in    the 

same  given  straight  line,  1. 16.  cor.] 

(«{)  All  points  whidi  divide  lines  falling 

from  a  given  point  to  a  given  straight 

line  in  the  same  eiven  ratio     .     108 

(f)  Hie  vertices  en  all  triangles  upon 

the  same  base,  which  have  the  side 

terminated  in  one  extremity  of  the 

base  greater  than  the  side  termin^ited 

ft  tetwwn  two  paiillel  DUwea,  or  swch 


\  *  Then  srs  soom  vsrv  iopoitsBt  errors  ia  the 
Utt«r  part  of  the  demooatrstioii  of  this  theortn,  for 

fOltuuisnata. 


in  the  other  extremity,  and  ttie  diflfe- 
lence  of  their  squares  equal  to  a  given 
sqiure  •  •  •     108 

(/)  The  points  which  divide  the  chords 
of  a  circle  passing  through  any  the 
same  given  point  harmonically      112 

(^)  The  points  in  which  the  two  tsn* 
gents,  drawn  at  the  extremities  of  all 
chords  pasing  through  a  given  pointy 
meet  one  another  .  .112 

(B)  Eramplee  of  Plane  Loci, 

(a)  The  vertices  of  all  triangles  upon 
the  same  base  and  the  same  side  of  it, 
which  have  equal  vertical  aasles  108 

(b)  The  vertices  of  all  trian^es  upon 
the  same  base,  which  have  the  sum  of 
the  squares  of  their  sides  eqnal  to  a 
square  ....      109 

(c)  The  vertices  of  all  triangles  upon  the 
same  base,  which  have  th«  side  tcr^ 
minated  in  one  extremity  gieattf  tliaa 
the  side  terminated  in  the  other  ex- 
tremity, and  the  sides  (or  whidi  i» 
the  same  thing,  the  squares  of  the 
sides)  in  a  given  ratio  .         109 

{d)  The  vertices  of  all  triaagks  \ 
the  same  base,  which  have  the  sq 
of  one  nde  in  a  given  ratio  to  Ae 
square  of  the  otlwr  side  diminisfafd 
bya  given  square  •        sdl.  110 

(e)  The  vertices  of  all  triangles  upo» 
the  same  base,  which  have  toe  squsn 
of  one  side  diminished  by  a  giwa 
square  in  a  given  ratio  to  the  sqnai^ 
of  the  other  side  diminished  by  ano- 
ther given  square  •      se^llO 

(C)  Examples  of  Loci  satisfying  eomditions 

in  Solid  Geometry, 

[(a)  All  the  points  in  space  whidi  aie 

equidistant  from  two  given  points  lie 

in  the  plane  which  bisects  the  distance 

between  them  at  ri^it  angles.] 

[(b)  AU  the  points  in  a  given  pLanie,  wfaidb 

are  equidistant  from  two  given  points 

the  i 


without  the  plane,  lie  in  

section  with  the  given  plsnd^of  the 
plane  which  bisects  at  right  angle^  the 
distance  between  the  two  paints.! 

(c)  All  the  points  which  are  eqnimsiant 
from  three  given  points,  not  lying  in 
the  same  straight  line,  lie  in  the 
straight  line  which  is  drawn  petpendi- 
cular  to  their  plane  from  the  centre  of 
the  circle  whioi  passes  through  them, 
cor.  151 

{(d)  All  the  points  equidistant  from  a 
straight  line  and  plane,  or  from  two 
given  planes,  lie  in  the  straiglit  line  or 
plane  which  bisects  their  angle  of  in- 
clination.] 

(e)  The  extremities  of  all  equal  ptnOeia 
whose  otiier  extremities  lie  in  one  and 
ifaesanepla&e^tiein  a  plane  psisllel 
toilt      •  •  •     air.134 

(/)  The  points  which  divide  an  aindigfat 
lines  dmwa  fiwi  a  poinl  to  »  ^iuh 
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ginight  lines   produced  in  a  given 
ratio,  lie  in  another  parallel  plane 

cor.  135 

(D^  Exampia  of  Lad  Mtiifyinff  comtUiumi 

^  «f»  Spktrieai  Oeomeirif, 

""  [(a)  All  points  upon  the  surface  of  a 
tphsre,  vhich  are  equidistant  from 
two  given  points  of  that  surface,  lie 
in  the  cirramference  which  bisects 
their  distance  at  right  angles.^ 
[(6^  All  points  which  are  equidistant 
from  the  circumferences  of  two*  given 
great  circles,  lie  in  the  circumference 
which bisectsthe  angle  between  them.1 
(c)  The  vertices  of  aU  equal  spherical 
triangles  upon  the  same  base  and 
nnon  the  same  side  of  it^  lie  in  the 
circumference  of  a  small  circle,  such 
that  one  equal  and  parallel  to  it  may 
be  drawn  throu^  the  extremities  of 
thebase  .  .         cor.  199 

{d)  The  vertices  of  all  spherical  trian- 
^es  upon  the  same  base,  which  have 
Sw  vertical  angle  equal  to  the  sum 
of  the  other  two,  Ue  in  the  circum- 
feienoe  of  a  small  circle,  whose  pole 
IS  the  middle  point  of  th^  base,  and  its 
polar  distance  half  the  base   aek,  20 1 

iMwnt  terms  of  the  ratio  of  two  magnitudes. 
See  **  Numerical  ratio." 

Zjmef  (Lai,  moon)  spherical  .         def.  180 
See  ''Sphere"  and  ''Spherical Geometry." 

lAtmee  (coniained  £y  eireulararea  in  the  tame 
fUme)  quadpaiure  of. 

[(a)  If  a  semidrcumference  A  B  C  D  E 
be  divided  into  any  two  arcs,  ABC, 
C  D  E,  and  if  upon  the  chords  of 
these  arcs  semicircles  are  described, 
as  in  the  adjoined  figure,  the  lunes 
ABC  by  CDE  d  shall  be  together 
equal  to  the  triangle  ACE, 


For,  semicircles  (III.  33.)  being  as  the 
squares  of  their  diameters,  the  semi, 
circlesupon  A  C  and  C  £  are  together 
equal  to  the  semicircle  upon  A£; 
therefore,  taking  away  the  segments 
A  B  C  and  C  DE,  the  lunes  whidi  IV- 
main  are  together  equal  to  the  triangle 
A  C  £«J 

[(b)  Hie  lune  which  is  included  by  a 
■emicircumference  C  </  £  and  a  quad^ 
nnt  C  D  £,  is  equal  to  the  triangle 
COS,  whose  vertex  O  is  the  centre 
of  the  quadrant 

For  if  the  arcs  A  C,  C  E,  in  the  former 
figure,  are  equal  to  one  another,  each 
of  them  will  be  a  quadranti  aod  the 
two  lanes  will  be  equal  to  one  an- 
ottier:  and  the  two  triangles,  C  O  A, 
COSmaltoequali  tb^wv^nnce 


the  halves  of  equals  are  equal,  the 
lune  CD  "Ed  is  equal  to  the  trianele 
COE.]  * 

Maximum  (Lat,  greatest)  is  a  name  given 
to  the  greatest  among  all  magnitudes  of 
the  same  kind  which  are  subject  to  the 
same  ^ven  conditions :  as  minimum  (Lat,  ' 
least)  IS,  on  the  other  hand,  the  name  given 
to  the  least. 

For  examples  of  maxima  and  minima 
on  a  phine  See  III.  §  5,  p.  99. 
oa  a  spherical  surface,  £nw  199  and 
seA.201. 

Mean,  See  "Arithmetical  mean,"  '' Geome- 
trical mean,!'  "  Harmomcal  mean," 

Mean  propartumai,  one  or  more  defi  33, 34 
See  "  Geometrical  mean." 

Meane  of  a  proportion,  are  the  two  middle 
terms. 

Measure,  one  magnitude  said  to  be  of 
another  •  •  •  31 

Measure  of  a  rectilineal  angle.  See  "Angle." 
of  a  dihedral  angle.    iS^  "  jSihe- ' 


dral  angle." 

>  of.  a  solid  angle.    See  '*  Solid  axfe* 


of  a  spherical  angle.    See  "  Sphe* 


gle." 


rical  angle." 

■  of  the  surface  of  a  spherical  tri- 

angle or  polygon.  See  "  Spherical  Geo* 
metry." 

Medial  ratio  is  thft  same  with  "  extreme  and 
yne*°  ratio"  •  •  •     71 

See  "  Straight  line^"  and  "Incommen- 
surable." 

MediaUy  divided,  a  line  said  to  be     •      71 

Minimum,  see  "  Maximum.** 

Multiple,  one  magnitude  said  to  be  of 
another      .  •  .  .31 

Nonagom.    See  "  Enneagon." 

Numbers,  common  factor  of  two  or  more.' 

See  "  Common  factor." 
Numerical  ratio  of  twa  mag^tndes    def,  32 
Its  terms,  antecedent  and  consequent 
<fc/.32 
(a)  The  lowest  tenns  are  those  which 
ore  determined  by  the  greatest  com- 
mon measure;    and  are,  therefore, 
prime  to  one  another         •       cor,  36 
(6)  Any  other  terms  are  eqaimultiple* 
of  the  lowest  terms         •         cor,  35 

(c)  Hie  lowest  terms  may  be  found  from 
any  terms  by  dividing  them  by  their 
greatest  common  factor:  they  serve 
when  found  to  determine  whether  two 
numerical  ratios  are  difibrenl^  or  only 
difierent  fonns  of  the  same  ratio 

cor,  36 

(d)  A  numerical  ratio,  which  is  comi% 
pounded  of  any  number  of  ratios,  haft 
for  its  antecedent  the  product  of  tUc 
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antecedents,  and  for  its  consequent 
the  product  of  their  consequents. 

$ch,  45 

Obiiquey  a  term  applied  to  angles  (whether 
rectilineal,  dihedral,  or  spherical)  which  are 
iiot  light  angles. 

ObHqtK  oome,  Af.    (See  "Cone.")      •     167 

Obiique  cylinder,  def,  {See  "  Cylinder.")  166 

Obttue  (Lat  blunted),  a  term  applied  to  all- 
ies (whether  rectilineal,  dihedral,  or  sphe- 
xioil)  which  are  greater  tiian  right  angles. 

Odto«M,  (figure  of  eight  sidea)  re^ubr.  {See 
« Rcgvdar  Polygon")       .         .     scA.121 

Octahedron  (solid  contained  by  eight  planes) 
re^mlar.    See  «  Regular  Polyhedron." 

Oppoiiie  «0M«,  def,  (also  **  opposite  eonical 
mrfaee")  •  .  .214 

Oppotite  pomta^  on  the  surface-  of  a  qihere, 
def.     {See"  Spherical  Geometry.")       1 86 

Orfr,  spherical,  <<e/.    (See  <"  Sphere.")      180 

Ordinate,  in  a  conic  section  .  def,  220 
See  "Come  Section." 

Original  point,  line  or  plane,  in  prajectioii 

def,  208 

Orthographic  profection.     See  "  Projection." 

Parailel*  circlet,  of  the  sphere         def,  184 

See  «  Sphere." 

I^mlM  planet,  def.    (See '"Plane.")        125 

Parallel  ruler,   an  instrument  for   drawing 

parallel  lines  •         .         •     fie#e,  24 

Parallel  Mtraight  linet,  {See  "  Straight  line."} 

defm  m 
ParaUel  to  a  plane,  a  straight  line  asid  to  be 

125 
Pomdhl  /•  a  tiraight  Hme,  aplane  said  to  be 

125 

Ptndle/ogroM  »         •         •         def*  8 

(a)  Its  opposite  sides  and  angka  axe 

Seqnal  to  one  another  •  15 

Its  diagonals  bisect  one  another  15 
Jt  is  bisected  by  each  of  its  diago- 
nals    .  •  •  •     eor.  16 

(4)  Hw  sqaares  of  its  diagonals  are,  to- 
gether, equal  to  the  squares  of  its  foor 
sides  •  •  .     cor.  24 

(e)  If  a  quadrilaieral  figure  has  its  op- 
posite  side*  equal  to  one  another,  or 
its  opposite  angles  equal,  or  if  its  dia- 

{  gonahi  bisect  one  another,  or  if  it  is 
bisected  by  each  of  its  diagonals,  or  if 
the  squares  of  its  diagonals  are,  to- 
gether, eqnal  to  the  squares  of  the 
four  sides,  the  quadrilatml  is  a  paral- 
lebgram  15,  cor,  17,  and  cor.  24 

(/)  The  complements  of  parallelograms 
about  the  diagonal  of  a  paraUelogram 
are  equal  to  one  another         .        16 

(jff)  If  one  angle  of  a  paraUdogram  is 
a  right  angle,  all  its  angles  are  right 
azuzMS       •  •  •     opr.  16 

(A)  Eveiy  pazallelogBim  is  equal  to  a 
rectangle  having  the  same  base  and 
the  same  altitude,  ».  e.  to  the  product 
of  its  base  and  altitude      •      cor,  16 

irtr?^^  ^'"^  Oroek  wordSf  slgnlfjing  "  aloag  one 


(i)  PanlMogrBoaa  xeptm  the  Mnae  or 
eqaal  bases,  and  between  Urn  same 
pBTsllels,  are  equal  to  one  another    16 

{k)  If  a  parallelogram  and  a  triangb 
stand  nponthesame  base,  and  between 
the  same  paraUela,  the  rfTt^1iil(i|iiBBi 
is  double  of  the  triaagie  •        17 

(0  Parandograms  having  the  aaaeahi- 
tnde  an  to  one  another  aa  A«ir  bases ; 
paralldograma  having  eqtial  baaes  am 
to  one  another  as  thevaititndea;  and 
macf  two  ase  to  one  anodnr  in  the 
ratio  which  is  compovnded  of  the 
ratios  of  their  bases  and  altitndea 

cor.  62. 63 

(«)  Equiangular  paraUebgnaBa  ain  to 
one  another  in  the  ratio  which  is  coof 
ponndedof  the  ratios  of  their  ndea 
ear.  63 

(n)  Equiangular  paraUelograais^  which 
have  their  sides  ndpiwall^  propor- 
tional, are  equal ;  and,  cenveraely, 
equiangular  paraUdograma,  whidi  am 
equal,  have  their  sides  vecipnNcally 
propovtional  .     fler.64 

(o)  To  describe  a  parallelogram 

1.  When  two  sides  and  Hie  included 
angle  are  given        .  •     28 

2.  Upon  a  given  base^  and  with  a. 
given  angle,  width  shall  be  equal 
to  a  given  triangle,  or  rectilineal 
figure  .  .      mr.  30 

Rectangular.    See  «  Rectangie." 

Parallelopiped         .         ,         ,         def,lQ7 

(a)  Its  opposite  faces  are  aimiUr  and 
equal  paralldograms,  and  ita  opposate 
edges  are  [equal  and]  parallel  .     139 

(6)  Its  four  diagonals  pass  tfaroogfa  the 
same  pointy  and  bisect  one  another 

SC4.140 

(c)  It  is  bisected  by  eadi  of  the  ^liago- 
nal  planes*  .  .       139 

{d)  The  squares  of  its  four  diagonals 
are  togetiier  equal  to  the  squares  of 
the  twelve  edges       .         •     jcA.  140 

(e)  llie  complements  of  the  paralldki- 

pipeds  about  the  diagonal  plane  of  a 

parallelopiped  are  equal  to  one  another 

cor.  140 

[(/)  If  one  face  is  at'xight  angka  to 
each  of  its  adjoining  facas^  every  face 
is  at  right  angles  to  each  of  ita  adjoin- 
ing faces.] 

Of)  Every  parallelopiped  is  eqnal  to  a 

rectangular  parallelopiped,  having  the 

same  D«se  and  the  same  altitude ;  i.  e. 

to  the  product  of  its  base  and  aMitade 

ear.  142 

(A)  ParaUebpipeds  upon  the  same,  or 
upon  equal  bases,  and  between  the 


•  The  prisms,  into  which  a  pirallelopiped  udiriaad 
fay  its  diagonat  plane,  are  iymmetrieal  ;  and,  tken- 
ftra,  exMpt  in  the  caaa  of  the  raotmnralar  paialleb- 
pipad,  thair  eqvalitjr  emaot  be  aatabliaked  by  eda- 
cidoiea;  a  eireninvtaiioe  which  hm  been  ovwOooked 
IfB^XI.  prop.  98,  of  Simaoa'a  Eadid.'   5as 
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■MM  piraUel  pUaes,  an  equal  io  one 
another  .  »        140,  141 

(i)  If  a  parallelopiped  and  a  tetrahedron 
ha?e  the  same  three  edgea^  the  paral- 
Idopiped  is  equal  to  aix  timeathe  tetra- 
hedsott    .  .  .     cor.  147 

(k)  Pazallelopipeds  hafiBe  the  saiAe 
aUitode  are  to  one  aaoUwr  as  their 
haaes;  paraUebpipeds  having  equal 
l>ases  are  to  one  anotiier  aa  thar  alti- 
tudes ;  and  any  two  are  to  one  another 
in  the  latio  which  is  coBqxmnded  of 
the  ratios  of  their  bases  and  aMtodes 

143 
(/)  PkraUebpipeds  which  are  equiangu- 
lar (so  fliat  a  solid  angle  of  the  one 
asaj  be  made  to  coincide  with  a  solid 
angle  of  the  other)  are  to  one  another 
m  the  ratio  idiich  is  compounded  of 
the  ratios  of  their  edges        cor,  144 
Bactangiilar.    ;S^  **  Rectangular  Paral- 
Idi^ped." 
AvY,  or  rneasme  •  •        def.  31 

Ptmtoffom  (figure  of  Gwe  sides)  reguiar.    See 

"  Begular  polygon"  and  <'  Giide/* 
Pemiedeeagim  (figure  of  15  sides)  regular. 

See  **  Regular  polygon"  and  <<  Circle." 
Perimeter  of  a  plane  figure     .  .     def.  2 

Minimum  oL    See  ^  Circle." 
Per^Aery,  (Qr.)  another  name  for  ''circum- 


Ferpemdiemlar  to  a  straight  Hne,  a  sixaiffht 

Jme  said  to  be,  2 ;  a  plane  said  to  be,  125 

Taa  plane,  a  straight  line  said  to  be,  1 25 ; 

a  ^me  said  to  be,  125. 
lb  a  sphexicBl  are,  a  spherical  arc  said 
to  be,  185. 

See  *^  Straight  line,"  «  Plane,"  and 

«  Spherical  Geometry." 

Mwe    .  .  .        def.\ 

When  said  to  be  parallel  or  porpendicu- 

lartoaplane  •  •         125 

When  said  to  be  parallel  or  perpendicular 

to  a  straight  hue       .  .        125 

(A)  («)  A  plane,  and  one  onljr,  mav  be  made 

to  pass  through  a  straight  line  and  a 

point  without  it,  or  three  given  points 

not  in  the  same  straiefat  line,  or  the 

ndea  of  a  given  rectmneal  angle,  or 

two  given  paralleb  .     127 

(6)  Any  number  of  paraHels  through 

which  the  same  straight  line  passes, 

are  in  one  and  the  same  plane  oor.  128 

(c)  Any  nnmber  of  planes  may  be  made 

to  pass  through  thie  same  at^ught  line 

«or.  128 

<^  Hie  common  section  of  two  planes 

uastcai^tihie         •  .     128 

(e)  If  there  be  three  planes,  and  if  the 

common  section  of  two  of  the  planes 

banot  panJlel  to  the  third  plane,  the 

tiiree  planes  dull  pass  through  the 

name  point;  via^  the  point  in  which 

the  common  section  of  two  of  the 

planes  meets  the  third  plane    acsA.  156 

(^)  A  plane  surface  is  less  ttan  any 

ottier  ainrffioe  having  the  nme  contour 

Aw.  167 


(B)  Of  a  piane  and  perpemdiauiar  tiraighi 
lme» 

A  straight  line  when  said  to  be  perpen- 
dicuur  to  a  plane       •  •     125 

(a)  If  a  straight  line  stand  at  right 
angles  to  eadi  of  two  other  straight 
lines  at  their  point  of  iutersectioni  it 
shall  be  at  right  angles  to  ^  plane 
in  which  they  are        •  •     128 

(6)  Any  numlier  of  straight  lines,  which 
are  drawn -at  right  angles  to  the  same 
atraiffht  line  frinii  the  same  point  of  it, 
lie  all  of  them  in  the  plane  which  ia 
perpendicular  to  the  straight  line  at 
that  point    .         •         .         cor,  129 

(e)  If  the  pbne  of  a  right  angle  be 
made  to  revolve  about  one  of  vk  legv, 
the  other  leg  will  describe  a  plane  at 
rifi'ht  angles  to  the  first  leg    cor,  129 

(d)  If  a  straight  line  be  perpendicular 
to  a  plane,  and  if  from  its  foot  a  per- 
pendicular be  drawn  to  a  straiebtliat 
taken  in  the  plane,  any  strai^  liue^ 
which  is  drawn  from  a  point  in  the 
former  perpendicular  to  meet  the  foot 
of  the  latter  perpendicular,  shall  like- 
wise be  perpendicular  to  the  straight 
line  taken  in  the  plane  •         129 

(e)  If  a  strai^t  line  be  perpendicular  to 
a  plane,  and  if  from  any  point  of  it 
a  perpendicular  be  drawn  to  a  straight 
line  taken  in  the  plane,  the  straight 
line  which  joins  the  feet  of  the  per- 

Sindiculars  shall  likewise  be  pexpen- 
culaft  to  the  straight  line  taken  in 
theplaue         .  .  .129 

(/)  Straight  lines  which  are  perpendi- 
cular to  the  same  plane  are  parallel ; 
and  conversely,  if  there  be  two  paral- 
lel straight  lines^  and  if  one  of  ^m 
be  perpoadicular  to  a  plane,  the  other 
shsdl  be  perpendicular  to  the  same 
plane      •  .  •  129 

Of)  Perpendiculars  to  the  same  plane, 
which  are  drawn  to  it  from  points  of 
the  same  straight  line,  lie  in  one  and 
the  same  plane     .  •     cor,  130 

(A)  A  straight  line  may  be  drawn  per* 
pendicnlar  to  a  plane  of  indefinite 
extent,  from  any  given  point,  whether 
the  given  point  te  without  or  in  the 
plane ;  but  from  the  same  point  there 
cannot  be  drawn  mora  than  one  pei^ 
pendicularto  the  same  plane         130 

(t)  From  a  point  to  a  plane  the  perpen- 
dicular is  the  shortest  distance;  and 
of  other  strai^t  lines  which  are  drawn 
firom  the  pomt  to  the  plane,  such  as 
are  equal  to  one  another,  cut  the 
plane  at  equal  distances  firom  the  foot 
of  the  perpendicular;  and  such  as  are 
imftqual,  cut  the  plane  at  unequal  die* 
tances  from  the  foot,  the  greater  being 
always  further  from  the  perpendicu- 
lar, and  conversely-     .  •    131 

(k)  If  from  any  pomt  taken  without  a 
plane,  a  sphoe  be  described  with  a 
radius  less  than  the  perpendiwilari  it 
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will  not  meet  the  plane;  if  with  a 
radius  equal  to  the  perpendicular,  it 
will  meet  it  in  one  point  only,  vit.  the 
foot  of  the  perpendicular;  and,  if 
with  a  radius  greater  than  the  perpen- 
dicular, its  surface  will  cut  the  plane 
in  the  circumference  of  a  circle, 
having  for  its  centre  the  foot  of  the 
perpendicular  ,  .  .^  cor.  131 
(/)  To  draw  a  plane  perpendicular  to  a 
given  straight  line— 

(1)  From    a  g^ven  point  in   the 
straight  line. 

(2)  From  a  g^ven  point  without  it 

153 
(m)  To  draw  a  straight  line  perpendicu- 
lar to  a  given  plane— 

(1)  From  a  given  point    in   the 
plane. 

(2)  From  a  given  point  without  it 

(C)  Of  a  plane  and  inciined  atraight  line. 

^gle  of  inclination  of  a  straight  line  to 
a  plane  .  .  .       def,\2b 

(a)  If  a  straight  line  he  inclined  to  a 
plane ;  of  all  the  angles  which  it  makes 
with  straight  lines  meeting  it  in  that 
plane,  the  least  is  the  angle  of  inclina- 
tion ;  and,  with  respect  to  every  other 
of  these  angles,  a  second  ansle  may 
always  he  £awn  which  shall  be  equiu 
to  itl-vix.,  upon  the  other  side  of  the 
angle  of  inchnation ;  but  there  cannot 
be  drawn  in  the  plane  more  than  two 
straight  lines  witli  which  the  inclined 
straight  line  shall  make  equal  angles, 
one  upon  each  side  of  the  angle  of  in- 
clination        .  .  •     132 

[(&)  If  a  straight  line  cuts  a  plane,  every 
straight  line  which  is  parallel  to  it 
shall  cut,  and  be  equally  inclined  to 
the  same  plane.] 

(c)  Through  a  given  point  in  a  given 
plane,  to  draw  a  straight  line  at  riij^hi 
angles  to  a  straight  Ime  which  b  in- 
clined to  the  plane  at  that  point     153 

(P)  Of  a  plane  and  parallel  $traighi  line. 

(a)  If  one  straight  line  is  parallel  to 
another,  it  is  parallel  to  every  plane 
which  passes  through  that  other    132 

(6)  If  a  straight  line  is  parallel  to  a  plane, 
it  is  paraUel  to  the  common  section 
of  every  plane  which  passes  through 
it  witli  that  plane     .  .         132 

[(c)  If  a  straight  line  is  parallel  to  a  plane, 
every  straight  line,  which  is  parallel  to 
it,  is  parauel  to  the  same  plane,  $ee 
app.  prop.  7.J 

{(£)  If  two  straij^ht  lines  are  parallel,  the 
common  section  of  any  two  planes 
passing  through  them  is  parallel  to 
either  of  them  •         •     cor.  132 

[(«)  If  there  be  three  planes,  and  if  the 
common  section  of  two  of  the  planes  is 
paiaM  to  the  third  plane,  the  com- 
mon sections  of  the  ttirse  planes  are 
panOlel.] 


(/)  To  draw  through  a  given  point — 

1.  In  a  given-plane,  a  straight  line 
which  shall  be  parallel  to  another 
given  plane      .  .         15.? 

2.  A  straight  line  which  shall  be 
parallel  .to  each  of  two  given 
planes        •  .         oor.  153 

(jf)  To  draw  through  a  given  straight 
line  a  plane  which  shall  be  parallel  to 
a  given  straight  line    •  •154 

(E)  OfparaiU^  inclined,  and  perpendiemlar 
planet, 

(a)  If  two  straight  lines,  which  cut  one 

another,  are  parallel  each  of  them  to 

the  same  plane,  the  plane  of  the  two 

straight  lines  is  parallel  to  thai  plane 

cor.  133 

(&)  Planes,  to  which  the  same  straight 
line  is  perpendicular,  are  pokaHei ;  and, 
conversely,  if  two  planes  are  parallel, 
and  if  one  of  them  is  perpendicular  to 
a  straight  line,  the  other  is  papendi- 
cular  to  the  same  straight  line        13$ 

(c)  Through  any  given  point  a  plane 
may  be  drawn,  and  one  only,  whidt 
shall  be  parallel  to  a  given  plane 

(cQ  Planes,  which  are  parallel  to  the 
same  plane,  are  paraUel  to  one  an- 
other .  .  car.  134 
.  (e)  If  parallel  planes  are  cut  by  the 
same  plane,  their  common  sections 
with  it  are  parallel           .         .     134 

(/}  If  two  planes,  which  cut  one  ait- 
other,  are  parallel  to  other  two  which 
cut  one  another,  each  to  each,  the 
common  sections  of  the  first  two  and 
of  the  second  two  are  parallels  cor,  134 

(jfi  If  two  planes  are  parallel,  a  stni^^ 
line  which  cuts  one  of  them  may  be 
produced  to  cut  the  other  likewise 

cor.  209 

[(A^  If  two  planes  are  parallel,  a  straight 
line,  which  is  pandlel,  or  peipendico- 
lar,  or  inclined  to  one  of  tiiem,  shall 
be  parallel  or  perpendicular,  or  equally 
inclined  to  the  other.] 

(i)  If  parallel  straight  hues  axe  cut  by 
parallel  planes,  the  parts  of  the 
straight  fines,  which  are  intercepted 
between  the  planes,  are  equal  to  one 
another  .         .  .134 

(A)  ParaUel  planes  are  everywhere  equi- 
distant •         .         •       cor.  134 

(l)  If  any  two  straight  lines  are  cut 
by  three  parallel  planes,  the  parts 
of  the  stcaigfat  Unes  which  are  inter- 
cepted by  the  planes  shall  be  to  one 
another  in  the  same  ratio       .       134 

(m)  If  two  straight  lines,  which  meet 
one  another,  are  parallel  respectively 
to  other  two  which  meet  one  aaoQier, 
the  contained  angles  shall  be  eqnal, 
and  their  phmes  parallel        «       135 

(n)  llie  dihedral  angle  made  by  aaj 
two  planes  which  meet  one  anothcs  la 
measured  by  the  rectilitteal  angle  of 
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the  popendiciilaxB  to  the  common 
section  which  are  drawn  in  the  two 
planes  from  any  the  same  point  of 
the  common  section  «  136 

(a)  Dihedral  angles,  which  have  the 
sides  of  the  one  parallel,  or  perpendi- 
cular, or  equally  inclined  to  the  sides 
of  the  other,  and  in  the  same  order, 
MK  equal  to  one  another         tcA.  136 

(p)  If  one  plane  is  at  right  angles  to 
another,  the  perpendiculars  to  the 
common  section,  which  are  drawn  in 
the  two  planes  from  any  the  same 
I>oint  of  the  common  section,  are  at 
right  angles  to  one  another ;  and  con- 
versely        .         .         .        eor.  136 

(^q)  If  one  plane  is  perpendicular  to 
another,  any  straight  line,  which  is 
drawn  in  Uie  first  plane  at  right 
angles  to  their  common  section,  is 
perpendicular  to  the  other  plane     136 

(r)  if  a  straight  line  is  perpendicular  to 
a  plane,  every  plane  which  passes 
through  it  isperpen^cularto  the  same 
plane       ....  .         .136 

t«)  If  two  planes  which  cut  ond  another 
are  each  of.  them  perpendicular  to  a 
third  plane,  their  common  section  is 
perpendicular  to  the  same  plane 

cor,  137 

{/)  If  through  the  same  point  there 
pass  any  number  of  planes  perpen- 
dicular to  the  same  plane,  they  all  of 
them  piss  through  the  same  straight 
line,  VIZ.,  the  perpendicular  which  is 
drawn  from  the  point  to  the  plane 
cor.  137 

^•i}  If  two  planes  are  parallel,  a  plane 
which  is  parallel,  or  perpendiadar,  or 
inclined  to  one  of  them,  ^all  be 
parallel  or  perpendicular,  or  equally 
mclined  to  the  other      .        sck,  1 36 

(v)  Through  a  given  point,  to  draw  a 
plane  which  shall  be  parallel  to  a  given 
plane  .  •  .      154 

^jt)  Through  a  ^iven  point,  to  draw  a 
plane  perpendicular  to  each  of  two 
given  planes        •         •         •      154 

(jr)  Through  a  given  straight  line  to 

draw  a  plane  perpendicular  to  a  given 

plane  •         .         ,         .      153 

JPiame  Ocometry  is  that  part  of  Geometry 

which  treats  of  plane  ngures  and  lines  in 


i  constructions  are  said  to  be  prac- 
ticable by  Phme  Geometry       »ch.  26 
J^ianeLocma.    (See  *' hocv»:*)  <i^.  107 

J*/ame  Seciiom  of  a  solid,  is  any  section  made 

by  a  plane. 
■  of  a  cone,  cylinder,  or  sphere. 

See  •*  Cooe,"  «  Cylinder,"  or  **  Sphere." 
Ptamu,  angle  contained  by.    Ste  ^  Dihedral 

Pwmi  .         .        •        •  <fc/.  I 

Pomiofcomiaei  .  .  def.7^ 

{fl)  If  a  straight  line  touches  a  circle,  or 

if  a  plane  touches  a  sphere,  the  foot  of 

tin  perpendicular  which  is  drawn  iiom 


its  centre  to  the  straight  line  or  plane 

is  the  point  of  contact  80,  129 

(6)  If  a  circle  touches  a  drcle,  or  a 

sphere  a  sjihere,    the   straight   line 

ioining  their  centres,  or  that  straight 

line  produced,  passes  through  the  point 

of  contact  .  .      82,151 

Point  (^  intersection^  of  three  planes.  (SeB 

"Plane.'*)         .  .         .         wA.  156 

— ,  of  three  spheridal  suifc 

faces         .  .  9ch,  151 

Pole  of  a  circle  of  the  sphere.    {See  "  Sph©. 

rical  Geometry.")       .  .         def.  184 

Polar  ditiance  of  a  circle  of  the  sphere  * 

def.  184 
Poiar  triangle,  {See  **  Spherical  Geometry.") 

def.  185 
Polygon,    {See  <«  Rectilineal  Figure,"  "  Re* 
gular  Polygon.")         .         .  tie/.  2 

Polygon^  apherical,    {See  "  Spherical  Geome- 
try.")        •         .         .         .         de/,lBS 
Polyhedron,    {AUo  <<  Diagonals  of  a  Poly- 
hedron.") .         .         .  de/Ai^ 
When  said  to  be  regular        •  126 
When  two  polyhedrons  are  said  to  be 
similar.  (SreNote  upon  this  def.)  126 
[Two  j^olyhedrons  are  said  to  be  sym> 
metrical,  when  a  face  of  the  one  may 
be  made  to  coincide  with  a  face  of  the 
other,  and,  these  being  made  to  coin- 
cide, the  straight  lines  which  join  the 
solid  aiijg^les  of  the  one  with  die  cor- 
responding solid  angles  of  the  other 
are  perpendicular  to,  and  bisected  by^ 
the  plane  of  the  faces.] 
(a)  It  S,  £,  and  F  represent  respec- 
tively the  number  of  solid  angles,  the 
number- of  edges,  and  the  number  of 
faces  of  a  polyhedron,  S  —  £  X  F=2 
9ch,  197 
(6)  If  S  represents  the  number  of  solid 
angles,  the  sum  of  all  the  plane  angles 
of  the  faces  is  equal  to  (S  —  2)  times 
4  right  angles         •         •     Mch,  197 
(c)  The  solidity  of  a  polyhedron  may 
be  obtained  by  dividing  it  into  pyra* 
mids,  having  for  their  common  vertex 
one  of  the  vertices  of  the  polyhedron, 
or  some  point  within  it    .      ach.  147 
{d)  Similar  polyhedrons  are  divided  into 
tlie    same  number  of  similar  pyra- 
mids, by  drawing  diagonals  from  any 
two  corresponding  angles,  and  planes 
along  those  diagonals          •         150 
(e)  Similar  polyl^drons  are  to  one  ano- 
ther in  the  triplicate  ratio  (or  as  the 
cubes)  of  their  homologous  edges; 
and  tiieir  convex  surfaces  are  in  the 
duplicate  ratio  (or  as  the  squares)  of 
those  edges                         .  150 
[(/)  If  four  straight  lines  are  propor- 
tionals, any  two  similar  polyhedrons 
which  have  the  first  and  second  for 
homologous  edges,  and  any  two  which 
have  the  third  and  fourth,  are  propor- 
tionals. (IV.  27.  cor.  3.1 

Symmetrical  polyhedrons  may  be 
ivided  into  the   same  number  of 


H$)  Symm 
divided 
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syminctzieal  pyraiiiids»  by  drawing 

diagonal*  from  any  two  coxrespond- 

ing  angles,  and   planes  along  those 

diagonals.] 

1(h)  Symmetxical  polyhedrons  are  equal 

to  one  another.] 

FoffMib/M  (Lat,  things  required)        ..         3 

M  m  the  constructions  oi  theorems 

in  plane  geometry         •.         •         *        .^ 

^— — — —  in  Uie  constructions  of  problems  in 

plane  geometry         •  •  •       24 

,1.  ,  in  the  constructions  of  problems 

in  solid  geometry  .  •  150 

■■  m  the  constructions  of  pcoUeiiis  in 

spherical  geometry  .  .         203 

JVtim,  numoers  said  te  be  (See  "  Conunoa 

Factor.")     .  .  .  sck,36 

Frindpai  edgcM  of  a  prism  or  pyramid, 

def.  127 
Ptmcipal  diameier  of  a  conic  section  d^,  217 
Principal  vertice»f  or  vertex,  of  a  conic  section 

def.  217 
Friam^  def.  ((^Iso  its  bases,   mdes,  principal 
•dees,  literal  or  convex  surface)  127 

When  said  to  be  right,  when  oblique  127 
When  said  to  be  regular  (its  axis)  127 
(a)  Triangular  prisms,  which  have  two 
sides  and  the  mduded  angle  of  the  one 
equal  to  two  sides  and  the  included 
angle  of  the  other,  are  equal  to  one 
another  •         •  •  138 

(6)  If  the  upper  past  of  a  triangular 
prism  be  cut  away  by  any  plane,  the 
remaining  solid  is  equal  to  the  sum 
of  three  pyramids,  havine  the  same 
base  with  &e  prism,  and  for  their  ver- 
tices the  upper  extremities  of  the  di- 
minished edges  .  «cA.  147 
(c)  Every  prism  is  equal  to  a  lectang^ 
lar  parallelopiped,  having  an  equal 
base  and  attitude ;  t.  e.  to  the  product 
of  its  base  and  altitude  .  144 
(d^  Prisms  which  have  e^ual  altitudes 
are  to  one  another  as  their  bases ;  and 
prisms  which  have  equal  bases  as 
their  altitudes;  also,  any  two  prisms 
are  to  one  anolber  in  the  ratio  which 
is  compounded  of  the  xsiios  of  their 
bases  and  altitudes  •  cor.  145 
{e)  The  solid  content  of  any  prism  is 

2ual  to  the  product  of  the  principal 
ge,  and  the  area  of  a  plane  section 
pernendicular  to  it;  and  the  convex 
sprtace  is  equal  to  the  product  of  the 
principal  edge,  and  the  perimeter  of 
the  same  section.  In  the  right  prism, 
this  section  is  the  same  with  Ae  base 
Mch,  145 

[(/)  Prisms  which  have  for  their  bases 
similar  polygons,  and  the  principal 
edges  drawn  from  two  corresponding 
angles  of  those  polygons,  making 
equal  angles  with  each  of  the  homo- 
logous adjoining  sides,  and  in  the 
same  ratio  as  uose  sidesy  are  simi- 
lar.! 

[(^)  Bimdar  prisms  are  as  the  cubes  of 
their  homologous  edges.  (IV.  35.)] 


[(h)  SymmrtacalprisBf  are  equal  to  one 

another.] 
(i)  If  the  convex  smiace  of  a  prism  be 
produced  to  say  extent,  tiie  sections 
of  it  by  paralld  planes  will  be  similar 
and  equal  polygons  •eh.  145 

Prohlem  (6r.,  a  thing  ]^  forth  orpiopooed)  3 
l*reduciy  strict  meamng  of  the  word  when 
nsed  in  geometry  .         seA.  18,  142 

And  &nce  it  is  uasd  synonimeusly  with 
redangleorrectangidarpaTallfllopipedy 
fliese  figures  being  nseaaored  by  the 
products  of  their  beses  and  altitiide% 
or  of  their  respective  dimensioiis. 
Pnffremon,  arithmeticali  See  **  Arithme- 
tical Progisssioa," 

^eometricid.     See  '*  Geometrical 


ProgressBon.' 
■  hannotticaL 


Set 


nrogreasioa." 
PfXfjeetiomj  orthographic  and  perfective  208 


(A)  Of  Oriko^rvphic 

Ortiiosraphie  projection  of  a  point,  line^ 
.or%ure         .         .         •     ii(/.208 
Plane  of  projectioii,  directiea  ef  pro- 
jection, orij^nal    .         •         def.  208 
(a)  The  orthographic  proiectioB  m  every 
given  p<unt  may  be  Mand  i^Nm  tlH 
plane  of  projection      .  .         212 

(6)  Tbe   orthogmpliic  proiectioB   of  a 
straight  line  (not  paralM  to  the  dip 
rection  of  pro)eetion)  is  «  straight 
tnecooun 


line — ^vis.,t&e  Goounon  sMfioB  of  the 
plane  of  projection,  aadaplaae  drawn 
thson^h  the  original,  panlkl  to  the 
direction  of  proj^on  •         213 

(c)  If  the  original  straight  line  be  pe- 
lallel  to  the  plane  of  proiedion,  the 
orthom]>hic  projection  of  such 
straight  line  is  a  point       •     cor.  213 

(d)  Hie  orfliogiafnic  projortion  of  a 
straight  line^  wmch  is  parallel  to  the 
plane  of  projection,  is  parallel,  and 
equal  to  its  original  •     cor.  213 

(f)  The  oiihognphic  psejeetsonB^  sny 
paraUel  stria^  Uses  sx»  puallel^ 
find  have  the  sans  ratio  to  their  r^ 
spective  originals  •         •     213 

(/)  The  erthognqphie  pioieelton  of  a 
.curve  ^the  plane  of  which  in  not  paial« 
lei  to  the  £ndkm  of  jaiyntieii)  is  ■ 
curve;  and  the  erttiognpliie  peojec* 
tion  of  a  straieht  line,  toudbing  the 
original  curve,  is  a  straight  line  ftooch- 
ing  the  projedioa  ef  mi  carve    214 

(^)  If  the  pLuM  of  the  original  curve  be 
perattel  to  the  diiection  of  projcdioiv 
the  projection  of  a  straight  lioe^  snd 
the  projection  of  the  tangent  coincides 
wi&  it,  or,  in  one  case,  is  a  point  of  it 
car.  214 

(A)  Tlie  orthographic  projection  sC  a 

straight  lijie    cutting  >  curve,  is  a 

straiglit  line  cutting  tiie  projection  «f 

that  curve,  except  alwaya  as  in  (a) 

cor.  214 

[(i)  Tbit  octhographie  projectiaB  of  a 
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cilck  is  a  cMe,  or  an  eUipse  (<7j9. 25, 

26,27,)] 
XB)  Of  Pertpecthe  Pt^wtUm,  \ 

Penpective  projection  of  a  point,  line,  or 
figure  .         .         .         def,  208 

Vertex,  vertical  plane,  plane  of  projec- 
tion, original        •         .         def.  208 

(a)  The  perspective  projection  may  be 

•  found  of  every  point  which  is  without 

the  vertical  plane,  but  of  no  point  in 

that  plane  ...        208 

(Jti)  The  perspective  pnrojection  of  a 
straight  line  (not  passing  through  the 
vertex)  is  a  straight  line — ^viz.  the 
conunon  section  of  the  plane  of  pro- 
jection, and  the  plane  which  passes 
through,  the  vertex  and  original 
straight  line       .         .  209 

(e)  If  the  original  straight  line  passes 
through  the  vertex,  the  projection  of 
such  straight  line  is  a  point    cor*  209 

(«Q   Tlie    perspective   projection    of   a 

straight  line  parallel  to  the  plane  of 

projection,  is  parallel  to  its  original 

cor.  209 

(«)  llie  perspective  projection  of  a 
straight  line,  which  is  terminated  by 
the  vertical  plane,  is  a  straight  line  of 
unlimited  extent  in  one  direction ;  and 
the  projection  of  a  straight  line,  which 
cuts  that  plane,  is  the  whole  of  a 
straight  line  of  unlimited  extent,  in 
both  directions,  excepting  only  the  part 
which  lies  between  the  projections  of 
the  extreme  points  .  .         209 

[(/)  The  penpectiye  pojection  of  a 
straight  line,  which  is  of  unlimited 
extent  in  one  direction,  but  does  not 
meet  the  vertical  plane  (and  is  not 
parallel  to  that  plane),  is  finite.] 

(j)  The  perspective  projection  of  a 
■tsaight  line,  which  is  not  parallel  to 
the  plane  of  projection,  passes,  if  pro- 
duced, thnm^  the  point  in  whicn  a 
parallel  to  the  original,  drawn  through 
tbtt  v«rteKy  cute  tl^  plane  of  projection 
cor,  208 
,  "  (A)  Hie  perspective  piojectioos  of  paral- 
lel straight  lines,  which  are  likewise 
parallel  to  the  plane  of  projection,  axe 
parallels.  .  .         .  209 

(•)  "Hie  perspective  projections  of  paral- 
lel straight  lines,  which  cut  the  plane 
of  projection,  are  not  parallels,  bot 
pass,  when  produced,  all  of  them 
through  the  same  point — ^viz.,  the 
point  in  which  a  parallel  to  the  ori- 
ginals, drawn  through  the  verteX|  cuts 
Sieplane  of  projection  .  .210 
{k)  The  perspective  projection  of  a 
curve  (the  plane  of  wnich  does  not 
pass  through  the  vertex)  is  a  curve] 
and,  if  any  point  of  the  original  curve 
lies  in  the  vertical  plane,  the  projection 
shall  have  an  arc  of  unlimited  extent 
corresponding  to  the  arc  of  the  original 
cnrve,  which  is  terminated  in  that 
point.  .  •  .210 


(/)  The  perspective  projection  of  a 
straight  line  touching  any  curve  is  a 
straight  line  touching  the  projection 
of  that  curve,.if  the  original  point  of 
contad  be  witiiout  the  vertical  plane  ; 
but  if  it  be  in  that  plane,  the  projection 
of  the  tangent  is  an  asymptote  to  the 

njection .  of  the  curve  •  211 
f,  however,  the  tangent  at  the  on* 
^al  point  be  abo  in  the  vertical  plane^ 
it  has  no  projection,  and  the  projec- 
tion of  the  original  curve  has  qe 
asmptote  .  .  .  eor.212 
(n)  The  perspective  projection  •  of  a 
straight  line,  whidi  cuts  a  curve  in  a 
point  without  the  vertical  plane,  is  & 
straight  line  which  cuts  the  projection 
of  that  curve  .  .  cor.  212 
.  [(o)  The  perspective  projection  of  a  circle 
(except  as  in  (A)  )  18  a  cirele,  or  a 
conic  section  (app.  22,  23, 34).  J 

Proportion,  and  how  denoted  (also  its  ante* 
cedents  and  consequents)        •     def,  33 
the  first  and  second  terms  must  be 


of  the  same  kind,  and  also  the  third  and 

fourth        .  .  .  .33 

Of  commensurable  magnitudes      .     37 

general  theory  of    .         .         48 

—  when  four  magnitudes  A,  B,  C^ 
D,  are  said  to  'be  proportionals;  def,  £7,1 
p.  33  ;  and  def,  7  p.  49 

FroportioneJs  according  to  def  [7.]  am 

also  proportionals  according  to  def  7. 

38,49 

(A)  Comparative  maffniiude  of  the  termt,in  a 
proportion,  A  :  B  : :  C  :  D  ♦. 

(a)  If  A  >  or  =  or  <B,  then  C> 
=:  or  •<  D ;  and  conversely      .     52 

(6)  If  A  >  or  =  or  <  C.  then  B  > 
or  =  or  ^  D ;  and  conversely       9S 

(c)  IfA>or  =  or<^B,  then  6 

>> or  s  or  <  -  D;  and  convenely 

eor.  60 

(d)  If  iiA  >  or  =s  or  <  eiB,  then  iiC 
>>  or  sx  or  <  fltD;  and  conversely* 

eor.  50 
{e)  If  there  are  four  magnitudes  A,  B^ 
C,  D,  and  if  when  iiA>>  or  =  <^  ^ 
fuB,  mC  >  or  s=  or  <  mDy  for  sS 
values  of  n  and  m,  then  A^  B,  G,  D 
are  proportionals  •  ..  cor,  5^ 
(/)  If  four  magnitudes  are  propor- 
tionals, the  greatest  and  least  toge* 
ther  are  greater  than  the  other  two 
togetiier       •  »  .  .53 

(B)  Rules  for  trantforming  a  tingle  propor^ 

tion,  A  :  B : :  c :  D. 

(a)  C  :  D  ; :  B  :  A,  by  merely  pladng 

the  second  ratio  first        •  .     33 

(6)  B  :  A  : :  D  :  C.  invertendo        52 


*  For  the  sign  <  in  this  division  ivad^  •*  is  Ins 
tlMM,*';Bndlbr>  ••  is  greater  than  * 
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(c)  A  :  C  ::  B  :  D,  aiterwmdo  (when 
the  four  are  of  the  same  kind)         .03 

(<0  A  ~  B  :  B  ;:  C  <v  D  :  D,  divi- 
dendo    •  .  •  .53 

(e)  A  +  B  :  B  : :  C  4-  D  :  D|  comp^- 
nendo  .  .  •  .63 

</)  a:A4.b::c:c  +  d,  con- 

ueriendo    •  .  .     cor.  53 

O)  A+B  :  Acvi'Brrc+D  :  c-^d 

mitcendo  •  •  •     cor.  54 

^C)  Jiuktfor  combining  two  or  morcfropor- 
Jioni, 

(a)  If  A  :  c  ::  A' :  c,  andB  :  c:: 

B':  C,  then  At  B  :C::  A'+B' 
:  C ;  and  so,  if  any  number  of  pro- 
portions have  the  same  consequents  54 

<6)  If  A:B::  A':B',  andB  :c:; 

B' :  C',then,  exet^uaHy  A  I  C  : :  A': 
C;  and  so,  if  there  are  any  number  of 
magnitudes  A,  B,  C,  D,  and  A',  B', 
OiUi  the  ratios  of  which  are  the  same 
respectively  in  the  same  order.        54 

(c)  If  A  :  B  ::  B' :  c,  and  b  :  c  ;: 

A'  \  B',  then  rx  tpqito  perturbatoj 
A  :  C  : :  A'  :  C;  and  so,  if  tiiere 
are  any  number  of  magnitudes  A,  B, 
•  C,  D,  and  A'.  B',  C,  IX,  the  ratios 
bf  which  are  the  same  respectively  in 
a  cross  order.  •  .  55 

jj})  Rulet  of  Arithmeticai  Proportion, 

(a)  If  four  magnitudes  are  proportionals, 
and  if  A,  B,  C,  D  represent    those 

magnitudes  numerically,  then  —  = 
B 

:c  AC 

=r;  and,  conversely,  if  :5  =  -=r  >  *^ 


D 

four  are  proportionals* 


B 


D 

$ch.  47 


*  This  it  true,  not  only  wben  the  magnitades  are 
oommeiMiiTable  proportionals  (as  is  demonstrated  ia 
p.  4n\  but  also  when  four  magnitades  are  propor- 
tionals aoeording^  toif^.  7.  and  as  saeh,  is  meant  to  be 
auerted  by  placing  it  amoqg  the  properties  of  pro- 
portionals. It  is  necessary,  therefore,  to  add  the 
Allowing  demonstration  of  the  general  case : — 

XiCt  A.  B,  C,  IX  be  proportionals  according  to  d»f. 
7,  p.  49 ;  let  B  be  divided  into  any  number,  6,  of 
eqnal  parts,  and  let  A  contain  a  of  those  i>arts ;  that 
"Is,  a  certain  nvmber  exactly  together  with  a  frac- 
tion, which  nnmber  and  fraction  arey  together,  re- 
presented by  a :  also  let  D  be  divided  into  any 
flumber,  cf^  of  equal  parts,  and  let  C  contain  c  of  those 
^xXt,  e  being  a  whole  nnmber  and  fraction  as  before; 

a  e 

«p  shall  be  equal  to  •---. 

O  o 

Take  m  and  a  any  eqalmnltiples  of  h  and  tf,  eo  that 

—  ss-^»  and  consequently  md  =  »6;  and  let  B 
w        « 

and  D  be  divided*  each,  into  si  d,  or,  which  is  the 
■ane,  %h  equal  parts;  then,  because  A  contains 

a  na 

•7-thsof  B,  it  contains — rths  of  B,  and  In  like 

o  no 

■BanaerC  oontaias  — ^ths  of  I> ;  but  because  A,  B,  C, 
flia 

D  are  proportionals  accoiding  to  def,  7.  And  that  a  0 
is  equal  to  »  d;  the  units  (p  suppose)  ia  a  a  are  equid 

••.the  units  (fl suppose) in  sic ;  and  therefore  -^  s 


(6)  The  same  being  auppoied,  A  x  D  = 
B  X  C,  and  conversely        •     sek.  47 
(c)  The  same  being  supposed,  A  x  M  I 
BxM::C:D;  and convendj 

ariL47 
(jJ)  The  same  being  supposed  A  x  M : 
:  B  :;  C  X  M  :  D,  and  convetaely 

adk.47 
(p)  If  four  magnitudes,  uanoiericaUy  re- 
presented by  A,  B,  C»  D,  are  propor- 
tionals ;  and  four  others,  represented 
by  A',  B',  C,  IX ,  are  likewise  propor- 
tionals; then  A  x  A'  :  B  X  B- :: 
C  X  Cr  :  D  X  B';  a  rule  which  is 
called   ^  oompotmding    the    propor- 
tions," and  is  appticaole  to  any  num- 
ber oif  poop(»tions       •         •     acl.  48 
Proporiionai.     See  <*  Third  Proportional," 
«<  Fourth  Proportional,"   «Meaa  Propor- 
tional." 
Proporiionai  Siraigki  Linet,    See  **  Straight 

Line." 
Pyramid,  (also  its  rertei,  base,  mdea,  prin- 
cipal edges,  lateral  or  convex  surfaee,  ^i»' 
turn,  or  truncated  pjrramid)  .  etef,  127 
When  said  to  be  regular  (its  axis)  127 
When  two  pyramids  are  said  to  be  similar 

126 

When  symmetrical.    See  ^*  Polyhedron.** 

(a)  Triangular   pyramids    which  have 

equal  bases  and  altitudes  are  e^ual  to 

one  another  .  .  .145 

(6)  Every  pyramid  (triangular  or  otheiw 


-~:  aad  this  will  be  the  case,  how  great  soever  the 

ma 

numbers  «  and  a  may  be  taken ;  that  is,  Ww  gnat 
soever  the  numbers  n  b  and  si  d  may  be.  Bat  be- 
cause -^diffenfrom  — r-  by  less  than  — r-  and  -^ 

nb  nb    '  mh  md 

from  -—-by  less  than  — r,  by  increasing  m  aad  a. 
m  a  na 

JL  and  ~  nay  be  made  to  differ  from   •^r*    aad 

*—  by  less  than  any  the  same  given  dllTeicBes. 

Therefore,  because  -^  is  always  equal  to   -^  ■ 
ao  ma 

^^  =^    CI  I*  ^)  ^'^^  consequently  •--  =^* 

Also,  conversely,  if  -j- =  -j.  A,  B,  C,  D  ihaU  b« 

proportionals  according  to  if^.7.  For  let  B  aad  D 
be  divided,  each,  into  aay  number,  a,  of  equal  parts; 

a  I 

then,  because  A  contaias  -r-ths  of  B,  it  eoataiaa  "-th 

9  a 

of  B  as  often  as  the  number  a  is  coataiaed  ia  -^  , 

and  in  like  manner  C  contains  —  th  of  D  asofteaas 

0  a        a 

a  ia  contained  in  --  ;  but.  because  t-  s  — ^iscoa- 
o  p 

taiaed  in  —-  with  a  reauunder,  as  often  as  It  ia  coa- 

Uinedin-j  with  a  remainder ;  therefore  A.B,C|D 
are  proportioaals.' 
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wise)  ifl  equal  io  the  ilurd  part  of  a 
prism  vhich  ha»  the  same  base  and 
altitude  .  .  .     146, 147 

(c)  The  solid  content  of  a  pyramid  is 
equal  to  one-third  of  the  product  of  its 
base  and  altitude      •         .     cor,  147 

(«<)  Tlie  frustum  of  a  pyramid  is  equal 
to  the  sum  of  three  pyramids  which 
have  the  same  altitude  with  the  frus- 
tum, and  for  their  bases  the  sum  of  its 
two  bases  and  a  mean  proportional 
between  them    •         .  147 

(e)  Pyramids  which  have  e^ual  altitudes 
are  to  one  another  as  theur  bases,  and 
pyramids  which  have  equal  bases,  as 
their  altitudes;  also,  any  two  pyra- 
mids are  to  one  another  in  the  ratio 
which  is  compounded  of  the  ratios  of 
their  bases  and  altitudes     •     cor.  147 

[(/)  Pyramids  which  have  for  their  bases 
■unilar  polygons,  and  the  principal 
edges  dnwtt  from  two  corresponding 
angles  of  those  polygons  making 
equal  angles  with  each  of  the  homolo- 
gous adjoining  sides,  and  in  the  same 
ratio  as  those  sides,  are  similar.] 

(jr)  Similar  pyramids  are  to  one  another 
in  the  triplicate  ratio  (or  as  the  cubes) 
of  their  homologous  edges      •     149 

[(A)  Symmetrical  pyramids  are  equal  to 
one  another;  for  they  have  equal 
bases  and  altitudes.] 

(f)  If  the  convex  surface  of  a  pyramid 
be  produced  to  any  extent,  the  sections 
of  it  by  parallel  planes  will  be  similar 
polygons     .         .         •         9ch.  145 

Qttadrahire  of  the  circle  ;  an  exact  quadrature 
is  impnctieable  in  the  way  of  calculation, 
seA.  99.     See  "  Circle"  and  *'  Lunes." 

QkMilri/a/ana/ plane  figure  .         def.  2 

(a)  Its  angles  are  together  equal  to  four 
right  angles.  •  .     cor.  1 5 

(b)  If  any  other  than  a  parallelogram, 
the  squares  of  its  diagonals  are  to- 
gether gpneater  the  squares  of  the  four 
sides  by  four  times  the  straight  line 
which  joins  the  middle  point  of  the 
diajTonals.      .  .  .23 

(c)  If  two  quadrihiterals  have  three  sides 
of  the  one  equal  to  three  sides  of  the 
other,  each  to  each,  and  the  angles  of 
the  one  lying  in  the  circumference  of 
a  cirde  of  which  the  fourth  side  is 
diameter,  but  the  angles  of  the  other 
not  BO  lying,  the  first  quadrilateral 
shall  be  greater  than  the  other  *   103 

(d)  If  two  quadrilaterals  have  the  sides 
of  the  one  equal  to  the  sides  of  the 
other  each  to  each,  and  the  angles  of 
the  one  lying  in  the  circumference  of 
a  circle,  but  the  angles  of  the  other 
not  so  Ijringt  the  nrst  quadrilateral 
shall  be  greater  than  the  other      104 

(«)  To  construct  a  quadrilateral  which 
shall  have  its  sides  equal  to  four  g^ven 

•  TbcM  MOpotttions  (c)  and  (^  are  true*  wtether 
the  cqvai  sidts  lit  in  tiw  same,  or  ia  diflferent  orders. 


straight  lines  (of  which  every  three 
are  greater  than  the  fourth),  and  its 
angles  lying  in  the  circumference  of 
a  circle     .  .  .     cor.  91 

In  what  cases  a  quadrilateral  is  a  paral- 
lelogram, aud  the  properties  of  such  a 
figure.     See  "  Parallelogram." 

In  what  cases  it  has  its  angles  in  the 
circumference  of  a  circle,  and  the  pro- 
perties of  such  a  figure.  See  "  Circle." 
Qmndecagon,     See  "  Fentedecagon." 

RadiuM  of  a  circle,  or  sphere  def.  3,  127 

/Za/io,  meaning  of  the  word       •  .31 

Is  independent  of  the  kind  of  magni« 

tudes  compared,  but  requires  that  the 

two  shall  be  of  the  same  kind  31 

Of  commensurable   magnitudes,   how 

expressed  in  numbers  •  32 

Of  incommensurable  magnitudes  •  48 
Ratio  of  equality,  inverse  or  reciprocal 

ratio  .  •  def.Z2 

Equal  ratios,  grater  ratio,  less  ratio 

def.  32,  49 

Duplicate    ratio,   triplicate   ratio,    &c. 

(aUo    Sub-duplicate,     Sub-triplicate^ 

&c.)       .  .  .         de/.ZA 

Compound  ratio ;  t.  e.,  a  ratio  which  is 

compounded  of  any  number  of  ratios 

<^/.34 

When  one  ratio  is  said  to  be  taken  away 

from  another       •         •         •         45 

(A)  Of  equal  tUaio$*. 

(a)  If  A  =  B.  then  A  :  C  »  B  :  C ; 

and  conversely  .  .  •     b\ 

(ft)  If  A  :  B  =  C  :  D  and  C  :  D  == 

K  :  F,  then  A  :  B  =  £  :F     .     51 

(c)  If  A  :  B  =  A'  :  B',  then  A  :  B 
=  A  ±  A'  :  B  ±  B'        .       53,  54 

(d)  If  A  :  B  =  A' :  B'  =  A"  :  B", 

then  A  :  B  =  A  +  A'  +  A' :  B  + 
B'  +  B" ;  and  so  of  any  number  of 
equal  ratios  .  •         •     54 

(e)  Magnitudes  are  to  one  another  as 
their  equimultiples        .  •     52 

(/)  If  A  :  B  =C  :  D,fiiA  :  mB  = 
fi  C  :  n  D ;  and  conversely       cor.  52 

(g)  IfA:B  =  C:D,  inA:»C  = 
m  C  *:  n  D ;  and  conversely       .      52 

(Ji)  If  there  are  any  number  of  magni- 
tudes of  the  same  kind  A,  B,  C,  D, 
and  as  many  others  A',  B',  C',  D',  and 
if  the  ratios  of  the  first  to  the  second, 
of  the  second  to  the  third,  of  the  third 
to  the  fourth,  and  so  on,  are  the  same 
respectively  in  the  two  series,  any 
two  combinations  by  sum  and  difi^- 
ence  of  the  magnitudes  in  the  first 
series  shall  be  to  one  another  as  two 
similar  combinations  of  the  magni- 
tudes in  the  second  series    •     cor.  55 

(B)  Of  unequal  Ratioi. 

(a)  If  A  >  or  <  B,  then  A  :  C  >  or 
^B  :  C;  and  conversely       .       51 

•  For  the  si^B  >  nod  <  whioh  are  here  used, 
read  **  is  greater  than"  for  >  ,  and  **  is  less  than** 
for  <. 


95$ 


GEOMETRY. 


llndn. 


(6)  If  A  >  B,  tlien  C  :  B  >  C  :  A  ; 
and  conversely         •         •         .51 

(c)  If  A  :  B  =  C  :  D  and  C  :  D  > 
or  <  E  :  F,  then  A  :  B  >  or  < 
E  :  F        .  .  ,     wr.  52 

(d)  If  A  :  B  >  or  <  C  :  D  and  C  : 
D  =  E  :  F,  then  A  :  B  >  or  < 
E  :  F.         .  .  .     cor,  52 

(0  If  A  :  B  >  or  <  A'  :  B',  then  A 
:  B  >  or  <  A  +  A'  :  B  +  B' 

cor.  54 

(/)  If  A  :  B  not  =  A'  :  B',  then  A 
+  A'  :  B  +  B'  lies  between  A  :  B 
and  A'  :  B\     •         •         .     cor,  54 

(C)  0/ compound  JRaiiot, 

(a)  Ratios  which  are  compounded  of  the 
same  ratios,  in  whatsoever  orders,  are 
equal  to  one  another      .         .         55 

(6)  Katios  which  are  the  duplicates,  tri- 
plicates, &c.  of  equal  ratios,  are  equal 
to  one  another  -       .  .       cor.  56 

(c)  If  equal  ratios  are  taken  from  equal 

ratios,  the  remaining  ratios  are  equal 

cor.  56 

(D)  0/reciprocai  Ratios, 

(a)  If  a  ratio,  which  is  compounded  of 
two  ratios  be  a  ratio  of  equality,  one 
of  these  is  the  reciprocal  of  the  other ; 
and  conversely         .  .     cor.  51 

(6)  The  reciprocals  of  equal  ratios  are 
equal  .  •  .40 

(<;)  In  the  composition  (t.  e.,  compound- 
ing) of  ratios,  any  two  which  are  re- 
ciprocals may  be  neglected  without 
affecting  the  resulting  compound  ratio 
cor.  56 
See  also  '<  Numerical  Ratio"  and  "'  Pro- 
portion." 
Beciproca/f  one  ratio  said  to  be  of  another 

32 
JReciprocal/y  proportional;  two  magnitudes 
and  other  two  are  said  to  be  recipro- 
cally proportional,  when  the  four  con- 
stitute a  proportion,  in  which  one  pair 
are  extremes  and  the  other  means. 
Rectangle  ....         def.2 

[(a)  Its  diagonals  are  equal  to  one  an- 
other, and  all  its  angles  are  right 
anjfles  (I.  4.).] 

(6)  If  the  adjoining  sides  of  a  rectangle 
contain  any  the  same  straight  line  M, 
the  one  a  times  and  the  other  b  times, 
the  rectangle  shall  contain  the  square 
of  M,  a  X  ^  times*        .         .         18 

(c)  Hence,  a  rectangle  is  measured  by. 


*  ThiR  UlthoDgli  only  demonstrated  in  p.  18,  in  the 
ease  of  whole  nnmben)  i»  true  generally,  t.  e,  when 
a  and  b  are  any  numbers  whatever. 

Of  theg:enera1casewe  add  the  following  demonstra- 
tion :— Let  C  A,  C  B  he  the  sides  of  the  rectangle, 
containing  M  a  and  6  tiroes  refpectively;  andytirnt, 
let  a  be  suppoed  a  whole  number.  I^r  the  M]URre 
of  M  be  conTained  in  the  recrangle  a  x  d  times; 
and.  firitt,  1ft  d  be  sapposed  greater  than  &,  so  that 
if  C  D  be  taVen  equal  to  d  timet  M,  it  will  be  greater 
than  C  B,  which  is  only  6  times  M.  Let  any  part  of 
tf ,  which  is  leas  than  B  D,  say  the  half,  be  taken*  aa4 


and  said  t^  bo  eqnal  to,  Uie  product  of 
its  adjoining  «ides  .         9ck.  13 

{fy  Rectangle^  having  Ibe  nume  base, 
are  to  one  another  aa  their  altitudes 

62 

(e)  Rectangles  ar«  (o  on«  anotlier  in  the 
ratio  which  is  compounded  of  the 
ratios  of  their  sides       .  .        62 

(/)  Rectangles,  which  hare  tfadr  udn 
reciprocally  proportioQal,  are  cqpisl  to 
one  another ;  and,  converady,  rectan. 
des,  which  a^e  oqual  to  one  another, 
have  their  sides  reciprocally  propor- 
tional        .         •         .  .        63 

(jg)  The  equality  of  two  rectangles  ii 

convertible  into  a  proportion  of  four 

straight  lines;  andvsoeverid    aeA.64 

See''  Straight  Line"  and^'ParalUogram." 

Reotangular  ParaiMopiped       .         £/.  126 

[(a)  Its  diagDnsls  are  equal  lo  ooe 
another,  and  every  face  is  at  right 
angles  to  ihe  two  adjoining  faces.] 

(b)  If  the  conterminoua  e^gea  of  a  rect- 
angular parallelopiped  contain  any 
the  same  straight  une  M,  a»  ^,  and  c 
times  respectiyely,  the  rectangular 
parallelopiped  shall  contain  the  cube 
of  M,  axbxe times f       •         142 

(e)  Hence,  a  rectangular  parallelopiped 
is  measured  by,  and  said  to  he  equal 
to,  the  product  of  ita  three  contenni- 
nous  edges  •         •         mcA,  142 

(cQ  Rectangular  parallelopiped*,  having 
the  same  base,  are  to  one  another  as 
their  altitudes      .         .         .143 

(e)  Rectangular  paralldqpipeds  are  to 
one  another  in  the  ratio  wnich  is  com- 
pouuded  of  the  ratios  of  their  edges 

143 

See  <*  Straight  Line"  and  «ParaUdo- 
piped." 
Rectilineal  Jiffurey  or  polygon  •     de/.  2 

When  said  to  be  a  r^ular  polygon     91 


let  C  K  be  the  first  nraltiple  of  this  part^  which  is 
greater  than  C  B ;  then  S  lies  betweea  B  aad  D. 
Complete  the  recUngle  A  C  E F;  and,  becaue  half 

4 JL 


M 18  contained  in  C  A  9a  times, and  ia  CD  M  t , 

and  in  CEan  exact  onmber  of  time*  (aay^)  )e»s 
than  id^  its  square  is  contained  in  the  recta^le 
ACEF  Sax/)  times,  that  is,  )e»sthan  So  xM  times: 
bnt  its  square  is  contained  ia  the  rectangle  A  B 
SaxSiI  times,  for  the  square  of  M  is  supposed  to  be 
contained  in  A  B  a  x  </  timcR ;  therefore  the  rectangle 
A  B  is  greater  than  A  E  C  F,  which  is  impos»it>l« — 
oonseqnently  d  cannot  be  greater  than  k.  And  in  the 
same  manner  it  may  be  shown  that  it  cannot  be 
less  than  6,  that  is,  it  is  equal  to  it.  And  this  being 
khown  in  the  case  in  which  one  of  the  nnmWn,  as  a, 
is  whole,  the  like  demonstration,  reyting  upna  this, 
may  be  applied  to  the  rase  ia  whiek  aeitJieraf  tkca 
ia  a  whole  numlier. 

l*he  case  of  the  rectangnlar  parallelopiped  may  be 
democstrated  in  the  same  manner. 

t  This  is  true,  whatever  tht  aanhen **  h  aadc 
—  tbelat(a9te»j, 
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Whaa  taid  io  be  inBcribed  in  a  circle  or 
circumscribed«about  a  circle       .     79 

Whan  two  rectilineal  figpires  are  said  to 
be  aimilar,  and  what  are  homologous 
sides.  (5^  the  Note  upon  this  def.)b7 

When  straight  lines  are  said  to  be  simi- 
larly pli^ed  in  similar  rectilineal 
figures  •  •  .57 

(A)  (a)  Any  one  of  the  sides  is  less  than  the 

sum  of  all  the  others    .  cor,  8 

(6)  The  exterior  angles  of  a  rectilineal 
figure  {formed  bv  producing  its  sides) 
are  together  equal  to  four  rignt  angles ; 
an4  the  sum  of  its  interior  an^es,  to- 
gether with  four  right  angles,  is  equal 
to  tvrice  as  many  right  angles  as  the 
figure  has  sides  ...  15 
(c)  The  area  of  a  rectilineal  figure  ma^ 
be  obtained  by  dividing  it  into  tri- 
angles, having  for  their  common  vertex 
one  of  the  angular  points  of  the  figure, 
or  some  point  within  it       .      ach,  18 

(B)  OfnmUar  rectilineal Jigvret* 

{a)  Rectilineal  figures  of  more  than 
three  sides  which  have  their  several 
angles  equal  in  order,  each  to  each, 
are  not  for  that  reason  necessarily 
similar  •  •  9ch.  59 

(&)  Rectilineal  figures  which  have  all 

their   angles  but  two,  equal  each  to 

each  in  order,  and  the  sides  about  the 

equal  angles  proportionals,  are  similar 

cor.  60 

(e)  Any  two  which  are  similar  to  the 
same  rectilineal  figure  are  similar  to 
one  another  .        '      .     def.  57 

(</)  Similar  rectilineal  figures  are  divided 
into  the  same  number  of  similar  tri- 
angles by  the  diagonals  which  are 
drawn  from  any  two  corresponding 
angles        •  .  .     cor.  60 

{e)  Lines,  which  are  similarly  placed  in 
similar  figures,  cut  the  homologous 
sides  at  equal  angles,  and  are  to  one 
another  as  those  sides         .      cor.  60 

(^)  Similar  rectilineal  figures  are  to 
one  another  in  the  duplicate  ratio  (or 
as  the  squares)  of  their  homologous 
sides;  [and  liieir  perimeters  are  as 
those  sides]      .  .  .67 

(jg)  If  four  straight  lines  are  propor- 
tionals, any  two  similar  rectilineal 
figures  which  have  the  first  and  second 
for  homologous  sides,  and  any  two 
which  have  the  third  and  fourth,  are 
proportionals     .         .  .     cor.  67 

(A)  If  similar  rectilineal  figures  are 
similarly  described  upon  the  hypo- 
tenuse and  sides  of  a  right  angled 
triangle,  the  figure  upon  tne  hypote- 
nuse is  equal  to  the  sum  of  the  ngures 
i^n  the  two  sides        •  .     ^1 

(C)   Of  rtdUineai  Jigwret  which   are   not 
9imiiar. 

(a)  If  fk  r«ctilio«Ai  figure  har«  not  aU 


its  sides  equal,  and  all  its  angles 
equal,  a  greater  may  be  found  having 
the  same  number  of  sides,  and  the 
same  perimeter  .  .  .     100 

(b)  Of  regular  polygons  which  hare  the 
same  perimeter,  that  which  has  thft 
greatest  number  of  sidaa  is  greatest 

101 

(c)  A  reeular  polygon  is  greater  than 
any  other  reetilmeal  figure  which  has 
tlie  same  (or  a  less)  number  of  sides, 
and  the  same  perimeter  cor,  101,  102 

(d)  A  regular  polygon  has  a  less  peri« 
meter  than  any  remlineal  figure  which 
has  the  same  (or  a  less)  number  of 
sides  and  the  same  area     •     cor,  101 

(e)  If  a  rectilineal  figure  have  not  all  its 
angles  in  the  circumference  of  a  ci» 
cle,  a  greater  may  be  found  having 
the  same  sides     «         .         cor,  105 

(/)  A  rectilineal  figure,  which  has  all 
its  anj^les  lying  in  the  circumference 
of  a  circle,  is  greater  than  any  other 
having  the  same  sides,  whether  in  the 
same  or  in  different  orders    cor.  105 

(ff)  If  two  rectilineal  figures  have  all 
their  sides  but  one  equal  each  to  each 
(in  the  same,  or  in  diflerent  orders), 
and  the  angles  of  the  one  lying  in  the 
circumference  of  a  circle  of  which  the 
excepted  side  is  the  diameter ;  but  the 
angles  of  the  other  not  so  lying,  the 
first  figure  shall  be  greater  than  the 
other  ....        note  103 

(D)  Problem*  relating  to  HtetiMneai  Figuret, 

(a)  To  describe  a  triangle  which  shall 
be  equal  te  a  given  rectilineal  figure, 
and  which  shafi  have  a  side  and  angle 
adjoining  to  it,  the  same  with  a  side 
and  adjoining  angle  of  the  figure   28 

(6)  To  divide  a  given  rectilineal  figure 
into  two  (or  more)  equal  parts  by  a 
line  (or  lines)  drawn  from  a  given 
angle,  or  from  a  given  point  in  one  of 
its  sides     ....         29 

(c)  To  divide  a  given  rectilineal  figure 
in  a  given  ratio  (or  into  any  number 
of  parts  having  given  ratios)  by  a  line 
(or  lines)  drawn  fipom  one  of  its  an* 
gles,  or  from  a  given  point  in  one  of 
its  sides      ,         •         •         •        77 

(ji)  To  describe  a  rectilineal  figure  upon 
a  given  straight  line,  similar  to  a  given 
rectilineal  figure ;  the  given  line  being 
homologous  with  a  given  side  of  the 
figure         ....         75 

(e)  To  describe  a  rectihneal  figure, 
which  shall  be  similar  to  a  given  rec- 
tilineal figure,  and*  have  a  given 
perimeter  ...         76 

(/)  To  describe  a  rectilineal  figuro, 
which  shall  be  similar  to  one  given 
rectilineal  figure,  and  equal  to  an- 
other •         .         •         •         76 

Begular  Polggon,  (2c/.  (also  its  apothem  and 

centre)    .        .        '         g  2  *       ^^ 
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Regular  polygons  of  the  same  name  are 
similar       .         •         •         .         91 

To  describe  any  regular  polygon  upon  a 
given  straight  line  •         cor.  120 

See  "Circle/*  and  »  Rectilineal  figure.'* 
Re-enterinff,  an  angle  said  to  be  •         2 

Regular  Poiykedron        •         •         def,  126 

Its  centre        •         •         •         cor,  161 

[The  apotkem  of  a  regular  polyhedron  is 
a  perpendicular  drawn  from  the  centre 
to  any  one  of  the  faces,  and  is  equal 
to  the  radius  of  the  inscribed  sphere.] 

(A)  (a)  There  are  only  five  regular  poly- 
hedrons, three  of  which  (the  tetrahedron, 
octahedron,  and  icosahedron)  are  contained 
by  equilateral  triangles,  one  (the  hexahe- 

»  dron,  or  cube)  by  squares,  and  one  (the 
dodecahedron)  by  pentagons         cor.  138 

(6)  A  sphere  may  be  inscribed  in  any  of 
the  regular  polyhedrons,  and  a  sphere, 
concentric  wim  the  former,  circum- 
scribed about  it  .  cor.  161 

[(c)  The  common  centre  of  which  spheres 
(t.  e.  the  centre  of  the  polyhedron)  may 
be  found  by  bisecting  an3r  three  of  the 
dihedral  angles,  or  by  bisecting  any 
three  of  the  edges  by  planes  at  right 
angles  to  them  (IV.  50.  cor.  2.)] 

(rf)  The  soUd  content  of  a  re^lar  poly- 
hedron is  equal  to  one  thnrd  of  the 
product  of  its  convex  surface  and  apo- 
them  (t.  e.  the  radius  of  the  inscribed 
sphere)       ..        .         •         cor.  165 

(e)  Regular  polyhedrons  of  the  same 
name  are  similar  •        cor.  161 

The  regular  polyhedrons  of  6,  8, 
12,  and  20  faces  have  for  every  face  a 
face  opposite  and  parallel  to  it ;  and 
the  opposite  edges  of  those  faces  like- 
wise parallel;  also  the  straight  line 
which  joins  two  opposite  angles  passes 
through  the  cenke  of  the  polyhedron 
cor,  161 

(g)  Any  one  of  the  regular  polyhedrons 
may  be  inscribed  in  a  regi^ar  polyhe- 
dron,  which  has  a  greater  number  of 
faces,  by  taking  for  its  vertices  eertain 
of  the  vertices  of  the  latter,  or  of  the 
centres  of  its  faces,  or  of  the  middle 
points  of  its  ed^es         .         mie  162 

(A)  To  find  the  inclination  of  the  ad- 
joining faces  of  any  of  the  regular 
polyhedrons       .         .         •         163 

(i)  Ihe  edge  of  any  regular  polyhedron 
being  given,  to  find  the  radii  of  the  in- 
scril^  and  circumscribed  spheres  1 64 

(It)  The  edge  of  any  regular  polyhedron 
being  given,  to  describe  the  polyhe- 
dron        ....         158 

(B)  Of  the  regular  Tetrahedron, 

[(a)  Ihe  tetrahedron  has  4  faces  (equi- 
lateral triangles),  4  solid  angles,  and 
Sedges.] 

(6)^  The  centres  of  its'  faces  are  the  ver- 
tices of  an  inscribed  regular  tetrahe- 
^on  .         .         .        fcA.162 


^. 


(c)  The  indinaf  ion  o^  its  adjoining'  (aoes 
is  measured  by  the  greater  acute  angle 
of  a  right-angled  tnang^e,  whose  hy- 
potenuse is  equal  to  three  times  one  of 
its  sides  .         •  •  163 

(d)  The  diameter  of  the  drcumaoibed 
sphere  is  to  the  edge,  as  the  hypo- 

•  tenuse  to  the  greater  side  of  a  n^t- 
angled  triangle,  whose  sides  are  as 
the  side  and  diagonal  of  a  square  165 

(c)  The  diameter  of  the  inscribed  sphere 
is  one-third  that  of  the  dxcumscribed 
sphere        •         .         •         9ch,  166 

(C)  Of  the  regular  Hexahedron,  or  Cube, 
[(a)  The  cube  has  6  £bux8  (square),  8 

solid  angles,  and  12  edges.] 
(6)  The  ctotres  of  its  faces  are  the  rer- 
tices  of  an  inscribed  regular  octahe- 
dron .         .  .         tek.  162 
(c)  Four  of  its  vertices  are  the  Tertices 
of  an  inscribed  octahedron,  as  the  side 
and  diagonal  of  a  square        noie  1 62 
{d)  Its  adjoining  faces  are  at  right  angles 
to  one  another             .         •  1 63 

(e)  The  diameter  of  the  circumscribed 
sphere  is  to  the  edge,  as  the  hypote- 
nuse to  the  lesser  side  of  a  right-angkd 
triangle,  whose  sides  are  as  the  side 
and  dla^nal  of  a  square       •         165 

(/)  The  diameter  of  the  inscribed  ^here 
is  equal  to  the  edge  of  the  cube      165 

(D)  Of  the  regular  Octahedron, 

[(a)  The  octahedron  has  8  faces  (equila- 
teral triangles),  6  solid  angles,  and  12 
edges.] 

(6)  The  centres  of  its  faces  are  the  ver- 
tices of  an  inscribed  cube        «dL  162 

(c)  The  inclination  of  its  adjoining  faces 
is  measured  by  twice  the  greater  acute 
Migle  of  a  right-angled  triangle,  whose 
sides  are  as  the  side  and  diagonal  of  a 
square       ....  163 

(d)  The  diameter  of  the  circumscribed 
sphere  is  to  the  edge,  as  the  diagonal 
of  a  square  to  its  side  •         165 

{e)  The  ratio  of  the  diameters  of  the  in- 
scribed and  circumscribed  spheres  is 
the  same  as  in  the  cube,  vis.  1 :  ^3, 
scA.166 

(E)  Of  the  regular  Dodecahedron, 

[(a)  The  dodecahedron  has  12  fiseei 
(pentagons),  20  solid  angles^  and  30 
edges.] 

(6)  "Hie  centres  of  its  faces  are  the  ver- 
tices of  an  inscribed  icosahedrao 
scA.  162 

(c)  Eight  of  its  vertices  are  the  vertices 
of  an  inscribed  cube ;  and  four  of  an 
inscribed  tetrahedron     .         ito#e  162 

(d^  The  inclination  of  its  adjoining  fisces 

•  IS  measured  by  twice  the  ^^reater  acute 
angle  of  a  right-angled  triangle  whose 
sides  are  in  &e  medial  ratio  163 

(e)  The  diameter  of  the  circumscribed 
vphereis  to  the  edgeas  tlMhypoteniM 
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to  the  lesser  side  of  a  right-angled 
triangle,  whose  sides  are  in  the  dupli- 
cate of  the  medial  ratio  •  165 
(/)  The  ratio  of  the  diameters  of  the 
insmhed  and  circumscribed  spheres 
is  the  same  as  in  the  icosahedron 
teh.  166 

(F)   0/ the  regtUar  leotahedron, 

[(a)  The  icosahedron  has  20  faces  (equi- 
lateral triangles),  12  solid  angles,  and 
30  edges.] 

(b)  The  centres  of  its  faces  are  the  ver- 
tices of  an  inscribed  dodecahedron 

»cA.162 

(c)  The  inclination  of  its  adjoining  faces 
is  measured  by  twice  the  ^eater 
acute  an^le  of  a  right-angled  tnangle, 
whose  sides  are  m  the  duplicate  of 
the  medial  ratio  •         ,         163 

(d)  Tlie  diameter  of  the  circumscribed 
sphere  is  to  the  edge,  as  the  hypote- 
nuse to  the  lesser  side  of  a  nght- 
angled  triangle,  whose  sides  are  in 
the  medial  ratio  .         .         165 

(e)  The  ratio  of  the  diameters  of  the 
inscribed  and  circumscribed  spheres  is 
the  same  as  in  the  dodecahedron,  [vis. 
as  the  greater  side  to  the  hypotenuse 
of  a  right^uigled  triangle,  the  lesser 
side  of  which  is  equal  to  twice  the 
lesser  segment  of  the  greater  side 
medially  divided;  or  (if  r,  greater 
than  unity,  represent  the  medial 
ratio)  in  the  subduplieate  ratio  of  H 
tor* +  4.]  ,         .         *c^l66 

RefftUar  Pritm,  def,  (also  its  axis)  127 

See  "Prism"  and  "  Cylinder." 
BegvUar  pyramid ^  def,  (also  its  axis)         127 

See  "Pyramid »'  and  "  Cone." 
Revene  tmgie.  See  *'  Re-entering." 
Jievoimtiom,  figures  of.    See  "  Solid  of  Re- 

▼ohition." 
Rhvmbtu  .         •  .  .         def,  2 

(a)  Has  all  its  sides  equal,  and  its  dia- 
gonals bisect  one  another  at  right 
angles  •  •         •         cor,  16 

[(&)  If  a  quadrilateral  has  all  its  sides 
equal,  or  if  its  diagonals  bisect  one 
anotb^  at  right  angles,  it  is  a  rhom- 
bus.] 
(c)  To  describe  a  rhombus  with  a  given 
side  and  angle  •         .        28 

Biyktf  a  term  applied  to  any  angle  (whether 
rectilinea],  dmedral,  or  spherical)  which 
is  eqnal  to  the  adjacent  angle,  formed  by 
pxMncing  eitiier  of  its  sides. 

(a)  A  right  angle  is  measured  by  a 
quadrant,  or  fourth  part  of  the  circum- 
ference, which  is  described  about  its 
ftngtil^r  point  with  a  given  radius 
wA.85 
(6)  All  the  angles  about  a  point  in  a 
jdane,  are  together  equal  to  four  right 
angles  «         •         •         cwr.  5 

Sre"  Angle," 
RufJd^oHd  angle     •  .  «cA.203 

(ii)  A  right  solid  angle  is  measured  by 


an  octant,  or  eighth  part  of  the  sphe- 
rical surface,  which  is  described  about 
its  angular  point  with  a  given  radius 
9ch,  203 
(6)  All  the    solid    angles    about    any 
point  are  together  equal  to  eight  solid 
right  angles         .         •      '  scA.  203 
&rff"SoUd  Angle." 
I^ghi^  a  cone,  or  cylinder  said  to  be.    (^See 
"  Cone"  and  «  Cylinder.")  166,  167 

,  a  prism  said  to  be.  (Si"  Prism.")  127 
Bight-angled  triangle,  def  (&e«  Triangle."^ 

Right-angled  spherical  triangle.  See  "  Sphe- 
rical Geometry." 

Round  bodietj  the  sphere,  right  cone,  and 
right  cylinder,  so  called      .         •        167 

Scalene  (6r.  limping),  a  triangle  said  to  be  2 
Scholium  (6r.),  an  observation  •         3 

Section  (Lat.,  division).    See  "Plane  Sec- 
tion." 
Sector  of  a  circle,  def,    {See  «  Circle.")     79 
of  a  sphere,  def  (See"  Srfiere.")  1 79 


Segment,  of  a  circle,  def  (See  "Circle.")  79 

of  a  sphere,  def  (See  «  Sphere.")  179 

Semicircle^    def  79,     (also    "  Semicircum- 

ference,"  78,  «  Semidiameter"  3.) 
Sicka,  of  a  triangle,  2  ;  isosceles  triangle,  2 ; 

rightangled  tnansle,  2. 

-  homologous,  of  similar  figures        127 

of  a  prism  or  pyramid  •         127 

Similar,  rectilineal  figures  said  to  be  57 

arcs,  circular  sectors  and  seg^ments 

said  to  be  «         «         .         .         91 

annuli  said  to  be.     See  **  Annulus." 

polyhedrons  said  to  be       •         126 

cones,  cylinders  said  to  be       •    167 

-— — —  spherical     segments    and    sectorsy 

orbs,  unguis,  said  to  be    •  .         184 

zones,  lunes,  spherical  triangles,  said 

tobe        .         .         ,         .         184,207 

[In  all  these  figures  there  is  one  gene-» 
ralproperty,  and  which  it  would  not  be 
dimcult  to  demonstrate  in  each  sepa- 
rately, viz.,  that  any  two  that  are  simi. 
lar,  may  be  so  placed,  as  that  every 
straight  line  whidi  is  drawn  from  a  cer- 
tain point,  to  cut  the  perimeters  or  sur- 
faces, shall  be  divided  by  them  in  the 
same  ratio.  Generally,  therefore,  let 
the  term  similar  be  appUed  to  all  figures 
which  answer  this  description ;  t .  e.,  let 
it  be  the  general  test  of  similarity,  that 
two  figures,  which  are  said  to  be  simi- 
lar, may  be  so  placed  as  that  every 
straight  line  which  is  drawn  from  a 
certam  point  (similarly  placed  with  re- 
gard to  the  two)  to  cut  the  perimeters  or 
surfaces,  shall  be  divided  by  them  ia 
the  same  ratio. 

According  to  this  definition,  plane 
figures  will  be  similar,  when  a  point 
may  be  found  in  each,  and  a  straight 
line  drawn  from  each  of  these  points, 
such  that  every  two  straight  lines  which 
are  drawn  from  the  same  points  at 
equal  angles  to  these,  and  terminated 
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by  the  figure,  shall  be  to  one  another  in 
the  aame  ratio.  Of  inch  figures  it  may 
be  demonstrated— 

1.  That  if  any  rectilineal  figure  what- 
ever be  inscribed  in,  or  circumscribed 
about  the  one,  a  similar  rectilineal 
figure  may  be  inscribed  in,  or  cir- 
cumscribed about  the  other.  (II.  32.^ 

2.  That  their  areas  are  in  the  dupli- 
cate ratios  (or  as  the  squares)  of 
any  two  homologous  lines,  and  their 
perimeters  as  those  lines.  (II.  28.) 

Again,  according  to  this  definition, 
solid  figures  will  oe  similar,  when  a 
point  may  be  found  in  each,  and  two 
straight  lines  drawn  from  each  of  those 
points,  in  the  same  direction  fitmi  one 
another,  siich,  that  any  two  straight 
lines  which  are  drawn  from  the  same 
points  at  equal  angles  to  these,  and 
terminated  by  the  figure,  shall  be  to  one 
another  in  the  same  ratio ;  and  of  such 
figures  it  may  be  demonstrated — 

1.  That  if  any  polyhedron  whatever  is 
inscribed  in,  or  circumscribed  about 
the  one,  a  similar  polyhedron  may 
be  inscribed  in,  or  circumscribed 
about  the  other. 

2.  That  their  solid  contents  are  in  the 
triplicate  ratio  (or  as  the  cubes)  of 
any  two  homologous  lines,  and  their 
convex  surfaces  in  the  duplicate 
ratio  (or  as  the  squares)  of  those 
lines.  (II.  28.)] 

Simiiariif  divided,  straight  lines  said  to  be  57 
Simihrlif  placed,  straight  lines  said  to  be,  in 
similu* -figures  ...         57 

Simp/e/ocus.     (Sfee  "Locus,")   .      def.  107 
Smait  arcy  in  spherical  geome^T*,  is  the  arc  of 

a  smaE  circle.- 
Smaii  circie,  of  the  sphere,  def,  (See  **  Spheri- 
cal Geometry.")   »  .  .     184 
So/id         .             .             .              .de/,1 
Soiid  Geometry,  is  that  part   of  geometry 
which  treats  of  solid  figiires  and  lines  in 
difierent  planes.     See  "Polyhedron,"  &c. 
Sohd  angle,  def,  (also  its  << edges"^      .     125 
When  said  to  be  a  right  angfe  tch.  203 

(a)  If  a  solid  angle  is  contained  by 
three  plane  angles,  any  two  of  them 
are  together  (greater  than  the  third; 
and  any  one  is  greater  than  the  dif- 
ference of  the  other  two  137 

(b)  The  plane  angles,  which  contain  any 
solid  angle,  are  together  less  than 
four  right  angles  .  .137 

(e)  If  two  solid  angles  are  each  of  them 
contained  by  three  plane  angles,  and 
if  two  of  these  and  the  included  di- 
hedral angle  in  the  one,  be  equal  to 
two  and  Uie  included  dihedral  angle 
in  the  other,  each  to  each ;  their  other 
dihedral  angles  are  equal,  each  to 
each,  and  the  third  plane  angle  of 
the  one  is  equal  to  the  third  plane 
angle  of  the  other    .  .     cor.  157 

(jX)  If  two  solid  angles  are  each  of  them 
«OBtained  by  ttiree  plane  angles^  and 


if  the  three  coutidmnjg;  ibe  one  an 
equal  to  the  three  containing  the  other, 
each  to  each,  their  dihedral  angles  are 
also  equal,  each  to  each — via.  those 
which  are  opposite  to  the  equal  plane 
angles     .  .  •     <»r.  157 

{e)  Given  the  three  plane  angles  which 
contain  a  solid  angle,  to  find  any  of 
the  dihedral  angles  by  a  plane  coa- 
struction  .  .  156 

(/)  Given  two  of  three  plane  angles  ooo- 
taining  a  solid  angle,  and  the  dihedral 
angle  which  they  contain,  to  find  the 
third  plane  angle,  and  the  other  tvo 
dihedral  angles  by  a  plane  construc- 
tion .  .  .     o»r.  157 

(jgi)  ISxery  solid  angle  is  naeasured  by 
the  spherical  sm&e  described  about 
its  angular  point  with  a  given  radius, 
and  inclad^  between  its  planes 

M^203 

(A)  The  properties  of  solid  an^es  an 
analogous  to  those  of  spherical  tri- 
angles and  polygons  .     9ek.  203 
See  «  Right  Solid  Angle.'' 
Solid  content.    See  "Content*' 
Solid  of  revolution,  is  any  solid  which  is  ge- 
nerated by  the  revolution  of  a  plane  figure 
about  an  axis  in  the  same  plane. 

(a)  If  an  isosceles  triangle  revolve  aboot 
an  axis,  which  passes  through  its  vs. 
tex,  the  convex  surface  generated  bj 
the  base  is  eaual  to  the  product  of  that 
portion  of  tne  axis  which  is  inter, 
ccpted  by  perpendiculars  drawn  to  it 
from  the  extremities  of  the  base,  an^ 
the  circumference  which  has  for  its 
radius  the  perpendicular  drawn  from 
the  vertex  to  the  base ;  and  the  solid 
generated  by  the  triangle  is  equal  to 
one- third  of  the  product  of  this  sur&ce 
by  the  same  perpendicular        .      175 

(6)  If  any  triangk  revolve  about  an 
axis,  which  passes  through  its  vertex, 
the  solid  generated  bv  the  triangle  is 
equal  to  one-third  of  the  product  of 
the  surface  generated  by  the  base,  and 
the  pa|)en£cular  drawn  from  the 
vertex  to  the  base     .  •     ear.  176 

(c)  If  ^e  half  of  any  regular  polyson 
of  an  even  number  of  sides  revive 
about  the  diagonal,  the  whole  convex 
surface  is  equal  to  the  product  of  the 
diagonal  and  the  drcumferenee  of  a 
circle  which  has  the  apothem  for  its 
radius;  and  the  whole  solid  content 
is  equal  to  one>third  of  the  product  of 
this  surface  and  the  apothem         176 
See    also    "Cylinder,"    "Cone," 
"Sphere." 
Sphere,  def,  (also  its  "radius,"  and  "dia- 
meter")   .  .  .  .127 

Is  generated  by  the  revoltttion  of  a 
semicircle  about  its  diameter         127 

(A)  0/  the  whole   Spherical  Satrface  amd 
Content. 
(a)  A  sphere  is  greater,  both  as  to  mir- 
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fiee  and  content,  than  any  inscribed 
solid  of  revolution,  and  less  than  any 
circumscribed  solid  .  .177 
(fi)  Any  kphere  being  given,  a  solid  of 
revolution  may  be  inscribed  in  it  or 
circumscribed  about  it,  which  shall 
differ  from  the  sphere,  in  convex  sur- 
face, or  in  solid  content,  by  less  than 
any  given  difl^nce  .  cor,  177 
(e)  The  whole  convex  surface  of  a 
sphere, 

=  the  product  of  the  circumference 
and  diameter  of  the  generating 
circle     .  .  .178 

=:  four  times  the  area  of  the  gene- 
rating circle  .         cor,  178 
:=  «■  D^  if  O  is  the  diameter  of  the 
sphere     .         .         .     cor.  178 
=  the  convex  surface  (or  two-thirds 
of  the  whole  surface)  of  the  cir- 
cumscribed cylinder         cor,  178 
(<0  The  whole  solid  coutent 

=  one-third  of  the  product  of  the 

radius  and  surface    .         •     178 

=  one-third  of  the  product  of  the 

radius  and  four  times  the  area  of 

the  generating  circle  .    cor.  179 

=  }  «*  D^  if  D  is  the  ^ameter  of 

the  sphere     .  .     cor,  179 

:=  two-thirds  of  the  content  of  the 

circumscribed  cylinder,   cor.  179 

(f)  If  a  polyhedron  be   circumscribed 

about  a  sphere,  the  contents  of  the 

sphere  and  polyhedron  will  be  to  one 

another  as  their  convex  surfaces 

cor.  179 

(/)  The  surfaces  of  any  two  spheres  are 

as  the  squares  of  the  radii,  and  their 

solid  contents  are  as  the  cubes  of  the 

radii  ,  .  .179 

(B)   0/  certain  portions  of  the  Sphere, 
Spherical  segment,  sector,    orb,    ungula, 
sone,  lune   .  •  def.  179,  180 

l^ese  portions  are  generated  by  the  re- 
Tolution  of  certain  portions  of  a  circle  180 
(a)  If  a  semicircle  revolve  about  its  dia- 
meter, the  zone,  which  is  generated  by 
any  arc  of  the  semicircle,  shall  be 
mater  than  the  surface  geuerated  by 
uie  chord  of  that  arc,  andless  than  the 
surface  generated  by  the  tangent  of 
the  same  arc  which  is  drawn  parallel 
to  the  chord,  and  terminated  by  the 
radii  passing  through  its  extremities 

180 
(6)  Every  spherical  zone  is  equal  to  the 
product  of  the  circumference  of  the 
generating  circle  and  that  portion  of 
Que  axis  which  b  intercepted  between 
its  convex  surface  and  base,  or  (if  it 
be  double-based)  between  its  two 
bases  .  .  .181 

(c)  If  a  cylinder  having  the  same  axis 
be  ciraimscribed  about  the  sphere, 
any  zone  generated  about  that  axis  is 
equal  to  that  part  of  the  convex  sur^ 
face  of  the  cylinder  which  ia  inter-  • 


cepted  between  the  base  of  the  cylin* 
der  and  the  plane  of  the  base  of  the 
zone,  or  rif  double-based)  between  the 
planes  oi  its  two  bases       .      cor,  181 

((/)  In  the  same,  or  in  equal  spheres,  any 
two  zones  are  to  one  anouier  as  the 
parts  of  the  axis,  or  axes,  which  are 
intercepted  between  their  respective 
bases       .  .  .cor,  181 

(e)  Every  spherical  sector  is  equal  to 
one-third  of  the  product  of  its  base  and 
the  radius  of  the  sphere;  and  the 
same  may  be  said  of  every  spherical 
pyramid*      .  .  .181 

[(/)  In  the  same,  or  in  equal  spheres, 
any  two  sectors  are  to  one  another  as 
their  bases;  and  the  same  may  be 
said  of  any  two  spherical  pyramids] 

(0)  Every  spherical  segment  upon  asm- 

fie  base  is  equal  to  the  half  of  a  cylin* 
er  having  the  same  base  and  the 
same  altitude,  together  with  a  sphere 
of  which  that  altitude  is  the  diameter 

182 
(A)  Every  double-based  spherical  seg- 
ment is  equal  to  the  half  of  a  cylinder 
having  the  same  altitude  with  the 
se^ent,  and  a  base  equal  to  the  sum 
of  its  two  bases,  together  with  a  sphere 
of  which  that  altitude  is  the  dia- 
meter .  .  .     182 

(t)  The  solid  ^uerated  by  the  revolu- 
tion of  any  circular  segment  about  a 
diameter  of  the  semicircle  is  equal  to 
J«-xGKxFH«;  GK  being  that 
portion  of  the  diameter  which  is  inter- 
cepted between  two  perpendiculars 
drawn  to  it  from  the  extremities  of  the 
segment,  and  F  H  the  chord  which  is 
the  base  of  the  segment     .     cor.  182 

(/()  Every  spherical  orb  is  equal  to  the 
sum  of  three  pyramids,  having  their 
common  altitude  equal  to  the  thickness 
of  the  orb,  and  their  bases  equal  to 
its  exterior  and  interior  surfaces,  and 
a  mean  proportional  between  them 

183 

(0  Every  spherical  ungula  is  to  the 
whole  sphere  as  the  angle  between  its 
planes  to  four  right  angles,  and  its 
lune,  or  convex  surface  is  to  the  sur- 
face of  the  whole  sphere  in  the  same 
ratio  ....     183 

(m)  Every  spherical  ungula  is  equal  to 
one-third  of  the  product  of  the  radius 
by  its  lune  or  convex  surface  cor.  184 

(n)  In  the  same,  or  in  equal  spheres, 
any  two  imgulas  are  to  one  another 
as  the  angles  between  their  respective 
planes ;  and  the  same  may  be  said  of 
any  two  lunes       .  .     cor.  184 


*  A  ipherieal  pframid  is  the  solid  £f nre  which  is 
contained  b^  the  surface  of  a  spherical  triangle  or 
polygon,  and  the  planes  which  pass  through  the  side* 
of  the  triangle  or  polygon;  the  polygon  is  called  its 
base,  and  the  centre  of  the  sphere  its  rertex.  Two 
spherical  pyramids  are  aaid  to  be  similar  when  tJieir 
bases  are  sunilar  triangles  or  polygons. 
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(o)  Similar  cones  and  lunes,  and  also 
the  triangular  or  polygonal  surfaces 
ixrhich  are  the  bases  of  similar  pyra- 
mids,  are  as  the  squares  of  tlie  raidii ; 
and  similar  sectors,  pyramids,  seg- 
ments, orbs,  and  ungulas,  are  as  the 
cubes  of  the  radii      .     tch.  184,  207 
Spheret,  intersection  and  contact  of  «cA.  151 
Spherical  Geometry,  is  that  part  of  geometry 
which  treats  of  figures  and  lines  upon  the 
surface  of  a  sphere. 
Great  and  small  circles,  axis,  poles,  and 
polar  distance  of  a  circle,  parallel  cir- 
cles, opposite  points        .        def.\S4 
Sphericid  arc,   spherical  angle  (right, 
acute,  and  obtuse),  spherical  triangle, 
polar  triangle,  spherical  polygon   def. 
184,185,  186 
When  two  points  are  said  to  be  joined 
on  the  surface  of  a  sphere     def,  184 
When  two  triangles  are  said  to  be  sym- 
metrical .  .  •     de/.  185 
When  two  triangles  are  said  to  be  similar 
sch.  207 

(A)  Of  great  and  tmall  Circles, 

(a)  Every  plane  section  of  a  sfihere  is  a 
circle,  the  centre  of  which  is  either 
the  centre  of  the  sphere,  or  the  foot 
of  the  perpendicular  which  is  drawn 
to  its  plane  from  the  centre  of  the 
sphere      •         •  .         .186 

(fi)  The  radius  of  a  great  circle  is  the 
same  with  the  radius  of  the  sphere ; 
and  the  radius-square  of  a  small  circle 
is  less  than  the  radiuMiquare  of  the 
sphere  by  the  square  of  the  peipen- 
ducular  which  is  drawn  to  its  plane 
from  the  centre  of  the  sphere  cor.  186 

(c)  Either  pole  of  a  circle  of  the  sphere 
is  equally  distant  from  all  points  in 
the  circumference  of  that  circle,  whe- 
ther the  direct  or  the  spherical  distance 
be  understood     .         .  .186 

(d)  Any  circle  of  a  sphere  may  be  con- 
ceived to  be  described  round  either  of 
its  poles  as  a  centre,  with  the  sphe- 
rical distance  of  that  pole  as  a  radius 

cor.  186 

(e)  The  distances  of  any  circle  from  its 
two  poles  are  together  equal  to  a 
semicircumference    •         •     cor.  187 

(/)  Equal  circles  have  equal  polar  dis- 
tances; and  conversely  .       187 

(g)  Circles  whoto  polar  distances  are 
together  equal  to  a  semicircumference 
are  equal  to  one  another  cor.  187 

(A)  If  a  point  be  taken  within  a  circle 
which  is  not  its  pole,  of  all  the  sphe- 
rical arcs  which  can  be  drawn  from 
it  to  the  circumference,  the  greatest  is 
that  in  which  the  pole  is,  and  the 
other  part  of  that  arc  produced  is  the 
l«ast ;  and,  of  any  others,  that  which 
is  nearer  to  the  greatest  is  always 
ereater  than  the  more  remote;  and 
from  the  same  point  there  can  be 
drawn  only  two  arcs  that  are  equal  to 


cue  another,  wUch  two  mains  eqial 
angles  upon  dther  side  with  the 
shortest  arc    •  .  •     1^3 

(«)  If  there  be  taken  a  point  from  whiA 
there  fall  more  than  two  equal  sphe- 
rical arcs  to  the  circumffseDoe  of  a 
circle,  that  point  is  one  of  the  poles  oC 
the  circle       .         .  •      <•''•  153 

(A)  A  great  cirde  is  equally  dislsBt 
from  its  two  poles ;  a  small  circle  not 
so  .  .  .       «r.  187 

(/)  Great  circles  bisect  one  another: 
[but  no  two  small  drdes  hwect  one 
another;  neither  can  a  tmall  drde 
bisect  a  great  circle]     •  •       18^ 

(m)  The  spherical  arc  which  is  drawn 
from  the  pole  of  a  great  circle  to  any 
point  in  its  circumference,  is  a  qo*. 
drant,  and  is  at  right  angles  to  the 
circumference  .  .187 

(ii)  Great  circles  which  are    at  right 
angles  to  one  another,  pass  eadi  of 
them  throuffh  the  poles  m  the  other 
^  *^  cor.  188 

[(o)  If  the  perpendicular  drawn  from 
any  point  to  a  great  cirde  be  a  qua. 
drant,  that  point  is  a  pole  of  the  great 
circle.!  ,  ^ 

(jp)  If,  from  a  point  to  a  great  cixde, 
there  fall  two  spherical  arcs,  each  of 
which  is  a  quadrant,  that  point  is  a 
pole  of  the  great  drde       .     <or.  188 

(B)  Of  Spherical  Angles, 

(a)  Any  two  spherical  arcs  may  be  pro- 
duced to  meet  one  another  in  two 
points  which  are  opposite  to  one 
another  .  .  .     cor.  187 

(6)  If  any  number  of  angles  are  formed 
at  the  same  point,  their  sides^  being 
produced,  shall  pass  through  the  op- 
posite point,  [and  there  form  as  many 
angles  equal  to  the  former  respectively, 
each  to  each]        .         .         cor.  187 

(e)  A  spherical  angle  has  the  saine 
measure  with  the  dihedral  angle  of  its 
planes,  and  with  the  plane  angle  of 
the  tangents  at  the  angular  point 

def.  185 

(cQ  Every  spherical  angle  is  measored 
by  the  spherical  arc  which  is  described 
about  the  angular  point  as  a  pole^  and 
included  between  its  legs;  or,  which  is 
equal  to  it,  by  the  distance  betwem 
thejpoles  of  its  legs         •         .188 

(e)  The  spherical  angles  which  one  are 
makes  with  another  upon  one  side  of 
it,  are  either  two  right  angles  or  are 
together  equal  to  two  right  angles  189 

(/)  If  two  spherical  arcs  cut  one  an- 
other, the  vertical  or  opposite  angiei 
are  equal  •  *     car.  189 

(jg)  AU  the  spherical  angles  about  any 
the  same  point  are  together  equal  to 
four  right  angles    •  •     cor,  189 

(C)  Of  Spherical  Triangles. 

(a)  If  one  triangle  be  the  polw  trumglo 
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of  aaodier^  the  latter  shall  likewise  be 
the  polar  triangle  of  the  first;  and 
the  sides  of  eiuier  triangle  shall  be 
the  supplements  of  the  arcs  which 
measure  the  opposite  angles  of  the 
other     .  .         .     188 

(6)  In  a  spherical  triangle,  any  two  of  the 
sides  are  together  gr^iter  than  the  third 
side ;  and  any  side  is  greater  than  the 
difference  of  the  other  two      .189 

(e)  The  tluee  sides  of  a  spherical  tri- 
angle (and,  generally,  all  the  sides  of 
any  spherical  polygon)  are  together 
less  than  the  circumference  of  a  great 
circle  .  .  cor,  189 

(d)  In  erery  spherical  triangle,  the  sum 
of  the  angles  is  greater  t£m  two  and 
less  than  six  right  angles       .       189 

(e)  A  spherical  triangle  may  have  two 
or  three  right  angles,  or  two  or  three 
obtuse  ang&       •         .         cor.  189 

(J^  If  a  spherical  triangle  has  two  of 
its  sides  equal  to  one  another,  the  op- 
posite angles  are  likewise  equal,  and 
conversely     .  •  .190 

(jg)  If  one  side  of  a  spherical  triangle 
be  greater  than  another,  the  opposite 
an^is  greater  than  the  angle  oppo- 
site to  that  other ;  and  conversely  190 
(A)  If  one  side  of  a  spherical  triangle  is 
produced,  the  exterior  angle  is  less 
than  the  sum  of  the  two  interior  and 
opposite  angles ;  and  the  exterior  angle 
is  equal  to  or  greater  than,  or  less 
than  either  of  the  interior  and  oppo- 
nte  angles,  according  as  the  sum  of 
the  two  sides  not  common  to  them  is 
equal  to,  or  less  than,  or  greater  than 
a  aemicircumference  .  cor.  190 
(t)  Two  spherical  triangles  have  all  their 
sides  and  angles  equal,  each  to  each, 
when  they  have, 

1.  Two  sides,  and  the  included 
angle  equal : 
or  2.  Two  angles  and  the  interja- 
cent side : 
or  3.  The  three  sides : 
or  4.  The  three  angles : 

Whether  the   equal  parts  be 

in  the  same,  or  in  reverse 

orders      .         «     191,  192 

(A)  Of  spherical  triangles  which  have 

the  two  sides  of  the  one  equal  to  the 

aides  of  the  other,  each  to  each,  that 

which  has  the  greater  vertical  angle 

has  the  greater  base ;  and  conversely 

193 
(/)  In  a  right-an§^  spherical  triangle, 
either  of  the  two  sides  is  of  the  same 
sfiection  with  the  opposite  angle ;  and 
the  hypotenuse  is  equal  to,  or  greater 
than,  or  less  than  a  quadrant,  accord- 
mg  as  one  of  the  adjoining  angles  is  a 
right  angle,  or  these  two  angles  are  of 
the  same  or  of  different  afiections  194 
(«t)  The  spherical  triangle,  whose  three 
sides  are  quadrants,  coincides  with  its 
pobur  iiiajiglei  and  ia  equal  to  an 


jaSOHBTRY.  265 

eighth  part  of  the  surface  of  the 
sphere        «        ,         «        »ch,  189 

(D)  0/ the  tur/ace  of  Sphericai  Tnangka. 

(a)  Spherical  triangles  which  have  the 
three  sides  of  the  one  equal  to  the 
three  sides  of  the  other,  each  to  each, 
have  equal  surfaces ;  whether  the  tri- 
angles  are  symmetrical  or  otherwise 

194 

(6)  Every  spherical  triangle  is  equal  to 
half  the  difference  between  the  hemi- 
spherical surface  and  the  sum  of  three 
lunes  which  have  theb  angles  respec- 
tively equal  to  the  three  angles  of  the 
triangle    .         .         •         .         195 

(c)  Every  spherical  triangle  is  measured 
by  the  excess  of  the  sum  of  its  angles 
aoove  two  right  angles    •         ccr.  196 

((/)  A  spherif^  triangle,  whose  angles 
are  A,  B,  and  C,  is  equal  to  a  lune 

whose  angle  is  ^  +  ^"^^  - R,  R 
being  a  right  angle  cor.  196 

(e)  Every  spherical  polygon  is  measured 
by  the  excess  of  the  sum  of  its  angles 
toother  with  four  right  angles  a^ve 
twice  as  many  right  angles  as  the 
figure  has  sides     •         .         cor.  196 

(/)  Spherical  triangles  which  stand  upon 
the  same  base,  and  between  the  same 
equal  and  parallel  small  circles,  are 
equal  to  one  another;  and  conversely, 
equal  spherical  triangles  which  stand 
upon  the  same  base,  and  upon  the 
same  side  of  it,  are  between  the  same 
equal  and  parallel  small  circles       1 98 

{g)  Of  equal  spherical  triangles  upon 
the  same  base,  the  isosceles  has  the 
least  perimeter ;  and  of  spherical  tri- 
angles  upon  the  same  base,  and 
having  the  same  perimeter,  the  isos- 
celes has  the  greatest  area  199,  200 
)  Of  all  spherical  triangles  which 
nave  the  same  two  sides,  the  greatest 
is  that  in  which  the  angle  included 
by  them  is  equal  to  the  sum  of  the 
other  two  angles  •  200 

Of  which  triangle  it  may  be  re- 
marked : — 

1.  The  two  sides  are  by  less  than  a 
aemicircumference,  and  the  angle 
included  by  them  is  greater  than 
a  right  angle. 

2.  The  difference  between  the  lune 
which  has  the  same  angle,  and 
the  triangle,  has  always  the 
same  surface,  viz.,  a  fourth  of  the 
surface  of  the  sphere       «cA.  20 1 

(t)  A  spherical  polygon,  which  has  all 
its  Sides  equal,  and  all  its  angles 
equal,  is  gpreaterthan  any  other  which 
has  the  same  number  of  sides  and  the 
same  perimeter    .         .         «cA.  201 

(A)  A  spherical  polygon,  which  has  all 
its  anj^les  Ij^iug  in  the  circumference 
of  a  circle,  is  greater  than  any  other 
which  has  the  same  sides       9ch.  201 
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(0  A  imAll  dfde  of  a  ipliere  a  mater 
than  «any  ipheriMd  polygon  naving 
the  same  perimeter         .         ach.  201 

(m)  The  luntdar  surface,  included  by  a 
small  arc  and  a  spherical  arc,  is 
greater  than  any  other  surface,  having 
tne  same  perimeter,  of  which  the  same 
spherical  arc  is  part       .         teh,  201 

(E)  Probiemt  vpm  the  Surface  of  a  Sphere. 

(a)  To  find  the  diameter  of  a  given 
sphere ;  and,  hence  the  quadrant  of  a 
great  circle        .         .         •         203 

(b)  Any  point  being  given,  to  find  the 
opposite. point  .         204 

(c)  To  Join  two  given  points     .         204 
{d)  Any  spherical  arc  being  given,  to 

produce  it,  and  complete  the    great 
circle,  of  which  it  is  a  part      cor.  204 

Se)  To  bisect  a  given  spherical  arc    204 
/)  To  draw  a  perpendicular  to  a  given 
spherical  arc — 

1 .  From  a  g^ven  point  in  the  arc 

2.  From  a  given  point  without  it 

205 
(g)  To  bisect  a  given  cpherical  angle  205 
(A)  At  a  given  point,  in  a  given  arc,  to 
make  a  spherical  angle   equal  io   a 
given  spherical  angle  •         205 

(i)  To  circumscribe  a  circle  about  a  given 
spherical  triangle,  or  ^which  is  the 
same)  to  describe  a  circle  through 
three  given  points       .         ■         205 
(A)  To  find  the  poles  of  a  given  circle 
cor.  205 
(/)  Through  two  ^ven  points  and  a 
third  (not  lying  m  the  circumference 
of  a  great  circle)  to  describe  two  equal 
and  parallel  small  circles^     .         205 
(m)   To  describe  a  spherical   triangle 
which  shall  be  equal  to  a  given  sphe- 
rical polygon,  and  shall  have  a  side 
and  adjacent  angle  the  same  with  a 
given  side  and  adjacent  angle  of  the 

rlygon  ....  206 
IVo  spherical  arcs  being  given, 
which  are  together  less  than  a  semi- 
circumference  )  to  place  them  so,  that 
with  a  third  not  given  they  may  con- 
tain the  greatest  surface  possible  206 
(o)  Througn  a  given  point  to  describe  a 
great  circle  which  shall  touch  two 
given  equal  and  parallel  small  circles 

206 
(p)  To  inscribe  a  circle  in  a  given  sphe- 
rical triangle,  or  (which  is  the  same) 
to  describe  a  circle  touching  three 
given  spherical  arcs     .         .         207 

Square^  dcf.   (also  "Square   of   a  straight 

line  A  B")       .  .  .2 

(a)  A  square  has  all  its  sides  equal  and 

all  its  angles  right  augles  cor,  16 

[(6)  Its  diagonals  are  equal  and  bisect 

one  another  at  right  angles.] 
(c)  The  squares  of  equal  hues  ara  equal ; 

and  cqnvenely       •         •        cor.  17 
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(d)  Theflquinof2Mii4H",of3Mis 
9M*,  Ac,       .  .         cor.  18 

(tf)  The  square  of  5  M  is  equal  to  the 
SQuareof  4M  together  with  the  square 
of  3M  •  •         •         cor.  18 

Squares  are  to  one  anoflier  in  the 
[uplicate  ratio  of  their  sides  osr.  63 
The  squares  of  proportional  straight 
lines  are  proportionals      «         cor.  63 

(A)  lb  describe  a  square, 

1.  Upon  a  given  straight  line      ^ 

2.  Which  shall  be  equal  to  a  given 
rectangle,  or  other  rectihnesl 
figure  ...         30 

3.  Which  shaU  be  equal  to  the  di( 
ference  of  two  ^ven  squares,  or 
other  rectilineal  figures    .         30 

4»  Which  shall  be  equal  to  the  sum 

of  two  or  more  given  squares,  or 

other  rectilineal  figures  30 

See    <<  Rectangle,'*    "Straight   Line,** 

and  "Circle." 

Straight  Line  .         .  .         def.  1 

When  said  to  be  perpendicular  io  anottier 

straight  line  ...         2 

When  parallel  ...        2 


(A)  (a)  Straight  lines  which  pn 

the  same  two  points  lie  in  the  same 
straight  line     .  •         ax.  4 

(b)  If  at  a  point  in  a  straight  line  two 
other  straight  lines  upon  opposite  sides 
of  it  make  the  adjacent  angles  to- 
gether equal  to  two  right  angles, 
these  two  straight  lines  shall  be  in 
one  and  the  same  straight  line  5 

(c)  A  straight  line  is  the  shortest  dis- 
tance between  two  points    •         «rA.  8 

(«Q  A  perpendicular  m&j  be  drawn  to  a 
given  straight  line  ut>m  any  given 
point,  whether  without  or  in  the 
straight  line ;  but  from  the  same  point 
there  cannot  be  drawn  more  than  one 
perpendicular  to  the  same  straight 
line     ....  9 

(e)  From  a  pomt  to  a  straight  line,  the 
perpendicular  is  the  shortest  distsmce, 
and  of  other  straight  lines  which  are 
drawn  from  the  same  point,  such  as 
are  equal  to  one  another  are  at  equal 
distances  from  the  foot  of  the  perpen- 
dicular, and  conversely  ,*  and  tiie  greater 
ia  always  further  fit>m  the  perpendi- 
cular, and  couTersely       •         cor.  10 

(B)  Of  Anglettnadehg  StrtnghUjineM. 

(a)  The  adjacent  angles,  made  by  one 
straight  une  with  another  upon  one 
side  of  it,  are,  together,  equal  to  two 
right  angles  .       ^     .  5 

(*)  If  two  straight  lines  cut  on»  another, 
the  vertical  or  opposite  angles  are 
equal  .  «  5 

(c)  All  the   angles  which  are  made 

uiwn  one  side  of  a  straight  Une  at  the 

same  point  of  it,  are,  together,  equal 

to  two  right  angles  .  cor.  5 

All  the  angfeftabout  thesome  point 
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an,  togeOlsr,  eqvuJ  to  fmir  right  an- 
glcit  .  .  cor,  5 

(«)  Angles,  which  have  the  sides  of  the 
one  parallel,  or  perpendicular,  or 
equally  inclined  to  the  sides  of  the 
otheri  in  the  same  oxder,  are  equal  14 

(C)  Of  pforalM  Straight  Une; 

Difficulty  in  the  theory        .         «cA.  1 1 

(a)  Straight  lines  which  are  perpendicu- 
lar to  the  same  straight  line  are  pa- 
rallel ;  and  conversely  .         1 1 

{it)  A  parallel  to  a  given  straight  line 
may  be  drawn  through  any  given 
point  without  it;  but  through  the 
same  point  there  cannot  be  drawn 
more  uan  one  parallel  to  ^e  same 
given  straight  line  •         cor,  1 1 

(c)  Straight  lines  which  make  equal 
angles  with  the  same  straight  line 
towards  the  same  parts  are  parallel ; 
and  conversely     .         •         .         12 

(</)  If  a  straight  line  fiills  upon  two 
other  straight  lines,  so  as  to  make  the 
alternate  angles  equal  to  one  another, 
or  the  extenor  angle  equal  to  the 
interior  and  opposite  upon  the  same 
aide;,  or  the  two  interior  angles  upon  the 
same  side  together  equal  to  two  right 
angles,  those  two  straight  lines  are 
parallel  •         .         •         cor.  13 

(jt)  And  conversely,  if  a  straight  line 
falls  upon  two  parallel  straight  lines, 
it  makes  the  alternate  angles  equal  to 
one  another,  the  exterior  angle  equal 
to  the  interior  and  opposite  upon  the 
same  side,  and  the  two  interior  angles 
upon  the  same  side  together  eqiud  to 
two  right  angles     .         .         cor,  13 

(/)  If  a  straight  line  faUs  upon  two 
other  straight  lines,  so  as  to  make  the 
two  interior  angles  upon  the  same 
side  together  less  than  two  right 
angles,  those  two  straight  lines  are 
not  parallel,  but  may  be  produced  to 
meet  one  another  upon  that  side 
cor.  13 

(jf)  Straight  lines,  to  which  the  same 
straight  line  is  parallel,  sre  parallel  to 
one  another         ...         13 

(A}  Parallel  straight  lines  are  every 
where  equidistant  13 

(f)  Parallel  straight  lines  intercept  equal 
parts  of  parallel  straight  lines  cor,  13 

(il)  The  straight  lines  which  join  the 
extremities  of  equal  and  parallel 
straight  lines  towards  the  same  parts, 
are  equal  and  parallel   .         .^        15 

(/)  If  two  straight  lines,  which  pass 
through  the  same  point,  are  cut  by 
two  parallel  straight  lines,  their  parts 
terminated  in  that  point  shall  be  pro- 
portioned    ....        57 

(m)  If  two  (or  more)  straight  lines 
which  pass  through  the  same  point, 
are  cut  by  any  number  of  parallel 
straight  lines,  they  shall  be  similarly 
diridMl  by  them    •        i        cor.  58 


(fi)  If  two  (or  more)  parallels  are  cut  by 
any  number  of  straight  lines,  which 

r!  through  the  same  point,  they  shall 
similarly  divided ;  and,  if  two  pa- 
rallels are  similarly  divided,  the 
straight  lines  which  join  the  corre- 
sponding points  of  division,  pass,  or 
may  be  produced  to  pass,  all  of  them 
through  the  same  pomt  .         58 

(o)  If  the  lep  of  an  angle  cut  two 
parallel  straight  lines,  the  intercepted 
parts  of  the  parallels  shall  be  to  one 
another  as  the  parts  which  they  cut  off 
from  either  of  the  legs     .         cor,  59 

(C)  Of  Straighi  Linet,  which  are  not  in  the 
tame  phne. 

(a)  Straight  lines,  to  which  the  same 
straight  line  is  parallel,  although  not 
in  one  plane  with  it,  are  parallel  to 
one  another        .         .         •         130 

(b)  The  shortest  distance  of  two  straight 
-    lines,  which  are  not  in  the  same  plaue, 

is  a  straight  line,  which  is  at  right 
angles  to  each  of  them,  and  is  equal 
to  the  perpendicular  which  is  drawn 
from  the  vertex  to  the  hypotenuse  of  a 
right-angled  triangle,  wnose  sides  are 
the  perpendiculars  drawn  to  one  of  the 
straight  lines  from  the  two  points  in 
whicn  the  other  is  cut  by  any  two 
planes  passing  through  the  first  at 
right  angles  to  one  another     cor.  155 

(D)  Rectang/Ci  under  the  parti  of  divided 
Lam,  II.  (5        .         .         .         19,20 

The  theorems  of  which  section  are  briefly 

expressed  as  follows : — 
(a)  A  X  (B  +  C  +  D)  =  AB  +  AC 

+  AD. 
(6)  (A  +  B)xB  =  AB  +  B«. 


(c>  (A-f  B)«  =r  A«  +  B«  +  2  A  B. 
(d)  (A  -  B)«  =  A«+  B»  -  2  A  B. 

(e>  (A  +  B)«  -  (A  -  B)«  =  4  A  B. 
(/)(A  +  6)«  +  (A-B)«=z2(A« 

+  B«). 
(g)  (A  +  B)  X  (A  -  B)  =  A«  -  B«. 

(B)  Of  Straight  linet  which  are  propor^ 
tionais, 

(a)  If  four  straight  lines  are  propor- 
tionals, the  rectengle  under  the  ex- 
tremes is  equal  to  the  rectangle  under 
the  means}  and  conversely,  if  two 
rectangles  are  equal  to  one  another, 
their  sides  are  proportionals,  the  sides 
of  the  one  being  extremes,  and  the 
sides  of  the  other  means        .         63 

(6)  If  A,  B  are  two  straight  lines,  and 
A',  B'  other  two,  the  rectangle  A  x  A^ 
shall  be  to  the  rectangle  B  x  B"  in  the 
ratio  which  is  compounded  of  the 
ratios  of  A  to  B  and  A'  to  B'     .     63 

(c)  If  A,  B  and  A',  B'  are  proportionals, 
AX  A'  is  to  BxB'as  A*  to  B«  cor.  63 

(d)  If  A;  B,  C  are  proportionals,  A  is  to 
CasA«toB«  .     cor.  63 

(e)  If  A,  B,  C,  D,  and  alio  A',  B',  C, 
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jy,  are  proportionals,  Hie  rectangles 
A  X  A',B  X  B',C  X  C',andD  X  D' 
are  also  proportionals        •      cor,  63 

(/)  The  squares  of  proportional  straight 
lines  are  proportionals;  and  con- 
versely     •  .  •     cor.  63 

(ff)  If  A,  B  are  two  straight  lines,  A',  B' 
other  two,  and  A'",  B"  other  two,  the 
rectangular  porallelopipeds  A  x  A' 
X  A'%  B  X  B'  X  B''  shall  be  to  one  ano- 
ttier  in  the  ratio  which  is  compounded 
of  the  ratios  of  A  to  B,  A'  to  B%  and 
A"toB"      .  .  .143 

[(A)  If  the  ratios  of  A  to  B,  A' to  B',  and 
A"  to  B"  are  all  equal,  A  x  A'  x  A" 
is  to  B  X  B'  X  B"  as  A*  to  B».] 

[(t)  If  A,  B,  C,  D  are  in  continued  pro- 
portion, A  is  to  D  as  A>  to  B^^.  j 

[(A)  If  A,  B,  C,  D,  and  also  A',  B',  C,  D'. 
and  also  A",  B",  C",  D'*,  are  propor- 
tionals, the  rectangular  porallelopipeds 
A  X  A'  X  A",  B  X  B'  X  B",  C  X  C 
X  C",  D  X  ly  X  ly,  are  also  propor- 
tionals.] 

(0  The  cubes  of  proportional  stnught 
lines  axe  proportionals ;  and  con- 
versely      •  •  •         144 

(F)  0/  Straight  Line*  karmomcaUy  divided, 
(a)  If  AB,  AC,  AD  are harmonical 
progressionals  in  the  same  straight 
Une,  and  A  B  the  least,  D  C,  D  B,  DA 
shall  likewise  be  harmonical  progres- 
sionals •  .  .  •  68 
(6)  The  same  being  supposed,  and  the 
mean  A  C  being  bisected  in  K,  K  B, 
KC,  KD  are  proportionals;  and, 
conversely,  if  K  B,  K  C,  K  D  are  pro- 
portionals, and  if  K  A  is  taken  in  the 
opposite  direction  equal  to  K  C,  A  B, 
AC,  A  D  shall  be  in  harmonical  pro- 
gression    ....        68 

(c)  The  same  being  supposed,  D  A,  D  K, 
D  B,  D  C  are  proportionals     .         69 

(d)  The  harmonical  mean  between  two 
straight  lines  is  a  third  proportional 
to  the  arithmetical  and  geometrical 
means  •         •  •         cor.  69 

(«)  If  any  four  straight  lines  pass 
through  the  same  point,  and  lie  in  the 
same  plane,  to  whichsoever  of  the  four 
a  parallel  is  drawn,  its  parts  intercepted 
by  the  other  three  shall  be  to  one  an- 
other in  the  same  ratio  70 

(/)  If  a  parallel  is  drawn  to  any  one  of 
four  hormonicals,  equal  parts  of  such 
parallel  are  intercepted  bv  the  other 
three ;  and,  conversely,  if  four  strai^fht 
lines  pass  through  the  same  pomt, 
and  if  a  parallel  drawn  to  one  of  them 
has  equal  parts  of  it  intercepted  by 
the  ower  three,  the  four  are  harmo- 
nicols  .         .  .         cor.  70 

ig)  Harmonicals  divide  every  straight 
line,  which  is  cut  by  them,  harmoni- 
cally ....         70 

(A)  TTie  two  sides  of  a  triangle,  the 
straight  Une  which  is  drawA  from  the 


vertex  tfarouffh  the  middle  point  of  the 
base,  and  the  straight  line  which  is 
drawn  through  the  vertex  parsUel  to 
the  base  ore  harmonicals  cor.  70 

(t)  The  two  sides  of  a  triangle,  and  the 
lines  which  bisect  the  vertical  and 
exterior  vertical  angles,  are  harmoni- 
cals .  •  •     cor.  71 

(G)  Probiemt  reiating  to  Straight  Lime*. 
(a)  Through  a  given  point  to  draw  a 
straight  line — 

1 .  Perpendicular  to  a  given  straight 
line ;  several  methods        24,  25 

2.  Parallel  to  a  given  straight  line 

When  many  parallels  are  to  be 
drawn,  See  II.  49. 

3.  Which  shall  pass  through  a  point 
which  is  the  point  of  concourse 
of  two  given  straight  lines,  bat  is 
without  the  limits  of  the  drought 
{Sec  "  Centrolinead.")  75 

4.  So  that  its  ports  intercepted  by 
two  given  straight  lines  shall  be 
to  one  another  in  a  given  ratb 

74 

5.  Which  shall  form  with  the  parts 
cut  off  by  it  from  two  given 
straight  lines  a  triangle  equal  to 
a  given  triangle     .  .         77 

(6)  To  divide  a  given  straight  line — 

1 .  Into  two  or  more  equal  parts  26 

2.  Similarly  to  a  given  divided 
straight  une  •         •         71 

3.  In  extreme  and  mean  ratio     72 

4.  In  any  given  ratio  .         72 

5.  So  that  the  rectangle  under  the 
parts  shall  be  equ^  to  a  given 
rectangle      ...         72 

(c)  To  produce  a  given  straight  lin»— 

1.  In  a  given  ratio    .         •         72 

2.  So  tluit  the  rectangle  under  the 
whole  line  [Ht)duced  and  the  part 
produced  shall  be  equal  to  a  given 
rectangle      .         •         •        72 

(X)  To  find  a  straight  Kne, 

1.  Which  sh&  be  a  mean  propor^ 
tional  between  two  given  straight 
lines    ....         71 

2.  Which  shall  be  a  third  propor- 
tional to  two  given  straight  lines 

71 

3.  Which  shall  be  a  fourth  pro^wr- 
tional  to  three  given  straight 
lines    .         .  .  •         71 

4.  Which  shall  be  an  harmonical 
mean  between  two  given  straight 
Hues    ....         72 

5.  Which  shall  be  a  third  harmo- 
nical progressional  to  two  given 
striught  lines         •         .         73 

6.  To  which  a  given  straight  Ibe 
A  shall  have  the  ratio,  whidi  is 
compounded  of  the  given  ratios 
of  A  to  B,  AitoBs,  AstoBftf  and 
A4to34      «         .         ,        7S 
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(e)  To  find  two  sir&ighi  lines,  Uiere  being 
given  the — 

1 .  Sum,  and  difference. 

2.  Sum  of  squares,  and  difference 
of  squares. 

3.  Sum,  and  sum  of  squares. 

4.  Difference,  and  sum  of  squares. 

5.  Sum,  and  difference  of  squares. 

6.  Difference,  and  difference  of 
squares. 

7.  Ratio,  and  rectangle. 

8.  Sum,  and  ratio. 

9.  Difference,  and  ratio. 

10.  Sum,  and  rectangle. 

11.  Difference,  and  rectangle. 

12.  Sum  of  squares,  and  ratio. 

13.  Difference  of  squares,  and  ratio. 

14.  Sum  of  squares,  and  rectangle. 
1.^.  Difference  of  squares,  and  rect- 
angle        ...         123 

(/)  To  £aw  the  shortest  distance  be- 
tween two  given  straight  lines  which 
do  not  lie  in  the  same  plane     •     154 
SmbeoHtrary  section  of  an  oblique  cone      229 
of  an   oblique  cylinder 
232 
Subdiipiicaief  one  ratio  said  to  be  of  another  34 
SubiripHcatey  one  ratio  said  to  be  of  another 

34 
Suppiement,  or  supplementary,  one  angle  said 
to  be  of  another     .  .         .         note  5 

Smppiemeniarif  triangle,  a  name  sometimes 
given  to  the  polar  triangle    .         note  188 
Sttrfaee,  (Sw  «  Convex,"  «  Plane.")  def.  1 
Starfaee  of  revolution,  is  the  surface  of  a  solid 

of  revolution.  See  "  Solid  of  Revolution." 
Sfmmetrical,  spherical  triangles  said  to  be 

185 
[^Sfmmeirtca/.  Any  two  solids  are  said  to  be 
symmetrical,  when  they  can  be  placed  upon 
the  two  sides  of  a  plane,  so  that  for  every 
point  in  the  surface  of  the  one,  there  is  a 
point  in  the  surface  of  the  other,  in  the 
same  perpendicular  to  the  plane,  and  at  the 
same  distance  from  it;  also,  the  solids, 
when  so  placed,  are  said  to  be  symmetri- 
cailjf  gituatedy  with  regard  to  the  plane*. 
Of  such  solids  it  may  be  demonstrated — 

1.  That  if  any  polyhedron  what- 
ever  be  inscribed  in,  or  circum- 
scribed about  the  one,  a  polyhe- 
dron symmetrical  with  it  may  be 
inscribed  in,  or  circumscribed 
about  the  other. 

2.  That  they  are  equal  to  one  an* 
other,  and  have  equal  surfaces.] 

SymmetrieaHy  divided;  a  piano  (or  solid) 
figure  IS  said  to  be  symmetrically  divided 
by  a  straight  line  (or  plane),  when,  for 
every  point  in  the  contour  of  the  figure 
whidi  is  upon  one  side  of  that  line  (or 
plane),  there  is  another  point  in  the  con- 


*  Aceording  to  a  similar  description,  it  is  evident 
that  two  plane  fif^re*  majr  be  said  to  be  symmetri- 
eal,  and  symmetricallf  situated  with  regard  to  a 
strai^Kt  line  wbtch  is  in  the  same  plane  with  them  ; 
but  such  figures  are  also  similar,  and  may  be  made 
to  ooincide,  which  if  not  the  case  with  immetrical 
foUds. 


tour  upon  the  other  Bide,  in  the  same  per- 
pendicular to  the  line  (or  plane),  and  at  the 
same  distance  from  it. 
Synthetit,  geometrical.     See  **  Analysis." 

Tanyent^  of  any  curve.    See  "  Touch." 

No  straight   line  can   be  drawn    be- 
tween a  curve  and  its  tangent,  from 
the  point  of  contact,  so  as  not  to  cut 
the  curve         .         •         .     tch,  212 
Tangent  of  a  circle.    (&e  «  Circle.")     def. 
Tangent  of  a  conic  section.    See  "  Conic  Sec* 

tion." 
Tangent  plane.     See  "  Touch." 
Terms  of  a  ratio,    (S«  "  Numerical  Ratio.") 

def,  32 

Tetrahedron,  or  triangular  pyramid   def.  126 

(a)  Is  contained  by  the  least  number  of 

faces  possible— viz.  four         »       126 

(6)  Is  equal  to  one-sixth  of  a  parallelo- 

piped,  which  has  three  of  its  edgeft 

comcident  with,  and  equal  to,  three 

edges  of  the  tetrahedron         cor,  147 

(c)  To  inscribe  a  sphere  within  a  given 
tetrahedron  .         •         .156 

(d)  To  circumscribe  a  sphere  about  a 
given  tetrahedron        .         •         156 

Regular.      See  «  Regular  Polyhedron." 

Third  proportional  (see  "  Straight  hme"defJ33 

Third  harmonica/ progressiorud     .       def  68 

[TbtfcA/  (a)  a  straight  line  is  said  to  touch  a 

curve  in  any  point,  when  it  meets,  but  does 

not  cut  the  curve,  in  that  point*.     Such  &^ 

line  is  called  a  tangent, 

(6^  One  curve  is  said  to  touch  another 
m  any  point  when  they  have  the 
same  tangent  at  that  point, 
(c)  A  plane  is  said  to  touch  a  curved 
surfSu:e  in  any  point  or  line,  when  it 
meets,  but  does  not  cut,  the  surface  in 
that  point  or  line:  such  a  plane  is 
called  a  tangent-plane,  and  the  pointer 
line  in  which  it  touches  the  surface,  is 
called  the  point  or  line  of  contact. 
(^d)  One  curved  surface  is  said  to  touch 
another  in  any  point  or  line,  when  they 
have  the  same  tangent  plane  at  that 
point  or  at  every  point  of  that  line. 

(e)  The  following   examples    may  be 
given  of  the  contact  of  surfaces — 

1.  A  plane  touches 

The  surface  of  a  sphere  in  a  point, 
the  convex  sur&ce  of  a  cylinder 
in  a  straight  line  which  is  parallel 
to  the  axis,  the  convex  surface  of 
r   a  cone  in  a  slant  side. 

2.  A  spherical   surface  touches 

A  spherical  surface,  whether  exter- 
nally or  internally,  in  a  point ;  the 
convex  surface  of  a  cylinder  or 

*  Some  curves  are  of  a  winding  or  serpentine 
form,  having  the  curvature  or  brndine  now  towards 
the  one  side,  now  towards  the  other.  In  such  carves, 
there  are  alwavs  one  or  more  points  of  contrary 
fiexure.  t.  e.  points  where  the  enrvature  which  had 
before  been  towards  one  side  ehans^es  to  the  other 
side.  Through  such  points  no  straight  line  can  be 
drawn  so  as  not  to  cut  the  curre  :  every  other  point, 
however,  admits  of  a  straight  line  Iwing  drawn, 
wbiob  meett  aaddoM  not  cut  the  curve  ia  uat  point. 
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cone  externally  in  a  point,  inter- 
nally in  one  or  two  points  or  in 
the  circumference  of  a  circle.] 
Trantvtrse  axU,  of  an  ellipse  or  hyperbola, 

def,2\7 
Trapezoid,  (ftl»  its  «  Altitude'')      .     def.  2 
(a)  Is  equal  to  the  rectangle  under  its 
altitude,  and  half  the  f  um  of  its  pa- 
rallel sides        •         «         .         17 
[(6)  Half  the  sum  of  the  parallel  sides  of 
a  trapezoid  is  equal  to  the  straight  line 
which  joins  the  middle  points  of  the 
other  two  sides.] 
Triangle,    rectilineal     (also    its   <*VerteK," 
« Sides,"" Base")  .  .  .def.2 

When  said  to  be  equilateral,  isosceles, 
scalene  .  .  .2 

When  said  to  be  right-angled,  oblique- 
angled,  obtuse-Angled,  acute-angled  2 

(A)  Ofth€firt$  Propertie99  9nd  of  Triangki 
which  are  equaiin  aii  reMpects. 

(a)  Anyone  of  the  angles  of  a  triangle 
is  less  than  two  right  angles       cor.  5 

(b)  Triangles  which  hare  two  sides  and 
the  included  angle  of  the  one  equal  to 
two  sides,  and  the  included  angle  of 
the  other,  each  to  each,  are  equal  in 
all  respects         .  •  .5 

(c)  Triangles  which  have  two  angles 
and  the  interjacent  side  of  the  one 
equal  to  two  angles  and  the  interja- 
cent  side  of  the  other,  each  to  each, 

*  are  equal  in  all  respects     .  .     6 

(d)  If  one  side  of  a  triangle  be  equal  to 
another,  the  opposite  angle  is  likewise 
equal  to  the  angle  opposite  to  the 
other;  and  conversely         •         .     6 

(e)  la  an  isosceles  triangle, 

1.  The  angles  at  the  base  areequal 
to  one  another ;  and  if  the  equal 
sides  are  produced,  the  angles 
upon  the  other  side  of  the  base 
are  likewise  equal       •         cor.  6 

2.  The  following  lines,  viz.  the  line 
which  bisects  the  vertical  angle, 
the  line  which  is  drawn  firom  the 
vertex  to  the  middle  point  of  the 
base,  and  the  line  which  is  drawn 
from  the  vertex  perpendicular  to 
the  base,  coincide  with  one  ano- 
ther  .  ,  .         cor.  7 

3.  The  straight  line  which  bisects 
the  base  at  right  angles  passes 
through  the  vertex,,  and  bisects 
the  vertical  angle         .       cor,  7 

•      (/)  Triangles  which  have  the    three 

sides  of  the  one  equal  to  the  three 

sides  of  the  otlier,  each  to  each,  are 

equal  in  all  respects  .  .     7 

(ff)  Any  two  angles  of  a  triangle  are 

toother  less  than  two  right  angles   7 

u^k}  A  triangle  cannot  have  more  than 

one  right  angle,  or  more  than   one 

obtuse  angle  .  •         cor.  7 

(i)  If  one  side  of  a  triangle  be  produced, 

'  ^e  exterior  angle  is    greater  than 

either  of  the  interior  and  opposite 

•»«lw        ,  .  ..    cor.  7 


(i)  If  one  side  of  «  imilgle  be  greater 
than  another,  the  opposite  angle  shall 
likewise  be  greater  than  t£  angle 
opposite  to'  that  other;  and  con- 
versely .  .  •  .7 

(I)  Any  two  of  the  sides  are  together 
greater  than  the  third  side,  and  any- 
side  is  greater  than  the  difference  of 
the  other  two  ,  S 

(m)  If  two  triangles  stand  upon  the 
same  base,  and  if  the  vertex  or  the  one 
tails  within  or  upon  aside  of  the  other, 
that  triangle  has  a  less  perimeter  than 
the  other     .  .  .    cor.  8 

(a)  Of  triangles  which  have  the  tvo 
sides  of  the  one  equal  to  the  hra  odei 
of  the  other,  each  to  each,  that  which 
has  the  greater  vertical  angle  has  the 
greater  base;  and  conversely     .    9 

(o)  The  three  angles  of  a  triangle  are 
together  equal  to  two  right  sngks; 
and  if  one  of  the  sides  be  pnNlaced, 
the  ^cterior  angle  b  equal  to  the  tvo 
interior  and  opposite  angles      •     14 

(p)  In  a  right  angled  triangle— 

1.  One  of  the  angles,  vu.theri(^ 
angle,  is  equal  to  ttie  sum  of  thi 
otMrtwo         •  .    O0r.  14 

2.  The  straight  line  which  joins 
one  of  the  angles,  viz.  the  right 
angle,  with  tlw  middle  point  of 
the  opposite  side  is  equal  to  half 
that  side ;  and  conversdiy,  if  a  tzi- 
angle  4ias  either  of  these  pro{le^ 
ties,  it  is  a  rightdligled  trianf^ 

tor.  14 

[(^)  Any  two  triangles  are  equal  to  one 

another  in  all  respects,  when  they  hare 

1.  Two  sides  and  tlue  inchidedangls 
of  the  one  equal  to  two  odes  and 
included  angle  of  the  other,  each 
to  each  (6).  % 

2.  Two  angles  and  tiw.  interjacent 
side  (c). 

3.  The  three  sides  (/). 

4.  Two  angles,  and  a  side  opposte 
to  one  of  them  .     cor.  14 

5.  An  anele  of  the  one  eqoal  to  an 
angle  of  the  other,  and  the  sides 
about  two  other  an|;les,  each  to 
each,  and  flie  remaming  angles 
of  the  same  afiection,  or  one  of 
them  a  right  an^e  (see  U.  33.)] 

(r)  Two  right-angled  triangles  are  eoual 
to  one  another  in  all  respects,  wnen 
theyhave 

1.  The  hypotenuse  and  a  side  of 
the  one  equal  to  the  hypotenuse 
and  a  side  of  the  other,  each  to 
each         .  .  .10 

2.  The  hypotenuse  and  an  aaite 
angle    .«  .10 

3.  The  two  sides  (I.  4.) 

4.  A  side  and  the  adjoining  I0ate 
angle  (I.  5.)  .  . 

5.  A  side,  and  Hie.i 

(a)  If  m  two  rirfAiji"*-^ 
hypotenuse  of  ^< 
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hvpotemue  of  tbs  other,  but  a  side 
of  the  cue  greater  than  a  side  of  the 
other ;  the  angle  which  is  opposite  to 
the  side  of  the  first  shall  b^  greater 
than  the  angle  which  is  opposite  to 
the  side  of  the  other        •      /em.  131 

(B)  Of  the  nuUuai  Rehtiotu  qfthe  Sides, 
(a)  In  a  right-angled  triangle,  the 
square  of  the  hypotenuse  is  equal  to 
the  squares  of  the  two  sides  .  21 
(6)  In  every  triangle,  the  square  of  the 
side  which  is  opposite  to  a  given  angle 
is  greater  or  less  than  the  squares  of 
the  sides  containing  that  angle,  by 
twice  the  rectangle  contained  by 
either  of  these  sides,  and  that  part  of 
it  which  is  intercepted  between  the 
perpendicular,  let  fall  upon  it  from 
the  opposite  angle,  and  the  acute 
angle ;  greater  if  the  given  angle  is 
.  greater  uian  a  right  angle,  and  less 
ffitisless        .  .  .22 

(c)  Any  angle  of  a  triangle  is  equal  to  or 
greater  or  less  than  a  right  angle, 
according  as  the  square  of  the  opposite 
side  is  equal  to  or  greater  or  less  than 
the  squares  of  the  containing  sides 

cor.  21,22 
(iQ  In  every  triangle,  if  a  perpendicular 
oe  drawn  from  the  vertex  to  the  base, 
the  difference  of  the  squares  of  the 
sides  is  equal  to  the  difference  of  the 
squares  of  the  segments  of  the  base, 
1.  e.  the  base  is  to  the  sum  of  the 
sides  as  the  difference  of  the  sides 
to  the  difference  of  the  segments  of 
the  base  or  sum  of  the  segments  of 
the  base  produced         .  .22 

(e)  In  a  right-angled  triangle,  if  a  per- 
pendicular bHB  drawn  from  the  right 
angle  to  the  hypotenuse,  the  square  of 
the  perpendicular  is  equal  to  the  rect- 
angle under  the  segments  of  the  hypo- 
tenuse, and  the  square  of  either  side 
is  equal  to  the  rectangle  under  the 
hypotenuse  and  the  segment  adjoining 
to  it;  t.  e,  the  perpendicular  is  a 
nesn  proportional  betwet^n  the  seg- 
ments of  the  hypotenuse,  and  either 
sid^  is  a  mean  proportional  between 
the  hypotenuse  and  the  segment  ad- 
joining to  it  •  car.  §1  and  61 
')  In  an  isosceles  triangle,  if  a  straight 
line  is  drawn  from  the  vert^  to  any 
point  in  the  base,  or  iu  the  base  pro- 
duced, the  square  of  that  straight  line 
shall  be  less  or  greater  than  the  square 
of  the  side  by  the  rectangle  under  the 
segments  of  the  base,  or  of  the  base 
BToduced       •  •  .23 

igl  1ft  every  triauole,  the  squsns  of  the 
'"^nides  are  together  double  of  the 
of  half  the  base,  aud  of  the 
li^w  which  is  drawn  from -the 
to  the  middle  point  of  the  base 
23 
trianf^e,  if  the  Teiiical  or 


exterior  vertical  angle  be  bisected  by 
a  straight  line  which  cuts  the  base,  or 
the  base  produced,  the  base  or  base 
produced  shall  be  divided  in  the  ratio 
of  the  sides :  also  the  square  of  the 
bisecting  line  shall  be  equal  to  the 
difference  of  the  rectangles  imder  the 
sides  and  the  segments  of  the  base, 
or  base  produced     ,         .         70,  89 

(i)  In  every  triangle,  if  the  base  is 
equally  produced  both  waj^s,  so  that  ^ 
the  base  produced  is  a  third  proper-  ^  • 
tional  to  the  base  and  sum  of  the 
sides,  the  sides  of  the  triangle  are  to 
one  another  as  the  corresponding  seg- 
ments of  the  base  produced       «eA.  64 

(A)  In  every  triangle,  if  the  base  is 
equally  reduced  both  ways,  so  that 
the  base  reduced  is  a  third  proportional 
to  the  base  aud  the  difference  of  the 
sides,  the  sides  of  the  triangle  are  to 
one  another  as  the  corresponding  seg- 
ments of  the  base  reduced        »ch.  63 

(/)  In  an  isosceles  triangle,  if  the  equal 
angles  are  each  of  thom  double  of  the 

.  vertical  angle,  the  sides  and  base  are 
in  extreme  and  mean  ratio.  See 
«  Errata." 

(C)  0/ike  Area  of  a  Triangle^  and  of  Trianm 

ffiet  which  are  not  equai  in  ail  respects. 

(a)   If  a  triangle  and  a  parallelogram 

stand  upon  the  same  base,  and  between 

the  same  parallels,  the  parallelogram 

u  double  of  the  triangle  •        17 

{b)  Every  triangle  is  equal  to  the  half  of 

a  rectangle  which  has  the  same  base 

and  the  same  altitude ',  i.  e.  to  half  the 

product  of  its  base  and  altitude  * 

cor.  17 


•  When  the  side*  of  a  trianxle  are  |riven,  iU  area 
may  be  directly  eompated  from  the  following  theo- 
rem : — 

Every  triangle  i*  a  mean  proportional  between  two 
reetan'glet,  the  aides  of  which  are  equal  to  the  H«mi- 
perimeter  of  the  triangle  and  the  excesses  of  the 
semiperimeter  above  the  three  sideb. 

The  demonstration  of  this  is  briefly  as  foUowa:— 
Letactrdebedeicribed  within  the  triangle  ABC, 
and  a  circle  upon  the  other  side 
of  B  C,  tlie  one  touching  B  C,  A  C, 
and  A  B.  in  the  points  D,  E.jfc 
and  the  other  B  C  and  A  C.TT' 
produced  in  tha  points  G, H,  K ; 
then  the  centres  L,  M  of  these 
circles  lie  nf  the  straight  line 
which  bisects  the  angle  at  A,  and 
if  B  L,  B  M  be  joined,  the  angle 
L  B  M  will  be  a  right  angle,  Oe- 
cause  it  is  half  the  sum  of  iMl 
angles  A  B  C,  G  B  K;  also,  be- 
cauho  A  K  and  A  H  are  toge- 
„  ther  equal  to  A  B,  B  G  and  A  C, 
"  C  G,  that  is  to  the  perimrier  of 
the  triangle  ABC,  each  of  them 
is  equal  to  the  semiperimeter. 
Again,  becanee  F  B  and  B  K  (i.  e.  BD  and  BOj  are 
together  equal  to  E  C  and  C  "  <»•  *•  JlA^  ^^n** 
C  G\  Ukinic  sway  <»  D  from  each,  2  Ba!9*eq«41  to 
g C  D.  and  Jon^qJent IvB G  to  C D ;  therefore  F B 
is  eoual  to  C  H.  ai>d-BK  toE  C.  A  ^  therefor*, 
is  tSt  semiperimelttvB  K  is  «»•«=?«  »»»;;«  »»»• 
i^de  A  B,  fi  F  .ihsbScesa  abjre  the«d«  A  C.  ati*^^ 
A  F  the  escesa  abww  tb«  •»««  *  C,  y  *' 


in 


(c)  Triangles  which  stand  upon  the  same 
or  upon  equal  bases,  and  between  the 
same  iiarallels,  are  equal  to  one  ano- 
ther   .  .  .  '     17 

(d)  Triangles  which  have  e^ual  altitudes 
'are  to^ne  another  as  their  bases,  and 

triangles  which  have  equal  bases,  as 
their  altitudes ;  also  any  two  triangles 
are  to  one  another  in  the  ratio,  wmch 
is  compounded  of  the  ratios  of  their 
bases  and  altitudes     •         •     65,  66 

(tf)  Triangles  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the 
other  are  to  another  iuHhe  ratio,  which 
is  compounded  of  the  ratios  of  the 
sides  about  the  equal  angles,  or  as  the 
rectangles  under  those  sides       •     66 

(/)  Triangles  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  other, 
and  the  sides  about  the  equal  angles 
reciprocally  proportional,  are  equal  to 
one  another;  and,  converaelv,  equal 
triangles,  which  have  one  an^e  of  the 
one  equal  to  one  angle  of  tna  other, 
have  the  sides  about  the  e^i4al  angles 
reciprocally  proportional    .      '  .     66 

(g)  Two  triangles  are  similar,  when 
they  have 

1.  The  three  angles   of  the  one 

X^  to  the  three  angles  of  the 
,  each  to  each     .         •     ^9 
or  2.  The  three  sides  of  the  one  pro- 
portional to  the  three  sides  of  the 
other        .  .  •     59 

or  3.  One  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the 
sides  aboiit  the  equal  angles  pro- 
portionals   .  .  .60 
or  4.  One  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the 
sides    about   two    other   angles 
proportionals,  and  the  remaining 
•    •            angles  of  the  same  affection,  or 
one  of  them  a  right  angle        6 1 
{k)  Similar  triangles  are  to  one  another 
in    the    duplicate    ratio  (or  as    the 
squares)  of  their  homologous  sides  67 
(i)  Of  all  triangles    having  the  same 
two  sides,  that  one  has  the  ^preatest 
area,  in  which  the  angle  contamed  by 
the  two  sides  is  a-  right  angle      .   1 03 
(k)  Of  triangles  which  have  equal  bases, 
and  equiA  areas,  the  isosceles  has  the 
least   perimeter;    and     of  triaxigles 
having  equal  bases  and  equal  perime- 

•w*7 ^ — — — 

l^ow  the  area  of  Ike  triangle  A  B  C  is  e<jnal  to 
LF  X  AK,  for  it  h  equal  to  half  the  rectangle 
under  the  radius  t.  F  of  the  inscribed  circle,  aad 
the  snm  2  A  K  of  the  three  sidei  (I.  26.  cor.) ;  also 
B  F  X  BK  U  eqnal  to LF  x  M  K,  becanse,  L  B  M 
beinjf  a  right  angle,  the  right-angled  triangles  B  F  L, 
If  KB  are  similar:  but  AKxAF  :  AKx  FL 
:  :  AF  :  rr.,  t.  e.  :  :  A  K  :  KM.  i.  e.  t  :  AK  X 
F  L^JC^Iff  X  F  L  :  tlierefore  AKx  F  L  it  a  mean 
proport^nal between  A K  x  AFandKM  x  F  Lor 
BF  X  BK,  that  is  (iftf,  b,e  represent  the  three 
tides  oppoftie  to  the  angles  A,  B,C  respectively  and 
S  the  batf  4r(a-|rt+c>*e  area  of  the  triangle  is  a 
mean  pro«H!tiopal  between  Sx  (S  -a;  and  (S  -  b) 
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ters,  the  isosceles  has  the  greatest  area 

99 
(D)  Prob/ems  rekaing  to  the  Triangle, 

(a)  To  describe  a  triangle,  when  there 
are  given — 

1.  Two  sides  and  the  included  anc^. 

2.  Two  sides,  and  an  angle  oppoote 
to  one  of  them. 

3.  Two  angles  and  the  interjacent 
side. 

'     4.  Two  angles  and  a  side  oppoiita 
to  one  oAhem. 
5.  The  three  sides     .         .       27 
(6)  To  describe  a  triangle,  whisn  there 
are  given  the 

1 .  Vertical  angle,  base,  and  som  (or 
diflference)  of  the  two  sides. 

2.  Vertical  angle,  base,  and  area. 

3.  Vertical  angle,  sum  (or  difier- 
ence)  of  sides  and  area. 

4.  Base,  sum  (or  difference)  of  sides 
and  area     .         .         .121 

(c)  To  describe  a  triangle — 

1.  Which  shall  be  equal  to  a  grren 
rectilineal  figure,  andhaveaside 
and  adjoining  angle  the  same 
with  a  gi^ta  side,  and  adjoiniae 
angle  of  the  figtire        •       ^ 

2.  which  shall  be  equiangular  with 
a  given  triangle,  and  hare  a  given 
perimeter  [or  area]         .        23 

3.  Which  shall  have  for  two  of  its 
sides  the  parts  which  are  cut  off 
by  the  third  side  from  two  straight 
lines  given  in  position,  and  the 
third  passing  throogh  a  given 
point  •        .         .         .       77 

(eQ  To  describe  a  rightpaiigled  triangle 
which  shall  have  its  three  adcs  pro* 
portionals  •         •         •         .       74 

See  »  Circle." 

TripHcaie,  one  ratio  said  to  he  of  another  34 

IVitection  of  an  arc  or  angle,  under  what 

form  the  problem  has  been  put    •       113 

Undecagon.    See  '^  Hendecagon." 

UngukL.    See  «  Sphere."  • 

Unit  of  len^;th,  or  linear  unit,  is  any  arbitrary 

straight  Ime,  as  an  inch,  a  foot 

^-of  surface,  is  the  square  of  the  linear 

unit     ....        9ck.  13 

— of  content,  is  the  cube  of  the  I'lnear  unit 

•cA.142 

Variation,  a  short  form  of  ei^ressing  certain 
proportions  .         .  .        icA.62 

Fertex  of  a   triangle   2,   polyhedron  126| 
pyramid  127,  cone  267, 
*— of  the  diameter  of  a  conic  section     220 
— a  term  in  perspective  projection       208 
~vof  a  conic  section  •         •         .215 

Ferticai  plancy  in  perspective  projection    ^Dd 

Fertical  angie,  of  a  triangle.  See  ^  Triangle." 

Fo/ume.     ,Stee  «  Content." 

mdge,  spherical.     See  "  Spfasmf* 
I  Zone,  spherical.    «Sev  '^  Spbtrs."  ' 
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sm.  (•»  —  ^) 
The  tangent  of  the  angle  between  two  given  straight  lines  is 
.       ,^      ,^  («  —  aT)  sin. « 

^"'•^^-^')=l  +  «..>  +  (.  +  .')co...- 
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ALGEBRAICAL    GEOMETRY. 


PART   I. 
APPLICATION  OF  ALGEBRA  TO  PLANE  GEOMETRY, 


CHAPTER    I. 


INTRODUCTION. 


L  Tub  object  of  the  present  Treatise  is  the  Investigation  of  Geometrical 
Theorems  and  Problems  by  means  of  Algebra. 

Soon  after  the  introduction  of  algebra  into  Europe,  many  problems  in 
plane  geometry  were  solved  by  putting  letters  for  straight  lines,  and 
then  working  the  questions  algebraically  ;  this  process,  although  of  use, 
did  not  much  extend  the  boundaries  of  geometry,  for  each  problem,  as 
heretofore,  required  its  own  peculiar  method  of  solution,  and  therefore 
could  give  but  little  aid  towards  the  investigation  of  other  questions. 

It  is  to  Descartes  that  we  owe  the  first  general  application  of  algebra  to 
geometry,  and,  in  consequence,  the  first  real  progress  in  modern  mathe- 
matical knowledge ;  in  the  discussion  of  a  problem  of  considerable  anti- 
quity, and  which  admitted  of  an  infinite  number  of  solutions,  he  employed 
two  variable  quantities  x .  and  y  for  certain  unknown  lines,  and  then 
showed  that  the  resulting  equation,  involving  both  these  quantities,  be- 
longed to  a  series  of  points  of  which  these  variable  quantities  were  the 
co-ordinates,  that  is,  belonged  to  a  curve,  the  assemblage  of  all  the  solu- 
tions, and  hence  called  *^  the  Locus  of  the  Equation." 

It  is  not  necessary  to  enter  into  further  details  here,  much  less  to  point 
out  the  immense  advantages  of  the  system  thus  founded.  However,  in  the 
course  of  this  work  we  shall  have  many  opportunities  of  explaining  the 
method  of  Descartes  ;  and  we  hope  that  the  following  pages  will,  in  some 
defrree,  exhibit  the  advantages  of  his  system. 

2.  In  applying  algebra  to  geometry,  it  is  obvious  that  we  must  under- 
stand the  sense  in  which  algebraical  symbols  are  used. 

In  speaking  of  a  yard  or  a  foot,  we  have  only  an  idea  of  these  lengths 
by  comparing  them  with  some  known  length ;  this  known  or  standard 
length  is  called  a  unit.  The  unit  may  be  any  length  whatever :  thus,  if 
it  is  an  inch,  a  foot  is  considered  as  the  sum  of  twelve  of  these  units, 
and  may  therefore  be  represented  by  the  number  12 ;  if  the  unit  is  a 
jard,  a  mile  may  be  represented  by  the  number  1760. 

But  any  straight  line  A  B  fig.  (1)  may  be  taken  to  represent  the  unit 
of  length,  and  if  another  straight  line  C  D  contains  the  line  A  B  an  exact 
number  (a)  of  times,  C  D  is  equal  to  (a)  linear  units,  and  omitting  the 
words  ^*  linear  units,"  C  D  is  equal  to  (a). 

B 
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In  fig.  (1)  C  D  =  3  times  A  B,  or  C  D  =  3. 

f  * 

A. JB  ^ jB 


C- 


If  C  D  does  not  contain  A  B  an  exact  number  of  times,  they  may  have 
a  common  measure  E,  %.  (2)  ;  let,  then,  C  D  :=  m  times  E  :=  »  E,  tad 
A  B  ==  71  £,  then  C  D  has  to  A  B  the  same  ratio  that  m  E  has  to  n  E,  or 

that  m  has  to  n,  or  that  —  has  to  »nity ;  hence  C  D  =  —  times  A  B 

=  —  =  6 

5  5 

In  fig.(2)CD=-of  AB=y 

If  the  lines  A  B  and  C  D  have  no  common  measure,  we  must  recur  to 
considerations  analogous  to  those  upon  which  the  theory  of  incomneih 
surable  quantities  in  arithmetic  is  founded. 

We  cannot  express  a  number  like  V  ^  by  integers  or  fractions  consi^- 
ing  of  commensurable  quantities,  but  we  have  a  distinct  idea  of  th«  magnt- 
tude  expressed  by  ^  2,  since  we  can  at  once  tell  whether  it  be  greater  dr 
less  than  any  proposed  magnitude  expressed  by  common  quantities  ;  ni 
we  can  use  the  symbol  ^  2  in  calculation,  by  means  of  reasoning  fbonkd 
on  its  being  a  limit  to  which  we  cad  approach,  as  nearly  as  we  plesse,  bj 
common  quantities. 

Now  suppose  E  to  be  a  line  contained  an  elcact  number  of  times  in 
A  B,  fig.  (2),  but  not  an  exact  number  of  times  in  C  D,  and  take  m  a 
whole  number,  such  that  m  E  is  less  than  C  D,  and  (m  +  1)  E  greater 
than  C  D.  Then  the  smaller  E  is,  the  nearer  m  E  and  (m  +  1)  £  will 
be  to  C  D ;  ^)ecause  the  former  falls  short  of,  and  the  latter  exceeds,  C  D, 
by  a  quantity  less  than  E.  Also  E  may  be  made  as  small  as  we  please; 
for  if  any  line  measure  A  B,  its  half,  its  quarter,  and  so  on,  ad  injitnitm, 
will  measure  A  B.  Hence  we  may  consider  C  D  as  a  quantity  which, 
though  not  expressible  precisely  by  means  of  any  unit  which  is  a  tneasnre 
of  A  B,  may  be  approached  as  nearly  as  we  please  by  such  expressions 
Hence  €  D  is  a  limit  between  quantities  commensurable  with  E,  exactly 
as  ^  2  is  a  limit  between  quantities  commensurable  with  imity. 

We  conclude,  then,  that  any  line  C  D  may  be  represented  hj  some  one 
of  the  letters  a,  hy  o,  &c.,  these  letters  themselves  being  the  repfeseDfatives 
of  numbers  either  integral,  fractional,  or  incommensurable. 

3.  If  upon  the  linear  unit  we  describe  a  squaie,  that  figure  is  ealkd  the 
Rquare  unit. 

Let  C  D  P  E,  fiff.  (1).  be  a  rectangie,  having  the  sWe  C  D  eontainin^ 
(a)  linear  units  €  M,  M  N,  &c.,  ^tnd  the  side  C  E  contaiiring  <^)  linear 
units  C  O,  O  P,  &c.,  divide  the  rectangle  into  square  units  by  drawiag 
lines  parallel  to  C  £  through  the  points  M,  N,  &c.,  and  to  CD  through 
the  points  O,  P^  &c.  Then  in  the  upper  row  C  O  Q  D  there  are  (a) 
.  fsquare  units,  in  the  second  row  O  P  H  Q  the  same,  and  there  are  as 
many  tows  as  there  are  unils  in  C  E,  therefore  altogether  there  are  (6  x«) 
square  units  iu  the  figure,  that  is,  CF  contains  (a  6)  fX)ttare  units,  or 
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is  eqiisl  in   msgnitode  to  (ah)  square  ntiita;   suppressing  the  woids 
"  square  units,"  the  rectan«rle  C  F  is  equal  to  ah. 

If  C  D  r=  5  feet  and  C  £  =  3  feet,  the  area  C  F  contains  15  square 
feet 


c 

M   N 

D 

0 

p 

E 

R 
F 

w 


The  above  proof  applies  only  to  cases  where  the  two  lines  containing 
the  rectangle  can  be  exactly  measured  by  a  common  linear  unit 

Suppose  C  D  to  be  measurable  by  any  linear  unit,  but  C  £  (fig.  2)  not 
to  be  commensurable  with  C  D ;  then,  as  has  been  shown,  we  may  find 
lines  CM,  ON  commensurable  with  CD  i^proaching  in  magnitude  as 
nearly  as  we  please  to  C  £. 

Completing  the  rectangles  C  P  and  C  Q,  we  see,  that  as  C  M  and  C  N 
approach  to  C  £,  the  rectangles  C  P  and  C  Q  approach  to  the  rectangle 
C  F,  that  is,  the  rectangle  C£,  C  D  is  tAe  Iknii  of  the  rectangle  CM, 
C  D,  jost  as  C  £  is  the  Umit  of  C  M.  Let  therefore  a  and  h  be  respect- 
ively the  commensurable  numbers  representing  C  D  and  C  M,  and  let  c  be 
the  incommensurable  number  expressing  C  £,  then  the  rectangle  C  £, 
C  D  2=  the  limit  of  the  rectangle  C  M,  M  P  =:  the  limit  of  the  number  a  5, 
by  the  first  part  of  this  article,  =:  the  product  of  the  respective  limits  of 
a  and  h  :=i  ac* 

Hence,  generally,  the  algebraical  representative  of  the  area  of  a  rec- 
tangle is  equal  to  the  product  of  those  of  two  of  its  adjacent  sides. 

If  ^  :=  a,  the  figore  C  F  becomes  the  square  upon  C  D,  hence  the 
square  upon  C  D  is  equal  to  (a  x  a)  times  the  square  unit  :=  a\ 

We  are  now  able  to  represent  all  plane  rectilineal  figufes,  for  such 
figures  can  be  resolved  into  triangles,  and  the  area  of  a  triangle  is  equal 
to  half  the  rectangle  on  the  same  base,  and  between  the  same  parallel 
lines. 

4.  To  represent  a  solid  figure^  it  will  be  sufficient  to  show  how  a  solid 
rectangular  parallelopiped  may  be  represented. 

Let  a»  6,  c,  be,  respectively,  the  number  of  linear  units  in  the  three  adja- 
cent edges  of  the  parallelopiped ;  then,  dividing  the  solid  by  planes  pa- 
rallel to  its  sides,  we  may  prove,  as  in  the  last  article,  that  the  number  of 
solid  units  in  the  figure  is  a  x6  xc,  and»  consequently,  the  parallelopiped 
equal  to  axhy^c 

The  proof  might  be  extended  to  the  case  where  the  edges  of  the  paral- 
lelopiped are  fractional,  or  incommensurable  with  the  linear  unit. 

If  6  =:  c  s=:  a,  the  solid  becomes  a  cube,  and  is  equal  to  a  X  a  X  a,  or  a\ 

5.  We  proceed,  conversely,  to  explain  the  sense  in  which  algebraic  ex- 
pressions may  be  interpreted  consistently  with  the  preceding  observations* 

*  That  *■*■  the  product  of  the  limits  of  two  inoomxnenrarable  numbers  is  the  limit  of 
their  product,"  may  be  thus  shown.  Let  v  and  w  be  incommensurable  numbers,  and 
let  r  =  m  -f  m'  and  w  »  «  +  nf,  fn  and  n  being  commensurable  numbers,  and  mf  and 
■'  dimiiHshabte  widiout  limit ;  that  is,  o  and  w  are  the  respective  limits  of  m  and  n, 
I  VMT  B  Miji  4-  IMS' -f  fim'  +  mV,  the  right-hand  side  of  this  equation  ultimately 
mei  MM,  and  the  left-hand  side  of  the  equation  is  the  product  of  the  limits. 

B2 


f  INTRODUCTION. 

Algebraic  expressions  may  be  classed  most  jsimply  under  the  form  of 
homogeneous  equations,  as  follows  : — 

ar  =:  a 

3^  +  ax=ibc 

a^  +  ax^  +  bcx  =  def 

a:*  +  flx»  +  6cx«  +  defx  =  ghkl 


aT  +  ojf  "*'  +  6cj*"*  +  &c =  pqn  ...  to  m  terms. 

In  the  first  place,  each  equation  may  be  understood  as  referring  to 
linear  units ;  thus,  if  L  be  put  instead  of  the  words  '  the  linear  units,'  the 
equations  may  be  written 

X  times  L  =  a  times  L, 

3^  times  1j  +  ax  times  L,  or  («*+  or)  times  L  :=  6c  times  L, 

(a?*  +  fljr"  +  hca^  +  defx)  times  L  =  ghkl  times  L,'  and  so  on.   The 

solution  of  each  equation  gives  x  times  L  in  terms  of  (a,  6,  c,  .  •  .  )  times 

L;  and  thus  the  letters  a^  h^  c,   .  .  .  j;  are  merely  numbers,  having 

reference  to  lines,  but  not  to  figures. 

This  will  be  equally  true  if  L  is  not  expressed,  but  understood ;  and 

it  is  in  this  sense  that  we  shall  interpret  all  equations  beyond  those  of  the 

third  order. 

The  same  reasoning  would  equally  apply  if  we  assumed  L  to  represent 

the  square  or  cubic  unit,  only  it  would  lead  to  confusion  in  the  algebraic 

representation  of  a  line. 

6.  Again,  these  equations  may,  to  a  certain  extent,  have  an  additional 
interpretation. 

For  if  we  consider  the  letters  in  each  term  to  be  the  representatives  of 
lines  drawn  perpendicular  to  each  other,  the  second  equation  refers  to 
areas,  and  then  signifies  that  the  sum  of  two  particular  rectangles  is  eqnal 
to  a  third  rectangle ;  the  third  equation  refers  to  solid  figures,  and  sig- 
nifies, that  the  sum  of  three  parallelopipeds  is  equal  to  a  fourth  solid. 

Moreover  we  can  pass  from  an  equation  referring  to  areas  to  another 
referring  to  lines,  without  any  violation  of  principle ;  for,  considering  the 
second  equation  as  referring  to  areas,  the  rectangles  can  be  exhibited  in 
the  form  of  squares  ;  and  if  the  squares  upon  two  lines  be  equal,  the  lines 
themselves  are  equal,  or  the  equation  is  true  for  linear  units. 

7.  It  follows  as  a  consequence  of  the  additional  interpretation,  that 
every  equation  of  the  second  and  third  order  will  refer  to  some  geome- 
trical theorem,  respecting  plane  or  solid  figures ;  for  example,  the  second 
equation,  when  in  the  form  x*  =  a  (a  »  jr)  is  the  representation  of  the 
well-known  .problem  of  the  division  of  a  line  into  extreme  and  mean 
ratio. 

By  omitting  the  second  and  third  terms  of  the  third  equation,  and  giving 
the  values  of  2a|  a,  and  aiod,  e  and^  respectively,  we  obtain  the  alge- 
braic representation  of  the  ancient  problem  of  the  duplication  of  the 
cube. 

8.  The  solution  of  equations  leads  to  various  values  of  the  onknowo 
quantity,  and  there  are  then  two  methods  of  exhibiting  these  Talaes ; 
first,  by  giving  to  o,  6,  c,  &c.,  their  numerical  values,  and  then  performiog 
any  operation  indicated  by  the  algebraic  symbols. 


CONSTRUCTION  OF  QUANTITIES. 


Tbu8»  if  a  =  4,  6  =  5,  and  c  =  9» 

ire  may  have  j?=ra  +  c  —  6  =  8  times  the  linear  unit. 

ab         20  2 

4?  =:  —  =  -—  =  2  —of  the  linear  unit. 
c  9  9 

d?  =  a/oc  =:    \/36  s  6  times  the  linear  unit. 

We  can  then  draw  the  line  corresponding  to  the  particular  value  of  x. 
This  is  the  most  practical  method. 

Ao^in,  we  may  obtain  the  required  line  from  the  algebraical  result,  by 
means  of  geometrical  theorems ;  this  method  is  called  *  the  Construction 
of  Quantities' ;  it  is  often  elegant,  and  is,  moreover,  useful  to  those  who 
wbh  to  obtain  a  complete  knowledge  of  Algebraical  Geometry. 

THE  CONSTRUCTION  OP  QUANTITIES. 

9.  Let  jp  ==  a  +  6. 

In  the  straight  line  A  X,  let  A 

be  the  point  ^om  whence  the  ■  - — • ■     ■ • 

value  of  X  is  to  be  measured ;      ^  I>    JS        C  X 

take  A  B  =  a,  and  B  C  =  6, 

then  AC  =xAB  +  BC  =  a+6isthe  value  of  a?. 

Let  J?  =:  o  -  6,  in  B  A  take  B  D  =  6,  then  AD  =  AB-BD  =  a-6. 

a  ::  b  :  c. 


Let  X  =  — ,  then 


de 


and  then  j?  =  -|- ; 
a 


similarly  for  x  =  -rp,  or  --t^j  or  -jj.  or 


and  07  IS  a  fourth  proportional  to  the 

three  given  quantities  c,  6,  and  a  ;  hence 

the  line  whose  length  is  expressed  by  x, 

is  a  fourth  proportional  to  three  lines, 

whose    respective    lengths    are    c,    6, 

and  a.    From  A  draw  two  lines  A  C  D, 

A  B  £,  forming  any  angle  at  A ;  take 

AB  =:  c,  B£  =  a,  and  AC  =  6,  join  B  C,  and  draw  DE  parallel  to 

BC;  then,  AB  :  AC::BE  :  CD,  or  c  :  6::  a:  CD  .-.  CD  is  the 

required  value  of  x. 

Let  X  =  -T— ;  construct  y  =  — , 

^   .  abc  +  def       abc      def  *      .       ,  , 

Let  X  ^ — -  =  — r  +  — 7-»  construct  each  term  separately,  i 

gh  gh       gh  r         J 

then  the  sum  of  the  terms. 

10.  Let*  =.  Va^. 

Since  x'  =  a6,  x  is  a  mean  proportional 
between  a  and  b.  In  the  straight  line 
A  B  take  A  C  =  a,  and  C  B  =  6  ;  upon 
A  B  describe  a  semicircle,  from  C 
draw  C  £  perpendicular  to  A  B,  and 
meeting  the  circle  iu  £  ;  then  C  £  is  a 
mean  proportional  to  A  C  and  C  B,  (Eu- 
clid, vi.  13,  or  Geometry,  ii.  51,)  and 
therefore  C  £  is  the  required  value  of  x. 


abed 


and 
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The  same  property  of  right-angled  triaBgles  may  be  adTaBtag<aoittly  tm- 

a" 
ployed  in  the  construction  of  the  equation  .r  =  — ;  for,  take  AC  =  6,  and 

draw  C  £  perpendicular  to  AC  and  equal  to  a»  join  A  £  and  draw  £  B  per- 
pendieular  to  A  £ ;  then  C  B  =  — . 

Let »  w  *Jah  +  cct  a;*  =:  a6  +  cd  =:  a  (6  +  —  j  =5  ay  by  aubsti- 

tution ;  construct  y,  and  then  x  =  i/ay. 

Again,  a:  is  a  line,  the  square  upon  which  is  equal  to  the  sum  of  the 
rectangles  a6,  cdL  This  sum  may  be  reduced  to  a  single  rectangle,  and 
the  rectangle  converted  into  a  square,  the  base  of  which  is  the  required 
value  of  :r. — £uclid,  i.  45,  and  ii.  14;  or  Geometry,  i.  57,  58. 


Lei  d?=:  ija*  +  6* ;  take  a  straight  line 
AB  =  a,  from  B  draw  B  C  (  =  6)  per- 
pendicular to  A  B ;   AC   is  the   value 

of  J7. 

Let  X  =  tja*  +  6'  +  c*,  from  C  draw 
C  D  (  =  c)  perpendicular  to  AC,  A  D  is 
the  required  value  of  x, 

Letxss    Va«-6«  =    V(a+6)(a-6) ; 

d?  is  a  mean  proportional  between  a  +  b  and  £(  —  fr ;  or  by  taking  (in  the 

last  figure  but  one)  AB  =  a,  and  AEsriV,  we  have  BE  =   Va'  —  ^- 

Let  X  =  V{a«  +  6»  -  c*  -cP}.  fiad  3^  =  a«  +  6*  and  a*  =  c»  +  * 
and  then  x. 

h(?  b  c^ 

,  find  y"  =  a"  H j- ,  and  «■  =:  tf  —  c*,  and 


then  X  =  — ^  • 


11.  Of  course  the  preceding  methods  will  equally  apply,  when  instead 
of  the  letters  we  have  the  original  numbers,  the  linear  unit  being  under- 
stood as  usual. 

Thus  j?=:  V12  =  VSTi  is  a  mean  proportional  between  3  and  4 ; 
hence  (see  last  figure  but  one)  take  A  C  equal  four  times  the  unit,  and  C  B 

equal  three  times  the  unit,  C  E  is  the  value  of  a: ;  or  since  V  12  = 

Vl<!>  —  4  =  V4«  -  2«,  by  constructing  a  right-angled  triangle  of  which 
the  hypothenuse  is  four  times  the  linear  unit^  and  one  side  twice  thai  unit  : 

the  remaining  side  =  v  12. 

Similarly  J?  =  ^/T=  ^4  +  4  -  1  =  V2«  +  2«  -  !• ,   which   is  of 

the  form  Va«  +  6*  -  c» . 
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Let  or  =   VTs:  V2«  +  1.     In  the  last  figure  let  A  B,  B  C,  and  C  D 
each  be  equal  to  the  linear  unit,  then  A  D=:  *J~b 
Let  J?  =  ^  =3    V5«  —  l«  —  !•. 

then  X  is  the  hypothenuse  of  a  right-angled  triangle,  each  of  whose  sides  is 
half  the  unit 

Let  X  =:  \/—;  this  may  be  constructed  as  the  last 

Letj?  c=  \/ "T  ^  \/   "o"'  ^^  so  on  for  all  numbers,  since  any'finite 

number  can  be  decomposed  into  a  series  of  numbers  representing  the 
squares  upon  lines. 

If  the  letter  a  be  prefixed  to  any  of  the  above  quantities,  it  must  be  in» 
troduced  under  the  root 

12.  In  constructing  compound  quantities,  it  is  best  to  unite  the  several 
parts  of  the  construction  in  one  fig^ure. 

Thus  if  jp  =  a  ±  V  a*  —  h\ 
in  the  line  A  X  take  A  B  =  a, 
from  B  draw  B  C  (=6)  perpen- 
dicular to  A  B ;  with  centre  C  and 
radius  a  describe  a  circle  cutting 

AX  in  D  and  D';  AD  and  A  D'  V  |  y 

ve  the  values  required :  ^^ 


forADsAB  +  BD   =a+  Va*  -  6*. 

Aiy  =  AB  -  Biy  =o-  Va*  -  b\ 

This  construction  fails  when  h  is  greater  than  a,  for  then  the  circle  never 
cuts  the  line  A  X ;  this  is  inferred  also  from  the  impossibility  of  the  roots, 

13.  Since  theorems  in  geometry  relate  either  to  lines,  areas,  or  solids, 
the  corresponding  equations  must  in  each  case  be  homogeneous,  and  will 
remain  so  through  all  the  algebraic  operations.  li^  however,  one  of  the 
lines  in  a  figure  be  taken  as  the  linear  unit  and  be  therefore  represented 

by  unity,  we  shall  find  resulting  expressions,  such  as  j?  =  — ,  a?  :=  \/  ^  > 

<7  =  Va*  +  6,&c.,  in  which,  prior  to  construction,  the  numerical  unit 
must  be  expressed;    thus  these  quantities  must   be  written  —  x   1* 

vo  X  1,   *Ja^  +6  X  1|  fM»d  then  constructed  as  above. 
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CHAPTER    ir. 


DETERMINATE  PROBLEMS. 


l4.  Geometrical  Problems  may  be  divided  into  two  classes.  Determi- 
nate and  Indeterminate,  according  as  they  admit  of  a  finite  or  an  infinite 
number  of  solutions. 

If  A  B  be  the  diameter  of  the  semi- 
circle A  E  B,  and  it  be  required  to  find 
a  point  C  in  AB  such,  that  draw 
ing  C  E  perpendicular  to  A  B  to  meet 
)he  circumference  in  E,  CE  shall  be 
equal  to  half  the  radius  of  the  circle, 
this  is  a  determinate  problem,  because 
there  are  only  two  such  points  in  A  B, 
each  at  an  equal  distance  from  the  centre.  Again,  if  it  be  required  to 
find  a  point  E  out  of  the  line  AB  such,  that  joining  EA,  E  B,  the  in- 
cluded angle  AEB  shall  be  a  right  angle,  this  is  an  indeterminate 
problem,  for  there  are  an  infinite  number  of  such  points,  all  lying  in  the 
circumference  AEB. 

The  determinate  class  is  by  no  means  so  important  as  the  indeterminate, 
but  the  investigation  of  a  few  of  the  former  will  lead  us  to  the  easier  com- 
prehension of  the  latter ;  and  therefore  we  proceed  to  the  discnssion  of 
determinate  problems. 

15.  In  the  consideration  of  a  problem,  the  following  rules  are  usefixl. 

1.  Draw  a  figure  representing  the  conditions  of  the  question. 

2.  Draw  other  lines,  if  necessary,  generally  parallel  or  perpendicular  to 
those  of  the  figure. 

3.  Call  the  known  lines  by  the  letters  a,  6,  c,  &c.,  and  some  of  the 
unknown  lines  by  the  letters  jr,  y,  z,  &c. 

4.  Consider  all  the  lines  in  the  figure  as  equally  known,  and  from  the 
geometrical  properties  of  figures  deduce  one,  two^  or  more  eqaations, 
each  containing  unknown  and  given  quantities. 

5.  From  these  equations  find  the  value  of  the  unknown  quantities. 

6.  Construct  these  values,  and  endeavour  to  unite  the  construction  to 
the  original  figure. 

16.  To  describe  a  square  in  a  given  triangle  ABC. 

Let  D  E  F  G  be  the  required  square 
C  H  K  the  altitude  of  the  triangle. 
The  question  is  resolved  into  finding 
the  point  H,  because  then  the  position  of 
D  E,  and  therefore  of  the  square,  is  de- 
termined. 

Let  C  K  =  a,  AB  =  6,  C  H  =  a?; 
then  by  the  question,  D  E  =  H  K, 
andDE   :  AB  ::  CH  :  C  K, 
or  DE  :    6    ::   X    :     a, 

bx 
A  D  E  =  — ,  and  H  K  =  a  —  J? 
a 
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bx 


=  a— 0? 


iF  = 


a+  b' 

Thus  «  18  a  third  proportional  to  the  quantities  (a  -{-  b)  and  a. 

In  C  A  take  C  L  =  a,  produce  C  A  to  M  so  that  L  M  =  6,  join  M  K, 
and  draw  L  H  parallel  to  M  K  ;  C  H  is  the  required  value  of  or. 

17.  In  a  rig^ht-angled  triangle  the  lines  drawn  from  the  acute  angles  to 
the  points  of  bisection  of  the  opposite  sides  are  given,  to  find  the 
triangle. 

Let  CE=r«,  B  I>=  b,  AD  =  CD  =  »,  A£=EB=:y. 

Then  the  square  upon  C  £  =  square  upon  C  A  +  square  upon  A  E» 
or  a«  =  4a?*  +  y* 
similarly  6*  =    x"  +4y' 


whence  y  =  ±  \/  .^^JZJ?L  •    Make  any  right  angle  A,  and  on  one  of 
^  15 

the  sides  take  A  F  sz  — ,  with  centre  F  and  radii  b  and  2  a^  describe 

circles  cutting  the  other  side  produced  in  G  and  H»  respectively ;  draw 

G I  parallel  to  F  H  ;  then  2  A I  is  the  required  value  of  y.     Hence  A  D, 

and  therefore  A  C  and  A  B  are  found,  and  the  triangle  is  determined. 

18.  To  divide  a  straight  line,  so  that  Uie  rectangle  contained  by  the 

two  parts  may  be  equal  to  the  square  upon  a  given  line  b. 

Let  A  B  =  a 
j^  p  ^-  ^ 

Then  the  rectangle  A  P,  P  B  =  6« 

or      jp  (a  —  a:)  =  6" 

:.  a:*  —  ax  =  —  6  ■ 


=  T±V?^ 
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Upon  A  B  describe  a  semicircle,  draw  B  C  (  =:  6)  perpcBdkwip  to 
A  B,  through  C  draw  C  D  £  parallel  to  Afi,  from  D  and  £  draw  D  P, 
£  P',  perpendicular  to  A  B  ;  P  and  P  are  the  required  points. 

If  6  is  greater  than  — ,  the  value  of  «r  is  irrational,  and  therefore  the 

problem  is  impossible ;  but  then  a  point  Q  may  be  found  in  A  B  prodneed, 
wich  that,  the  rectangle  A  Q,  Q  B  =:  6*. 

LetAQ  =  Xi, 

.*.  J?  (j?  —  a)  rr  6* 


From  the  centra  O  draw  the  line  O  C  cutting  the  ctrele  kiR,'fironi  R 

draw  R  Q  perpendicular  to  O  R,  then  Q  is  the  required  point ;  for 

OQ=OC=  \/{^'^  6M,  and  therefore  AQ  =  ^  +  y/ £^h\ 
Let  us  examine  the  other  root  -- —  ^  —   +6%  which  is  negstive, 

and  may  be  written  in  the  form  —  |  V  —  +  6«^  ^> ;  the  magnitude 

of  this  quantity,  independent  of  the  negative  sign,  or  its  absolute  magni- 
tude, is  evidently  B  Q  or  A  Q'. 

Now  if  the  problem  had  been  *^  to  find  a  point  Q  in  either  A  B  pro- 
duced, or  B  A  produced,  such,  that  the  rectangle  AQ,  Q  B  =  6*",  we 
might  have  commenced  the  solution  by  assuming  the  point  Q  to  be  in  B  A 
produced  as  at  Q' ;  thus  letting  A  Q'  =  a?,  we  should  have  x{a  -^  s)  ^V, 

and  a;  =  —  -5-  ±  ^  _    +  y,  of  which  two  roots  the  first  or  —  -j 

+  V  -f-  +  ^'  =  ""  ly  "  V    T  +  ^   I  "  *•  absolute;  value  o^ 

the  negative  root  in  the  last  question ;  hence  the  negative  root  of  the  last 
question  is  a  real  solution  of  the  problem  expressed  in  a  more  general 
form,  the  negative  sign  merely  pointing  out  the  position  of  the  second 
point  Q'.  Both  roots  may  be  exhibited  in  a  positive  form  by  measuring 
X  not  from  A,  but  from  a  point  F,  A  F  being  greater  than  6 ;  for  letting 
FA  =  c,  and  FQ  or  F  Q'  =  a:,  we  find 

The  celebrated  problem  of  dividing  a  given  straight  line  in  extreme  and 
mean  ratio,  is  solved  in  the  same  manner ;  letting  A  P  =  x  we  have  the 
rectangle  A  B,  B  P  =  the  square  upon  A  P,  or  a  (a  —  x)  =  a«,  whence 


X  =  — 


V^«-+-T^ 


here  the  negative  root,  which  giva  a 
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fmmi  f0  tke  fef^  of  A>  is  a  solation  of  the  pvoUeopi  oMBciated  moro  g^e- 
Beralty^ 

19.  Through  a  pomt  M  •qiiidistant  from  two  straii^ht  lines  A  A'  umI 
BB'at  right  angrles  to  each  other,  to  draw  a  straig^ht  line  PMQ,  so 
that  the  pari  PQ  intersected  by  A  A'  aad  B  B^  may  be  of  a  ^Tea 
leogfth  b. 

From  M  draw  the  perpendicular  lines  M  C,  M  D. 
Let  MD  =  a,  D Q  3s  «,  C P  c  y, 
thenPQs:  PM  4-  M  Q, 

or  6  =  V?Tp+  Va*  +  A 

and  —  ==  —  from  the  similar  triangles  PCM,  M  D Q. 
ay  B  •  ^ 


.\  h  =  ^o«+-f^  +    Va«  + 


whence  «*  +  2aj*  +  («a«  ^  6«)  a:*  +  8fl^  x  +  a*  =  0. 


B 

P 

\ 

P* 

\ 

c 

^-iT 

-— ^ 

V 

V 

A 

R 

0 

sjj>    a 

a' 

A' 

K 

/ 

B" 


We  might  solve  this  recurring  equation,  and  then  construct  the  four 
roots,  as  in  the  last  problems ;  but  since  the  roots  of  an  equation  of  four 
dimensions  are  not  easily  obtained,  we  must,  in  general,  endeavour 
to  avoid  such  an  equation,  and  rather  retrace  our  steps  than  attempt  its 
solution.  Let  us  consider  the  problem  again,  and  examine  what  kind  of  a 
result  we  may  expect. 

*  Locas  de  Borgo,  who  wrote  a  book  on  the  application  of  this  problem  to  architecture 
■ttd  pdygoaal  figoreSi  was  lo  delighted  with  thie  divieioii  of  a  line,  that  he  called  it  the 
Divine  Proportion* 
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Since,  in  general,  four  lines  PMQ,  FM(y,  RSM,  R'S'H,  nq 
be  drawn  fuIfiUing  the  conditions  of  the  question,  the  two  fonner,  b  aQ 
cases,  though  not  always  the  two  latter,  we  may  conclude  that  thoe  iriU 
be  four  solutions ;  but  since  the  point  M  is  similarly  situated  with  respect 
to  the  two  lines  A  A',  BB',  we  may  also  expect  that  the  resulting  Ibet 
will  be  similarly  situated  with  regard  to  A  A'  and  B  B'.  Thus,  if  there  be 
one  line  P  M  Q,  there  will  be  another  F  MQ'  such  that  O  Q'  s  OP,  and 
O  F  =  O  Q. 

Again  O  S  will  be  equal  to  O  S^  and  O  R  to  O  R'.  Hence,  if  we  take 
the  perpendicular  from  O  upon  the  line  SR  for  the  unknown  quantity 
(y)t  we  can  have  only  two  different  values  of  this  line,  one  referring  to 
the  lines  S  R  and  S'  R',  the  other  to  P  Q  and  F  Q^  hence  the  resulting 
equation  will  be  of  itco  dimensions  only.  In  thb  case  the  equation  is 
6y«  +  2€fiy  -  6tf»  =r  0. 

Again,  since  M  R  =  M  R'  we  may  take  M  H,  H  being  the  point  of  1m- 
section  of  the  line  S  R,  for  the  unknown  quantity,  and  then  also  we  may 
expect  an  equation,  either  itself  of  two  dimensions,  or  else  reducible  to 
one  of  that  order. 

LetMH  =  a?;.\MR  =  «+-|-»  MS  =  »  -  — » 
andMR:MD  ::RSS:0=:-  "* 


b 


HS.'OD  ::RS:RO=;Tr-^ 


b 


but  the  square  upon  R  S  =  square  upon  R  O  +  square  upon  S  0> 
.'•  «  =  ±  V  {  »'  +  -r  +  «  V'a*  +  b^\ 

4  '' 

an  expression  of  easy  construction ;  the  negative  value  of  x  is  useless:  of 
the  remaining  two  values  that  with  the  positive  sign  is  always  real,  and 
refers  to  the  lines  M  S  R,  MS'R';  the  other,  when  real,  gives  the 
lines  P  M  Q,  F  M  Q' ;  it  is  imaginary  if  b*  is  less  than  8a",  that  is, 
joining  O  M  and  drawing  PM  Q  perpendicular  to  O  M,  if  6  is  less  than 
PMQ. 

This  question  is  taken  from  Newton's  Universal  Aritlimetic,  and  is 
given  by  him  to  show  how  much  the  judicious  selection  of  the  unknoini 
quantity  facilitates  the  solution  of  problems.  The  principal  point  to  be 
attended  to  in  such  questions  is^  to  choose  that  line  for  the  unknown 
quantity  which  must  be  liable  to  the  least  number  of  variations. 

20.  Through  the  point  M  in  the  last  figure  to  draw  PMQ  so  that  the 
sum  of  the  squares  upon  P  M  and  M  Q  shall  be  equal  to  the  square  upon 
a  given  line  6. 
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Makings  the  same  substitutionsas  in  the  former  part  of  the  last  article, 
we  shall  obtain  the  equations 

0!*  +o"  +  y*  +  a«  =  &•,  a:y  =  a«, 

.%  P^  +  tf*  +  2jy  =  b\  and  J?  +  y  =  ±  6, 

or  OP  +  —  =  ±  *,  whence  *  =  ±  ^  ±\/  —  -  «». 

To  construct  these  four  values  describe  a  circle  with  centre  M  and  radius 

— ,  catting  A  A'  in  two  points  L,  L' ;  with  centres  L,  L'  and  radius  — 

£     .  'a 

describe  two  other  circles  cutting  A  A'  again  in  four  points :  these  are  the 
required  points. 

21.  To  find  a  triangle  ABC  such  that  its  sides  AC,  C  B,  B  A,  and 
perpendicular  B  D,  are  in  continued  geometrical  progression. 

Take  any  line  A  B  rr  a  for  one  side,  let  B  C  =  a?, 

AC:CB  ::  CB  :  BA  ::  BA  :BD; 
hence  the  triangles  A  C  B,  A  D  B,   are  equiangular,  (Eucl.   vi.  7,  or 
Geometry,  ii.  33,)  aud  the  angle  ABC  is  a  right  angle ;  also  A  C  =2 

— ,  then 
a 

the  square  upon  A  C  =  the  square  upon  B  C  +  the  square  upon  A  B  ; 

.••  —j=L  jc*  +  a%  or  a?*  -  n'jp*  -  a*  =  0, 
a 


whence  x 


-w- 


2 
of  these  roots  two  are  impossible,  since 

tfi  V^is  greater  than  a^ ;  and  of  the 
remaining  two  the  negative  one  is 
useless. 

In  A  B  produced  take  B  E  =  a  -v/T  (11),  and  E  F  =  ^;  uponAF 

describe  a  semicircle,  and  draw  the  perpendicular  E  6 ;  tlien  E  G  =: 

V  It^^  +  a  75)1=  4/^5 ^  is  the  required  value  of*. 


CHAPTER    III. 

THE  POINT  AND  STRAIGHT  LINE, 

22.  Dbterminatb  problems,  although  sometimes  curious,  yet,  as  they 
lead  to  nothing  important,  are  unworthy  of  much  attention.  It  was,  how- 
ever, to  this  branch  of  geometry  that  algebra  was  solely  applied  for  some 
time  after  its  introduction  into  Europe.     Descartes,  a  celebrated  French 
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philosopher,  who  lived  in  the  early  part  of  the  seventeeiilh  centary,  Was 
the  first  to  extend  the  connexion.  He  applied  al^bra  to  the  eonsideratioa 
of  curved  lines,  and  thus,  as  it  were,  invented  a  new  science. 

Perhaps  the  best  way  of  explaining  his  method  will  be  by  takingr  a  sim- 
ple example.  Suppose  that  it  is  required  to  find  a  point  P  without  a  given 
line  A  B,  so  that  the  sum  of  the  squares  on  A  P  and  P  B  shall  be  equal 
to  the  square  upon  A  B. 

Let  P  be  the  required  point,  and  let  fall  the  perpendicular  P  M  on  A  B. 

Let  A  M  s  d?,  M  P  =  ^>  and  A  B  c:  a ;  then  by  the  que8tioii«  we 
have 

The  square  on  A  B  =  the  square  on  A  P  +  the  square  on  P  B. 
=  the  squares  on  AM,  M  P  +  the  squares  on  P  M,  M  B, 

or  fl«  =  (j?«  +  y«)  +  y«  +  («  -«)• 

=  2y«  +  2a;«  —  2ax  +  a« 
/.  3/«  =  a  jp  —  ofl. 

Now  this  equation  admits  of  an  in- 
finite number  of  solutions,  for  giving  to 

a      a 
dr  or  A  M  any  value,  such  as  — ,  —  , 

'  u 

-r- ,  &c.,  we  may,  from  the  equation, 
4 

find  corresponding  values  of  ^  or  M  P,  each  of  them  determining  ft  sepa- 
rate point  P  which  satisfies  the  condition  of  the  problem. 

Let  C,  D,  E,  F,  &c.,  be  the  points  thus  determined.  The  number  ot 
the  values  of  y  may  be  increased  by  taking  values  of  x  between  those 
above-mentioned  and  this  to  an  infinite  extent,  thus  we  sh«U  have  an  in- 
finite number  of  points  C,  D,  E,  F,  &c.,  indefinitely  near  to  each  other, 
so  that  these  points  ultimately  form  a  line  which  geometrically  represents 
the  assemblage  of  all  the  solutions  of  the  equation.  This  line  A  C  D  E  F^ 
whether  curved  or  straight,  is  called  the  locus  of  the  equation. 

Ill  this  manner  all  indeterminate  problems  resolve  themselves  into  in* 
vestigations  of  loci ;  and  it  is  this  branch  of  the  subject  which  is  by  far  the 
most  important,  and  which  leads  to  a  boundless  field  for  research*. 

23.  For  the  better  investigation  of  loci,  equations  have  been  divided  into 
two  classes,  algebraical  and  transcendental. 

An  algebraical  equation  between  two  variables  x  and  y  is  one  which 
can  be  reduced  to  a  finite  number  of  terms  involving  only  integral  powers 
of  jr,  y,  and  constant  quantities :  and  it  is  called  complete  when  it  contains 
all  the  possible  combinations  of  the  variables  together  with  a  constant 
term,  the  sum  of  the  indices  of  these  variables  in  no  term  exceeding  the 
degree  of  the  equation  ;  thus  of  the  equations 

fly  +  6a?  +  c  =  o 
ay«  +  bxy  +  ex*  -^  dy  +  ex  +/:=  o 

the  first  is  a  complete  equation  of  the  first  order,  and  the  next  is  a  com- 
plete equation  of  the  second  order,  and  so  on. 

Those  equations  which  cannot  be  put  into  a  finite  and  rational  alge- 
braical form  with  respect  to  the  variables  are  called  transcendental,  m 


*  For  the  definition  and  examples  of  Loci,  see  Geometry^  ill.  J  6 ;  and  the  IiidiKi 
article  Locust 
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they  caa  rniTy  be  eirpanded  into  an  infinite  series  of  terms  in  yAach  the 
pow«r  of  the  variable  increases  without  limit,  and  thus  the  order  of  the 
equation  is  infinitely  great,  or  transcends  all  finite  orders. 

y  =  sin.  x^  and  y  =  a',  are  transcendental  equations. 

24.  The  loci  of  equations  «re  named  after  their  equations,  thus  the  loeui 
ef  «i  equation  of  the  first  order  is  a  line  of  the  first  order ;  the  locus  of 
an  equation  of  the  second  order  is  a  line  of  the  second  order ;  the  locus 
of  a  transcendental  equation  is  a  transcendental  line  or  curve. 

Algebraical  equations  have  not  corresf>onding  loei  in  all  cases^  for  the 
equation  may  be  such  as  not  to  admit  of  any  real  values  of  both  «  and  y^ 
the  equation  y>  -f  «*  +  a*  =  0  is  an  example  of  this  kind,  where,  what-^ 
ever  real  value  we  gtve  to  .r,  we  cannot  have  a  real  value  of  y :  there  is 
therefore  no  locus  whatever  corresponding  to  such  an  equation. 


a 


THE  POSITION  OP  A  POINT  IN  A  PLANE. 

65.  The  position  of  a  point  in  a  plane  is  determined  by  finding  its  sitn« 
ation  relatively  to  some  fixed  objects  in  that  plane ;  for  this  purpose  sup^ 
pose  the  plane  of  the  paper  to  be  the  given  plane,  and  let  us  consider  as 
known  the  intersection  A  of  two  lines  x  X  and  y  Y  of  unlimited  length,  and 
also  the  angle  between  them ;  from  any  point  P,  in  this  plane,  draw  P  M 
parallel  to  A  Y,  and  P  N  parallel  to  A  X,  then  the  position  of  the  point  P 
is  evidently  known  if  A  M  and  A  N  are  known.  For  it  may  be  easily 
shown,  ex  absurdo^  that  there  is  but  one  point  within  the  angle  Y  A  X 
snch  that  its  distance  from  the  lines  A  Y  and  AX  is  P  N  and  P  M  re- 
spectively. 

A N  is  called  the  abscissa  of  the  point  P ;  AN,  or  its  equal  M  P,  ia 
called  the  ordinate ;  A  M  and  M  P 
are  together  the  co-ordinates  of  P  ;  ^ 

Xjt  is  called  the  axis  of  abscissas, 
Yy  the  axis  of  ordinates.  The 
point  A  where  the  axes  meet  is 
termed  the  origin. 

The  axes  are  called  oblique  or 

rectangular,  according  as  Y  A  X  is     

an  oblique  or  a  right  angle.     In    ^ 
this  treatise  rectangular  axes  as  the 
most  simple  will  generally  be  em- 
ployed. 

Let  the  abscissa  A  M  =  d?,  and 
the  ordinate  M  P  =  y,  then  if  on 
measuring  these  lengths  A  M  and 
MP  we  find  the  first  equal  to  a 
and  the  second  equal  to  6,  we  have, 
to  determine  the  position  of  this  point  P,  the  two  equations 
it  =  It,  y  e=:  6 

and  as  they  are  snfficiept  for  this  object,  we  call  them,  when  taken  together, 
the  equations  to  this  point. 
The  same  point  may  also  be  defined  by  the  equation 
(y  -  hy  +  (j?  -  ay  ==  0 
for  this  equation  can  only  be  satisfied  by  the  values  x  isz  a  and  y  =  5« 


M 


V 


^ 
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And  in  general  any  equation  which  can  only  be  satisfied  by  a  single  real 
value  of  each  variable  quantity  x  and  y^  refers  to  a  point  whose  sitoatioii 
is  determined  by  the  co-ordinates  corresponding  to  these  values. 

26.  In  this  manner  the  position  of  any  point  in  the  angle  Y  AX  can  be 
determined,  but  in  order  to  express  the  positions  of  points  in  the  angle 
Y  AiT,  some  further  considerations  are  necessary. 

tn  the  solution  of  the  problem,  article  (18),  we  observed  that  negative 
quantities  may  be  geometrically  represented  by  lines  drawn  in  a  certain 
direction.     An  extension  of  this  idea  leads  to  the  following  reasoning. 

When  we  affix  a  negative  sign  to  any  quantity,  we  do  not  signify  any 
change  in  its  magnitude,  but  merely  the  way  in  which  the  quantity  is  to 
be  used,  or  the  operation  to  be  performed  on  it  Thus  the  absolute  mag- 
nitude of  —  5  is  just  as  great  as  that  of  +  5  ;  but  —  5  means  that  5  is  to 
be  subtracted,  and  +  5  that  it  is  to  be  added.  As  the  sign  +  is  applied 
to  quantities  variously  estimated,  the  sign  —  will  have  in  each  of  these 
various  cases  a  corresponding  meaning,  necessarily  following  from  that  of 
the  sign  + .  Whatever  +  means,  we  must  always  have  —  a  +  a  =  0. 
Hence  we  may  define  —  a  to  be  a  quantity  estimated  in  such  a  manner 
that  the  altering  it  by  the  operation  indicated  by  +  a  reduces  the  result 
to  nothing.  This  is  properly  the  meaning  of  the  sign  —  ;  it  depends 
entirely  on  that  of  the  sign  +  in  every  case. 

The  symbol  of  positive  quantity  is  used  in  a  variety  of  ways;  but  in 
every  instance  the  above  principle  shows  in  what  way  the  negative  quan- 
tity must,  as  a  necessary  consequence  of  the  meaning  of  the  positive 
quantity,  be  used. 

Thus,  if  we  placed  a  mark  on  a  pole  stuck  vertically  into  the  ground,  at 
some  point  in  the  pole  which  was  bare  at  low  water  and  covered  at  high 
water,  and  scored  upwards  the  inches  from  that  mark,  we  might  express 
the  height  of  the  surface  by  the  number  of  inches  above  the  mark,  posi- 
tively, when  the  surface  was  above  the  mark ;  but  at  low  water  when  the 
surface  is  below  the  mark,  11  inches  for  instance,  we  should  call  the 
height  —  11 ;  because  when  II  inches  were  added  to  the  height,  (that  is, 
when  the  suifnce  of  the  water  was  advanced  1 1  inches  upwards,  which  is 
the  direction  in  wliich  the  positive  quantities  are  supposed  to  be  reckoned,) 
the  surface  would  be  just  at  the  mark,  and  would  be  no  inches  in  height 
reckoning  from  the  mark. 

Suppose  a  man  to  advance  directly  from  a  given  point  p  miles  in  the 
first  6  hours  of  a  day,  and  to  go  back  in  the  next  6  hours  q  miles ;  at 
the  end  of  the  12  hours  his  advance  from  the  given  point  would  he 
(P  "^  9)  miles.  Thus,  suppose  jp  =  10,  and  9  =  6,  he  will  advance 
(10  —  6)  or  4  miles.  But  suppose  he  recedes  10  miles,  then  his  advance 
will  in  the  12  hours  be  (10  —  10)  or  0 :  he  will  be  just  where  he  was  at 
first.  Suppose  he  recedes  15  miles,  at  the  end  of  the  12  hours  he  will  be 
5  miles  bdiind  the  original  point.  Here  we  say  behind,  because  the  move- 
ment in  the  direction  of  the  original  advance  was  considered  to  he  forward* 
And  it  is  clear  that  in  tlus  case,  from  an  advance  of  1 0  miles,  and  a  recess 
of  15,  the  advance  is  —  5 ;  that  is,  it  requires  a  further  advance  of  5 
miles  to  make  th^  man  exactly  as  forward  as  he  was  at  starting. 

Now  let  us  consider  a  fixed  point  A,  and  a  line  measured  from  it  by 
positive  quantities  in  the  direction  A  X.  Suppose  the  line  to  be  described 
by  the  motion  of  a  point  from  A  along 

A  X ;  and  after  the  point  has  been £ B"*~X 

carried  forward  (that  is,  towards  X) 
m  linear  units,  as  to  B,  let  it  be  carried 
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back  n  linear  units,  as  to  C ;  then  altogether  the  advance  of  the  point  or 
ihe  length  of  A  C^will  be  (m  --  n)  linear  units. 

Again,  suppose  n  to  become  =  m ; 
that  is,  let  the  point  be  carried  back 

exactly  to  A ;  then  the  advance  of  the     ^  ■    -    -. — g — '   ■  ^ 

point  along  A  X  will  still  be  measured 
by  (ffi  —  n)  =  «»  —  m  =  0, 

Once  more,  let  n  exceed  m ;  that  is,  let  B  C  exceed  A  B ;  the  advance 
af  the  point  will  be  expressed  by 

(m  —  7i)  still ;  but  this  will  now  C , . 

be  a  negative  number,  showing  by  A  B        X 

how  many   linear  units  the  point 

must  be  advanced  in  order  to  bring  it  forward  to  the  original  starting  point 
A.  Now  any  line  A  C  may  be  considered  to  be  determined  by  the  motion 
of  a  point  either  simply  along  A  C,  or  along  first  A  B  and  then  B  C. 
We  see,  therefore,  if  we  begin  by  reckoning  distances  from  A  in  the  direc- 
tion AX  as  positive  quantities,  we  are  compelled  to  consider  distances  from 
A  in  the  opposite  direction  as  negative  quantities. 

Conversely  again,  having  designated  positive  quantities  by  lines  in  one 
direction  from  a  given  point,  suppose  the  calculation  produce's  a  negative 
result,  what  meaning  are  we  to  assign  to  it  ?  The  negative  result  shows 
how  much  positive  quantity  is  required  to  bring  the  whole  result  to 
nothing.  Now  positive  quantity,  by  the  hypothesis,  is  distance  measured 
in  the  original  direction ;  therefore  the  negative  quantity  shows  how  much 
distance  measured  in  the  original  direction  is  required  to  bring  the  result 
to  nothing.  But  if  there  be  a  distance  from  A,  such  that  a  liuear  units  in 
the  original  direction  must  be  subjoined  to  bring  the  result  to  nothing, 
(that  is,  to  reduce  to  nothing  the  distance  from  A,;  it  is  clear  that  this  dis- 
tance must  be  that  of  a  linear  units  measured  in  a  direction  from  A  opposite 
to  the  original  direction.  That  is,  the  negative  quantity  must  be  repre- 
sented by  lines  drawn  in  the  direction  opposite  to  that  in  which  the  lines 
representing  the  positive  quantities  are  drawn. 

It  is  immaterial  in  which  direction  the  line  is  drawn  which  we  consider 
positive  :  but  when  chosen,  negative  quantities  of  the  same  kind  must  be 
taken  in  the  opposite  direction. 

27.  We  are  now  able  to  express  the  position  of  points  in  the  remaining 
ingles  formed  by  the  axes,  by  con- 
sidering all  lines  in  the  direction 
A  X  to  be  positive  and  those  in  A  .r 
to  be  negative:  and  similarly  all 
those  drawn  in  the  direction  A  Y 
will  be  considered  positive,  and 
therefore  those  in  Ay  will  be  nega- 
tive. 

We  have  then  the  following  table 
of  co-^ordinates. 

P  in  the  angle  X  AY,  +  *,  +  y, 
Q  in  the  angle  Y  Aj?,  -  Jf,  +  y. 
Q*  in  the  angle  J?  Ay,  -  x,  -  y, 
F  in  the  angle  X  Ay,  +  J?,  -  y- 


a 

Y 

V 

a? 

I. 
a' 

A 
V 

X 
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Hence  the  equations  to  a  given  point  P  are  «  =:       a^y  zsz       h 

Q..«=— a,y=       h 

(y..j?=-a.y=:-6 

?'..«=       a,  y  r=  -  6 

28.  If,  the  abscissa  AM  remaining  the  same,  the  ordinate  MP  diminishes, 
the  point  P  approaches  to. the  axis  AX  -,  and  when  MP  is  nothings,  P  b 
situated  on  that  axis ;  in  this  case  the  equations  to  the  point  P  are 

a?  =  a,  y  =  0 :  or  ^  +  («  —  a)"  c=  0. 
Similarly  when  the  point  P  is  situated  on  the  axis  AY,  its  equations  sr 

a?  =:  0,  y  =  6:  or  (y  -  6)*  +  a*  =  0. 
tf  both  A  M  and  M  P  vanish,  we  have  the  equations  to  the  origio  A, 
A?  s:  0,  y  =  0:  or  yB  +  «*  =  0. 

Ex.  1.  The  point  whose  equations  are  jp  =:  4,  y  =:  -^  2,  is  sitnated  m 
the  angle  X  Ay,  at  a  distance  A  M  =  4  times  the  linear  unit  from  the 
axis  of  y,  and  M  P'  =  twice  that  unit  from  the  axis  of  j*. 

Ex.  2.  The  point  whose  equation  is  (y  +  S)«  -f  (a?  +  2)«  =  0  is  situ- 
ated in  the  angle  «r  Ay,  at  distances  AL  =  2,  LQ'  =  3,  from  the  axes. 

Ex.  3.  The  point  whose  equations  are  a?  =  0,  y  =  —  3  is  in  the  line 
A  y,  at  a  distance  =  3  times  the  linear  unit. 

Ex.  4.  The  point  whose  equation  is  y*  +  (a:  +  ay  :=  0^  is  in  Ax,  at  a 
distance  a  from  the  origin. 

The  preceding  articles  are  true  if  ihe  co-ordinate  axes,  be  oblique. 

29.  To  find  an  expression  for  the  distance  D  between  two  points  P 
and  Q. 

Let  the  axes  be  rectangular  and 
let  the  equations  to 

P  be  *  =  a,  y  =  6 
Q      a?  =  a',  y  =  6' ; 
or  in  other  words,  let  the  co-ordi- 
nates of  Pbe  AM  ^  fl,  M  P  =  6, 
and   those  of  Q  be  A  N  =:  a', 
N  Q  =  6',  draw  Q  S  parallel  to  AX. 

Then  the  square  upon  Q  P  r=:   , 
the  square  upon  Q  S  +  the  square      ^ 
upon  P  S ; 

andQS  =NM  =  AM  -  AN  =  a  -  a' 
also  P  S  =  PM  -  Q  N  n  6  -  i' 

:.  D«  =  (a  -  a'y  +  (6  -  60' 
If  Q  be  in  the  angle  Y  A  J?  we  have  A  N  =  —  a', 

.-.  D"-  =  (a  +  ay  +  (6  -  b^. 
If  Q  be  at  the  origin  we  have  a'  r=  0  and  6'  =:  0 

.-.  D*  =  a«  +  b\  or  D  =  V?TS^' 

30.  If  the  angle  between  the  axes  be  oblique  and  =:  m,  draw  PM  Rod 
Q  N  parallel  to  AY,  and  Q  S  parallel  to  A  X  ^  also  let  P  R  be  drawn 
perpendicular  to  Q  S  ;  then  the  square  upon  Q  P  =  the  square  on  Q  S  + 
the  square  on  P  S  +  twice  the  rectangle  Q  S,  S  R ; 
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and,  Q  S  =  fl  -  a', 

P  S  =  ft  -  6', 

SR  =  P8  COS.  PSR 
=  PScos.YAX 
=:  (6  -  6')  COS.  w ; 


.%  D»s=  (a  -  aO'+  (6  -  60'  +  2(a  -  a')  (6  -  60  cos.  w; 

and  when  the  point  Q  is  at  the  origin,  and  therefore  a'  =  0,  and  6'  =  0, 

D'  =  a'  +  6*  +  2a  6  cos.  oi. 

THE  LOCUS  OF  AN  EQUATION  OF  THE  FIRST 
DEGREE. 

31.  To  find  the  locus  of  an  equation  of  the  first  de^ee  between  two 
unknown  quantities. 

The  most  general  form  of  such  an  equation  is, 

Be  B 

Ay  +  Bx+  C  =  0,  ory=  ~X'^""T'  ^^y^  aar  +  tif  —  ^=« 

Q 

and — J-  =r  6  ;  we  will  in  the  first  place  consider  the  equation  in  its  most 

A. 

simple  form  y  :=:  ax. 

Let  AX,  AY  be  the  rectangular  axes,  then  a  point  in  the  locus  will  be 
determined  by  giving  to  j?  a  particular  value  as  1,2,  3,  &c. ;  let  A  M,  M  P 
and  A  N,  N  Q  be  the  respective  co-ordinates  of  two  points  P  and  Q  thus 
determined ; 

since  y  =  «  jr,  we  have 
MP  =  «.AM 
andNQ;=flr.AN 
••.MP:  AM::NQ:  AN; 

therefore  the  triangles  A  MP,  A  NQ  are  similar,  and  the  angles  MAP, 
N  A  Q,  equal  to  one  another :  hence  the  two  lines  A  P,  A  Q  coincide.  If 
a  third  point  R  be  taken  in  the 
locus,  then,  as  before,  A  R  will 
coincide  with  A  P  and  AQ. 
Consequently  all  the  lines  drawn 
from  A  to  the  several  points  of 
the  locus  coincide ;  that  is,  all  the 
points  P,  Q,  R,  &c.,  are  in  the 
same  straight  line  A  R,  and  by 
giving  negative  values  to  a?  we 
can  determine  the  point  S,  &c., 
to  be  in  the  same  straight  line 
R  A  produced.  Hence  the 
straight  line  R  A  S  produced 
both  ways  indefinitely,  being  the 
assemblage  of  all  the  points  de- 
termined by  the  equation  yzrzax^ 
is  the  loom  of  that  equation. 

C  2 
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In  considering  the  equation  y  =  ax  +  b,we  observe  that  the  new  ordi- 
nate y  always  exceeds  the  former  by  the  quantity  b  ;  hence  taking  A  £  in 
the  axis  AY  equal  to  6,  and  drawing  the  line  HE  F  parallel  to  SR, 
the  line  H  E  F  is  the  locus  required. 

Hence  the  equation  of  the  first  order  belongs  to  the  straight  line. 

32.  To  explain  the  nature  of  the  equation  more  clearly,  we  will  take  the 
converse  problem.  To  find  the  equation  to  a  straight  line  H  F,  that  is,  to 
find  the  relation  which  exists  between  the  co-ordinates,  xand  y,  of  eadi  of 
its  points? 

Let  A  be  the  origin  of  co-ordinates,  A  X,  A  Y  the  axes ;  from  A  draw 
A  R  parallel  to  H  F,  and  from  any  point  F  in  the  given  line  draw  PPM 
perpendicular  to  A  X  and  cutting  A  R  in  P. 

Let  AM  =r  ar.  M  F  =  y,  and  A  E  =  6 ; 

thenMP'  =  PM  +  PF 

=:AMtan.PAM  +  AE 

=  j?tan.  FGX+  6; 

or  y  =  a  a:  +  6,     if  tan.  F  G  X  =:  «. 

If  A  6  =  a,  we  have  A  E  =:  A  G.  tan.  E  G  A,  or  6  =  a  «,  and  there- 
fore the  equation  to  the  straight  line  may  be  written  under  the  form 
y  =  fit  J?  -f  a  a. 

33.  In  general,  therefore,  the  equation  to  the  straight  line  contains  two 
constant  quantities  b  and  u ;  the  former  is  the  distance  A  E  or  is  the 
ordinate  of  the  point  in  which  the  line  cuts  the  axis  of  y,  the  latter  is  the 
tangent  of  the  angle  which  the  line  makes  with  the  axis  of  jr,  for  the  angle 
F  G  A  ==  the  angle  P  A  M  :  hence 

tan.FGA=tan.PAM=?^-^^^  =  «. 

X 

It  is  to  be  particularly  observed  that,  in  calling  a  the  tangent  of  the 
angle  which  the  line  makes  with  the  axis  of  <r,  we  understand  the  angle 
FGXandnotFGx. 

34.  In  the  equation  y  =2  »x  +  b.ihe  quantities  a  and  6  may  be  either 
both  positive,  or  both  negative,  or  one  positive  and  the  other  negative ;  let 
us  then  examine  the  course  of  the  line  to  which  the  equation  belongs  in  each 
case.  Now  it  is  clear  that  the  knowledge  of  two  points  in  a  straight  line 
is  sufficient  to  determine  the  position  of  that  line ;  hence  we  shall  only  find 
the  points  where  it  cuts  the  axes  since  they  are  the  most  easily  obtained. 

1.  a  and  b  positive ;      .'.  y  =r  or  x  +  6 ; 

Let  a:  =  0 ;      .'.  y  =  6 ;  in  A  Y  take  A  D  3=  & ; 

y  =  0  ;     /.  a?  = ;  in  A  j?  take  AB  =  — ; 

a  a 

join  B  D  ;  B  D  produced  is  the  required  locus. 

2.  a  positive  and  b  negative ;    .'.  y  :=  a  a:  —  6 ; 

Let  a?  =  0  ;    .'.  y  =:  —  6,  in  Ay  take  A  C  =  6  ; 

6  b 

y=:0:    /.  a?  =  — ;  in  A  X  take  A  E  =— : 
«  or 

join  C  £  ;  C  E  produced  is  the  required  locus. 
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3.  a  negative  and  h  positive ;    ,\  y  t=l  -^  ax  +  h*. 
Let  a;  =3  0 ;   /.  y  =  6 ;  in  A  Y  take  AD  =:  6 ; 

y  =  0;   .'.  0?  = — ;  inAXtakeAE  =  — ; 
u  a 

join  D  E  ;  D  E  produced  is  the  required  locus. 

4.  a  negative  and  b  negative ;    /.  y=— a*  —  6; 
Let  J"  =  0  ;   .\  y  oi  —  6;  in  A  y  take  A  C  ==  6 ; 

b  .  b 

y  zz  0  ;   /.  a?= ;  in  A<rtakeABs= —  : 

a  a 

join  B  C  ;  B  C  produced  is  the  required  locus. 

35.  The  quantities  a  and  b  may  also  change  in  absolute  value. 

L#et  b  ^=  0;  .\  y  ^  ±  a  x ;  and  the  loci  are  two  straight  lines  passing 
through  the  origin  and  drawn  at  angles  with  the  aiis  of  x  whose  respec* 
tive  tangents  are  ±  ot. 

Jjei  a=0;   .\  y  ^  Ox  dtb;   /.  y  =  ±6  and  j?  =  —  ;  the  former  of 

these  results  shows  that  every  point  in  the  locus  is  equidistant  from  the 
axis  of  JT,  and  the  latter  (or  0  x  =  0)  that  every  value  of  x  satisfies  the 
original  equation ;  hence  the  loci  are  two  straight  lines  drawn  through  D 
and  C  both  parallel  to  the  axis  of  x. 

It  has  been  stated  (28),  that  the  system  of  equations  y  =  6,  .r  =:  0 

refers  to  a  point ;  we  here  see  that  the  system  y  =  &,  d?  s:  —  refers  to  a 

straight  line ;  hence,  although  the  equation  x  =  —  is  generally  omitted, 
yet  it  must  be  considered  as  essential  to  the  locus. 

Let  ct  =  — ;  referring  to  article  32,  the  equation  to  the  straight  line 

y  1 

may  be  written  y  zn  ax  ±  aa  or  —  =  j?4-a,  which  when  a  =  -— 

a  "■  0 

becomes  0  y  =  a?  ±  a ;  hence,  as  before,  the  system  a:  =  ±  c,  y  ~"7r* 


23  EQUATION  TO  THE  STRAIGHT  LINE 

or  more  simply  the  equation  j?  =:  ±  a  denotes  two  straig^ht  lines  parallel  to 
the  axis  of  3^  and  at  a  distance  ±  a  from  that  axis. 

Again  let  both  a  r=:  0,  and  &  zz  0 ;  and  .'.  the  equation  y  =  axi-  b 

becomes  y  =i  0  x  +  0 ;  and  hence,  y  =  0,  <r  =  — ,  and  the  locos  is 

the  axis  of  ^« 

If  Gf  =— ,  and  6  ss  0,  the  equation  becomes  Oy=:<r  +  0;  /.  dp  =  0 

and  y  =  — .     Hence  the  equation  x  ^  0  denotes  the  axis  of  y, 

36.  By  the  above  methods  the  line  to  which  any  equation  of  the  first 
order  belongs  may  be  drawn. 

In  the  following  examples  reference  Is  made  to  parts  of  the  last  figure. 

Ex.  1.  3  y  —  5  X  —  1  =  0 ;  let  J?  =r  0,  /.  y  =  — ;  on  the  axis  AY 

o 

take  AD  one-third  of  the  linear  unit,  then  the  line  passes  through  D: 

again  let  y  =  0,  /.  a?  =  —  •-  ;  on  the  axis  A  x  take  A  B  =r  —  of  the  unit, 

o  o 

then  the  line  passes  through  B ;  hence  the  line  joining  the  points  B  and  D 
is  the  locus  required. 

Ex.  2.  10  y  -  21 «  +  6  s=  0 ;  a  line  situated  like  C  E. 

Ex.  3.  y  -—  ;i;  :=  0 ;  let «  =  0  /.  y  r=:  0,  and  the  line  passes  through 
the  origin ;  also  a  or  the  tangent  of  the  angle  which  the  line  makes  with  the 
axis  of  <r  =  I,  therefore  that  angle  =  45^;  hence  the  straight  line  drawn 
through  the  origin  and  bisecting  the  angle  Y  A  X  is  the  required  locus. 

Ex.  4.  5  y  —  2  07  =  0.  The  line  passes  through  the  origin  as  in  the 
last  example,  but  to  find  another  point  through  which  the  line  passes,  let 
a;  =  5 ;  /.  y  =  2  :  hence  take  A  E  =  5,  and  from  E  draw  £  P  (=  2) 
perpendicukr  to  A  X ;  then  the  line  joining  the  points  A,  P  Is  the  locus 
required. 

Ex.  5.  ay  +  ^J?  =  0  ;  a  line  drawn  through  A,  and  parallel  to  B  C. 

Ex.  6.  y"  —  3  «*  =  0 ;  two  straight  lines  making  angles  of  eO"  with 
the  axis  of  x. 

4 

Ex.  7.  3y  -  4  =0;  take  AD  =—  of  the  unit,  a  line  through  D 

«s 

drawn  parallel  to  A  X  is  the  locus. 

Ex.  8.  a:«  +  X  —  2  =r  0 ;  take  AE  =  1,  and  AB  =  2,  the  lines  drawn 
through  E  and  B  parallel  to  A  Y  are  the  required  loci. 

Ex.  9.  y  +  2  X  =  4.     The  equation  to  a  straight  line  may  be  put 

y         a? 

under  the  convenient  form-~-H se  1,  and  since  when  y  rr  0,  x  =  fl, 

o       a 

and  when  x  =  0,  y  =:  6,  the  quantities  b  and  a  are  respectively  the  dis- 
tances of  the  origin  from  the  intersection  of  the  line  with  the  axes  ofy  andx. 

Thus  Ek.  9.  in  this  form  is  ^  +    x"  =  1»  take  A  D  =  4,  and  A  E  =  2t 
4  2 

join  D  E,  this  line  produced  is  the  required  locus. 

37.  If  the  equation  involve  the  second  root  of  a  negative  quantity  its 
locus  will  not  be  a  straight  line,  but  either  a  point  or  altogether  imaginary : 
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thus  the  locus  of  the  equation  y  +  2x  >/^^  —  a  t=  0  is  a  point  whose 
co-ordinates  are  ^  =  0  and  j^  =  a»  for  no  other  real  value  of  x  can  give  a 

real  value  to  |^ ;  but  the  locus  of  the^ equation  y  +  x^  a  V— 1  =  0  is 
imaginary,  for  there  are  no  corresponding  real  values  of  x  and  y.  (24) 

38.  We  have  thus  seen  that  the  equation  to  a  straight  line  is  of  the 
form  y  =  Gf  x  +  6,  and  that  its  position  depends  entirely  upon  a  and  6. 

By  a  given  line  we  understand  one  whose  poution  is  given,  that  is,  that 
a  and  b  are  given  quantities ;  when  we  seek  a  line  we  require  its  position, 
80  that  assuming  y  =:  a  jp  +  ^  to  be  its  equation,  a  and  6  are  the  two  inde- 
terminate quantities  to  be  found  by  the  conditions  of  the  question  :  if  only 
one  can  be  found  the  conditions  are  insufficient  to  fix  the  position  of  the 
line. 

By  a  given  point  we  understand  one  whose  co-ordinates  are  given ;  we 
shall  generally  use  the  letters  Xi  and  y^  for  the  co-ordinates  of  a  given  point, 
and  to  avoid  useless  repetition,  tlie  point  whose  co-ordinates  are  Xi  and  y^ 
will  be  called  '*  the  point  Xi,  y^.''  Similarly  the  line  whose  equation  is 
y  =  a  X  +  6  will  be  called  "  the  line  y  =  a  x  +  6." 

If  in  the  same  problem  we  use  the  equations  to  two  straight  lines  as 
y=  ax  -^b  andy  =  of  x  +  6',  it  must  be  carefully  remembered  that  x 
and  y  are  not  the  same  quantities  in  both  equations ;  we  might  have  used 
the  equations  y  =  a «  +  6»  and  Y  =  a'  X  +  6',  X  and  Y  being  the 
variable  coordinates  of  the  second  line,  but  the  former  notation  is  found 
to  be  the  more  convenient* 

39.  We  regret  much  that  in  the  following  problems  on  straight  lines  we 

y     .  X 
cannot  employ  an  homogeneous  equation  as  -r-  -i =1.     In  algebraical 

geometry  the  formulas  most  in  use  are  very  simple,  much  more  so  indeed 
than  they  would  be  if  homogeneous :  moreover  the  advantage  of  a  uniform 
system  of  symbols  and  formulas  is  so  g^eat  to  mathematicians  that  it 
should  not  be  violated  without  very  strong  reasons.  To  remedy  in  some 
degree  this  want  of  regularity,  the  student  should  repeatedly  consider  the 
meaning  of  the  constants  at  his  first  introduction  to  the  subject  of  straight 
lines, 
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40.  To  find  the  equation  to  a  straight  line  passing  through  a  given 
point 

The  point  being  given  its  co-ordinates  are  known ;  let  them  be  .Ti  ^i,  and 
let  the  equation  to  the  straight  line  heyszax  +  b;  we  signify  that  this! 
line  passes  through  the  point  Xi  yi,  by  saying  that  when  the  variable  ab- 
scissa X  becomes  jTx,  then  y  will  become  y^:  hence  the  equation  to  the  line 
becomes 

y,  =  Of  f  1  +  6 

.-.  6=:yi  —  aXi 

substituting  this  value  for  b  in  the  first  equation,  we  have 

y:=iax  +  yi^axi 

or  y  -  y;  =  or  (*  -  *i) 
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The  shortest  method  of  eliminating  b  is  by  subtracting  the  second  equa- 
tion from  the  first,  and  this  is  the  method  generally  adopted. 

Since  or,  which  fixes  the  direction  of  the  line,  is  not  determined,  there  may 
be  an  infinite  number  of  straight  lines  drawn  through  a  given  point ;  this 
is  also  geometrically  apparent. 

If  the  given  point  be  on  the  axis  of*,  y,  =:  0,  and  /.  y  s=  cr  («  —  jJ; 
and  if  it  be  on  the  axis  of  y,  a?i  =  0   .*.  y  —  y,  s=  a  jr. 

If  either  or  both  of  the  co-ordinates  of  the  given  point  be  negatiTe,  the 
proper  substitutions  must  be  made :  thus  if  the  point  be  on  the  axis  of  i 
and  in  the  negative  direction  from  A,  its  co-ordinates  will  be  —  jt,  and  0 ; 
therefore  the  equation  to  the  line  passing  through  that  point  will  be 

y  =  cr  (jr  +  x^). 

41.  To  find  the  equation  to  a  straight  line  passing  through  two  given 
points  x^,  yi  and  x,,  y,. 

Let  the  required  equation  he  y  s=i  a  x  +  b      (I) 
then  since  the  line  passes  through  the  given  points,  we  have  the  equations 
yi  =  Of  ar,  +  6      (2) 
y,=  ax, +  6       (8) 
Subtracting  (2)  from  (1) 

y  -  yi  =  a  (•»  -  *i)      (4) 
Subtracting  (8)  from  (2) 

yi  -  y«  =  Of  (^i  -  ««) 

.  ^  -  y^  -  y« 

mm  cc  :n 

Xi  —  jr. 

Substituting  this  value  of  or  in  (4),  we  have  finally 

y-y>= 7"^' (*-*.) 

The  two  conditions  have  sufficed  to  determine  a  and  5,  and  by  their 
elimination  the  position  of  the  line  is  fixed,  as  it  ought  to  be,  since  only 
one  straight  line  can  be  drawn  through  the  same  two  points. 

This  equation  will  assume  difierent  forms  according  to  the  particular 
situation  of  the  given  points. 

Thus  if  the  point  J^t,  yt  be  on  the  axis  of  jr,  we  have  y,  =:  0  ; 

-  y '-yi  =  ^  ^'     ('g- J?i); 

.Ti    ^  iTf 

if  it  be  on  the  axis  of  y,  j:,r=0  ;  /.  y-yi=  ^'  **  ^*  («— *i); 

Xi 

and  if  it  be  at  the  origin  both  y,  and  jr,=:0 ; 


X, 


This  last  equation  is  also  thus  obtained  ;  the  line  passing  through  the 
origin,  its  equation  must  be  of  the  form  y=zax  (31)  where  a  is  the  tangent 


PROBLEMS  ON  STRAIGHT  LINES.  25 

of  the  angle  which  the  line  makes  with  the  axis  of  or,  and  this  line  passing 

through  the  point  Xi,  yi,  a  must  be  equal  to-^  .*.  y  =  ~  x. 

If  a  straight  line  pass  through  three  given  points,  the  following  relation 
must  exist  between  the  co-ordinates  of  those  points: 

(yi  jp,  -  J?,  y,)-(yi  *.  —  37,  ys)+(yt  -r,  -  x,  y,)  =5  0. 

42.  To  find  the  equation  to  a  straight  line  passing  through  a  given 
point  jr„  yg,  and  bisecting  a  finite  portion  of  a  given  straight  line. 

Let  the  portion  of  the  straight  line  be  limited  by  the  points  Xi  pi  and 
jj  yt,  and  therefore  the  co-ordinates  of  the  bisecting  point  are  -^-- — ?, 


■  ;  hence  the  required  equation  is 


43.  To  find  the  equation  to  a  straight  line  parallel  to  a  given  straight 
line. 

Let y  sz  ax  +  b       (1)  be  the  given  line 

y  =  of'jf  +  b'      (2)  .  •  .  .  required  line. 

then  since  the  lines  are  parallel  they  must  make  equal  angles  with  the  axis 
of  X  or  a' =  a   /.  the  required  equation  is 

y:=ax  +  V     (3). 

Of  course  V  could  not  be  determined  by  the  single  condition  of  the 
parallelism  of  the  lines,  since  an  infinite  number  of  lines  may  be  drawn 
parallel  to  the  given  line ;  but  if  another  condition  is  added,  ^  will  be 
then  determined :  thus  if  the  required  line  passes  also  through  a  given 
point  Xi  yi,  equation  (2)  is 

y  -  y,  =  (/  (x  —  0?,) 

.*.  (3)  becomes  y—  yi=  a  (j?  —  a:,) 

44.  To  find  the  intersection  of  two  given  straight  lines  C  B,  E  D. 
This  consists  in  finding  the  co-ordinates  of  the  point  O  of  intersection. 

Now  it  is  evident  that  at  this  point  they  have  the  same  abscissa  and  ordi- 
nate; hence  if  in  the  equations  to  two  lines  we  regard  x  as  representing  the 
same  abscissa  and  y  the  same  ordinate,  it  is  in  fact  saying  that  they  are  the 
co-ordinates  X,  Y  of  ihe  point  of  intersection  O. 
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Let  yssax  +  bhe  the  equation  tb  C  B 

andysrc/a?  +  V ED 

then  at  O  we  have  YsaX  +  dcro'X  +  y 

6'- 6 


i^cxf 


and  Y  =:  «X  +  6  =  — ^  +  6  =  — -. 

Ex.  L  To  find  the  intersection  of  the  lines  whose  equations  are 
y  3=  ai?  +  1  and  y  -  2«  -  4  =3  0.    X  =3  8  and  Y  =  10. 

Ex.  2.  To  find  the  intersection  of  the  lines  whose  equations  are 

y  -  cr  =:  0  and  3y  —  2*  =  1.    X  =  1  and  Y  =  1. 

If  a  third  line,  whose  equation  is  y  =:  a/' x  +  &'^  passes  through  the 
point  of  intersection,  the  relation  between  the  coefficients  is 

(a  6'  -(/  6)  -  (a  6"  -  a"  6)  +  (a'  6"  -  o^'iO  =  0- 
45.  To  find  the  tangent,  sine  and  cosine  of  the  angle  betwen  two  given 
straight  lines. 

Let  y  sz  ax  +  b  be  the  equation  to  C B 
y  =  (•«  +  6' ED 

6  and  ff  the  angles  which  they  make  respectively  with  the  axis  of  x  ;  then 

^  ^  ^  « r^  ^      .        ^^      /wv       tan*  ^  —  tan.  O'        a  —  ot' 

Un.  DOB  =  tan.  EG C  =  tan.  {e  -  &)  .-=  -— — — -—  =  -— 

1  +  tan.c^tan.^       1  +  aa' 

-x^«  1  1  1  +  era' 

also  cos.  T)  O  B  =  TwTBr  *=    §  v  '^     § 

sec.  DOB        Vl+(tan.  D  0B)«       V(I+a*)  (1+a' «) 

a  -  a' 


and  sine  DOB  ==  tan.  D  OB  x  cos.  DOB  = 


Vl  +  a«  .    Vr+  tr* ' 


46.  To  find  the  equation  to  a  straight  line  making  a  given  angle  with 
another  straight  line. 

Let  y  =:  a  cr  4-  &  be  the  given  line  G  B, 
y  S3  o'd?  +  ^  required  line  E  D, 

^  =  tangent  of  the  given  angle  DOB. 
Then  a'  =  tan.  DEC   =  tan.  (BCX  —  BOD) 
_     tan.  BOX -ton.  BOD      _    «  - /3 
■"  1+tan.BCX  .tan.  BOD         1  +  a/3* 
Substituting  this  value  for  a'  in  the  second  equation, 

If  the  required  line  passes  also  through  a  given  point  Xi,  yi,  the  equa- 
tion is 
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If  D  be  considered  the  given  point  a?,,  y„  then  not  only  the  line  DOE 
but  another  (the  dotted  line  in  the  figure)  might  be  drawn,  making  a 
^iven  angle  with  B  C,  and  its  equation  is  found,  as  above,  to  be 

a  +  B 

SO  that  both  lines  are  included  in  the  equation 


For  example,  the  two  straight  lines  which  pass  through  the  point  D 
and  cut  B  C  at  an  angle  of  45^  are  given  by  the  equations 

«  —  1    ,  ^ 

y  -  yi  =  —TT  (* ""  ^»)' 
y  —  yi  =  -J («  -  Jfi)- 

1  —  a 
Also  the  equation  to  the  straight  line  passing  through  D  and  cutting 
the  axis  of  x  at  an  angle  of  135^  is 

y  -  yi  cs  /3  (x  -  a?J)  =  tan.  135°  (x  -  a:,)  =  -  (j?  -  J?i), 
ory+ J?  =  yj +ari. 

47.  If  the  required  line  is  to  be  perpendicular  to  the  given  line,  jS  is 

— -1 
infinitely  great ;  therefore  the  fraction    ^  ""  \,  =r  -i- =   —  — ,  or 

a/  :=  -.  — ;  hence  the  equation  to  a  straight  line  perpendicular  to  a 

given  line  y  =  crj?  -J-  6,  is  y  =  —  —  x  +  b\ 

a 

This  may  be  also  directly  proved,  for  drawing  O  £  perpendicular  to 
B  C,  as  in  the  next  figure,  we  have  a'  sz  tan.  0£X=£  -  tan.  OEC  = 

—  cot  O  C  X  = :  hence  in  the  equations  to  two  straight  lines 

a 

which  are  perpendicular  to  one  another  We  have  ao/  +  1  =  0 ;  and,  con- 
versely, if  in  the  equations  to  two  straight  lines,  we  find  a  a'  +  1  =s  0, 
these  lines  are  perpendicular  to  one  another. 

If  the  perpendicular  line  pass  also  through  a  given  point  Xi  y^,  its 
equation  is 

y  -  yi  = (a?  —  ar»)  ; 

and,  of  course,  tliis  equation  will  assume  various  forms,  agreeing  with  the 
position  of  the  point  X|  y^ ;  thus,  for  example,  the  line  drawn  through  the 
origin   perpendicular  to  the  line  y  =:  a  x  +  6,  is  one  whose  equation  is 

y  =  —  —  J?,  for  here  both  x^  and  yi  as  0. 

48.  To  find  the  length  of  a  perpendicular  from  a  given  point  D  (a?,  yi) 
on  a  given  straight  line  C  6. 
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hety^ax-i-b      (1)  be  the  equation  to  C B, 

then  y  -  yi  = (j?  —  Xj)     (2)  is  the  equation  to  the  per- 

<x 

pendicular  line  DOE, 


Let  p  ^jyO;  then  if  X  and  Y  be  the  co-ordinates  of  O  detennined 
from  (1)  and  (2)  we  have/?!  =  (X  -  «i)»  +  (Y  -  yO*;  (29) 

froni(2)  Ycryi-  —  (X  -  j?0  =  aX  +  6  from     (I) 

=  a  (X  —  Xi)  +  axi  -j-  6, 

/.  (a  H )  (X  -  dTi)  =  yi  -  a  J?i  -  h. 


•  •    A.  "^  JT]   ^S 


l+a« 


(yi  -  a  J^i—  6),  also  Y  -  yi  = (X  -  xj 


/^•=(X-*,)«  +  (Y-yO» 


1_ 

(X  -  xO' 

.9 


1  +  cr» 


_  !  +  «' 

^        a*      (I  +  a«y 


^.(yi-aJ?,-2^)«  = 


1  +«' 


:,  (yi-ctjc.^hy 


Ap=±^-"""''' 


Afl+a* 


The  superior  sign  is  to  be  taken  when  the  given  point  is  above  the 
given  straight  line,  and  the  inferior  in  the  contrary  case. 

If  the  given  line  pass  through  the  origin  6=0;   /.  j)=  ±     _ 

Vl  +  a* 


( 


If  the  origin  be  the  given  point,  x,  r=  0  and  y^  =  0 ;  .\p  :=z 


±h 


Vl  +  a** 

There  is  another  way  of  obtaining  the  expression  for  p. 
Since  the  equation  y  =  or  or  +  6  applies  to  all  points  in  C  O  B,  it  must 
to  Q,  where  M  D  or  y^  cuts  C  O  B  ;    .%  M  Q  =  ax,  +  6. 
Now  D  O  =  D  Q  sin.  DQ  O. 

but  DQ  =  D  M  —  M Q  =  y,  -  aX|  —  6, 


and  sin.  DQO  =  sin.   CQM  =  cos.   QCM=: 


sec.   QCM 
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Vl  +  Oaii.  QCM)«         ViT?' 


DOorp  =• 


i  — "aOTi  —  6        cr j?i  +  6  -  Vi 


line 


VT+  «• 


or 


vr+- 


if  D  was  below  the 


49.  If  the  line  D  E  had  been  drawn  making  a  given  angle  ^VJ^' 
nt  was  Q  with  the  given  line  C  O,  the  distance  ^  O  might  be  fc 


gent 


4f8tance 


$e  tan- 
^found ; 


) 


for  instead  of  equation  (2)  we  shall  have 

hence,  following  the  same  steps  as  above,  we  shall  find 

^  ~  *    /TT"^ p 

TIlis  expression  is  also  very  easily  obtained  trigonometrically. 
Let  y  =  sine  of  the  given  angle,  then 

sin.  D  O  Q 

50.  The  equation  to  the  straight  line  may  be  used  with  advantage  in  the 
demonstration  of  the  following  theorem  : — 

If  from  the  angles  of  a    plane     >v- 
triaogle  perpendiculars  be  let  fall 
OQ  the  opposite  sides,   these  per- 
pendiculars will  meet  in  one  point. 

In  the  triangle  ABC,  let  A E, 
BD,  CF  be  perpendiculars  from 
A,  B  and  C  on  the  opposite  sides ; 
let  O  be  the  point  where  A  E  and 
BD  meet,  then  the  theorem  will 
be  establisihed  by  showing  that 
the  abscissa  to  the  point  O  is  A  F. 

Let  A  be  the  origin  of  co-ordinates, 
AB  the  axis  of  a?, 

and  A  Y,  perpendicular  to  A  B,  the  axis  of  y, 

Let  the  co-ordinates  of  C  be  Xi,  yi 

B       ar„0: 

we  have  then  the  following  equations, 


to  AC    v  = 


(41) 
to  B  D,  y  =  a  (ar  -  a-,)  =:  —  -^  (x-  j,)  (47) 
toBC,y-y.=  yiJiy.^^_^j  (4^) 


Xt    —  Xm 


ory 


yi_ 


Xt  —  x% 


(x  —  x^  since  3^  pO* 
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/.  to  A  £,  y  ::=!  ax  =1 ^ x ; 

for  the  intersection  O  of  B  D  and  A  E  we  have,  by  equating  the  values  of  y, 


%^Pi  X  — -  iTi  j?s  =:  iTi  <7  —  <7s  «r ;   •*•  f  2  J?  ^=  i7|  x^  and  x  ^=  X|, 

that  is,lR  abscissa  of  the  point  O  is  found  to  be  that  of  C. 

In  the  same  manner  it  may  8e  proved  that  if  perpendiculars  be  drawn 
from  the  bisections  of  the  sides,  they  will  meet  in  one  point. 

Similarly  we  may  prove  that  the  three  straight  lines  F  C,  K  B,  and  A  L, 
in  the  47th  proposition  of  Euclid,  meet  in  one  point  within  the  triangle 
ABC. 

51.  We  have  hitherto  considered  the  axes  as  rectangular,  but  if  they  be 
oblique,  the  coefficient  of  «r,  in  the  equation  to  a  straight  line,  is  not  the 
tangent  of  the  angle  which  the  line  makes  with  the  axis  of  x. 
Let  (i;  =  the  angle  between  the>axes, 

e  =  the  angle  which  the  line  makes  with  the  axis  of  <r ; 
,  y  — 6  sin.  0 

then  CL  =  ^ =-T— 7 ^  (33); 

X        sm.  (w  — ^) 

6  remains,  as  before,  the  distance  of  the  origin  from  the  intersection  of  the 
line  with  the  axis  of  y :  hence  the  equation  to  a  straight  line  referred  to 
oblique  axes  is 

sin.  B  ,  _ 

^       sin.  («— 6) 

Since  this  equation  is  of  the  form  y  zsiax  +  b  all  the  results  in  the 

sin.  0 

precedins  articles  which  do  not  affect  the  ratio  of  -: — rr'will  be 

^  **  sin.  (w  —  0) 

equally  true  when  the  axes  are  oblique. 

Thus,  articles  40,  41,  42,  43,  and  44,  require  no  modification. 

To  find  the  tangent  (j3)  of  tiie  angle  between  two  given  straight  lines. 

sin.  0  ,         .       r^  a  sin.  cd  ,        .    .,     , 

from  «=-: — -r  we  have  tan.  0  =  r— ;     and,     similartT, 

sm.  (id— e)  ^  1+a  COS. «  ^ 

.         (J  sin.  w       -           «       .        ^>»     ../v  (flf— o')  sin.  m 

tan.  e'er  - — -J ;  hence  ^  =  tan.  (0-00= 


1  +«'  COS.  w  '  '  1  -J-ar  fl/+(a-ha')  cos.  w 

To  find  the  equation  to  a  straight  line  passing  through  a  given  point 
^1  y\y  stnd  making  a  given  angle  with  a  given  straight  line. 
Let  /3  be  the  tangent  of  the  given  angle, 

y  =  a  07  +  ^f  the  given  line, 
y  —  yi  =  a'  (a;  —  J?i)>  ^«  required  line. 
From  the  last  formula  we  have 

.      or  sin.  a;— /3  (1  + or  COS.  (u) 

sin.  W+/3  (a+cos.  «) 
and  the  required  equation  is 

•  Of  sin.  w— /3  (l  +  or  cos.  w)  . 


( 
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If  the  lines  be  perpendicular  to  each  other  /3  =  — ; 

,  1+flf  COS.  ta 

m'»  or  isi  -^        . 

or + COS.  w 

and  the  required  equation  is 

l+«  COS.  «  , 

y-y'=  - « +COS.  >. /^-^'^- 

To  find  the  leng^th  of  the  perpendiculaMfrom  A  given  point  upon  a  given 
straight  line. 

Instead  of  equation  (2),  in  article  48,  we  must  use  the  equation  just 
found,  and  then  proceeding  as  usual  we  shall  find 

(yi-«J|-6)sin.  a> 
^~*V(l  +  2acos.«  +  a*}' 

It  will  be  concluded  from  an  observation  of  these  formulas,  that  oblique 
axes  are  to  be  avoided  as  much  as  possible ;  they  nmy  be  used  with  ad- 
vantage where  points  and  lines,  but  not  angles,  are  the  subjects  of  discus- 
sion.    As  an  instance,  we  shall  take  the  following  theorem. 

52.  If,  upon  the  sides  of  a  triangle  as  diagonals,  parallelograms  be  de- 
scribed, having  their  sides  parallel  to  two  given  lines,  the  other  diagonals 
of  the  parallelograms  will  intersect  each  other  in  the  same  point. 

Let  A  B  C  be  the  triangle.  A  X,  A  Y  the  given  lines,  E  B  D  C,  C  P  A  G, 


I 


H  A  I B  the  parallelograms,  the  opposite  diagonals  D  E,  F  6,  and  H I 
will  meet  in  one  point  O. 
Lei  A  be  the  origin,  A  X,  A  T  the  oblique  aies 
X|  yi  the  co-ordinates  of  B 

*ty«.  . . .; c. 

To  find  the  equation  to  D  £ ; 

let  iihey:=:  ax  +  h 

y,  =  axi+  6at  D 

.'.  y  -y,=  a  («-«,) 
yi  —  y«  =  ff  (a^s-^i)  at  E 

«^-  Xy 
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To  find  the  equation  to  F  G ; 

y  ziz  ax  +  b 

y,=  0  +  6atP 
/.  y  —  yi  =  cr  j: 

0  —  y,  =;  aar,  at  G 

•'.  y-.y.=  --^'j?      (2). 
To  find  the  equation  to  H I ; 

y  zn  ax  +  h 
y,=  0     +  6  at  H 
•-•  y  —  yi  =  ax 
0  —  yi  =  cr  a?!  at  I 

:.y^y,z=z^^x    (3). 

Equating  the  values  of  y  in  (1)  and  (2)  we  find  X=:    "'  ^^  ^'  ^  ^*^  ; 

also  equating  the  values  of  y  in  (2)  and  (3)  we  find  the  same  value  for  X ; 
hence  the  abscissa  for  intersection  being  the  same  for  any  two  of  the  lines, 
they  must  all  three  intersect  in  the  same  point. 

Similarly  we  may  prove  that  if  from  the  angles  of  a  plane  triangle 
straight  lines  be  drawn  to  the  bisections  of  the  opposite  sides,  they  will 
meet  in  one  point. 


CHAPTER   IV. 
THE  TRANSFORMATION  OF  COORDINATES. 

it  ^nJtl^Ir  T  ^''^'''^  ^°  ^^'  discussion  of  equations  of  higher  orders. 
oriinaleT^^^^^^      investigate  a  method  for  changing  the  position  of  the  cc 

ffi^n'curv^^  ^^".  ^*^  ^"  ^"^  ^  "«^"°«^  ^t>at  the  equation  to  a 

iSucZTi.^H^i^^'''' •"?  ""^'^  ^^""P^^  ^^'"^  ^^  conversely  by  the 
nuXr  c^fL^^^^^^^^^  ."^-^^^^"^  >"to  «*"  <^q"ation  to  reduce^  the 

Cs'l^'br^^^^^^^^  -^  P-I-^ties  of  the  co„«;pondio^ 

butontt'SXl^^^^^^^^ 

tion  to  L  straight Cy^^^^^^  '''  ^^us  the  general  eqaa- 

the  line  itself     Also  on  P^r^;  •        ^.""^""^  V  =  «*  when  the  origin  is  on 

plicity  of  ^n  equa^fon  d^^nH    ""^  "'*!"'  ^^  ^"^  ^^  ^«  ^^^  ^^^^ ^«  «•«- 
y  or  an  equation  depends  very  much  pn  the  angle  between  the  axes- 
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flence  in  many  cases  not  onl^  the  position  of  the  orig^in  but  also  the  direc- 
tion of  the  axes  may  be  altered  with  advantage.  The  method  of  perform- 
ing these  operations  is  called  the  transformation  of  (^o-ordinates. 

54.  To  transform  an  equation  referred  to  an  origin  A,  to  an  equation 
referred  to  another  origin  A',  the  axes  in  the  latter  case  being  parallel  to 
Uiose  in  the  former. 


Let  A  dp,  A  y  be  the  original  axes 
A'  X,  A'  Y  the  ne\r  axes 

M  P  --  1/1  ®"5*'**^^  co-ordinates  of  P 

A'N=5X\  ^.     *       ri> 

j^  p  _.  Y  f  "®^  co-ordmates  of  P 

A  C  =  al  ,  *.  ' 

Q  A ,  _.  ^?  the  co-ordinates  of  the  new  origin  A', 

then  MP  =  MN -t- NP,  that  is,  y  =  6  +  Y, 

AMrrAC  +CM, ;p  =  a  +  X; 

substituting  these  values  for  y  and  x  in  the  equation  to  the  curve,  we  have 
llie  transformed  equation  between  Y  and  X  referred  to  the  origin  A'.  • 

55.  To  transform  the  equation  referred  to  oblique  axes,  (o  an  equation- 
referred  to  other  oblique  axes  having  the  same  origin.. 


Lei  Ax,  Ay  he  the  original  axesr 

^   A  X«  AY  be  the  new  axes, 

A M  ^.rl 

MP  =  vJ  **"S*"*^  co-ordinates  of  P# 

NP  =  yI  ***^  WMirdidates  of  P. 


U  TBANSFORIIATION  OF  C0-ORDINATX8.' 

Iiettheane1e«Ay3=w,    «AX  =  e,    xKYsiff; 
Draw  N  R  parallel  to  F  M,  and  N  Q  parallel  to  A  M, 
lheny  =  MP=:MQ  +  QP  =  NR  +  QP 

»in.NAR  «ia.PKQ 

■  *"  ain.  NRA  ^  *^"  Bin.  P  QN 

8in.(tf  sin.  w 

-AN  "'°'^^"'  +  PN  ^''^•^^^ 
"*^^    sin.ARN^  sia.NQP 

_  ^  gin,  (la  >^  e)    .  Y  SIP'  («  —  ^) 

sin.  0^  sin.  w 

X  sin.  e+'Y  sin.  ^ 

•*'  *  "^  sin.  » 

X  sin.  («  -  e)  +  Y  sin.  («  -  60 

dP=  i .     ■    ■  ■  <^ 

sm.  If 

56.  Let  the  original  axes  be  oblique,  and  the  new  rectaogaIar»  or 

X  sin.  e+Y  eos.  0 
.*.  y  =  : 

sm,  ia 

X  sin,  (tf  -  e)  —  Y  COS.  (0  -  tf)     ' 
sm.  w 
^  57.  Let  the  original  axes  be  rectangular,  or  en  s  90^. 
.*.  ysmX  sin.  e  +  Y  sin.  e*, 
*  m  X  cos.  0  +  Y  coSe  0' 
'  58.  Let  both  systems  be  rectangular,  or  lo  =3  90^  and  O'^^O  s:  9(P 
/.  y  ss  X  sin.  e  +  Y  cos.  0, 
«  ss  X  cos.  e  —  Y  sin.  0 
59.  These  forms  have  been  deduced  from  the  first,  but  each  of  them  may 
be  ibaiid  by  a  separate  process.    The  first  and  last  pairs  are  the  nost 
useful.    Perhaps  they  may  be  best  remembered  if  expressed  in  tke  iblkm- 
ing  manner. 

Both  systems  oblique,  the  formulas  (55)  become 

y  =  {X  sin.  X  A*  +  Y  sin.  Y  A  J?}   .     \  tf 

^       ^  J  sm.  *tAy  ■ 

«={Xsin.XAy+Ysin.YAy}-T— ^ —  ^ 

^  ^  ^^  sm.  a:  Ay 

f   Both  systems  rectangular,  the  formulas  (58)  become 

yssXcos.  XAy  +  Ycos.  YAy 

a:  =  X  COS.  X  Aa?  -f"  Y  cos.  Y  Ax. 

If  the  situation  of  the  origin  be  changed  as  well  as  the  direction  of  the 
axes,  we  have  only  to  add  the  quantities  a  and  b  to  the  yalue^  of  9  and  y 
respectively ;  however,  in  such  a  case,  it  is  most  convenient  to  perform 
each  transformation  separately. 

If  the  new  axis  of  X  falls  below  the  original  axis  of  x,  the  anorleO  most 
be  considered  as  negative,  therefore  its  sine  will  be  negative  and  its  cosine 
positive.  Hence  the  formulas  of  transformation  will  require  a  slight  al* 
teratioQ  before  applied  to  this  particular  1 
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Since  the  values  of  d?  and  y  are  in  all  cases  expressed  by  equations  of  the 
fifst  order,  the  degree  of  att  equation  is  never  changed .  by  the  trailsfoMa- 
tion  of  co-ordinates. 

*  60. 'Hitherto  we  have  determined  the  situation  of  a  point  in  a  plane  byj 
its  distance  from  two  axes,  but  there  is  also  another  method  of  much  use. 
Let  S  be  a  fixed  point,  and  S  B  a  fixed  straight  line ;  then  the  point  P  is  ftlib 
evidently  determined  if  we  know  the  length  SF  and  the  angle  PS  B. 

If  S  P  r=  r  and  P  S  B  ^  d,  r  and  0  are  called  the  polar  co-ordinates  of 
P.  S  is  called  the  pole,  and  SP  the  radius  vector,  because  a  curve  may 
he  supposed  to  be  described  by  the  extremity  of  the  line  S  P  revolviftgf 
round  S,  (he  length  of  S  P  being  variable.  The  fixed  straight  line  S  B  is 
abo  called  the  axis.  ; 

To  transfoite  an  equation  between  co-ordinates  x  and  y  into  another 
between  polar  co-ordinates  r  and  0^ 

:  Draw  S  D  parallel  to  AX,  and  Jet  the  angle  B  S  D  s=  0«  and  the  angle 
1 A  X  =  w. 


LetAM  =  x.         MP  =  y.         AC  =  a, 
then  y==  M  P  =:!  MO  +  0P:=  6 +r^^^^#^t^ ' 
»  =  AM=  AC-hSQ  =  a-hr 


CS^Wl 


sm.  01 
sin.  {A>- (9+0)} 


Let  S  B  coincide  with  S  D,  or  0  =  0 ; 


.•.  y=6*+r 


sm.  01. 


'(0 


x^a  +  r 


6L  Let  the  original  axes  be  also 


sin. 

0" 

sm. 

01 

sin. 

(a, 

— 

e) 

sin. 

*a 

. 

rectaognlar,  or  w  =  —  ; 


.•.  y  =:  J  +  r  sin.  0 
x  =  a+  rcos. 


•J}  w 


and  if  the  origin  A  be  the  pole,  we  have  a  =s  0  and  &  =  0. 


yssrsin-^U^. 
«=srcos.0j^*^' 


Of  these  formulas  (3)  and  (4)  are  the  most  useful. 

62.  Conversely,  to  find  r  and  0  in  terms  of  j?  and  y: 
from  (I)  we  have 

X  —  a  ^  sin.(w— (d+0)}  ^ 
y -6  ^     sin.  (0  +  0)     **' 

^  (y  —6)  sin.  <a 

*r— a+(y  —  6)  cos.  ta 


:sin.  «cot  (6+^)— cos.  6»; 


A  tan.  (e  +0)  : 


^  .    ^  i         (v^h)  sin.  w         1 

A0  +  0=tan.-i'- \  ,         ,^ r-},     ...    ., 

)*  -  a  +  (y  —  6)  CO*  my         . .  .^ 

where  the  symbol  tan." 'a  is  equivalent  to  the  words  "a  circular  arc 
whose  radius  is  unity,  and  tangrtit  (T.** 

also  f«=  (j7  — a)«  +(y— 4')»  +  8  <*  —  a)  <y-  i)  cos'w. .  .(30) 

D  2 
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63.  If  the  axes  are  rectangrulary  or  *>  =  — ,  the  pole  at  the  origin,  aal 

therefore  anO  and  b  s  0,  and  also  0  =  0,  we  have  —  =  tan*  0,  and 

therefore  *      ^       .-  y 

8=  tan.  -*  — 

and  r«  =  «*  +  y",...(29) 
and  these  are  the  formulas  generally  used 

y  1  t 

From  tan.e«-  we  have  cos.d  =  ^^^^^^^^.-     ^^^^   - 

X  y 

\  ,     '■■  and  sin.  B  =  cos. 0  X  tan. 0 r=   /   ,  .     ,;  hence  the  Tdue  of  0 
vy*  +  jf*  vjf  +  ar 

may  also  be  expressed  by  the  equations 

e  =5  8inr'-> =  or  0  =  co8.-*-7====* 


CHAPTER  V. 
ON  THE  CIRCLE, 


64.  Following  the  order  of  this  treatise,  our  next  subject  of  diseoasion 
would  be  the  loci  of  the  general  equation  of  the  second  degree ;  bat  there 
is  one  curve  among  these  loci,  remarkable  for  the  facility  of  its  description 
and  the  simplicity  of  its  equation  :  this  curve,  we  need  scarcely  say»  is  the 
circle ;  and  as  the  discussion  of  the  circle  is  admirably  fitted  to  prepmre  the 
reader  for  other  investigations,  we  proceed  to  examine  its  analytical  thar 
racter. 

The  common  definition  of  the  circle  states,  that  the  dbtance  of  any 
point  on  the  circumference  of  the  figure  from  the  centre  is  equal  to  a  g^ven 
line  called  the  radius. 

If  a  and  b  be  the  co-ordinates  of  the  centre,  or  and  y  those  of  any  point 
on  the  circumference,  and  r  the  radius,  the  distance  between  those  points 
is  V  {  (y  —  *)*+(«  —  ay  }  (29) :  hence  the  equation  to  the  circle  in 
(y-6)«  +  (a?-.a)«=:rft 

-   65.  To  obtun  this  equation  directly  from  the  figure, 
let  A  be  the  origin, 

A  X,  A  Y  the  rectangular  axes, 

N  O  s  6i  ^^  co-ordinates  of  the  centre^ 
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M  P  ss  v|  ^^^^^  ^  ^^  ^^^^ ^  ^^  ^^  tircumference ; 
BOQC  a  line  parallel 
to  tlie'aiis  of  «. 

Then  the  square  upon  O  P  s=  the 
aqoare  upon  P  Q  +  the  square  upon 
00. 

andPQsPM-QMssf-.fr 
:  al8oOQ=AM-AN  =  dr-a; 
/.f«=(y-6)«+(ap-a)« 
or  (y-  *)«+(» —a)«=  f*  (1) 
If  the  axis  of  x  or  that  of  y  passes 
through  the  centre,  the  equation  (1) 
becomes  respectively 


or 


If  the  origin  be  at  any  point  of  the  circumference  as  E,  we  have  then 
the  equation  of  condition  a'  +  6'  =  r* ;  expanding:  (1)  and  reducing  it  by 
means  of  this  condition,  we  have 

y«  -  26y  +  Jr»  -  2o jp  =  0  (8). 
If  the  origin  is  at  B,  B  O  being  the  axis  of  x,  we  have  6  ssO  and  a^r; 
/.  y«  + J!*  -2rx=s0 
ory«  =  2f«  —  a"  (4). 
Again,  placing  the  origin  at  the  centre  O,  we  have  h=zO  and  a  =s  0 ; 

A  y«  +  jj»  =  f«  (5). 
The  above  equations  are  all  useful*  but  those  most  required  are  (1),  (4), 
and  (5). 
66.  Equation  (1),  if  expanded,  is 

y«  +  j*-  26y-2aa?  +  a«+  &«  -  r*  a:  0. 
This  differs  firom  the  complete  equation  of  the  second  order  (23)  in 
having  the  coefficients  of  a:*  and  y*  unity,  and  by  having  no  term  containing 
the  product  or  y. 

Any  equation  of  this  form  being  given,  we  can,  by  companng  it  with  the 
above  equation,  determine  the  situation  of  its  locus,  that  is,  find  the  posi- 
tion of  the  centre,  and  the  magnitude  of  the  corresponding  circle. 
Ex.1.  y«  +  ««  +  4y-8«-5=0. 

here  6  a  -  2,  a  a  4,  and  a»  +  6"  —  r*  =s  —  5  ; 
A  f*  S3  a«  +  6«  +  5  =:  25. 


n  THE  circle: 

Let  A  be  the  orig^in  of  co-ordinates,  AX,  A  Y  the  axeftr 
In  AX  tkke  AN =4  times  the  linear  unit,  from  N  draw  NO  pcrpeDdicolv 
to  AX,  but  downwards,  and  equal  to  2;  then^Qia  the  centre  of  the  circle. 
With  centre  O  and  radius  5  describe  a  circle;  this  is  the  locus  reqinred. 
The  points  where  it  cuts  the  axis  of  j?  are  determined  by  potting  y  s  0 ; 
.*.  J?'.-  8*  —  5  =sO; 
.-.  a?  =  4±/2r; 
hence  AB  =  4+  Vir  and  AC  =  4  —  a/^ 
Similarly  putting  «  as  0,  we  find  A  D  =  1  and  A  £  s  5. 

67.    The  shortest  way  of  describing  the  locus  is  to  put  the  equation 
intp  the  fqrm  (y  -  6)*  +  («  —  a)*  =2  K 
For  example,  the  equation 

y»  +  ic«  +  cy  -f  rf«  +  c  =  0, 

becomes,  by  the  addition  and  subtraction  of — and  — , 

c"  <P  c*         d* 

d  c 

where  we  observe  directly  that  —  —  and  -*  —  are  the  co-ordinates  of  liie 

centre,  and  that  jj  { — -j —  —  c}  is  the  radius  of  the  required  locus. 

Ex.2.  y*+ a:*  +  4y- 4a:  — 8  =  0 

add  and  subtract  8,  and  the  equation  becomes 

y«+4y+4+j:l  «  4jj  f  4-16  =  0 

or  (y  +  2y+  (X-  2)«=16 

hence  the  co-ordinates  of  the  centre  are  a  =  2  and  6= — 2,  and  the 
radius  is  4. 

Ex.3.     2y«  +  2a?«-.4y-4j?  +  l  =  0;   a  =:  1,  6=  1.  r  =  y/|- 

4.  y*  +  «*  —  6y  +  4a?  —  3=:0;a=-2,   ^  =  3,  r=4. 

5.  6y+6j:«-21y-8j:4-14  =  0;  «=:-|-.  6  =  ^,  r  =  H 

3  5 

:       6.    3/*  +  J?*  +  4y  -  3x=0i  a  =  — ,  Z>=-2,  r  =  — • 

7.  y«+a:«-.4y  +  2apc:  0;  a=:-l,  *  =  2,  r=  VX 

In  these  last  two  examples  there  is  no  occasion  to  calculate  the  length  of 
the  radius,  for  the  circumference  of  the  circle  passes  through  the  origiu  of 
co-ordinates,  as  do  the  loci  of  all  equations  which  waut  the  last  or  con- 
stant term. 

8.  y«  +  a?*  -  4y  =  0;   a  e:  0,  ft  =  2,  r  =  2. 

9.  y«  +  a:*  +  6ar  =  0;  a  =  -8,  &  =  0,  r  =  3. 
10.    y«  +  a?«-  6 j?  +  8=:0;   a=  3,  ft  =  0,  r=l. 

In  the  last  three  examples  the  centre  of  th«  circle  is  on  the  axes. 
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!  68.  We  haye  seen  thai  the  eqaatlon  to  the  circle  referred  to  nctangnlar 
bxes  does  not  contain  the  product  xy,  and  also  that  the  coefllcienta  of  y* 
and  a^  are  each  unity ;  we  have,  moreover,  seen  that  generally  an  equation 
of  the  second  degree  of  this  form  has  a  circle  for  its  locus,  but  thtre  are 
some  exceptions  to  this  last  jule. 

:  Fbf  example«  the  .equation  ]^  +  o^  —  8y  —  19st  -h  52  qb  0  is 
apparently^of  the  circular  form ;  its  locus,  however,  is  hot  a  circle, 
but  a  point  whose  co-ordinateq  are  d?  =  6  and.  y  ^  4,  for  it  may  be  put 
under  the  form  (y  —  4)" -j-  (^  ""  ^Y  =  ^t  the  only  real  solution  of  which 
is  T  =  tf  and  y  =  4  ;  and  this  will  always  be  the  case  when  f'ss  0,  hence 
a  point  may  be  considered  as  a  drcle  whose  radius  is  inde6nitely  amall.!.'  ^ 

Again,  the  equation  y*  +  ^  '-  4y  +  2d7  4«  9  =s  0,  may  be  pat  under 
the  form'(y-2)*  +  (x  +  1)*  —  -  4 ;  but  there  are  no  posiible  values  of 
X  and  y  that  can  satisfy  this  equation,  therefore  the  locns  is  imagitiary.[(C4)« 

69.  To  find  the  equation  to  the  tangent  to  a  circle. 

Let  the  origin  of  co-ordinates  be  at  the  centre,  and  x'^  yf  any  point  on 
(he  drcnmference. 

.  Then  the  equation  to  the  straight  line  through  /,  yf  is 

the  equation  to  tiie^adius [through  d/,  y'isy  s  -^«;  j 

bht  the  tangent  being  perpendicular  to  the  raditis,  we  have  ers  *^*rr  (^''') 

or  y  y'  -  y'»  s=  —  ipy  +  a?"; 
.:.yy'  +  jfd?'  =  y'»  +  a/» 

=  r«. 
The  eqnation  yt/  +  xaf^t'^t  thus  found,  may  be  easily  remembered, 
from  the  similarity  of  its  form  to  that  of  the  equation  to  the  circle,  ii 
being  obtained  at  once  from  y*  +  df  s  r'  by  changing  f^  or  y  y  Into  y  y', 
and  ^  or  « iT  into  4?  a/. 

If  we  take  the  general  equation  to  the  circle,  (^  —  6)*  +  («  —  a)*  s^  f*, 
the  equation  to  the  radius  is 

y-6  =  J::^(:r-a)....(41)    . 
\  X  —  a 

J    .\  ass-^  -^ — ~ ,  and  the  eqnathm  to  the  tangent  is 

The  equation  (y'— 6)"  +  C*'—  o)*  =*  i*  enables  us  finally  to  reduce  the 
equation  to  the  tangent  to  the  form 

(y-6)  (y'-6)  +  (a?-a)  (j/^a)  =  i* 

70.  To  find  the  equation  to  the  tangent  of  a  chrde  parallel  to  •  gives 
straight  line. 

l^ty ^  «j?  -f  6  be  the  given  line, 
\  and  yig  '\r  x js'  s=  r*  the Tequired  tangent,  in  which  y, /  are  nnkbown.^ 
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Since  the«e  lines  are  parallel,  —  —  s  »,  (43)  or  -^ ^    =  i^ 


!  Henee  by  substitution  in  the  equation  y  =:  •<-  "I?  '  "^  — •^^  ^^ 

ye=  ««  ±r  Vl  +  «*; 

iM>n8equent1y  two  tangents  can  be  drawn  parallel  to  the  giren  line. 

7.L  To  iind  the  intersection  of  a  straight  line  and  circle: 

.  Let  the  centre  of  the  circle  be  the  common  origin,  and  let  the  eqoatioot 
hey  s=^4xx+bt  and  ^+a^  =  r";  at  the  point  of  intersection,  y  and  x  most 
be  the  same  for  both.    .:.  r"  —  j?"  =:  (««  +  b)\ 

whence.  ^-^^^i^^V^'^-^^ 

1  +  or 
there  being  two  values  of  or,  we  have  two  intersections ;  these  values  may 
be  constructed,  and  the  points  of  intersection  found. 

If  r'CI-f  Of*)  =  ^  the  two  values  of  x  are  equal,  and  the  line  will 
touch  the  circle.  If  r"  (I  +  a*)  is  less  than  6'  the  line  will  not  meet  the 
circle. 

Ex.  1.  ^  +  jf  ==  25.     y+    df=    1;  dr=  4and-3,  y  s=  »  3and4* 
Ex.  2.  y*  4-  J^  =  25,     y  +    xzs    5 ;  j?  =  5  and     0,  y  =       0  and  b 
Ex.  3.  y'  +  ^  =  25,  4  y  +  3j?  £=  24 ;  The  line  touches  the  circle. 

We  may  observe  that  the  combination  of  an  equation  of  the  first  order 
with  any  equation  of , two  dimensions  will,  as  above,  give  an  equation  of 
the  second  order  for  solution ;  and  hence  there  can  be  only  two  intersec- 
tions of  their  loci. 

72..  If  the  axes  be  oblique  and  inclined  to  each  other  at  an  angle  m,  the 
equation  to  the  circle  is 

(y-6)'  +  (a?-a)'  +  2(y-6)  (« -  a)  cos.  «  =  r*.         (30) 

and  f^  +  a^  +  2xy  cos.  m  =  r",  if  the  origin  be  at  the  centre  ; 

hence  the  .equation  y*  +  cxy  -^afi  +  dy  +  ex  +/=  0,  belongs  to  the 

circle  in  the  particular  case  where  the  co-ordinate  angle  is  one  whose 

c 
cosme  =rr- 

2 

Comparing  it  with  the  general  equation  to  the  circle,  we  find 
2  COS.  4i>  =  c,      .—  26  —  2a  cos.  u  =3 d, 
—  2a  —  2 6  COS.  w  =  f,        a*  +  6*  +  2a6  cos.  m  -  r"  =/; 

whence,  by  elimination,  we  obtain  a  =  ^^—z — ,  h  s=  -^ — ;— ^, 

*        c"  —  4  c  —  4 

•     ,  ■            ced  —  c*  —  d" 
and»-= ^— J /; 

hence  the  co-ordinates  of  the  centre  and  the  radius  being  known*  the 
locua.can  be^irawn, 

Ex.  1.  y*  + J?y  +  J^ +  y  +  x  — 1  =  0; 

here  2  cos.  w  c:  1 ;  •*.  w  s  60^;  hence  this  equation  will  give  a  drck  if 
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ihe  axcB  be  inclined  at  an  angle  of  60° ;  the  co-ordinates  of  the  centre  are 

«r=  —  -;r,  6  = 5-;  and  Ihc  radius  =r  -7=^ 

3  3  V3 

The  equation  to  this  circle,  when  referred  to  the  centre  as  origin,  and 
to  rectangular  axes,  is  obviously  y*  +  «■  =:  r*  sr  — . 

w 

Ex.  2.    3^  +  42  .  «y  +  (i^  -  9  =  0. 

This  will  give  a  circle  if  the  axes  be  inclined  at  an  angle  of  45°,  the 
centre  is  at  the  origin  of  .co-ordinates,  and  the  radius  =  3. 

Of  course  c  must  never  be  equal  to,  or  greater  than,  d:  2,  for  cos.  w 
must  be  less  than  unity. 

If  the  circle  be  referred  to  oblique  co-ordinates,  the  equation  to  the 

r  —  6 


radius  is  y  —  6 


(x-a)....(41) 


and  the  equation  to  the  tangent  is 

y-sr-  -  -(y^rsrrc*'^)"^^^:^  ^'"""^  •  •  •  •  ^^*> 

and  reducing  as  in  article  69  we  have  the  equation  to  the  tangent 

(y  -  6)  (y  -  6)  +  (*  -  a)  (j!'  -  fl)  +  (a?  -  a)  (y'-6)  cos. «  +  (a/  -  a) 
(y  -  6)  cos.  «  =  r*. 


73*  To  find  the  polar  equation  to 
the  circle. 

Liet  the  pole  be  at  the  origin  S,  and 
the  angle  P  S  M  (=  0)  be  measured 
from  the  axis  of  x. 

M  P  ^  V  I  ^  rectangular  co-ordinates  of  P 

and  S  N  s=  a  t  ^    * 

NO=6/ " 

Let  S  P  =  tt,  S  O  =  c,  and  angle  O  S  X  zr  a ;  then  by  the  formulas 
(61)  or  by  the  figure  y=:u  sin.  9,  j;=ti  cos.^,  a^ic  cos.et,  and  6rrc  sin.  or. 

Substituting  these  values  of  a;  and  y  in  the  equation  to  the  circle, 

y«+ a»  -  26y  -  2flap  +  a' +  6* -r*  =s  0. 
we  have 

«■  (sin. 6)*  +  tt"(co8.  ©)•  -  2cti  sin.  a  sin.  0  —  2  c  11  cos. a  cos. 0  + 
c«  (cos.  «)■  +  &  (sin.  «)*  -  r"  =  0, 
or    tt'  — *  2c«  {  sin.  0  sin.  «  +  cos  0  cos.  «}+c^  —  r'ssO,  ^ 
or    i4* -  2  ctt  COS.  (e- «)  +  c*-r"  =  0. 
74.    If  a  and  6  are  not  expressed  in  terms  of  the  polar  co-ordinates 
c  and  gty  the  polar  equation  is  then  of  the  form 

tt*-2{6sin.e  +  oco8.©}  v  +  a»  +  6\-  r»=:0. 


4*  DISCUSSION*  OF  TBE  E(itJATION  OF 

'■'  If  the  origin  be  on  the  cfrcumfeience  we  hare  i^  +  A*  t^  «^»  and  tkot* 
fore  the  equation  to  the  circle  becomes 

u:s:2  (b  sin.  0  +  a  cos.  0) 
'   If  the  axis  of  «r  passes  through  the  centre,  6  =s  0,  and  the  equatkm  k 
ifi^  2attcoa0rHa*-i*t=:O. 

Whence  u  =  a  cos.  B  dt  Vr*  —  a^(8in.^}*; 
which  equation  may  also  be  directly  obtained  from  the  triangle  &P  O.  * 


CHAPTER  VI. 

DISCUSSION  OP  THE  GENERAL  EQUATION  OP  THE 
SECOND  ORDER. 

^'  75.  The  most  general  form  in  which  this  equation  appears  is 

where  a»  5,  c,  &c.»  are  constant  coefficients. 

I  Let  the  equation  be  solved  with  respect  to  y  and  x  separately,  then 

y==-^J^±-i^V{(6'-4ac)*'+2(W.Sae)x+iP-4a/};  (1) 
*  =  -^±-i-V{(6"-4ac)y«+2(ie-2cd)y+d'-4c/}    (2). 

25  C  «  C 

On  account  of  the  double  sign  of  the  root  in  (I),  there  are,  in  general, 
two  values  of  3^;  hence  there  are  two  ordinates  corresponding  to  the'aune 
abscissa :  these  ordinates  may  be  constructed  whenever  the  values  of  x 
render  the  radical  quantity  real ;  but  if  these  values  render  it  nothing,  there 
is  only  one  ordinate,  and  if  they  make  it  imaginary,  no  corresponding  or- 
dinate can  be  drawn,  and  therefore  there  is  no  point  of  the  curve  corre- 
sponding to  such  a  value  of  j;.  Hence,  to  know  the  extent  and  limits  of 
the  curve,  we  must  examine  when  the  quantity  under  the  root  is  real, 
nothing,  or  imaginary. 

This  will  depend  on  the  algebraical  sign  of  the  quantity 

(6'  — 4oc)x«  +  2(6d-2«e)  x  +  d*  —  4«/ 

In  an  expression  of  this  form,  a  value  may  be  given  to  jp,  so  large  tbat 
the  sign  of  the  whole  quantity  depends  only  upon  that  of  its  first  term,  or 
upon  that  of  its  coefficient  6*  —  4  a  c,  since  ^  is  always  positive  for  any 
real  value  of  X, 

For,  writing  the  expression  in  the  form  m(jf  -i x  +  — )let  o  be  the 

m  fn 

absolute  value  of  the  greater  of  the  two  quantities  —    and   ^  ;  then  sob* 

tn  m 

stituting  r  s:  ±  (g  +  I)  for  x,  the  expression  becomes 
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which,  whatever  be  the  values  of —  and  — ,  is  positive,  and  the  same  is 

m  tn 

trne  for  any  ina^itude  greater  than  db  r ;  hence  the  sign  of  the  ex- 
pression depends  upon  Uiat  of  m.  <• 

When  &'  —  4  a  c  is  negative,  real  values  may  be  given  to  <r,  either 
positive  or  Negative,  greater  than  dt  r,  which  will  render  y  imaginary. 
The  curve  will  then  be  limited  m  both  the  positive  and  negative  direc- 
tions of  x. 

When  6'  —  4ac  is  positive,  all  values  of  x  not  less  than  dt  r  will 
render  y  real,  and  therefore  the  curve  is  of  infinite  extent  in  both  direc- 
tions of  X. 

Lastly,  when  6*  — 4ac  is  nothing,  the  quantity  under  the  root 
becomes 

2  (i(i--2«e)  a?  +  d»  -  4a/. 

If  b'd'-Qat  be  positive,  real  positive  values  may  be  given  to  df, 
which  shall  render  y  real ;  bat  if  a  negative  value  be  given  to  x  greater^ 

^^^   QfhJ    o     \  *  y  ^"  itattginwty ;  therefore  the  curve  will  be  of  in- 

definite  extent  in  the  direction  of  x  positive  and  limited  in  the  opposite' 
direction. 

But  if  bd-^Sae  be  negative,  exactly  opposite  results  will  follow, 
that  is,  the  curve  will  be  of  iudefinite  extent  in  the  direction  of  x  negative 
and  limited  in  the  opposite  direction. 

Tkking  equation  (2)  we  should  find  similar  results. 

The  curves  corresponding  to  the  equation  of  the  second  degree,  may 
therefore  be  divided  into  three  distinct  classes. 

1.  ft*  —  4  a  c  negative,  curves  limited  in  every  direction. 

2.  ft* «—  4  a  c  positive,  curves  unlimited  in  every  direction. 

3.  ft*—  4ac  nothing,  curves  limited  in  one  direction,  but  unli« 

inited  in  the  opposite  direction. 

70.  Fhrti  dan  ft*  *-  4  a  c  negative. 

ft  d         ,     ft*-4ac 

I^t    «_««,^  ^  =  t  __^  =  -^, 

and  let  Xi  and  «r,  be  the  roots  of  the  equation 

(ft»-4tfc)aj*  +  2(ftd-2aO*  +  <i'  -4fl/s:0. 
Then  equation  (1)  or 

'  2a    ^^l     4a«      ^    ^     6»-4ac     ^  i'-4ac -'/ 

becomes  by  subsUtation 

jfaB««  +  /±V{-/»(«-«,)(«-*^} 


¥^Aac  NBOATnri* 


Let  A  be  the  origin  of  co-ordthaCes,  A  X,  AT  the  oblique  axes. 
Let  H  H'  be  the  line  represented  by  the  equation  y  =  afdP+t  MO 
one  of  its  ordinates  corresponding  to  any  valae  of  «  between  XiandXr 

Along  the  line  M  O  take  O  P  and  O  F  each  equal  to  i/  {  —  /«  (x— x.) 
(«— jTi)},  then  P  and  P'  are  two  points  in  the  curve,  for 

MP  =MO  +  OP=:aa?  +  /+V{-/i(x-j',)(x-*0} 
MF=  M  O  -  0F=:  «»  +  «  -  V{- ^  (*-*i)  (*-^«k)  } 
If  we  repeat  this  construction  for  all  the  real  values  of  x  which  render 
the  root  real  we  obtain  the  different  points  of  the  curve. 

The  line  H  H'  is  called  a  diameter  of  the  curve,  for  it  bisects  all  the 
chords  PF  which  are  parallel  to  the  axis  of  y. 

The  reality  of  y  depends  on  the  reality  of  the  radical  quantity,  which  last 
depends  on  the  form  of  the  factors  (x  —  j:,)  and  {x  —  jtO*  that  is,  on  the 
roots  f  I  and  x,.  Now  these  may  enter  the  equation  in  three  forms — ^real 
and  unequal — real  and  equal — or  both  imaginary. 

Case  1.  Let  Xi  and  x^  be  real  and  unequal,  take  A  B  =  X|,  A  B'  :=  iti 
then  if  x  tr  j^i  or  x^  the  quantity  —  fi  (x— Xi)  ix—x^)  vanishes,  and  the  or- 
dinate to  the  curve  coincides  with  the  ordinate  to  the  diameter,  therefore 
drawing  through  B  and  B'  two  lines  B  R  and  B<  Bf  parallel  to  AY  the 
curve  cuts  the  diameter  in  R  and  R'. 

For  all  values  of  x  between  Xj  and  x,  there  are  two  real  values  of  y,  for 
X  ->  Xi  is  positive  and  x  —  x,  is  negative,  and  therefore  — /<  (x— xj 
(x— X,)  is  positive. 

For  all  values  of  x  >  x^  or  <  Xj,  —  /i  (x— x,)  (x-x,)  is  n^ative,  the 
root  being  impossible  cannot  be  constructed,  hence  there  is  no  real  value  of 
y  corresponding  to  such  ralues  of  x,  and  therefore  the  curve  is  entirely  con- 
fined between  the  two  lines  B  R  and  B'  R^ 

Similarly  by  taking  equation  (2)  in  (75),  we  shall  find  that  a  straight 
line  Q  Q' is  a  diameter ;  that  the  curve  cuts  it  in  two  points  Q.Q':  that 
drawing  lines  parallel  to  A  X  through  Q  and  Q'  the  curve  is  confimrd 
between  those  parallels. 

We  have  thus  determined  that  the  curve  exists  and  only  exists  between 
pertain  parallel  lines :  its  form  is  not  yet  ascertained.    We  might  by  giving 


^.^4<l^lfXOAnV8.  45 

a  Tsriety  of  valaes  to  x  between  Xx  and  x,  determine  a  variety  of  points 
P,  Q,  ftc.»  and  thus  arrive  at  a  tolerably  exact  idea  of  its  course,  bat  inde- 
pendently of  this  method,  its  form,  cannot  much  differ  from  that  in  the 
figure«  for  supposing  it  to  be  such  as  in  fig.  (2)  a  straight  line  could  be 
drawn  cutting  it  in  more  points  than  two  which  is  impossible  (71). 

This  oval  curve  is  called  the  £Hip3e. 

If  we  require  the  points  where  the  curve  cuts  A  X,  put  y.  =  0,  then  the 
roots  of  the  equation  cx'^-k-tx  +/=  0  are  the  abscissas  of  the  points  of 
intersection,  and  the  curve  will  cut  the  axis  in  two  points,  touch  it  in  one, 
or  never  meet  it,  according  as  these  roots  are  real  and  unequal,  real  and 
equal,  or  imaginary.  Similarly  putting  x  =:  0  we  fin^  the  points,  if  any, 
where  the  curve  meets  the  axis  oiy. . 

Case  2.  Let  the  roots  x^  and  x^  be  real  and  equal» 

which  is  imaginary  except  when  x  ss  Xt,  therefore  the  locus  is  the  point 

J.    .                  J         j^  I          2ae--bd       .    2ed-be 
whose  co-ordinates  arexi  and  aXi  +  lf  or  — n — -i ^nd-rr — • 

Case  3.  Let  X|  and  .ts  be  impossible,  then  no  real  value  can  be  given  to 
X  to  make  (x  —  x^  {x  —  x^)  negative,  for  the  roots  are  of  the  form 

±p  +  q  V-  land  ±  p  —  9  V—  1  •'•  (*- JTi)  (*-*«)  ^af^±2px  + 
j>«  ^  g*  =:  (*  dbp)"  +  9*  which  quantity  is  always  positive  for  a  real  value 
of  X.  Hence  in  this  case  the  radical  quantity  being  impossible  there  is  no 
locus* 

We  have  not  examined  the  equation  of  or  in  terms  of  y  at  length,  for  the 
results  of  the  latter  are  dependent  on  those  of  the  former.  By  comparing 
equations  (1)  and  (2)  in  (75),  we  see  that  e  stands  in  one  equation  where 
a  stands  in  the  other,  and  therefore  that  the  radical  quantities  are  con^ 
temporaneously  possible,  equal,  or  impossible,  provided  that  a  and  c  have 
the  same  sign,  which  is  the  case  when  6'— 4  a  c  is  negative. 

In  discussing  a  particular  example  reduce  it  to  the  forms 

there  are  then  three  cases. 

Case  1.  Xi  and  x^  real  and  unequal.  The  locus  is  called  an  ellipse,  its 
boundaries  are  determined  from  1*1,  x»  yx  and  y^.  its  diameters  are  drawn 
from  yzsiax  +  l  and  x^a!y  +  l\  and  its  intersections  with  the  axes 
found  by  putting  x  and  y  successively  =  0  in  the  original  equation. 

Case  2.  Xi  and  x^  real  and  equal :  the  locus  is  a  point 

Case  3.  Xx  and  jr^  impossible :  the  locus  is  imaginary. 

Ex.  1.  ^  -  2xy  +  2a?  -  2y  -  4 or  +  9  =  0.    Case  1.   Fig.  1. 

AB=:2.AB'=:4,AC=4-   ^,  A  C'=  4  + /J.  A  H  =  1 
Ex.  2.  y"  +  « y  +  «*  +  y  +  J?  -  5  =0.    Case  1. 
'    Tlie  curve  cuts  the  diameters  when  A  B  s  2^,  A  B'  =  -  3,  A  C  =:  2|, 
A  C  s  **  3,  and  it  cuts  the  axes  at  distances  1*7  and  —2*7  nearly; 

These  six  poiata  ai?  sufficient  to  detennine  its  course. 


Ex.  S.  2^  +  2«y-f  8«*  — 4crss0.    Casel. 

.   Ex.4.  y*-2a;y+9^  —  8y  +  2fs0.  Casel. 

Ex.  5.  3/^+2«*-.10a?+12c=0.    Case  1. 

'  Ex.  6.  y*-2<ry  +  8a^  — 2y  — 10^?+  19  =  0.  Case  2.  The  in- 
tersection of  the  diameters  in  Ex.  1. 

Ex.  7.  y"-4j?y  +  5^  +  2y—  4*+2=:0.    Case 3. 

!  It  IS  to  be  observed  that  no  accurate  form  of  the  cuTTe  is  here  found, 
that  will  be  hereafler  ascertained,  all  that  we  can  at  present  do,  is  to  obtain 
^n  idea  of  the  situation  of  the  locus* 

77.   Second  dau^  b*  -*  iacpotitioe. 
Arranging  and  substituting  as  in  (f6)  the  equation  becomes 

^  liCt  H  H'  be  the  diameter  whose  equation  is  y  =:  a-a  +  L  I 
>   Then  as  before  there  are  three  forms  of  the  roots  x,  and  x^ 

Case  1.  Let  x^  and  a:*  be  real  and  unequal,  let  A  B  a:  «i  and  A  B'  s  fg 
draw  B  R,  B'  R'  parallel  to  AY,  the  curve  meets  the  diameter  in  R  and 


^  R'. '  Th^  rtdied  qnantity  Is  hnaginary  for  all  values  of  x  between  of,  and 
irt  but  real  beyond  these  limits,  henoe  no  part  of  the  curve  h  between  the 
parallels  B  R,  B'  &\  but  it  extends  to  infiiaty  beyo^  tbtfi.   .: 


Takings  the  equation  for  x  in  terms  of  y^  we  may  draw  tbe  diameter 
QQ^  and  determine  the  lines  CQ,  C'Q'  parallel  to  AX  between  which 
no  part  of  the  curve  is  found,  and  beyond  which  «r  is  always  possible. 

From  this  eiamination  it  results  that  the  form  of  the  locus  must  be  some- 
thing like  that  In  fig,  1,  consisting  of  two  opposite  arcs  with  branches  pro- 
ceeding to  infinity. 

This  curve  is  called  the  Hyperbola. 

We  mnst  observe  that  the  second  diameter  does  not  necessarily  meet 
the  curve,  for  the  contemporaneous  possibility  or  impossibility  of  the  radical 
quantities  depends  on  the  signs  of  a  and  c,  and  these  may  be  difierent  in 
the  hyperbola;  so  that  one  radical  quantity  may  have  possible  and  the 
other  impossible  roots.  ; 

Case  2.  Xi  and  x^  real  and  equal, 

this  is  the  equation  to  two  straight  lijies. 

Case  3.  x^  and  x^  imaginary;  whatever  real  values  be  given  to  .r4he 
radical  quantity  is  real,  and  therefore  there  must  be  four  infinite  branches. 
Also  since  /i  {x—x^)  (x^x^  ean  never  vanish,  (76,  Case  3.)  the  diameter 
H  H'  never  meets  the  curve,  but  we  may  draw  the  other  (iUameter  af  in 
the  first  case. 

If  neither  diameter  meets  the  curve,  yet  they  will  at  least  determine 
where' the  curve  does  not  pass»  we  must  then  find  the  intersections  with 
the  axes.  If  these  will  not  give  a  number  of  points  sufiicient  to  deter- 
mine the  locality  of  the  curve  we  must  have  recourse  to  other  methods 
to  be  explained  hereafter. 

In  discussing  a  particular  example  reduce  it  to  the  forms 

xr=a'y+l'±sj  { /*  (y-yO  (y-yO} 
there  are  then  three  cases. 

Case  1.  X|  and  x^  real  and  unequal.  The  locus  is  an  hyperbola,  its 
boundaries  determined  from  Xi,  x^,  y^  and  y^  the  diameters  are  drawn  from 
y:=zax  +  l  and  x^io^y  +  ty  and  its  intersections  with  the  axes  found 
by  putting  x  and  y  separately  equal  nothing. 

Case  2.  x^  and  j^ti  real  and  equal.  The  locus  consists  of  two  straight 
lines  which  intersect  each  other. 

Case  3.  Xi  and  jr,  impossible.  The  locus  is  an  hyperbola,  draw  the 
diameters,  and  find  the  intersection,  if  any,  of  the  curve  with  either  dia* 
meter  and  with  the  axes. 

Ex.  1.  y*  —  8xy  +  ^  +  1  =  0.  Case  1.  Fig.  1.  The  origin  being 
at  the  intersection  of  the  dotted  lines. 

The  equations  to  the  diameters  are  y  =  --  and  y  =  — »  AB's  • 


AB  = ^.AC'=5-?=,AC=  - 


Y'^'^-TT 


Ex.f.  y*  — 2«y'^a^  + 2  =  0.  Case  1.  The  two  diameters  pass 
through  the  origin  and  make  an  angle  of  45°  with  the  axes,  tbe  second 
Q  Q^  never  meets  the  curve,  A  B'  =:  1  and  A  B  =  "«^  1 ;  the  curve  inteo* 

sects  tbe  axis  oTx  at  distances  ±  V^ 


48  «•-  4ae  =  0. 

Ex.  3.  4y«-4«y-3«»  +  8y  +  4x+ 16  =  0.  Case  1. 
Ex.  4.  y«  -  4  j?y  —  5 J!»  -  2  y  +40x  —  26  =  0.  Case  1. 
Ex.5.      y-6j?y +  8x«  +  2j?  — IrrO.     Case  2.    The  equatioM 

to   the   two  straight  lines   are  j^  —  4  x  +  1  =  0,  and 

y  —  2a'-l  =  0. 
Ex.6.     yt  +  3j.y +2a«  +  2y  +  3x  +  l=0.     Case  2. 
Ex.7.    y«- 4a?y— a*+10jr- 10  =  0.    Cased.    Fig.  2. 
Ex.  8.    y'+ 3j:y +  *■ +  y +  •»=  0.     Cased.    Fig.  3. 

Here  neither  diameter  meets  the  curve  ;  but  the  curve  passes  Uirougii 
the  origin  and  cuts  the  axis  of  «r  at  a  distance  —  1,  and  that  of  y  also  at 
a  distance  —  1. 

Ex.9.    y«  — j?«*- 2y+ 5jp- 3=0.     Case  3. 

The  diameters  are  parallel  to  the  axes,  but  the  curve  never  meets  that 

5 
diameter  whose  equation  is  d?  =   — . 

Ex.  10.    y«  -  a;*  —  y  =  0*    Case  3. 

78.    Third  CloM.    &'-4ac  =  0. 
In  this  case  the  general  equation  becomes 

And  let  Xi  be  the  root  of  the  equation 

2(6d  —  2ac)j?  +  <P-4  c/=  0. 
Substituting  equation  (I)  becomes 

y  =  «x  +  l±  ^{y  (x-Xi)} 

The  locus  ofy=aa?+M8a  diameter  H  H'  as  before. 

Let  V  be  positive,  then  i^  x^x^ 
the  root  vanishes  ;  or  if  A  B  =  Xi 
and  BR  be  drawn  parallel  to 
A  Y,  the  curve  cuts  the  diameter 
In  E.  As  X  increases  from  Xi  to 
OD,  y  increases  to  gd,  hence  there 
are  two  arcs  R  Q,  R  Q'  extending 
to  infinity.  If  j?  be  less  than  Xi,  y  is 
impossible,  or  no  part  of  the  curve 
extends  to  the  negative  side  of  B. 

Let  V  be  negative,  then   the     X  £" 

results  are  contrary,  and  the  curve  only  extends  on  the  negative  side 
of  B  ;  this  case  is  represented  by  the  dotted  curve. 

This  curve  is  called  the  Parabola. 

;    If6d-2ac  =  0,     y=gj?+/  ±  \/{^ll^^}* 

and  the  locus  consists  of  two  parallel  straight  lines ;  and,  according  9S 
d^  ^  A  a/ is  positive,  nothing,  or  negative^  these  lines  are  both  real,  or 
unite  into  one^  or  are  both  imaginary. 

In  discussing  a  particular  example,  reduce  it  to  tlie  form 
y  zz  ux  +  l±  iJ{yix^Xi)} 
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Case  1.  V  positive  or  negative.  The  locus  is  called  a  parabola;  draw 
the  diameter  and  find  the  points  where  the  curve  cuts  the  axes  and  dia- 
meter. 

Case  2.  v  =  0.  The  locus  consists  of  two  parallel  straight  lines,  or 
one  straight  line,  or  is  imaginary. 

Ex.1.    y'-2*y +«*-2y- 1    =0.     Case  1. 
Ex.2.     y«-2ary+^-2y-2a?=0.     Case  1. 
Ex.3.     p*  +  2xy  +  a*  +  2y  +  x  +  S=:0.     Casel. 
Ex.  4.     y"  -  2a?y  +  J?*  -  1  =  0.    Case  2.  Two  parallel  straight  lines. 
Ex.  5.     y*  -  2  J?  y  -h  j:«  +  2  y  -  2  j?+ 1  =0.  Case  2.  One  straight  line. 
Ex.  6.    y"  +  2  J?  y  +  a?«  +  1  =  0.     Case  2.     Imaginary  locu«. 
79.  Before  we  leave  this  subject,  it  may  be  useful  to  recapitulate  the 
results  obtained  from  the  investigation  of  the  general  equation 

ay'  +  bxy  +  cx'  +  dy  +  ex-\-f=zO. 

If  6«  —  4 ac  be  negative,  the  locus  is  an  ellipse  admitting  of  the  fol- 
lowing varieties : — 

1.  c=z  a^  and  —  =  cosine  of  the  angle  between  the  axes,  locus  t 
circle.  (72.) 

2.  (6d-2flc)«=  (6«-.4flc)  ((i«-4fl/).    Locus  a  point 

3.  (64—  2aey  less  than  (6*  —  4ac)  (d»  —  4  a/).  Locus  ima- 
'ginary. 

If  6*  —  4  a  c  be  positive,  the  locus  is  an  hyperbola  admitting  of  one 
variety. 

1.   (bd  -   2ac)«  =:  (6«  -  4  ac)  (d*  -  4a/).     Locus  two  straight 

lines.  } 

Lastly,  if  6*  —  4  a  c  =:  0,  the  locus  is  a  parabola  admitting  of  the 
following  varieties, — 

1.  6d  —  2ae=:0.     Locus  two  parallel  straight  lines, 

2.  6  d  -  2  a  tf  =  0,  and  <P  —  4  a/=  0.    Locus  one  straight  line. 

3.  6  (£  -  2  a  e  =  0,  and  d"  less  than  4  af,    Locus  imaginary. 
Apparently  another  relation  between  the  coefficients  would  be  obtained 

in  each  variety,  by  taking  the  equation  of  x  in  terms  of  y ;  but  on  exa- 
mination,  it  will  be  found  that  in  each  case  the  last  relation  is  involved  in 
the  former. 
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CHAPTER    VII. 

REDUCTION  OF  THE  GENERAL  EQUATION  OP  THE 
SECOND  ORDER. 

80.  In  order  to  investigate  the  properties  of  lines  of  the  second  order 
more  conveniently,  we  proceed  to  reduce  the  general  equation  to  a  more 
simple  form,  which  will  be  effected  by  the  transformation  of  co-ordinates. 
Taking  the  formulas  in  (54.) 

"    y  =r  y'  +  «,  and  x:=:a^  +  m 

and  substituting  in  the  general  equation,  we  have 

a(y^  +  n)«  +  *(j!'+m)(y'  +  n)  +  cC*' +  m)*  +  dCy*  +  n) +« 
(j/  +  m)  +/=  0; 

or  arranging 

K    ay"*  +  bx'  y'+  c  a?'*  +  (2  fl  n  +  6  m  +  rf)  y'  +  (2  c  m  +  6  n  +  0  i- 
\+  a  n*  +  b  m  n  -^  c  m*  -i-  d  n  +  emf^  0. 

As  we  have  introduced  two  indeterminate  quantities,  i»  and  w,  wc  are 
at  liberty  to  make  two  hypotheses  respecting  the  new  co-eflSclents  iu  the 
last  equation  ;  let,  therefore,  the  co-efficients  of  j/  and  y'  each  =  U. 

_.  i!   J  t^       t.    .      .  2fle—  bd         .  2cdf— &<• 

Whence  we  find  by  ehmmation,  in  =: ; ,andn= . 

6*— 4ac  fi«  —  4flc 

The  value  of  the  constant  term,  or  /',  may  be  obtained  from  the  equa- 
tion, 

f':=an^  +  bmn  +  cm^  +  dn  +  em+  /=  0 ; 
or,  since  2a7i+6m-{-d=0,  and2cin  +  bn  +  e  =0, 

Multiply  the  first  of  these  two  equations  by  n,  and  the  second  by  jfi; 
and,  adding  the  results,  we  have 

2an^  +  2bmn+  2cm*  +  dn  +  cm  =  0 ; 

.\  afi^+  bmn  +  cm* SI -^ ; 

,  /.I  dw-4-tfm       .  dn  4-  em     ' 

hence /'=: ^^ +  dn  +  em  +/=  IZLZLi? +/,  which, 

by  the  substitution  of  the  values  of  m  and  «,  becomes 

•^  6«-4ac  "^"-^ 

The  reduced  equation  is  now  of  the  form 

ay'*  -h  bx'  y*  +  c  x"  +  f  z=  0. 
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81.  The  point  A«  which  is  ihe  new  origin  of  co-ordinaUf*  is  cqJIed 
the  centre  'of  the  curve,  because 
every  chord  passing  throug^h  it  is 
bisected  in  that  point.  For  tlie 
last  equation  remains  the  same 
when  -*  X  and  —  y  are  substi- 
tuted for  +  X  and  +  2/ : .  hence, 
for  every '  point  P  in  the  curve, 
whose  co-ordinates  are  x  and  y, 
there  is  another  point  P',  whose 
co-ordinates  are  —  x  and  ^  y,  or 
A  M'  and  M'  P' ;  hence,  by  com- 
paring the  rifi^ht  angled  triangles, 
AMP,  AM'P',  we  see  that  the 
vertical  angles  at  A  are  equal,  and 
therefore,  the  line  P  A  PMs  a  straight  line  bisected  in  A. 

Whenever,  therefore,  the  equation  remain^  the  same  on  the  substitution 
of  —  jr  and  —  y  for  +  «»  and  +  y  respectively,  it  belongs  to  a  locus 
referred  to  its  centre. 

If  the  equation  be  of  an  even  order,  this  condition  will  be  satisfied  if 
the  sum  of  the  exponents  of  the  variables  in  every  term  be  even ;  thus,  in 
the  general  equation  of  the  second  order,  ay*  4-  b  xy  +  cj*  +  dy  + 
ex-^-fzz  0,  the  sum  of  the  exponents  in  each  of  the  three  first  terms 
is  2,  and  in  the  two  next  terms  is  1 ;  changing  the  signs  of  x  and  y,  the 
equation  does  not  remain  the  [same ;  or  for  one  point  P,  there  is  not 
another  point  P'  opposite  and  similarly  situated  with  respect  to  the  origin  ; 
hence  that  origin  is  not  the  centre  of  the  curve.  But  the  equation  0y' 
+  &ary  +  c4^+/'  =  0,  refers  just  as  much  to  the  point  P^  as  to  P, 
and  thus  the  origin  is  here  the  centre  of  the  curve. 

If  the  equation  be  of  an  odd  order,  the  sum  of  the  exponents  in  each 
term  must  be  odd,  and  the  constant  term  also  must  vanish ;  for  if  both 
these  conditions  are  not  fulfilled,  the  equation  would  be  totally  altered  by 
putting  —  X  and  —  y  for  +  d?  and  +  y  respectively.  Therefore  a  locus 
may  be  referred  to  a  centre  if  it  be  expressed  by  an  equation  which,  by 
transformation,  can  be  brought  under  either  of  the  two  following  condi- 
tions : — 

(1)  Where  the  sum  of  the  indices  of  every  term  is  even,  whether  there 
be  a  constant  or  not,  asay'-j-ftxy  +  cj:*  •\-  f  zn  0, 

(2)  Where  the  sum  of  the  indices  in  every  term  is  odd,  and  there  is  no 
constant  term,  asay*  +  6a?y"  -|-cx*y-{-c/tr*-j-ey  -Vfx  =  0. 

Now  it  has  been  stated  (59)  that  no  equation  can  be  so  transformed 
that  the  new  equation  shall  be  of  a  lower  or  higher  degree  than  the  ori- 
ginal one.  Hence,  if  the  original  equation  be  of  an  even  degree,  the 
transformed  equation  will  be  so  too,  and  the  locus  can  be  transferred  to  a 
centre  only  where  the  equation  can  be  brought  under  the  first  condition  ; 
but  if  the  original  equation  be  of  an  odd  degree,  the  transformed  equation 
also  will  be  of  an  odd  degree,  and  the  locus  can  only  be  transferred  to  a 
centre  when  the  equation  can  be  brought  under  the  second  condition. 
Hence  we  have  a  test,  whether  a  locus  with  a  given  equation  can  be 
referred  to  a  centre  or  not.  If  the  axes  can  be  transferred  so  that  (1)  The 
original  equation  being  of  an  even  degree,  the  co-efiicients  of  all  the  terms, 
the  sum  of  whose  exponents  is  odd,  vanish.  (2)  The  original  equation 
being  of  an  odd  degree,  the  co«eflicients  of  all  the  terms,  the  sum  of  whose 

£2 
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exponents  is  even,  and  also  the  constant  term^  vanish,  then  the  locus  mij 
be  referred  to  a  centre,  and  not  otherwise. 

Now  in  the  transformation  which  we  effect  by  making  y  =i  f/  +  n^mA 
a?  =  a?'  +  m,  we  can  destroy  only  two  terms ;  we  cannot  therefore  bring, 
by  any  substitution,  an  equation  of  higher  dimensions  than  the  second 
under  the  necessary  conditions,  unless  from  some  accidental  relation  of 
the  original  co-efficients  of  that  equation.  But  in  the  case  of  equations  of 
the  second  degree,  we  can  always  bring  them  under  the  first  condition, 
unless  the  values  of  the  indeterminate  quantities,  m  and  ti,  are  found  to 
be  impossible  or  infinite. 

In  curves  of  the  second  order,  we  see  that  the  values  of  m  and  n  are 
real  and  finite,  unless  6^  —  4  a  c  =  0  ;  consequently  the  ellipse  and  hy- 
perbola have  a  centre  and  the  parabola  has  not ;  hence  arises  the  division 
of  these  curves  into  two  classes,  central  and  non-central. 

In  the  case  where  6*  —  4  a  c  =  0,  and  at  the  same  time  2  a  e  ^  b  d 
ot2c  d  ^  b  e  vanish,  the  equation  becomes  that  to  a  straight  line,  as 
appears  on  inspecting  the  equations  (1)  and  (2)  in  (75). 
/^  If  by  the  transformation  the  term  /'  should  vanish,  the  equation  be- 

comes of  the  form  ay"  -f-6j?y  +  cj^  =  0;   whence 

—————        iT 

y  =  {— 6±^6»  —  4ac  }-r—  ;  and  the  curve  is  reduced  to  two  straight 

lines  which  pass  through  the  centre ;  or  if  6'  —  4  a  c  is  negative,  the  locus 
is  the  centre  itself  (25). 

82.  The^central  class  may  have  their  general  equation  still  further  re- 
duced' by  causing  the  term  containing  the  product  of  the  variables  to 
vanish,  which  is  done  by  another  transformation  of  co-ordinates.  Taking 
the  formulas  iu  (58)  let 

Let  y'  =  j/'  sin.  0  +  y"  cos.  ©, 

a/  =  or"  cos.  d  —  y"  sin.  6, 

substituting  in  the  equation  ay'*  +  6  j/y'  +  cj/"  +/'  =  0,  we  have 

0Qg^tsmJ+y''coUf+bix''6mJ+if'fcosJ)(x''co9J-y''nn^^ 

.\  y"*  {fl  (cos.  ey  -  6  sin.  0  cos.  e  +  c  (sin.  6y\  +  x^*  {a  (sin.  oy  + 
b  sin.  0  cos.  0  +  c  (cos,  0)«} 

''  +  x''  y" {2  a  sin.  0  cos.  0-^6  (cos.  0)«  —  b  (sin.  0)«-  2  c sin.  9  cos.  0} 
+  /'  =  0. 

Let  the  co-efficient  of  j?''  y''  =:  0, 

;;  .*.  2  a  sin.  0  cos.  0+6  (cos.  0)«  —  b  (sin.  0)"  —  2  c  sin.  0  cos.  0  =  0, 

or  (a  -  c)  2  sin.  0  cos.  0  +  6  {(cos.  0)«  —  (sin.  0)«}  =  0, 

.'.  (a  —  c)  sin.  20-f6  cos.  20  =  0; 

and  dividing  by  cos.  2  0,  we  have 

c 

Here  0  is  the  angle  which  the  new  axis  of  x  makes  with  the  original 
one  (58)  ;  hence,  if  the  original  rectangular  axes  be  transferred  through 

an  angle  0,  such  that  tan.  2  d  =: »  the  transformed  equation  irfll 

a  —  c 
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have  no  terra  conUinio^  the  product «"  y",  that  is,  the  equation,  when 
referred  to  its  new  rectangular  axes,  will  be  reduced  to  the  simple  form 

83.  As  a  tan^nt  is  capable  of  expressing^  all  values  from  0  to  oo ,  posi- 
tive or  negative,  it  follows  that  the  angle  0  has  always  a  real  value,  what- 
ever be  the  values  of  a,  6,  and  c,  and  thus  it  is  always  possible  to  destroy 
the  term  containing  x  y. 

The  values  of  sin.  2  6  and  cos.  2  $  are  thus  obtained  from  that  of 
tan.  2  6; 

008.2^  = — *=  ===-=s ^ 

±  VI  +  (tan.  2  ey      ^      •   ^  /     b    Y       ±  ^ia^cy+bi 

—  6  ' 
And  sin.  2  0=  cos.  2  6,  tan.  20= — , 

±  V  (a  -  c)«  +  ft« 

Since  0  must  be  less  than  90^  and  therefore  sin.  2  6  positive,  the  sign 
of  the  radical  quantity  must  be  taken  positive  or  negative,  according  as 
b  is  itself  negative  or  positive. 

84.  To  express  the  co-efficients  a'  and  c/  of  the  transformed  equation 
in  terms  of  the  co-efficients  in  the  original  equation. 
Taking  the  expressions  for  the  co-efficients  in  article  (82)  we  have 
of  =1  a  (cos.  ey  —  b  sin.  9  cos.  0  +  c  (sin.  0)«  | 
i!  ^  a  (sin.  Bf  +  6  sin.  0  cos.  0  -f-  c  (cos.  0)", 

.'.  a'-'dzzL  a{(cos.0)'-  (sin.  fl)"}— 26  sin.0cos.0  +c{(sin.  0)«— (cos.0)« } 
:=  a  cos.  2  0  —  6  sin.  2  0  —  c  cos.  2  0 
=  (fl  -  c)  cos.  2  0—6  sin.  2  0 ; 

but  cos.  2  0  =: ^  "  ^         ,  and  sin.  2  0=  *"  ^ 


±  V(a-c)»  +  6»  '  ±  V(a-c)«+6«'  ' 

hence  substituting,  we  have 

±  V(a  -  c)'  -I-  6«       ±  V(a  -  c)«  +  6« 
_       (fl  -  c)«  +  6« 
±  '^  (fl  -  c)*  -f  6« ' 
or  a'  --  c'  =  ±  V  (a  -  c)«  -1-  6« 
Also  a'  +  c'  =i:  a  -f  c, 
.-.  a'=  i{a  +  c  ±  V(a-c)«  +  6«.} 
c'  =  i  {a  +  c  qFV(a-c)«  +  6«.} 
Hence  the  final  equation  is 

6"  —  4  a  0      '•"^ 

The  upper  or  lower  sign  to  be  taken  all  through  this  article,  acpording 
M  the  sign  of  6  in  the  original  equation  is  negative  or  positive. 
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85.  Hitherto  in  this  chapter  we  have  been  making  a  number  of  alteta- 
tions  in  the ^rm  of  the  original  equation :  the  following  figures  will  show 
the  corresponding  alterations  which  have  been  made  in  the  pontion  of 
the  curve.  The  ellipse  is  used  in  the  figure,  in  preference  to  the  hyper- 
bola solely  on  account  of  its  easier  description. 
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Fig.  1.  We  have  here  the  orininal  position  of  the  curve  referred  to  red- 
angular' axes  A  X  and  A  Y,  and  the  corresponding  equation  is 

Fig.  2.  The  origin  is  here  transferred  from  A  to  the  centre  of  the  corrc 

A,  the  co-ordinates  of  which  are  m  s=  -r ; ^  and  n  =-71 — ; — . 

6«— 4ac  6>— 4flc 

*   The  new  axes  A'  X'  and  A'  Y'  are  parallel  to  the  former  axes,  and  the 
equation  to  the  curve  is 

ay'*  +  bs/y'  +  cx^+f=:0. 

Pig.  3.  The  origin  remains  at  A',  but  the  curve  is  referred  to  the  new 
rectangular  Axes  A'  X''  and  A'  Y",  instead  of  the  former  ones  A'  X' 
and  A'  Y'.  The  axis  A'  X'  has  been  transferred  through  an  angle  X'  A'  X" 
into  the  position  A'  X'^  the  angle  X'  A'  X"^  or  0,  being  determined  hy  the 

equation  tan.  2  6  = ,  and  the  equation  to  the  curve  is  now  , 

86.  In  the  ellipse  and  hyperbola  the  word  '*  axis*'  is  used  in  a  limited 
sense  to  signify  that  portion  of  the  central  rectangular  axis  which  is 
bounded  by  the  curve. 

To  find  the  lengths  of  the  axes,  put  «"  and  y''  successively  =  0,  ve 
then  obtain  the  points  where  the  curve  cuts  the  axes,  or,  in  other  words, 
we  have  the  lengths  of  the  semi-axes. 

In  the  equation 

Lety"  =  0,  .-.  c'*"'  +/'  =:0»andy'  =  V^~r-- 
Let  «"  =0,  :.  a!  y « +/^  =  0,  and  y"  =  V^-^- 
In  fig.  3,  the  semi-axes  arc  A'C  and  A'  B,  so  that  A'  C  £=  \/-^» 
—^  \  putting  for  a',  c/,  and/',  their  values  in  lernw 
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of  Um  original  co-efficients  (SO,  84)  we  have  the  squares  upon  the  semi- 
axes  both  comprehended  in  the  formula, 

2 /fle»-f  ccft—  hde        ^\ 

a'¥c±^  (fl-c)«  +  6^\        6»-4ac  / 

Let  the  equation  a'y"  +  c^^^+Z' *=  ^»  ^  wriUen  in  the  form 

Then,  if  the  curve  is  an  ellipse,  we  must  have  6'—  4ac  negativei 

or,  since  &  =  0  in  the  present  case,  we  must  have  -*4f  — //jl'*''/') 

a'  c' 

negative,  and  therefore  —  -^  and  —  ^  both  positive ;  thus  both  axes  meet 

a!  d 

the  curvet  (the  case  where  both  —  —  and  —  —  are  negative,  would  give 

an  imaginary  locus).     If  the  curve  is  an  hyperbola,  6'  —  4  a  c  is  positive, 
and  therefore  ""^f  —  -j^jf j-\  must  be  positive,   or  one  of  the 

values,  ( "^  7r  )   positive,  and  the  other   (  —  77  )    negative;   heneei 

one  of  the  axes  in  the  hyperbola  has  an  impossible  Value,  and  thsrefi»re 
does  not  meet  the  curve. 
The  relative  lengths  of  the  axes  will  depend  entirely  on  the  magnitude  of 

87.  Hitherto  the  original  co-ordinates  have  been  rectangular,  but  if  they 
were  oblique,  considerable  alterations  must  be  made  in  some  of  the 
formulas. 

Articles  80  and  81  are  applicable  in  all  cases,  but  82,  83,  and  84,  must 
be  entirely  changed ;  the  method  pursued  will  be  nearly  the  same  as  ia 
the  more  simple  case ;  but  on  account  of  the  great  length  of  some  of  the 
operations,  we  cannot  do  more  than  indicate  a  few  steps,  and  gi?e  the 
results  *. 

To  destroy  the  co-efficient  of  the  term  containing  the  product  of  the 
variables,  take  the  formulas  in  (55) 

,  _  a/^  sin,  e  +  y^  sin.  & 

sin.  w 
,      jP  sin.  («-e)  +  y"  sin.  («— d') 

X  = : • • 

sm.  b). 
Substituting  in  the  equation  ay''  4-  dj'y'  +  c*'*  +/'=2  0,  we  have 

y"*  I  a  (sin.  e^"  +  6  sin.  ^  sin.  w  -  6'  +  c  (sin.  w-  ©')«  \  — -- 

I  j     (sin. «)« 

+  /'•]  a  (sin.  &f  +  6  sin.  B  sin. «  -  0  +  c  (sin.  w—  e)'  i  \ 

I j     (sm^)' 

*  Ttug  article,  and  the  following  ones  marked  with  an  ait'erisk,  had  better  be  omitted 
at  the  first  readiog  of  the  subject. 
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+  a^^'  \8  a  sin.  0.  sin,  G^  +  b  sin.  0'  sin.  w-O  +  h  sin,  6  sin.  w-O'  + 

2  c  sin.  «  -  d.  sin, «  -©'  [  -r r,"^ 

j   (am.  «)■ 

Let  the  co-efficient  of  J?"  y"  =  0;  expanding  sin.  «  —  0,  sin.  «  —  0'  mnd 
dividing  by  cos.  9.  cos  O'  we  shall  obtain  the  equation 
a  —  6  COS.  a>  +  0  (cos.  oi)*  }  2  tan.  6.  tan.  ^  +  {  6  —  2  c  cos.  w  }  sin.  m. 
Un.  e  +  tan.  ©'}  +  2  c  (sin.  w)«  =  0. 

Whence  for  any  given  value  of  0  a  value  of  O'  and  consequently  of 

(e^  -  0)  may  be  found,  so  that  there  are  an  infinite  number  of  pairs  of 

axes  to  which  if  the  curve  be  referred,  its  equation  may  assume  the  form 

Vy«  +  c'a*+/=0. 

Let  us  now  examine  these  pairs  of  axes,  to  find  what  systems  can  be 

rectangular : 

For  this  purpose  we  must  have  6'  '-^  0  zz  ~  and  therefore  tan.  0'  =: 

1 


I 


tan.  e 
By  substituting  this  value  of  tan.  G'  in  the  equation  containing  tan.  0  and 
tan.  ^',  we  have  —  2  {a  —  6  cos.  uf  +  c  (cos.  «)"}  +  {  2  c  cos. «  —  4  } 

c  sin.  2  «  -  6  sin.  « 
.\  ten.  2  e  = 


a  —  6  COS.  w  +  c  COS.  2  wj 

There  are  two  angles  which  have  got  the  same  ten.  2  0  separated  from 
each  other  by  180^,  therefore  there  are  two  angles  B,  which  would  satisfy 
the  above  equation ;  however,  as  they  are  separated  by  an  angle  of  9Q^ 
the  second  value  only  applies  to  the  new  axis  of  y". 

Hence  there  is  only  one  system  of  rectengular  axes,  and  their  position 
is  fully  determined  by  the  last  formula. 

*88.  To  find  the  co-efficients  of  and  c'  in  terms  of  the  co-efficients  of  the 
original  equation,  the  new  axes  being  supposed  rectangular.  Taking  the 
co*efficients  in  the  general  transformed  equation  given  above,  putting 

e'  =  —  +  0,  and  multiplying  by  (sin.  w)\  we  have, 

o'  (sia  «)■  =    a  (cos.  0)*  —  b  cos.  6  cos.  «— d  +  c  (cos.  w— 0)* 
</  (sin.  w)*  =    a  (sin.  0)"  +  b  sin.  0  sin.  «  —  ^  +  c  (sin.  w  -  Oy 

.•.  (of  -  cO  (sin.  «)•  =  a  {(cos.  ^)'— (sin.  ^)*}  -5  {cos. 6  cos.'JT^d  -f 

sin.  Osin,  w  -  ©'}  +  c{(cos.  »  -  ^)*-(sin.«  -  6)"} 
s=:    acos.2d-  6cos.  (w  — 26)  +  ccos.(2  w-20) 
=r  {a  —  6  cos.  oi  +  c  cos.  2ta}  cos.  2  6  +  (c  sin.  2  w—  6 sin.  cj)  sin.  2  9. 
Also,  following  the  method  in  (83)  we  find  from  ten.  2  $  that 

a/i      «-ft  COS.  w  +  ccos.  2«  .  csin.2ii»^ftsin.« 

cos.20=s-  .   ,^ »  and8m.20  = r— 

Jt  M  ±M 
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WhereMrs  ±  V{«'+  ^*  +  ^'""  26(a+  c)  cos.  w+  2flc  cos.2w} 

or  =  db  ,^  {  («  +  c—  6  cos.  »)•+  (6*  —  4  a<?)  (sin.  w)*  | . 
Hence  (a'-O  (sin.  «)•  =  ±  M 
and  (a'  +  </)  (sin.  «)•  =  a  —  6  cos.  w  +  o 

/.  a'  =:  {  o  -  6  COS.  w  +  c  ±  M  }  T-7-: r; 

*  -*  2  (sm.  w)' 

mnd  </  :=^  {a  -^  b  cos.  w  +  c  +  M  }  —-7-: - 

^  '  2  (sin.  «)■ 

Hence  the  final  equation  is 

{a  -  6  COS.  «>  +  c  ±  M  }  5-7-? r-.  +  {a-^b  cos.  <w  +  c  if  M}  ^-p r; 

*  ^  2  (sm.  «)■  *    ^  *       ^  2  (sin.  w)" 

6'  —  4  a  c 

And  the  ib  sign  is  to  be  used  according  as  c  sin.  2  <u  —  6  sin.  w  is  positive 
or  negative,  since  2  9  is  assumed  to  be  positive. 

These  analytical  transformations  may  be  geometrically  represented  as  in 
(85).  In  figures  (I),  (2),  and  (3)  we  must  suppose  the  axes  AX,  AY, 
and  also  the  axes  A'X'  and  A'  Y',  to  contain  the  angle  u). 

The  article  (86)  will  equally  apply  when  the  original  axes  are  oblique ; 
the  value  of  the  square  on  the  semi-axis  is, 

-  2  (sin.  u,y  /at^  +  cd^-^  bde        \ 

a  '^b  COS.  w+c±M     *\        6*  —  4ac  •'/ 

89.  We  shall  conclude  the  discussion  of  the  central  class  by  the  appli- 
cation of  the  results  already  obtained  to  a  few  examples. 


The  original  axes  rectangular. 

ay*+  bxy  +  cjt"  +  dy  +  ex  + /=  0  (I) 

^  H  ^   I  '*    f  formulas  to  be  used. 
«r  =  ir  4"  wi  J 

2ae  -  bd  ,^.  2cd-  be 

m  =  ——J (2),  n  = (3) 

6*  — 4ac        '  b*  —  Aac   ^  ^ 

^,  _dn  +  em  ae^  +  cd«  -  bde 

^  -  -~2—  +-^= ^^TIT^ -^f  (^^ 

ay^-^bjfy'  +  cJ  +/'=:0   (5) 


=  a/' sin.  e  + y"cos.  d)    -         1      .    u  1 

=  x"  COS.  B  -  y"  sin,  Oj  ^^^'^^^^^  ^°  ^«  "«^^ 


y'  =  :c" 

X 


-  b 

tan.  2  0=  (6) 

a— c 
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fl'=-^{«+o±M}   (7)    c'=l{a  +  c:FM}    (8) 


.  M  =  ±  ^  (o  —  c)'+  b*,  dt  according  as  6  is  + 

(2)  and  (3)  determine  the  situation  of  the  centre,  and  together  with  (4) 
reduce  the  equation  to  the  form  (5) ;  (6)  determines  the  position  of  the 
rectangular  axes  passing  through  the  centre,  (7)  and  (8)  enable  us  to 
reduce  the  equation  to  its  most  simple  form  (9)  :  and  the  co-eflScients  of 
2/^*  and  a/"  inverted  are  respectively  the  squares  upon  the  semi-axes 
mettured  along  thei  axes  of  ^  and  j/'. 

Ex.  1.    y"— 4;y;fa?'  +  y+«— 1  =  0;  locus  an  ellipse. 
m=  -  l;n=:  -  1;/=:  -2; 

y'*-j/y'+«"  — 8  =  0 

tan.2^s=   —  .••2d=:90'*andO=45*';6isnegaUv€,aud /.  M=: +  1 
a':=-ando'=.y 

3  1 

or  -r  t/^^  +    4-"2:"*=  I 

4  4 

4  - 

The  squares  on  the  semi-axes  are  —  and  4 ;  hence  the  semi-axes  them- 

o 

selves  are  -  r==.  ana  ^,  and  therefore  the  lengths  of  the  axes  are  4  and  -==. 
VT  V3 

9 
Ex.2.     3y*  —  4jry  +  3j?'+ y  —  a:-    —  =  0 ;  locus  an  ellipse. 

*  2 

The  reduced  equation  is  5y"*  +  j:""  =  1.    The  axes  are  2  and  

Ex.  3.     2y«+ jry-(.aj"-2y  — 4a:  +  3  ==  0;  locus  an  ellipse. , 
The  reduced  equation  is ^ — y"«-| J--l_  x''«  =1. 

Ex.  4.  5y'  +6j?y  +5j^-  22y  -  2  60?  +  29  =  0;  locus  an  ellipse, 
m  =  2,  n  =  1,  y^  =  — u-2: 4.^-  .  g  . 

,• .  53/'«  -(.  6 x'y'  +  .5  x'»  -  8  =  0 
tan.  2e  =  00     .  • .  e  =  45°;  hence  the  formulas  of  transformation  are 

y'  =  — Y^  and  j/  =  — jA- ; 
V2.  V2 
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Ex.  5.     5y«  +  2*y  +  5a:*  -  12y  —  I8jr  =:  0;  locus  an  ellipse. 

2y"»  +  3a/'«=6 
Ex.  6.    2y"+a:»+4y-2a?-6=0;  locus  an  ellipse. 
Let  y  =  y'+n  and  « 2=0?'+ fn,   hence  the  transformed  equation  is 
2(y'+«)*  +  (j/+»i)«  +  4(y'+n)-2(a/+m)~.6  =  0 
or2y'"+x'«+4(n+l)y'+2(m-l)«'+2n«+m«+4n-2m-6  =  0. 

Let  n4-l  =  0  and  m— 1  =  0  /.  ms=zl   and  n=— 1   and  f^si^d; 
hence  the  transformed  equation  is 

2y'>+ar'*=9 
and  no  further  transformation  is  requisite.    The  axes  lire  6  and  8^2. 

Ex.  7.  y— 10  J?y+J*+y+i?+la=0;  locus  an  hyperbola. 

6y"»-4^"«+-4-  =  0. 
o 

Ex.8.  4y«-8«y-4«'-4y+28a?—152=0;  locus  an  hyperbola. 

^     _      2vy 

Here  the  axes  arc  each  =  V  2  ,  that  which  is  measuried  along  the  new 
axis  of  x"  alone  meeting  the  curve. 

Ex.  9.  y*— 2a?y  —  ii*— 2  =  0;  locus  an  hyperbola. 

The  origin  is  already  at  the  centre,  and  thus  only  one  transformation  is 
necessary. 

tan.  2  0=1. '.2  ©=45°;  M=/8.  «'=V^  C=-./2;  y'"-a:'«=/2. 
*90.  The  axes  oblique. 

The  values  of  wi,  »,  and  /'  remain  as  for  rectangular  axes. 

c  sin.  2  w  —  6  sin.  w 


tan.  2  0  = 


tt  —  6  cos.  w  +  c  cos.  2  w ' 


a'  ^  {a  '-'  h  cos.  oi  +  o  ±  M  }  r^-r^ rr  • 

2  (sm  w)* 

'    M  =  ±  .^  {a«  +  6«  +  c«  -  2  6  (a  +  c)  cos.  w  +  2  tf  c  cos.  2  <u}. 
db  as  c  sin.  2^  —  6  sin  cu  is  ±* 

Ex.  1.    y*  +  J?  y  +  ««  +  y  +  J? =  0  ;   the  angle  between  the 

axes  being  45^. 

w=-4-«^--"-3"5  tan.2e=l  .  • .  2  9=45*;  M  =  +  (l- J^). 

o  «S 
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The  reduced  equation  is 

3(2-    ^2)y''»  +  (2+V2)d/'«:=I. 
The  curve  is  an  ellipse,  and  the  squares  upon  the  semi-axes  are 

and 


8(2-^2)  2+V2 

Ex.  2.    7y*+  16  ary  +  16  a:*  +  32  y  +  64  d?  +  28  =5  0.    The  angk 

w  =  60^ 

_            ^/i*       d  n  •\'  t  tn       -  _  _ 

m  =  -  2,  n  =  0,  /'  = ~ +  /  =  -  36. 

The  form  of  the  equation  is  now 

7  y^H- 16  jf'  y  +  16  d/«  -  36  =  0  ; 

since  tan.  2  0'=  0,  the  reduction  to  rectangular  axes  is  effected  by  merely 
transferring  the  axis  of  ^  through  30*^ ;  hence,  putting  0  =  0,  and  m  =  6U, 
the  formulas  (56)  of  transformation  become 

y'  =  -^^,  and  ^  =  a/'  --  -^. 
V  3  V  3 

Substituting  these  values  in  the  last  equation,  it  becomes 

4y«+  16x"«-36  =  0; 

Hence  the  axes  of  the  ellipse  are  3  and  6. 

[    Ex.  3.     y*  —  3  xy  +  J*  +  1  =0  ;  the  angle  ta  ■=  60^ 

m  =0,  yt  =  0,  tan.  2  0  =  ^3,  .'.6  =  30°;  M  =  +  4. 

a'  :=^  b^</sz  — ^»/'  =  If  and  the  reduced  equation  ia 

^y"»  -±^''1-  -  1.       . 
^  3 

The  curve  is  an  hyperbola,  of  which  the  axes  are  2  v'  8   and    j-^  5  "»e 

first  of  these,  which  is^the  greatest,' is  measured  along  the  new  axis  of  x^* 
The  second  axis  never  meets  the  curve. 

91.  It  was  observed,  at  the  end  of  art  81,  that  the  curves  correspond- 
ing to  the  general  equation  of  the  secoud  order  were  divided  into  two 
classes,  one  class  having  a  centre  or  point  such  that  every  chord  passings 
through  it  is  bisected  in  that  point,  and  another  class  having  no  such 
peculiar  point  This  fact  was  ascertained  from  the  inspection  of  the 
values  of  the  two  indeterminate  quantities  m  and  n  introduced  into  the 
equation  by  means  of  the  transformation  of  co-ordinates,  and  for  tlie 
purpose  of  destroying  certain  terms  in  the  general  equation.  The  values 
of  m  and  n  were  found  to  be  infinite,  that  is,  there  was  no  centre  when 
the  relation  among  the  three  first  terms  of  the  co-efiicients  of  the  general 
equation  was  such  that  6'  —  4  a  c  =  0. 

This  relation  6'  —  4  a  c  =  0  being  characteristic  of  the  parabola,  it 
follows  that  the  general  equation  of  the  second  order  belonging  to  a 
parabola  is  not  capable  of  the  reduction  performed  in  art  (80)  ;  that  is, 
we  cannot  destroy  the  co-efl5cients  of  both  «  and  y,  or  reduce  the  equation 
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to  the  form  ay*  +  h  cc  y  +  c  a^  +  f=^  0,  or^  finally,  to  the  form  aj^  + 
CO*  -^-f^i  0. 

Although,  however,  we  cannot  thus  reduce  the  parabolic  equation,  we 
are  yet  able  to  reduce  it  to  a  very  simple  form,  in  fact  to  a  much  more 
simple  form  than  that  of  either  of  the  above  equations.  This  will  be 
effected  by  a  process  similar  to  that  already  used  for  the  g^eneral  equation, 
only  in  a  different  order.  We  shall  commence  by  transferring  the  axes 
through  an  angle  0,  and  thus  destroy  two  terms  in  the  equation,  so 
that  it  will  be  reduced  to  the  form  ai^  +  dy  +  ex+fzizO;  we  shall 
then  transfer  the  axes  parallel  to  themselves,  and  by  that  means  destroy 
two  other  terms,  so  that  the  final  equation  will  be  of  the  form 

ai^-j-  ex  :=:  0. 

92.  Taking  the  formulas  in  (58),  let 

y  ^=i  af  sin.  0  +  y'  cos.  0 
jp  =  jt'  cos.  0  ^  y'  sin.  9 

substituting  these  values  in  the  general  equation 

ay*  +  bxy-}-  ca^  +  dy  +  ex  +/=  0, 

and  arranging,  we  obtain  the  equation 


a  (cos.  i)* 


y^-f  2ann.^eos.^ 

+  b  (cob.  i)* 

—  6(8in.^)« 

—  2c  flin.  t  COS.  t 


i:'y-f.a(8in./)" 

4-  b  sin.  4  COS.  P 

+  c(co8.^)< 


—  e  tio.  i 


4-ecos.^ 


Let  the  co-efficient  of  «'  y'  =  0 

^  •.  2  (a  —  c)  sin  0  cos.  6  +  b  {(cos.  oy  —  (sin.  0)*}  rr  0, 
or  {a  —  c)  sin.  2  0  +  6  cos.  2  e  ==  0, 

-6 


and  tan.  2  9  =  < 


as  in  (82.) 


a  ^  c 

Hence,  if  the  axes  be  transfered  through  an  angle  0  such  that  tan.  2  0  = 

the  transformed  equation  will  have  no  term  containing  the  product 

fl  —  c 

of  the  variables ;  that  is,  it  will  be  of  the  form 

a'y'«+c'*'"  +  d'y'+cV+/=  0. 

But,  since  this  last  equation  belongs  to  a  parabola,  the  relation  among 
the  co-efficients  of  the  three  first  terms  must  be  such  that  the  general  con- 
dition 6^  —  4  a  c  =  0  holds  good.  In  this  case,  since  b'  =  0,  we  must 
have  —  4  a'  c'  =  0  ;  hence  either  a'  or  c'  must  =  0 ;  that  is,  the  trans- 
formation which  has  enabled  us  to  destroy  the  co-efficient  of  the  term 
containing  x*  }jf  will  of  necessity  destroy  the  co-efficient  of  either  sf*  or  y'". 
And  this  will  soon  be  observed  upon  examining  the  values  of  the  co- 
efficients of  of*  and  y\ 

93.  Let  the  co-efficient  6  in  the  original  equation  be  negative,  that  is, 
let  6  =  —  2  V^oT. 

1  1 

From  tan.  2  0  we  have  cos.  2  0  = 


41 


+  Oan.2  0)«      ^^J±^ 
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since  sin.  2  e  must  be  positive,  and  b  is  itself  negative ; 
^   .     ^  /  1  -  COS.  2  0  _     /     c     . 

Und  sin.  e^^ ^ x/  ^-qr^. 

Substituting  these  values  of  sin.  9  and  cos.  d  in  the  general  transformed 
equation,  we  nave 

a  a         b  aJ  ac     ,      cc         ^*  +  ^^c  +  ^^^t^ 
a-^-c  a-Kc       a+c  a -j- c 


a  c 


b  V  a  c     ,     c  a  ac  —  2ac  +  ac  _ 

+      ^  . "  +  rr^  — :;"ir:: —  "• 


a -^  c  a  +  c       a  +  c  a-jr^ 

*J  a  -f  c 
,       d  J  c  +  e  jj  a 
V  a  +  c 
And  the  transformed  equation  is  now 

va+c  va+c 

And  it  is  manifest  that  if  b  had  been  positive  all  the  way  through  this 
article,  the  reduced  equation  would  have  been 

(a  +  c)  a/*  +     ^  . IT  i ;  —  jj'  +  /  —  0. 

Wa  +  c  V tt  +  £ 

^  94.  In  order  to  reduce  the  equation  still  lower,  let  us  transfer  the  axes 
parallel  to  themselves  by  means  of  the  formulas  y'  =  y*  +  n  and  x*  = 
a^'  +  m  (54.) 
then  the  equAtion  a'y'*  +  d!  yf  +  c'  o?^  +  /  =  0  becomes 

a'  (y"  +  ny  +  d'  (3/'  +  «)  +  e'  (x"  +  fit)  +/=  0, 
or  aV  +  (2a'7i  +  d')  y"  +  e' or"  +  a' n«  +  d'n  +  c' m +/  =  0. 
And  since  we  have  two  independent  quantities,  m  and  n,  we  can  roske 
two  hypotheses  respecting  them  ;  let,  therefore,  their  values  be  such  tbU 
the  co-efficient  of  y' and  the  constant  term  in  the  equation  each^O; 
that  is,  let 

2  a'  n  +  d'  =  0,  and  a'  n*  +  d'  n  +  e'  HI  +  /  =  0 ; 

-d'      ^           d'«-4aV 
whence  n  =r  -- — r  and  m  = ; — rn — » 

and  the  reduced  equation  is  now  of  the  form 

a'y"«  +  c'a:"=  0; 
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and  it  is  manifest  that  if  h  had  been  positive,  the  equation  cf  a/-  +Xy  *^ 
e'  y  +  /  =  0  would  have  been  reduced  to  the  form 

where  the  values  of  m  and  n  would  be  found  from  the  equations 

,  C  ,  6->  -  4  (// 

tnsz  '^  -- — ; ,  ana  n  ss  — ;    ,  ..    , 
2  c/'  4  c  ci' 

95.  The  following  figures  will  exhibit  the  changes  which  have  taken 
place  in  regard  to  the  position  of  the  locus  corresponding  to  each  analy- 
tical change  in  the  ybrm  of  the  equation  : — 


\X    ^W  Tn,^ 


In  fig.  1,  the  curve  is  referred  to  rectangular  axes  A.  X  and  A  Y,  and 
the  equation  is 

In  fig.  2,  the  axes  are  transferred  into  the  position  A  X',  A  Y',  the 

angle  X  A  X'  or  0  being  determined  by  the  equation  tan.  2  0  = , 

the  corresponding  equation  is,  for  h  negative, 

off/*  +  d'y'  +  (/a/  +/=a  0. 

If  h  is  positive^  the  curve  would  originally  have  been  situated  at  right 
angles  to  its  present  position,  and  the  reduced  equation  would  be 

c'ar«  + d'y'  +  tf'ar'  +  /=0. 

In  fig.  3,  the  position  of  the  origin  is  changed  from  A  to  A',  the  co- 
ordinates] of  A'  being  measured  along  A  X'  and  A  Y',  and  their  values 
determined  by  the  equations 

for  6  negative,  n  =  -- — ;-  and  m  =  ^ — 

_  ^  c'*  —  4  (// 

for  b  positive,  tn  =     ■     ,     and  n  =  — .    ,  .^  ■  . 

The  reduced  equation  is 

for  6  negative,  a'  y"*  -f-  e'  :f"  =  0. 
for  b  positive,  c'  a/'*  +  d'  y''  =  0. 

96*.  If  the  original  axes  are  oblique,  the  transformation  of  the  general 
equation  must  be  effected  by  means  of  the  formulas  in  (55).  The  values 
of  a\  b^,  and  </  will  be  exactly  the  same  as  in  (87). 

We  may  then  let  6'  =  0,  and  also  find  tan.  2  0  when  the  axes  are  rect- 


♦  See  Note,  Art.  87. 
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angular,  whence,  as  in  (87),  we  shall  find  that  there  is  but  one  sack 
system  of  axes. 

The  same  value  of  9  which  destroys  the  term  in  oc^  y'  will,  as  in  (93), 
also  destroy  the  term  in  j/*  or  y'' ;  hence  the  reduced  equation  will  be 

for  c  sin.  2  «  —  6  sin.  ta  positive,  a!xf*  +  df  y'  +  e'  a/  +  y^  n  0. 
for  c  sin.  2ta  —  b  sin.  ta  negative,  c'  a?'"  +  rf'  y'  +  e'  a/  +  /  z=  0. 

97.  To  find  the  values  of  a',  c',  d\  and  c'. 

The  values  of  a'  and  c'  are  best  deduced  from  those  in  art  (SB), 
Since  6'  ~  4  a  c  =  0,  we  have  for  c  sin.  2  a)  —  b  sin.  u)  positive 

M  =  a  —  6  COS.  w  +  c 

o'  =  (a  —  6  COS.  «  +  c}  7-: -, 

^  ^   (sm.  to)" 

,     c  =  o 

«  —  ft  COS.  w  +  <?  COS.  2  a> 

COS.  2  e  == — :!--- ^—  ; 

a  -  6  cos,  w  +  c 

,     ^  sin.  (D  a/c  ,  /fl— 6  cos.  iw+c(cos.  w)' 

am.  $  =    .  ,  and  cos,  ©  =  \  / r ; : 

ij  a--  b  COS.  w  -f  c  V         a  -  6  cos. «  +  c 

. ,       ,,       d  COS.  d  —  c  cos.  (w  —  0)  ^         ,     ,        -        J 

Also  d'  =  : ^ ^  from  the  transformed  equation 

sm  tt) 

^  (d  —  e  cos,  (u)  ^/{g  —  ft  cos.  a>  -f  c  (cos.  &»)'}  — e  /^  c  (sin,  to)' 

"^  sin.  «  /^  {  a  —  6  cos.  «  +  c  } 

_   ,       d  sin.  0  +  e  sin.  (w  —  e) 

ana  r  n: ; 

sm.  01 

^  (d  —  c  COS.  «)  v'c  +  «  V  {^  ""  ^  cos.  w  +  c  (cos.  w)*} 

^{a  —  6  COS.  w  +  c  } 

and  the  reduced  equation  is  now  of  the  form 

For  c  sin.  2  oi  —  6  sin.  4ii  negative,  the  corresponding  values  of  a\  c\  M. 
d\  and  e^  are 

M  =  —(a  —  6  cos.  «  +  c) 

c'  =  (a  —  6  cos.  w  +  c)  7-: -i 

(sm.  w)* 
sin.  0  and  cos.  Q  merely  change  values, 

•  .,  _^  (d—ccos.  <ii)  ,J  c—e  ^/  {  a— 6  cos,  oi-f  ^  (cos.  «)*  } 

i^  {  a  —  6  cos.  «  +  c} 

i4  -^  —  (^  ""  ^  COS.  (i>)  ^  { fl  —  6  COS.  ft» + c  (cos,  m)' }  -f  g  A^  c  (s*»P'  *>)' 
sin.  Hi  ,J  {a^b  cos.  w  4-  c} 
and  the  reduced  equation  is  now  of  the  form 

c'  y  +  d'y'  +  c'  a?'  -I-  /=  0. 
The  transformation  required  to  reduce  the  equations  still  lower  is  pe^ 
formed  exactly  as  in  (94) ;  and,  by  making  the  angle  between  the  original 
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axes  oblique,  the  figures  in  (95)  will  exhibit  the  changes  in  the  posUzon  of 
the  curve.  ^  r 

98.  We  shall  conclude  the  discussion  of  this  class  of  curves  by  the 
application  of  the  results  already  obtained  to  a  few  examples. 

Ex.  1.  y«  -  6a?y  +  9  j:^  +  lOy  +  1  =i  0;  locus  a  parabola. 

tan.  20  =  — —  =  -.  _ ;  hence  0  may  be  found  by  the  tables. 
b  is  negative ; 

.:. by  (93)  a'  =  a  +  c=  lO.c'rr  0,  d' =  ^/lo  and  c' =  3  VlO, 
.-.  10y'*  +  ^i0t/+3'JT0x^+  1  =  0. 

Also  by  (94)  n  =  —-7-  =  — 7=,  and  m  =  — ^  ; 
and  the  final  equation  is 

r +  -1=^  =  0. 

ViO 

Ex.  2.  y*  +  2ary  +  a^  +  y-3x+l=0;  locus  a  parabola. 

a?"»  +  ^2y  =  0. 

Ex.  3.    ijy  +  J X  :=z    t^/d.    This  equation  may  be  put  under   the 
form  y  +  J?  -  d  =  2  »J xy\  or 

y*  -  2xxi  +  j:*  —  2dy  —  2da?  +  d«  =  0; 
and  the  locus  is  a  parabola  because  it  satisfies  the  condition 

6«  -  4  a  c  =  0. 
By  tracing  the  curve  as  in  (78)  we  shall  find  its  position  to  be  that  of 

P  B  C  Q  in  the  figure ;  and  y  =  j:  ±  d 
are  the  equations  to  the  diameters 
BE  and  C  F. 

A  x',  A  y\  are  the  new  axes,  0  or  x  K  a/ 
being  45®.    ^ 

o'rr  2.  d'  =  0,  c'  =  -  2d  ^T,  n  =r  0,  m  =  ^  - 

2  V2 
the  last  two  quantities  are  to  be  measured  along  the  new  axes,  therefore 

takeAA's 


2  V2 

The  final  equation  is 


,  and  A'  is  the  new  origin. 


y*  =  d  a?  */T. 


Ex.  4.  y::^d  +  ex  +/x'.  The  locus  is  a  parabola,  since  6*  —  4  a  c 
orO  —4.0./=  0. 

P 
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Let  y  s:  y'  +  n,  and  x  ^  a/  -h  in'^ 

/.  y'  +  n=  d  +  c(a^  +  m)  +  /(x' +  m)>; 
.-.  /a/*  +  (2  m  /+  e)  *'  -  y  +  ftr?  +  c  m  +  <«  -  n  =0. 
Let  2  m  /+  c  =:  0,  and  /  in«  +  c  m  +  d  —  n  =  0 


and  the  equation  is  reduced  at  once  to  the  form 

/  a/«  -  y'  =  0. 
99.  The  axes  oblique. 

y*  —  2j?y  +  «*  —  6j?=0;  the  angle  between  the  axes  being  60^. 
Here,  c  sin.  2  (c  —  6  sin.  ot  is  positive. 


.     ^       sin.  60         1         «       oAO 
sin.  e  =  — z=-  =  --    .'.  e  =r  30° 


M=3,  a'=:4,  c'rr:  0,  (i'=:6,  c'=  -2/3",   m=  -  ^^' 

3 

.-.  4y«- 2^  x=:0. 


CHAPTER  VIII. 


THE  ELLIPSE, 


100.  In  the  discussion  of  the  general  equation  of  the  second  order,  we 
have  seen  that,  supposing  the  origin  of  co-ordinates  in  the  centre,  there  is 
but  one  system  of  rectangular  axes  to  which,  if  the  corresponding  ellipse 
be  referred,  its  equation  is  of  the  simple  form 


(-),.(-),= 


1 


or.Py«  +  Qi^  =  1 
where  the  coefficients  P  and  Q  are  both  positive.  (86,  87.) 

We  now  proceed  to  deduce  from  this  equation  the  various  properties  of 
the  ellipse. 

To  exhibit  the  coefficients  in  a  better  form  ;  let  C  be  the  centre  of  the 
curve ;  X  f  ,  Y  y,  the  rectangular  axes  meeting  in  C ;  C  M  =:  j?,  M  P  =  y. 

Then  at  the  points  where  the  curve  cuts  the  axes,  we  have 

yrrO,      Qx«=:  1,      .-.  «=  ±  -L. 

j:  =  0,     Py«=l,      ,%y=  +  -L, 

VP 
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In  the  axis  of  x  take  C  A'  =: 


Vq 


;and  C  A  =  — 


^' 


also  in  the  axis  of  v  take  C  B  =  — ==  and  C  B'  = r=z  , 

then  the  curve  cuts  the  axes  at  the  points  A,  A',  B,  and  B'. 

Also  if  C  A  =  a  and  €  B  =  6,  and  a  be  greater  than  6,  we  have  Q 

^  —J  and  P  =  — ,  therefore  the  equation  to  the  curve  becomes 

?^  +  ^'  =  1 
A«    ^  a« 


or 


or 


6« 


b* 

c* 


101.  We  have  already  seen  (76)  that  the  curve  is  limited  in  every  direc- 
tion. 

The  points  A,  A',  B,  and  B'  determine  those  limits.  From  the  last 
equation  we  have 

y  =  ±  —  ^/5=^      (1).     and  *  =  ±  -|-  V6^       (2), 

from  (1)  if  J  is  greater  than  do  a,  y  is  impossible,  and  from  (2)  if  y  is 
greater  than  ±  6,  J?  is  also  impossible ;.  hence  straight  lines  drawn  through 
the  points  A,  A',  B  and  B'  parallel  to  the  axes,  completely  enclose  the 
curve. 

Again  from  (1)  for  every  value  of  x  less  than  a  we  have  two  real  and 
equal  values  ofy,  that  is,  for  any  abscissa  CM  less  than  C  A'  we  have 
two  equal  ordinates  M  P,  M  P',  the  ±  sign  determining  their  opposite 
directions. 

Also  as  J?  increases  from  0  to  +  a  these  values  of  y  decrease  from  db  b 
to  0,  hence  we  have  two  equal  arcs  B  P  A',  B'  P'  A'  exactly  similar  and 
opposite  to  one  another. 

If  j;  be  negative,  and  decrease  from  0  to  —  fl,  j:"  is  positive,  and  the 
same  values  of  y  must  recur,  hence  there  are  two  equal  and  opposite 

F2 
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arcs  BA,  B'A.  Therefore  the  whole  curve  is  divided  ialo  two  equal 
parts  hy  the  axis  of  x. 

From  (2)  the  curve  appears  in  the  same  way  to  be  divided  into  two 
equal  parts  by  the  axis  of  y :  hence  it  is  said  to  he  symmetrical  with 
respect  to  those  axes. 

Its  concavity  must  also  be  turned  towards  the  centre,  otherwise  it  might 
be  cut  by  a  straight  line  in  more  points  than  two,  which  is  impossible 
(71). 

102.  From  the  equation  y*  =  -^(<^— a:*)  we  have 


cp  =  Viri^=  \/*'  +  ^.(«'-^)  =  \/ft*  +  -V-*" 

hence  C  P  is  greatest  when  x  is  greatest,  that  is,  when  x  ^  a,  in  which 
case  C  P  becomes  also  equal  to  a,  hence  C  A  or  C  A'  is  the  greatest  Hue 
that  can  be  drawn  from  the  centre  to  the  curve.  Again  C  P  is  least  when 
jT  r=  0,  in  which  case  C  P  becomes  equal  to  ft,  hence  C  B  is  the  least  lioe 
that  can  be  drawn  from  C  to  the  curve.  The  axes  A  A'  and  B  B'  are  thus 
shown  to  be  the  greatest  and  least  lines  that  can  be  drawn  through  the 
centre.  The  greater  A  A'  is  called  the  axis  major,  or  greater  axis,  or 
transverse  axis,  and  B  B'  the  axis  minor  or  lesser  axis. 

103.  The  points  A,  B,  A'  and  B'  are  called  the  vertices  or  summits  of 
the  curve.  Any  of  these  points  may  be  taken  for  the  origin,  thus  let  A 
be  the  origin,  A  C  the  axis  of  or,  and  let  the  axis  of  y  be  parallel  to  C  B, 
and  AM  =  y. 

Thenx  =  CM=:AM  -  ACrr^-a 

b*  b* 

or  suppressing  the  accents,  y^  =  —  (2  a  j?  — j')  =  —  x  (2  a  -  dp). 

This  last  equation  is  geometrically  expressed  by  the  following  proportion. 
The  square  upon  M  P  :  the  rectangle  A  M,  M  A'  ::  the  square  upon  BC 
:  the  square  upon  A  C. 

Hence  the  square  upon  the  ordinate  varies  as  the  rectangle  contained 
by  the  segments  of  the  axis  major. 

If  the  origin  be  at  C,  C  A'  the  axis  of  y  and  C  B  the  axis  of  op,  we  have, 

a* 

putting  X  for  y  and  y  for  x,  the  equation  y*  :=!  jj-  (b*—a*),  and  if  the  origm 

baat  B,y«=  ~(2  6j:-.x'). 

104.  If  the  axes  major  and  minor  were  equal  to  one  another,  the  equa- 
tion to  the  ellipse  would  become  y"  =  a*  —  .v\  which  is  that  to  a  circle 
whose  diameter  is  2  a,  hence  we  see  as  in  (79)  that  the  circle  is  a  species 
of  ellipse.  Ao  we  advance  we  shall  have  frequent  occasion  to  remark  the 
analogy  existing  between  these  two  curves. 

Let  A  D  Q  A'  be  the  circle  described  upon  A  A'  as  diameter,  and  MQ 
or  Y  be  an  ordinate  corresponding  to  the  abscissa  C  M  orx,  let  M  P  (=y) 
be  the  corresponding  ordinate  to  the  ellipse,  then  we  have 
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Y'  =  a»  -  «» 

y«  =  -Y'andy  =  ^Y 
or  a 

:.  y:Y  ::b:a 


C         SI         A' 


thus  the  ordinate  to  the  ellipse  has  to  the  correspond  I  n{r  ordinate  of  the 
circle  the  constant  ratio  of  the  aiis  minor  to  the  axis  major. 

Since  b  is  less  than  a  the  circle  is  wholly  without  the  ellipse,  except  at 
A  and  A'  where  they  meet.  Similarly  if  a  circle  be  described  on  the  axis 
minor,  it  is  wholly  within  the  ellipse  except  at  B  and  B'.  Thus  the  elliptic 
curve  lies  between  the  two  circumferences. 


THE  FOCUS. 


b* 

105.  Thb  equation  2/*  =  —  (2aj:  — a»)  may  be  put  under  the  form 

I  2  &• 

y*  :=  I  «  —  - —  x\    in  which  case  the  quantity  /  = is  called  the 

'2a  ^         ^  a 

principal  Parameter  or  Latus  Rectum. 

2  6"        4  ^ 

Since  I  = =  -: —  the  Latus  Rectum  is  a  third  proportional  (o  the 

a         *la  .. 

axis  major  and  minor. 

106.  To  find  from  what  point  in  the  axis  major  a  double  ordinate  can 
be  drawn  equal  to  the  Latus  Rectum. 

IS 


46* 
Here  4  y«  ==  P  or  ^j-  (««-*•) 


4  6* 


or  a:«  =  a*  —  6« 


andop  =  -iL^Ja^—b^. 

With  centre  B  and  radius  a  describe 
a  circle  cutting  the  axis  major  in  the 
points  S  and  H,  then  we  have  C  H  = 
+  Vfl«-6*  and  CS  =  -  ^c^-b\ 

thus  S  and  H  are  the  points  through  either  of  which  if  an  ordinate  a 
L  S  L'  be  drawn,  it  is  equal  to  the  Latus  Rectum ;  henceforward  then  we 
shall  consider  this  line  as  the  Latus  Rectum  or  principal  parameter  of  the 
ellipse. 

The  two  points  S  and  H  thus  determined  are  called  the  Foci,  for  a 
reason  to  be  hereafter  explained. 

107.  The  fraction  ^ which  represents  the  ratio  of  C  S  to  C  A 
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is  called  the  excentricity,  because  the  deviation  of  this  ciirve  from  the 
circular  form,  that  is,  its  ex-centric  course,  depends  upon  the  magnitude  of 
this  ratio. 

If  the  excentricity,  which  is  evidently  less  than  unity,  be  represented  bj 

t     ,  ^       Ja«-6«  ^  fl^  _  fe«  b*      f^ 

the  letter  e,  we  have r=  c  whence  c"  = =  1 : .'.  -r 

a  a*  a*      (f 

=  1  —  e^  and  the  equation  to  the  ellipse  may  be  put  under  the  form 

y«=(l-c»)(a«-^). 

108.  The  line  S  C  is  sometimes  called  the  ellipticity ;  its  value,  as  abore, 
is  a  e ;  but  it  is  also  expressed  by  the  letter  c.  Also  since  a*  —  6*  =  fl**" 
we  have  6'  =r  o*  —  a*  c"  =  (a  —  ae)  (a  -f  a  e)  ;  hence 

The  rectangle  A  S,  S  A'  =  The  square  upon  B  C. 

109.  To  find  the  distance  from  the  focus  to  any  point  P  in  the  curve. 
Let  S  P  =  r,     H  P  =  r\ 

/.  r«  =  (y  -  f/y  +  (a?  -  xT. .  .(29) 
also  y\  a!  being  the  co-ordinates  of  S,  we  have  y'  =:  0  and  r'  =  —  af, 
.-.  r«  =3/«-f-  {x-V  aey 

=  (1  -  e«)  (a«  -  x«)  +  (x  +  ac)* 

^a*  ^  3?  -^  e*a'  +  ^3?  +  jc«  +  2acj?+  a"e« 

=  (a  +  cj?)« 
.'.  S  P  =  a  -f-  c  j:  ;  similarly  H  P  =  a  —  e  j. 

In  all  questions  referring  to  the  absolute  magnitude  of  S  P  or  H  P  wc 
must  give  to  x  its  proper  sign ;  thus  if  P  is  between  B  and  A,  the  absolute 
magnitude  of  S  P  is  a  —  ej7,  because  x  is  itself  negative. 

By  the  addition  of  S  P  and  H  P,  we  have  SP  +  HP  =  2  a  =  AA'; 
that  is,  the  sum  of  the  distances  of  any  point  on  the  curve  from  the  foci 
is  equal  to  the  axis  major. 

This  property  is  analogous  to  that  of  the  circle,  where  the  distance  of 
any  point  from  the  centre  is  constant. 

1 10.  This  property  of  the  ellipse  is  so  useful,  that  we  shall  prove  the 
converse.  To  find  the  locus  of  a  point  P,  the  sum  of  whose  distances 
from  two  fixed  points  S  and  H  is  constant  or  equal  2  a. 

Let  S  H  =^  2c,  bisect  S  H  in  C,  which  point  assume  to  be  the  origin  of 
rectangular  axes  C  A',  C  B  ;  let  C  M  s=  j?,  and  M  P  =  y, 

then  S  P  =  V(c  +  a;)'  +  y' 


HP  =  v(c-  ^y^t 

but  SP  +  HP  =  2a.     orSP=:2fl-  HP 


/.  V(c  +  xY  -f  y*  =  2«  -  ^{c  -  xY  +  y« 
.-.  {p-^xy  +  3/«=  4a«-  4  a  V  (c  -  j:)2  -h  y«  +  (c-*)«  +  y«; 
lience,  transposing  and  dividing  by  4,  we  have 


aV(<^  -  *)'  +  y'=  o*-  c* 


THE  TANGENT. 
:=(a«-c«)(a«-^ 


n 


and^  = 


-c» 


(a«-a:») 


Hence  the  locus  is  an  ellipse  whose,  axes  are  3  a  and  2  J  cf  ^  (f^  and 
whose  foci  are  S  and  H. 


THE  TANGENT. 

111.  To  find  the  equation  to  the  tangent  to  the  ellipse  at  any  point. 
Let  a/  y'  be  the  point  P 
. . .  j/'  y"  be  any  other  point  Q ; 
the  equation  to  the  line  P  Q  through  these  two  points  is 

Now  this  cutting  line  or  secant  PQ  will  come  to  the  position  TPT' 
or  just  touch  the  curve  when  Q  comes  to  P,  and  the  equation  P  Q  will 
become  the  equation  to  the  tangent  PT  when  «"  =  x'  and  y"  =  y'. 

«/ if"  0 

In  this  case  the  term  3 — 3  becomes  — ,  but  its  value  may  yet  be  found, 

for  since  the  points  of  3^,  ^  y"  are  on  the  curve,  we  have 
a^y'*  +  ^a/*  =  a«  6* 

/.  a*  iy'^—TT)  +  6»  («^  -  J^'')  =  0; 
or  a*  (y'  -  y")  (y'  +  y")  +  b^  {x'  -  j/')  (x'  +  x")  =  0. 

^    y'  ^yff  _  6*    Jf'  +  0/' 


«/-y' 


a«  y'  +  a;" 


=:  -  ^  ^  when  of'  ^mf  and  y"  =  y.' 


.'.  The  equation  to  the  tangent  is 


By  multiplication  a*  y  y'  ^  a* y^  :=:  —  b^xx'  +  b*af* 
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In  the  figure  C  M  is  o^  and  M  P  is  }fy  and  x  and  y  are  the  co-ordinates 
of  any  point  in  TPT'. 

The  equation  to  the  tangent  is  easily  recollected,  since  it  may  beoUaioed 
from  that  to  the  curve  a*y*  +  6*a:"  =  a*6*  by  putting  yy'  for  y*  and  xif 
for  a:". 

112.  That  PT  is  a  tangent  is  evident,  since  a  straight  line  cannot  cat 
the  curve  in  more  points  than  two,  and  here  those  two  have  gradually 
coalesced ;  it  may,  however,  be  satisfactory  to  show  that  every  point  in 
P  T  except  P  is  without  the  curve. 

Let  Xx  and  y^  be  the  co-ordinates  of  any  point  R ;  then  if  fl^yi*  +  \?tx 
is  greater  than  a*  6*,  the  point  R  is  without  the  curve.  For,  join  the 
point  R  with  the  centre  of  the  ellipse  by  a  line  cutting  the  curve  io  Q, 
and  let  x  and  y  be  the  co-ordinates  of  Q,  then  if  a*yi*+  6*  j,*  is  greater 
than  a*  6',  or  than  a«  y'  +  6*  a:",  we  have  6*  (!•,«  -  a?)  greater  than  a*  (^* 
—  yi*)  ;  but  h  is  less  than  «,  therefore  x^  —  jt*  must  be  greater  than 
y*  —  yi*»  or  jTi*  +  yi"  greater  than  x*  +  y*,  and  therefore  C  R  greater  than 
C  Q  (29),  or  R  is  without  the  curve. 

In  the  present  case  we  have  the  two  equations. 
«'yy'  +  ^*a?J?'=:a*6* 
o«y'«-|-  6«x^  =o«6* 
.'.  a«y'^-  2a«yy'+  6*j/*  -  2  6«j?y  =  -  a«6« 
ora«  (y'  -  y)«  +  6«(a?'  -  j)*  =  aV  +  6'^-  «*&• 
.*.  fl'y*  +  6«a^  =  aH«  +  o*  (y'  -  y)'  +  &•  (^  -  *)• 
which  is  greater  than  a*  6*. 

But  y  and  x  are  the  co-ordinates  of  any  point  in  the  tangent ;  therefore 
generally  any  point  on  the  tangent  is  without  the  curve ;  in  the  particular 
case  where  y  =  y',  and  x  =  x\  that  is  at  P,  we  have  the  equatloa 
a*y'  +  6*j^  =  a*6^  therefore  at  that  point  the  tangent  coincides  with  the 
curve. 

113.  If  the  vertex  A  be  the  origin,  the  equation  to  the  curve  is 

6« 
y*  =  —  (2  a  ar  -  x«)  or  a«  y«  +  6« «« -  2  o  6«  J?  =  0. 

and  the  equation  to  the  tangent,  found  exactly  as  above,  is 

If  the  equation  to  the  ellipse  be  y*  =  m  r—  na;^,  the  equation 
•I 
to  the  tangent  is  yy'  =  --^  (j?  +  y)  —  nj?  a/. 

Generally,  if  the  equation  to  the  curve  be 

«y*  +  6«y  +  ccr»  +  dy  +  cjp+/=:0, 
the  equation  to  the  tangent  is 

or(2ay  +  6j/+d)y  +  (^c^  +  iy' +  e)  x  +  dy  +  car  +  2/=0. 
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Again  let  y  =  a  X  +  <2  be  the  equation  to  a  tang^ent  to  the  ellipse ; 
then,  compariugf  this  with  the  equation  a*yp'+  fc*  a;  j?'  =  a*  b\  and  elimi- 
nating d/  and  y  by  means  of  the  equation  a*j/*  +  6*jr'*  r=  a*  6',  we  have 

a»  a«  +  6*  8=  (P, 

and  this  is  the  necessary  relation  among  the  co-efficients  of  the  equation 
y  =^  ax  +  d  when  it  is  a  tangent  to  the  curve. 

114.  To  find  the  point  where  the  tangent  cuts  the  axes. 

In  the  equation  a*yy'  +  6*  jtx*  =  a*b*  put  y  =  0  /.  6«  j  x'  =  a* 6*, 

and  J?  =s  3  =  CT ;  similarly  y  =  CT'  =  — ;  hence  we  have 

The  rectangle  C  T,  C  M  =:  The  square  upon  A  C, 
and  The  rectangle  CT*.  MP  =  The  square  upon  B  C. 

Since  CTT  =  --? )  ^^^s  not  involve  y\  it  is  the  same  for  all  ellipses 

ivhich  have  the  same  axis  major,  and  same  abscissa  for  the  point  of 
contact ;  and,  as  the  circle  on  the  axis  major  may  be  considered  as  one 
of  these  ellipses,  the  distance  C  T  is  the  same  for  an  ellipse  and  its  cir- 
cumscribing circle. 

Again,  since  CT  =  -^  is  independent  of  the  sign  of  y',  the  tangents, 

at  the  two  extremities  of  an  ordinate,  meet  in  the  same  point  on  the  axis. 
The  equation  to  the  lower  tangent  is  found  by  putting  —  y'  for  y*  in  the 
general  equation  to  the  tangent  (111). 

115.  The  distance  MT  from  the  foot  of  the  ordinate  to  the  point 
where  the  tangent  meets  the  axis  of  j:,  is  called  the  subtangent. 

In  the  ellipse.  MT=CT-CM  =  ~-*'  =  ^^^*; 

CT  X 

Hence,  The  rectangle  C  M ,  M  T  =  The  rectangle  A  M,  M  A'. 

116.  The  equation  to  the  tangent  being  d^yrf  +  6'j:^  =  a" 6",  let 
or^  =  a ;  and  /.  y*  =  0,  .*.  b^ax^a^h^  and  j;  ==  a ;  hence  the  tangent,  at 
the  extremity  of  the  axis  major,  is  perpendicular  to  that  axis.  At  B,  the 
equation  to  the  tangent  is  y  =  6 ;  hence  the  tangent  at  B  is  perpendicular 
to  the  axis  minor. 

The  equation  to  the  tangent  being  a'yy'  +  ft'ora/  =  a'6*,  or 

a*y  yf 

If  P  C  be  produced  to  meet  the  curve  again  in  P^  the  signs  of  the 
co-ordinates  of  F  are  both  contrary  to  those  of  P ;  hence  the  co  efficient 

h^  X* 
—  -r—  remains  the  same  for  the  tangent  at  F',  or  the  tangents  at  P  and 
fTif 

F  arc  parallel  (43). 

117.  To  find  the  equation  to  the  tangent  at  the  extremity  of  the  Latus 
Rectum. 

The  equation  to  the  tangent  is  generally 
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6« 
At  L,  a:'  =  -  ac  and  y'  =--» 

a 
y  =:  a  +  ex, 

•  If  the  ordinate  y,  or  M  Q, 
cut  the  ellipse  in  P,  we  have 
SP=o+cj?(109) 

/.  MQ  =  SP. 

118.  To  find  the  point  where  this  particular  tangent  cuts  the  wds,  let 
y  =  0;  .-.  a?=CT  =  --. 

Prom  T  draw  T  R  perpendicular  to  A  C,  and  from  P  draw  P  R  parallel 
to  A  C  ;  then,  taking  the  absolute  values  of  C  M  and  C  T,  we  have 

PR=:MT=:CT+CM=  -  +  a:  = =  jSP; 

Consequently,  the  distances  of  any  point  P  from  S,  and  from  the  line 
T  R,  are  in  the  constant  ratio  of  c  :    1.  . .       r  u- 

This  line  TR  is  called  the  directrix;  for,  knowing  the  position  of  this 
line  and  of  the  focus,  an  ellipse  of  any  excentricity  may  be  described,  as 
will  hereafter  be  shown. 

If  a;  =  0,  we  have  y  =  «•  Thus  the  tangent,  at  the  extremity  of  the 
Latus  Return,  cuts  the  axis  of  y  where  that  axis  meets  the  circumscnbing 

By  producing-  Q  M  to  meet  the  ellipse  again  in  P',  it  maybe  proved  that 

The  rectangle  Q  P,  Q  P  =  The  square  on  S  M. 
119.  To  find  the  length  of  the  perpendicular  fi-om  the  focus  on  the 
tangent. 

Let  S y,  Hz,  be  the  perpendiculars  on  the  tangent  PT. 
Taking  the  expression  in  (48.)  we  have 

yi  —  aXi  —  d 

^ ""  "     7rT^«  • 

Where  y^  =  0  and  j^i  =  —  a  c  are  co-ordinates  of  the  point  S,  and 
y  =  a  J?  +  d  is  the  equation  to  the  line  PT.  But  the  equation  to  PT 
is  also 
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.'.  «  s= f— 7-  and  a  =  —,\ 

-f-r-ae--^- 


fl6*   (a  +  cj/) 


And  a*y'«  +  6*a^'«  =  i^  (a«  6*  -  b*  x'*)  +b*af^  =  a«6«|a'-2!r:^>V 

I.et  SP  or  a  +  ca/  =  r,  and  HP  or  a-cj/=:2a  —  r^rr', 

r' 
Similarly,  if  H  «  =  p',  we  have  j?'*  =s  6*  -  . 

By  maltiplication  we  havep//  =  b* ;    Hence, 

The  rectangle  S  y,  H  z  =  The  square  upon  B  C. 

120.  To  find  the  locus  of  y  or  2  in  the  last  article. 

.  The  equation  to  the  curve  at  P  is        a*  y'*  +  6*  ^  *  =  a*  6*     (1) 

The  equation  to  the  tangent  at  P  is      a'y  y'  +  6*  xx'  =  a*  6*     (2). 

The  equation  to  the  perpendicular  S  y  (the  co-ordinates  of  S  being 
-  c,  0)  is  y  =:  a  (op  +  c)  and  this  line  being  perpendicular  to  the  tangent 

(2),  we  have  a  =         ,  ;  and  therefore  the  equation  to  S  y  is 

y=-^(*  +  c)    (3). 

If  we  eliminate  f/  and  x'  from  (1)  (2)  and  (3),  we  shall  have  an  equation 
involving  x  and  y  ;  but  this  elimination  supposes  x  and  y  to  be  the  same 
for  both  (2)  and  (3),  and  therefore  can  only  refer  to  their  intersection. 
Hence,  the  resulting  equation  is  the  locus  of  their  intersection. 

V        6»      V  b*        b*x 

IVom(8)|;=-^^  =  ^--fro«,(2);       . 

.  1    _  y«  +  a  (J  +  c)     .     ,_.      a*{x  +  c) 
"«'  ~       a*{x+c)     '"  y»-|-«(x+c)' 

"""^  -  tf  (*  +  c)  -  y«+ «  (*+ c)- 
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Substituting  these  values  of  a?'  andy',  in  (1),  we  hare 

an*  y*  +  h^a*  (»  +  c)«  =  a«  6«  {y*  +  J?  (x  +  c)}« 

Or,  a»2^«  -  c«y«  +  a*  (j:*  +  c)«  =  y*  +  2  jp  (x  +  c)  j/*  +  j:"  (*  +  c)«; 

=:y*  +  y«a:*  +  y«(a?  +  c)*+  «»(3r  +c)« 

.-.  a»  =  y«  +  *•. 

This  is  the  equation  to  a  circle  whose  radius  is  a.  Hence,  the  locus  of 
y  is  the  circle  described  on  the  axis  major  as  diameter. 

From  the  equaticm  to  S  y,  combined  with  that  toCPfy=~-jp  \  we 

may  prove  that  C  P  and  S  y  meet  in  the  directrix. 

121.  To  find  the  angle  which  the  focal  distance  SP  makes  with  the 
tangent  P  T. 

6*  or'  6« 

The  equation  to  the  tangent  is  y  =  —  -— ,  *  +  ~j. 

The  equation  to  S  P  passing  through  S  (—  c,  0)  and  P  {J,  y*)  is 

LyL  +  ^ljL 

Andtan.  SPT  =  tan.  (PSC-  PTC)  =  "^^^    fK.^ 

1—     y    ^  *" 

4?'+c    aV 

a*y^'  +  6*a/'-f-6'cj'  _         tf*&*  +  6«cj/ 
"^  y'  {(*'  +  c)  a« -  6«  4/}  ""  y'Ka^--  6«)j/+  a*c} 

_y   (fl»  +ca^) 6» 

^cy'  (a«  +  cj:')   ^  c^* 

To  pass  from  tan.  S PT  to  tan.  H  PT  we  must  put  —  c  for  e  in  the 
preceding  investigation ;    this  would  evidently  lead  us  to  the  equattoa 

tan.  HPT  = >;  hence,  tan.  HPz  =  tan.  (180  -  HPT)  rr  - 

tan.  H PT  =  — -,  or  the  two  angles  SPT,  H Pr  are  equal ;  thus  the 
cy' 

tangent  makes  equal  angles  with  the  focal  distances. 

It  is  a  property  of  light  that,  if  a  ray  proceeding  from  H  in  the  direction 
H  P  be  reflected  by  the  line  2  P  y,  the  angle  S  P  y  of  the  reflected  ray  will 
equal  the  angle  HP 2.    Now,  in  tlie  ellipse,  these  angles  are  equal; 
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hence,  if  a  light  be  placed  at  H,  all  rays  which  are  reflected  by  the  ellipse 
will  proceed  to  S.     Hence,  these  points,  S  and  H,  are  called  foci. 

This  very  important  property  is  also  thus  proved  from  article  119. 
Sy  =  pr=6yr  ^;  and  H  2  =  p' =  6  V   7' 

.-.  Sy  :  Hz  ::  r  :  r' ::  SP  :  HP; 

hence  the  triangles  S  Py  and  U  P  2  are  similar,  and  the  angle  SVy  equal 
to  the  angle  HPz.* 

122.  To  find  the  length  of  the  perpendicular  C  m,  from  the  centre,  on 
the  tangent : 


_      /]  6*x'M    _  a*y a*b* 


ab 


a  b 


^(a  +  c^)  (a  —  cj/)       Ajrr'' 


*  The  following  geometrical  method  of  drawing 
a  tangent  to  the  eUipne,  and  proving  that  the  locus 
of  the  perpendicular  from  the  focus  on  the  tangent  j^ 
is  the  circumscribing  circle,  will  be  found  useful. 

Let  A  PA'  be  (he  ellipse,  P  any  point  on  it. 
Join  S  P  and  H  P,  and  produce  H  P  to  K,  making 
P  K  =  PS ;  bisect  the  angle  K  PS  by  the  line 
jr  P  2,  and  join  SK,  cutting  Py  in  y. 

1.  Py  isa  tangent  to  the  ellipse;  for  if  R  be 
any  other  point  in  the  line  P  y,  we  have  S  R  + 
RU  =  KR+RH,  greater  than  K  H,  greater 
than  2  a  ;  hence,  R  and  every  other  point  in  z  P  y 
except  P  is  without  the  ellipse. 

2.  The  locus  of  y  is  the  circumscribing  circle.  Draw  H  z  parallel  to  S  y,  and  join  Cy ; 
then,  because  the  triangles  S  P  y,  K  P  y  are  equal,  we  have  the  angle  8  y  P  a  right 
angle,  or  Sy  and  H  z  are  perpendicular  to  the  tangent.  Also,  since  S  y  ==  K  y,  and 
8C  =  CH,  we  haveCy  parallel  to  K  H,  andCy  =  4  K  H  =  4j(SP  +  P  H)  rr  C  A. 

3.  The  rectangle  S  y,  H  £  =  the  square  on  B  C.  Let  Z  H  meet  the  circle  again  in 
O  and  join  C  O ;  then,  because  the  angle  y  z  O  is  a  right  angle,  and  that  the  points  y 
and  O  are  in  the  circumference  of  the  circle,  the  line  y  C  O  must  be  a  straight  line, 
and  a  diameter.  Hence,  the  triangles  C  S  y,  C  H  O  are  equal ;  and  the  rectangle 
Sy,  Hz  =:  the  rectangle  ZH,  H  O  =  the  rectangle  A  H,  H  A'  =s  the  square  on 
B  C  (108). 

4.  LetSP=r,  HP=2a  -SP=:  2a- r^  Sy=  p,andH«  =  ;>',  then  ;»«  = ^^ 


For  by  similar  trianglesiSy  :  SP  ::  H  s  :  HP  .*.  p  s 


2a-  r 


p' ;    and,  as  aboye^ 


Pi'' 


b*   :.  p': 


2Q^r 
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123.  To  find  the  locus  of  u : 

a«  y«  +  6«  s/\  s=cfb*    (1). 
^yy' +  6*xa?'a=a«6«    (2). 

y  =   --    .  J?  .  .  .  (3),  the  equation  to  C  ti. 

ProceedinfiTi  as  in  (120.)»  to  eliminate  x'  and  y\  we  arrive  at  the  final 
equation  6*  y*  +  a*  i*  =  (y*  +  x*) "  j  the  locus  is  an  oval  meeting  the 
ellipse  at  the  extremities  of  the  axes,  and  bulging  out  beyond  the  curve, 
somethinp^  like  the  lowest  of  figures  2  in  page  44.  We  shall  have  occasion 
to  trace  this  curve  hereafter. 

124.  To  find  the  angle  which  the  distance  C  P  makes  with  the  tangent, 
we  have  the  equation 

v'  «  b*  jc'  6« 

toCP,y=|7  j;andtoPT,y  =  - -^,  *+    — ; 

hence  tan.  CPT  is  found  =  -r-r — >. 

c^jr  y' 

125.  From  C  u  =  C  y  sin.  C  y  f£,  we  have 

« ^  .      ^  .     ^  b 

— =  =:  a  sm.  C  y  u  .*.  sm.  C  y  u  r= 


Also  from  H  z  =  H  P  sin.  H  P  z ,  we  have 

5  4  /  —  =  /  sin.  H  P  2  .'.  sin.  H  P  ;s ,  =      r—j  »  * 

.'.  angle  C  y  ii  =  angle  H  P  z,  and  C  y  is  parallel  to  H  P. 

Hence,  if  C  E  be  drawn  parallel  to  the  tangent  P  T,  and  meeting  R  P 
in  E,  we  have  PE  =  Cy  =  AC. 

THE  NORMAL. 

126.    The  normal  to  any  point  of  a  curve  is  a  straight  line  drawn 
through  that  point,  and  perpendicular  to  the  tangent  at  that  point. 
To  fii)d  the  equation  to  the  normal  P  G. 
The  equation  to  a  straight  line  through  the  point  P  (x'  yO  *s 

y  -  y'  =  Of  (*  —  xO 

This  line  must  be  perpendicular  to  the  tangent  whose  equation  is 

and  the  equation  to  the  normal  is 


127.  To  find  the  points  where  the  normal  cuts  the  axes  : 


y-y'  =  ^('-^y 
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Hence  SG  =  SC-CG  =  ac-e»a:'  =  c(a-ea/)  =  e.     SP. 

The  distance  M  G,  from  the  foot  of  the  ordinate  to  the  foot  of  the  nor- 
mal, is  called  the  subnormal : 

b*    , 
Its  value  is  J?  —  j/  = ;  Jr . 

128.  From  the  above  values  of  M  G,  C  G  and  C  G'  we 
baTePG  =  v{j,"+    ^^.}  =  v{£.(a.-/«)+  -^} 

and  similarly  P  G'  =:  -  ^^JT/"  consequently. 

The  rectangle,  P  G,  P  G'  =  r  /  =  the  rectangle  S  P,  H  P. 

The  greatest  value  of  the  normal  is  when  a/  =  0 ;  hence,  at  the  extremity 
of  the  axis  minor,  we  have  the  greatest  value  of  the  normal  =:  b.  Similarly, 
the  least  value  of  (he  normal  is  at  the  extremity  of  the  axis  major,  the 

value  being  then  =  — ,  or  half  the  Latus  Rectum  (105.). 
a 

Also,  S  G'  =  ^  V7?,  and  G  G'  =  ^    7^7'  .'.  G  G'  =  c.  S  G'. 
o  b 

If  a  perpendicular  G  L  be  drawn  from  G  upon  S  P  or  HP,  the  tri- 
angles P  G  L,  S  P  y,  and  H  P  z,  are  similar ;  hence 

PL  =  P  G .  A  or  =  PG  ^  =  —  =  i  the  Latus  Rectum, 
r  r         a 

129.  Since  the  tangent  makes  equal  angles  with  the  focal  distances,  the 
normal,  which  is  perpendicular  to  the  tangent,  also  makes  equal  angles 
with  the  focal  distances.  This  theorem  may  he  directly  proved  from  the 
above  value  ofCG;forSG  :  HG::SC-CG:  HC  +  CG 
::  ae  -  c«  j/  :  ac  +  e'a?'  ::  a  -  ej/  ;  a+  ex'  ::  SP  :  HP; 
hence,  the  angle  S  PH  is  bisected  by  the  line  P  G. — Euclid,  VI.  3,  or 
Geometry,  ii.  50  *. 

THE  DIAMETERS. 

130.  A  diameter  was  defined  in  (76.)  to  be  a  line  bisecting  a  system  of 
parallel  chords.     We  shall  now  prove  that  all  the  diameters  of  the  ellipse 


*  The  aVsolute  Tallies  of  S  P  and  H  P  are  here  taken. — See  109. 
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are  straig^ht  lines,  and  that  they  pass  through  the  centre,  which  last  cir- 
cumstance is  evident,  since  no  line  could  bisect  every  one  of  a  system  of 
parallel  chords  without  itself  passing  through  the  centre. 
Let  yr=ad?-fcbethe  equation  to  any  chord  ; 

a*  y*  +  fc'  «^  =  a*  b*,  the  equation  to  the  curve. 
Transfer  the  origin  to  the    bisecting  point  x'  y'    of  the  chord,  by 
putting  y  +  j/  for  y  and  x  -{-  of  for  a*,  then  the  equation  to  the  chwd 
becomes  y  +  y'  =  a(j?-|-jr')+  cory  =  Gfj?,  since  y'  =  er  j/  +  c  ;  also 
the  equation  to  the  curve  becomes  a*  (y  +  y*)*  +  6«  (j?  +  x*)*  =  a*  6*. 

To  find  where  the  chord  intersects  the  curve,  put  a  x  for  y  in  the  se- 
cond equation  : 

/.  a*{ax  +  y'y  +  b*  (x  +  oT)*  =:  €^  b*; 
or,  (a»  a«  +  6«)u*  +  2  («•  a  y'  +  6«  x')  jr  +  a«  y'«  +  b*  a^*  =z  a*  b\ 

But  since  the  origin  is  at  the  bisection  of  the  chord,  the  two  values  of 
X  must  be  equal  to  one  another,  and  have  opposite  signs,  or  the  second 
term  of  the  last  equation  must  =  0. 

.\a^ay'  +  b*x'  =  0. 

This  equation  gives  the  relation  between  x'  and  y' ;  and,  since  it  is  in- 
dependent of  c,  it  will  be  the  same  for  any  chord  parallel  to  y  =  er  x  +  c ; 
hence,  considering  x'  and  y'  as  variable,  it  is  the  equation  to  the  assem- 
blage of  all  the  middle  points,  or  to  their  locus. 

This  equation  is  evidently  that  to  a  straight  line  passing  through  the 
centre.  Conversely,  any  straight  line  passing  through  the  centre  is  a  dia- 
meter. 

131.  A  pair  of  diameters  are  called  conjugate  when  each  bisects  all  the 
chords  parallel  to  the  other. 

Hence,  the  axes  major  and  minor  are  conjugate  diameters,  and  the 
equation  a*y*  +  6*  j^  =  a*  6*,  which  we  have  generally  employed,  is  that 
to  the  ellipse  referred  to  its  centre  and  rectangular  conjugate  diameters. 

If  the  curve  be  referred  to  oblique  co-ordinates,  and  its  equation  remains 
of  the  same  form,  that  is,  containing  onlyx*,  y\  and  constant  quantities 
the  new  axes  will  also  be  conjugate  diameters  ;  for  each  value  of  one  co- 
ordinate will  give  two  equal  and  opposite  values  to  the  other.  We  shall, 
therefore,  pass  from  the  above  equation  to  another  referred  to  oblique  con- 
jugate diameters,  by  determining,  through  the  transformation  of  co-ordi- 
nates, all  the  systems  of  axes,  for  which  the  equation  to  the  ellipse  pre- 
serves this  same  form. 

Let  the  equation  be  a*  y*  -|-  6*  x*  =  o*  b* ;  the  formulas  for  transform- 
ation are  (57), 

y  =  j/  sin.  0  +  y'  sin.  0', 

X  =  x'  cos.  0  +  y'  cos.  fi', 
/.  a»  (j'  sin.  e  +  yf  sin.  O'y  +  6«  (/  cos.  B+y'coi,  6^)*  =z  ^b\ 

or  {a*  (sin.  O^y  +  6*  (cos.  e^}  y«  -f  {a«(sin.  e)«  +  6«  (cos.  ©)«}  x" 
+  2{a*  sin.  6  sin.  0'  -f  b*  cos.  0  cos.  d'}  x'  y'  =  a*  ^. 

In  order  that  this  equation  may  be  of  the  conjugate  form,  it  must  not 
contain  the  term  x'  y' ;  but  since  we  have  introduced  two  indeterminate 
quantities,  0  and  0\  we  are  enabled  to  put  the  co-efficient  of  x'  y '  =  0 ; 
hence  we  have  the  condition 

a*  sin.  0  sin.  ^  -f-  6*  cos.  d cos,  ^  s=  0; 
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or  dividing^  by  a'  cos.  0  cos.  ^»  ' 

tan.  0.  tan.  ^  ss -. 

a* 

Now  this  condition  will  not  determine  both  the  angles  $  and  6^,  but  for 
any  value  of  the  one  angle  it  gives  a  real  value  for  the  other ;  and  hence 
there  is  an  inBnite  number  of  pairs  of  axes  to  which,  if  the  curve  be  re« 
ferred,  its  equation  is  of  the  required  conjugate  form. 
,    If,  in  the  next  figure,  we  draw  CP  making  any  angle  0  with  C  A',  and 

C  D  making  an  angle  O' (whose  tangent  is ^  cot.  0)  with  C  A',  then  C  P 

and  C  D  are  conjugate  diameters.  Also  since  the  product  of  the  tangents 
is  negative,  if  C  P  be  drawn  in  the  angle  A'  C  B,  C  D  must  be  drawn  in 
the  angle  B  C  A. 

132.  There  is  no  occasion  to  examine  the  above  equation  of  condition 
in  the  case  where  e  or  0'  =  0,  for  then  we  have  the  original  axes ;  but 
let  us  examine  whether  there  are  any  other  systems  of  rectangular  axes. 

Let  ^  =  90**  +  e,  .'.  sin.  0*  =  cos.  0,  and  cos.  6'  =  -  sin.  0, 
hence  the  equation  of  condition  becomes 

(a"  —  6«)  sin.  $  COS.  0  s=  0^ 
and  since,  by  the  nature  of  the  ellipse,  a"  cannot  =  b\  we  must  have 
^  =  0,  or  e  =  90^  both  which  values  give  the  original  axes  again ;  hence 
the  only  system  of  rectangular  diameters  is  that  of  the  axes.     This  re- 
mark agrees  with  article  87. 

We  may  observe  in  the  above  transformation  that,  although  we  have 
introduced  two  indeterminate  quantities  6  and  0',  it  does  not  follow  that 
we  can  destroy  two  terms  in  the  transformed  equation,  unless  the  values 
of  these  quantities  are  real:  for  example,  if  we  attempt  to  destroy  any 

other  term  as  the  second,  we  find  tan.  0  r=  —  V—  1,  a  value  to  which 

a 

there  is  no  corresponding  angled;  hence,  in  putting  the  co-efficient  of 
jT'y'  :=:  0,  we  adopted  the  only  possible  hypothesis. 
133.  The  equation  to  the  curve  is  now 

{fl«  (sin.  e'y  +  6«  (cos.  ^)«} y'«  +  {  a»  (sin.  oy  +  6*  (cos.  oy}  y «  =  «« h\ 
If  we  successively  make  y'  =  0,  and  x'  =:  0,  we  have  the  distances  from 
the  origin  to  the  points  in  which  the  curve  cuts  the  new  axes;  let  these  dis- 
tances be  represented  by  ^i  and  6, ,  the  former  being  measured  along  the 
axis  of  x%  and  the  latter  along  the  axis  of  y' ;  then  we  have 

y'  =  0,   .•.  {  a«  (sin.  Oy  +  6*  (cos.  0)«  }  a,*  =  a*  h\ 
ar'  =  0.   .-.  {a«  (sin.  efy  +  h*  (cos.  e')«}  h,*  =  a«  h\ 
And  the  transformed  equation  becomes 

or,    a,»y'»  +  6.»y  =  a,»i,«, 
Where  the  lengths  of  the  new  conjugate  diameters  are  2  ai  and  2  6,. 


83 


THE  DIAMETBRS. 

134.  From  the  transfortnation  we  obtain  the  three  Mowing  eqnatkin: 
a,*  {a«  (sin.  d)«  +  6«  (cos.  Oy}  =  a«  6*     (I), 
V  {«'  (sin.  ©')•  +  b*  (cos.  O'}  =  «^  ^"     (2). 
a^  sin.  0  sin.  e'  -|-  6^  cos.  0  cos.  6'  =:  0/ 


or,    tan.  0  tan.  ^  =  -  — 


(3). 


PutUng  I  -  (sin.  e)"  for  (cos.  e)«  in  (1),  we  have 

a,*  (a*  -  6»)  (sin.  ey  z^ol'b^  -  a^  b\ 
and  «i*  (a*  -  6«)  (cos.  oy  :=  a^*  a*  -  i^  b% 

:.  (tan.  a)«  =  -  -^TTTfiT- 

Putting  6|  for  a^  in  this  expression,  we  have  the  valae  of  (taiL  OQ*,  » 
found  from  (2)  ^ 

(taii.e')-«;^.-JTTr?^ 
hence  by  multiplication, 

(tan.e).(tan.eO-  =  ^  ^rT^i  ftTITP  =  ^  ^'"^  ^^' 

.:.  (a»  -  fli*)  («•  -  V)  =  (fli'  -  ft*)  W  --  ^"), 

or,  tf*  -  a«  6i»  -  ai«  a«  +  a^*  b^  =:  Oi*  6|«  —  Oi*  ft*  -  6»  6i«  +  *'; 
/.    a*  — 6*  =  a*6i«  +  fli«a*— ai*i"  -  ft*6i't 
=  a«  (a,«  +  bf)  -  i«  (oi*  +  6t«). 
B  (a«  -  ft«)  (oi*  +  V), 
.••    «*  +  6«  =  ai«  +  6i*, 
that  is,  the  sum  of  the  squares  upon  the  conjugate  diameters  is  equal  to 
the  sum  of  the  squares  upon  the  axes. 

135.  Again,  multiplying  (1)  and  (2)  together,  and  (3)  by  itself,  and 
then  subtracting  the  results,  we  have 
of  bi*  {a*  (sin,  0)*  (sin.  ery  +  6*  (cos.  ey  (cos.  e^*  +  a^V  (sin.  ¥)*  (cos. ey 

+  a«6»(sin.  0)»  (cos.  e^y}  =:  tf*6*. 
a*  (sin.  ey  (sin.  O')*  +  6*  (cos.  ey  (cos.  ey  +  2  a*  &•  sin.  e  an.  a' cos.  9 

COS.  6^  S3  0 } 


.      A^ 

>^^                                          A' 

^i   H    J!^ 

^w               M.        ] 
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.\  fli*  V  a«  6t  {  (sin.  e^y  (cos,  ey  ~  2  sin.  e  Bin.  0*  cos.  8  cos.  e' 
+  (sin.  ey  (cos.  ©)•}=:  a*  b\ 
or,  flj"  6|«  {  sin.  0*  cos.  0  -  sin.  0  cos.  e'  }  «  =  o*  6*,  * 
or,  a.«  6/  {  sio.  (^'  -  e)  } «  =  a»6«; 
/.  «!  6i  sin.  (0'  —  ©  )  a=  a  6. 
Novir  6^  —  d IB  the  angle  PCD,  between  the  conjugate  diameters  C  P 
and  C  D  ;  hence  drawing  straight  lines  at  the  extremities  of  the  conju- 
gate diameters,  parallel  to  those  diameters,  we  have,  from  the  above  equa- 
tion, the  parallelogram  P  C  D  T  !=  the  rectangle  A  C  B  £,  and  therefore 
the  whole  parallelogram  thus  circumscribing  the  ellipse  is  equal  to  the 
rectangle  contained  by  the  axes  *. 

If  the  extremities  of  the  conjugate  diameters  be  joined,  it  is  readily 
seen  that  the  inscribed  figure  is  a  parallelogram,  and  that  its  area  is  equal 
to  half  that  of  the  above  circumscribed  parallelogram. 

We  may  remark,  in  passing,  that  the  circumscribed  parallelogram,  having 
its  sides  parallel  to  a  pair  of  conjugate  diamietera,  is  the  least  of  all  paral- 
lelograms circumscribing  the  ellipse  ;  and  that  the  inscribed  parallelogram, 
having  conjugate  lines  for  its  diameters,  is  the  greatest  of  all  inscribed 
parallelograms. 

136.  Returning  to  article  (133.),  the  equation  to  the  curve,  suppressing 
the  accents  on  of  and  y',  as  no  longer  necessary,  is 

In  the  figure,  C  P  =  a„  CD  =:  61  C  Vsa  »>  and  VQ  =  y. 


•  The  theoremi  in  artidei  134  and  130  may  be  proved  alio  in  the  following  muiner  : 

Referring  the  cunre  to  its  rectangnlar  axes,  as  in  article  (138.),  let  the  co-ordinates 

of  P  be  3<  and  y' ;  then  the  equation  to  C  D  is  «•  y  y'  -J-  &•  jt  jr'  =  0,  and  eliminating 

*  and  y  between  this  equation  and  that  to  the  earvjB  (a*  y"  +  6*  «*  s  o'6'),  we  have 

the  coordinates  G  N  and  D  N,  fig.  135,  of  the  intersection  of  C  D  with  the  curve,  C  N 

=  jT  s  ^  and  D  N  s:  y  as  —  s  hence  we  have 
o  a 

a.«+6,«=*'«+y'«  +  *»  +  y»  =  :r^  +  y'«+^^+?^  =  5:^+^^ 
Also  the  triangle  P  C  D  =  the  trapesium  P  M  N  O  —  the  triangles  PCM  and  DON 

-:  ^*=:^*,  therefore  the  parallelogram  P  C  D  T  =  a  b. 

No  notice  has  been  talcen  of  the  positional  value  Of  the  sbsciiia  C  N,  since  thfi^fi 
entirely  a  question  of  absolute  values* 
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Putting  the  equation  into  the  form 

we  have  the  square  upon  the  ordinate  Q  V  :  the  rectangle  PV,  VP':: 
the  square  upon  C  D  :  the  square  upon  C  P. 

137.  The  equation  to  the  tangent  at  any  point  Q  («'  yO  found  exactly 
as  in  (111.)  is  a,^  yy'  +  ^*  -J?  Jf'  =  Ux*  ^"• 

The  points  T  and  T',  where  it  cuts  the  new  axes,  are  determined  as  ia 

(114.) ;  whence  CT  =  ^,  CT'  =  -^;  and  the  tangents  drawn  at  the 

two  extremities  of  a  chord  meet  in  the  diameter  to  that  chord  (114.)- 

138.  Let  the  eUipse  be  now  referred  to  its  rectangular  axes,  and  let  the 

co-ordinates  of  P  be  ar'  y',  then  the  equation  to  C  P  is  y  =  — «,  and  the 
equation  to  C  D  is 

y  =  xtan.e'  =  -^cot.e^  =  --^^*. 

or,    a^yy  +  i"  j?  a/  =  0. 
But  the  equation  to  the  tangent  at  P  is 

hence  CD  or  the  diameter  conjugate  to  C  P  is  parallel  to  the  tangent  at  P. 

From  this  circumstance  the  conjugate  to  any  diameter  is  often  defined 
to  be  the  line  drawn  through  the  centre,  and  parallel  to  the  tangent  at  the 
extremity  of  the  diameter. 

The  equation  to  the  conjugate  diameter  is  readily  remembered,  since  it 
is  the  same  as  that  to  the  tangent  without  the  last  term,  and  therefore 
may],be  deduced  from  the  equation  to  the  curve,  as  at  the  end  of  article 
111."    The  three  equations  are 

a*  y*  +  6*  ^  =  o*  6'»  to  the  curve, 

«•  y  y'  +  6«  «  a/  =  a^  6*,  to  the  tangent, 

a*  y  y'  +  b^  X  x'  :=i  0,  to  the  conjugate. 

The  equation  to  the  tangent  D  T  passing  through  the  point  D,  whose 

b  a/        -        a  f/ 
co-ordinates  are and ^  (note  135),  and  parallel  to  C  P,  is 

6'j/        y   /  ay\ 

or  reducing 

y  «'  —  jp  y'  =  a  6. 
And  the  equation  to  C  P  is 

yaf  -  xy'  =  0. 
These  equations  to  the  tangents  and  conjugate  diameters,  corobioed 
with  the  equation  to  the  curve,  will  be  found  useful  in  the  solution  of 
problems  relating  to  tangents. 
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139.  Let  j/  and  ^  be  rectangular  co-ordinates  of  P  ;   then,  from  the 
equation  a,'  +  6,"  =  a*  +  6%  we  have  h^  s^  a*  +  b*  ^  a^  =:  a*  +  6*  - 

^«  -  y  =  a*+  6«  -  y«  -  6«  +  —,x^  =  a'  -  ^  "/'  ««  =  o»  -  c«x« 

=  (a  -  ^y)  (a  +  e^,)  =  r  r'. 

That  is,  the  square  upon  the  conjucrate  diameter  C  D  s  the  rectangle 

under  the  focal  distances  S  P  and  H  P. 

140.  Draw  PF  perpendicular  upon  the  conjugate  diameter  C  D,  then 
by  (135.)  the  rectangle  PF,  CD  =  a6, 

.    pu._  «^  _     o.b ah     * 

It  was  shown  in  (128.)  that  P  G  =  -  Vr7,  and  P  G'  =-|-  VrV ; 

hence.  The  rectangle  P  G,  P  F  =  The  square  on  B  C, 
and  The  rectangle  P  G',  P  F  =  The  square  on  A  C, 
and  The  rectangle  P  G,  P  G'  a:  The  square  on  C  D. 
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141.  Two  straight  lines  drawn  from  a  point  on  the  curve  to  the  extre- 
mities  of  a  diameter  are  called  supplemental  chords.  They  are  called 
principal  supplemental  chords  if  that  diameter  be  the  axis  major. 

Referring  the  ellipse  to  its  axes,  let  P  P'  be  a  diameter,  Q  P,  Q  P'  two 
supplemental  chords ;  then,  if  x'  y'  be  the  co-ordinates  of  P,  ^  y,  —  y^ 
are  those  of  P ;  hence,  the  equation  to  Q  P  is  y  —  y'  s:  a  (j?  —  a:'). 

and  the  equation  to  Q  PMs  y  +  y'  =  a'  (x  +  a?'). 

At  the  point  of  intersection,  y  and  X  are  the  same  for  both  equations, 
being  the  co-ordinates  of  Q  ;  hence,  y«  —  y'"  =  aa'  (x"  —  «'•)  ; 

but  a»y'  +  6*««  =  a\b*  at  Q,  ^.^-"-^"T'^-^^ 


that  is,  The  product  of  the  tangents  of  the  angles,  which  a  pair  of  sup- 
plemental chords  makes  with  the  axis  major,  is  constant. 


*  If  the  distance  C  P  ==  «,  and  p  =:  the  perpendicular  from  the  centre  on  the  tan 
gent  at  P,  this  equation  is 
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If  the  curve  was  referred  to  any  conjugate  diameters,  2  «»  and  2  bu  we 
should  find  exactly  in  the  same  manner  that  the  produet  of  the  tangents 
of  the  angles,  which  a  pair  of  supplemental  chords  makes  with  any  axis 

8  a,,  is  constant,  and  equal  t-o  —  77  • 

«i 

The  equaUon  to  a  chord  Q  P  being  jf-y  «=«(»- a/).  th«  cquatioii 
to  iU  supplemenUl  chord  Q  F  is  y  +  y'  =s  -  -^  («  +  «')• 

In  the  circle  l»  =  a  •?.  a  a'  =  —  1,  which  proves  that  in  the  circle  the 
supplemental  choids  are  at  right  angles  to  each  other,  a  well-knowii  pro- 
perty of  that  figure. 

The  converse  of  the  proposition  is  thus  proved. 

Let  A  C  A'  be  any  diameter,  C  the  origin,  and  a  a'  =:  -  ^  •  then  the 

equation  toARisy=sa(jf  +  «i)  (1).  and  the  equation  to  A'R  is  jf  = 

a'(«>fli)  == f— t*""^)  t^i'  Tofindthemtersectioiiof  the  lines  AR 

and  A'  R,  let  y  and  x  be  the  same  for  (1)  and  (2),  and  eliminate  a  by 
multiplication;  hence, 

•^  =5  «.  ^  (^t  —  aj«) ;  or  a^  y*  +  ftj*  a:*  =  a^  h^\  and  the  locus  of  R  is 

an  ellipse  whose  axes  are  2  a^  and  2  6|. 

^  142,  The  equation  a  a'  =a j-  is  remarkable,  as  showing  that  fro' 

is  the  same,  not  only  for  different  pairs  of  chords  drawn  to  the  extremhies 
of  the  same  diameter,  but  also  for  pairs  of  chords  drawn  to  the  extremities 
of  any  diameter ;  hence,  if  from  the  extremity  of  the  axis  major  we  can 
draw  one  chord  A  R  parallel  to  Q  P',  the  supplemental  chord  R  A'  will 
be  parallel  to  Q  P :  this  is  possible  in  all  cases,  except  when  one  chord  is 
parallel  or  perpendicular  to  the  axis. 

143.  To  find  the  angle  between  two  supplemental  chords. 

Let  9,  y  be  vhe  co-ordinates  of  Q,  and  ^  y'  those  of  P, 

Thent.n.PQF  =.3^^:^=— --^  =  ^3p^5r; 


^-v. 


For  the  principal  supplemental  chords,  we  have  je'  s  a,  y^  ss  0 ; 

,:.  tan.  A  R  M  pi — --     -  . 

a'—  6*     y 

This  value  of  the  tangent  being  negative,  the  angle  A  R  A'  is  always 
obtuse,  which  is  also  evident,  since  all  the  points  on  Uie  ellipse  are  within 
the  circumscribing  circle. 
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As  y  increases,  the  numerical  value  of  the  tangent  decreaseSi  or  the 
angle  increases  (since  the  greater  the  obtuse  angle,  the  less  is  its  tangent) ; 
hence,  the  angle  is  a  maximum  when  y  is,  that  is,  when  y  =  6.  This 
shows  that  the  angle  A  B  A'  is  the  greatest  angle  contained  by  the  prin- 
cipal supplement^  chords,  and  therefore  by  any  supplemental  chords* 
Also,  its  supplement  B  A  B'  is  the  least  angle  contained  by  any  supple- 
mental chords.  The  angle  between  the  chords  being  thus  limited  by  the 
angles  A'BA,  BAB',  of  which  the  former  is  greater,  and  the  latteif 
less,  than  a  right  angle,  chords  may  be  drawn  containing  any  angle  be<- 
tween  these  limits.  This  is  done  by  describing  a  segment  of  a  circle, 
containing  the  given  angle,  upon  any  diameter,  except  the  axis,  and  join« 
ing  the  extremities  of  the  diameter  with  the  points  of  intersection  of  the 
ellipse  and  circle.  Also,  from  the  value  of  tan.  P  Q  P',  it  appears  that, 
if  Uie  angle  be  a  right  angle,  the  two  chords  are  perpendicular  to  the 
axes. 

144.  It  was  shown  In  (131.)  that  if  B  and  9'  were  the  angles  which 

conjugate  diameters  make  with  the  axis  major,  tan.  9.  tan.  O'  s  —  -^ , 
but  a,  a'  being  tangents  of  the  angles  which  tvro  supplemental  chords 

make  with  the  same  axis,  we  have  aa'  :=:  —  --r ;   ,*.  tan.  0*  tan.  &  s 

cr 

a  a! ;  hence,  if  tan.  8  iS2  er,  we  have  tan.  fl'  =  a' ;  or  if  one  diameter  be 
parallel  to  any  chord,  the  conjugate  diameter  is  parallel  to  the  supple* 
mental  chord. 

145.  Since  supplemental  chords  can  be  drawn  containing  any  angle 
within  certain  limits,  conjugate  diameters  parallel  to  these  chords  may  be 
drawn  containing  any  given  angle  within  the  same  limit§. 

Also,  since  the  angle  between  the  principal  supplemental  chords  is 
always  obtuse,  the  angle  PCD  between  the  conjugate  diameters  is  also 
obtuse,  and  is  the  greatest  when  they  are  parallel  to  A  B  and  A  B'.  In 
this  case,  being  symmetrically  situated  with  respect  to  the  axes,  they  are 
equal  to  one  another. 

The  magnitude  of  the  equal  conjugate  diameters  is  found  from  the 

a*  +  6* 
equation  ai'+  h^  ==  a*  +  6",   .'•  aj*  =5  — - — , 

The  equation  to  the  ellipse  re^rred  to  its  equal  conjugate^  diameters  is 
y*  +  »*  r=  «!*;  hofTever,  this  must  not  be  confounded  with  the  equation 
to  the  circle,  which  only  assumes  this  form  when  referred  to  rectangular 
axes. 

THE  POLAR  EQUATION. 

146.  Instead  of  an  equation  between  rectangular  co-ordinates  jr  and  y, 
we  may  obtain  one  between  polar  co-ordinates  u  and  0. 

Let  the  curve  be  referred  to  the  centre  C,  and  to  rectangular  axes,  and 
let  the  co-ordinates  of  the  pole  O  be  s'  and  y\  0  the  angle  which  the 
radius  vector  OP,  or  u,  makes  with  a  line  Oc  parallel  to  the  axis  of  iT; 
then,  by  (61.))  or  by  inspection  of  the  figure,  we  have 
y  =  y'  +  tt  sin.  0 
4?  =:  a;'  +  tt  cos.  Q ; 
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also  fl«  2,f*  +  6"«*  n:  a'  b* ; 

/.  by  substitution,  a*  (y'  +  u  sin.  Oy 
+  6'  (j/+  w  COS.  e)«  =5  o^  6« ; 

Whence  u  may  be  found  in  terms  of 
9  and  constant  quantities,  I 


147.  Let  the  centre  be  the  pole : 
.\  y  =:  0  and  y*  =  0, 
^.  a«  ii«  (sin.  ey  +  6«  m«  (cos.  ©)•  =  a» ftt ; 


14»  = 


fl«  (sin.  ey  +  b*  (cos.  ey  "  «•  (sin.  e)«  +  ((^  -  «•  e^)  (cos.  ^)* 


a*6« 


1  -  €»  (cos.  ^y 


>!• 


a^  ^  a*i?  (cos.  e)* 

148.  Let  the  focus  S  be  the  pole  : 

.•.  y'  =  0,  jp'  =  —  a  c  =  —  c,  and  u  becomes  r ; 
hence  the  transformed  equation  (146.)  becomes 

o«  (r  sin.  0)*  +  6*  (—  c  +  r  cos.  (?)«  =  a«  6» ; 
.".  a«r«  (sin. ey  +  6«  r«  (cos.  0)«  -  2  6«  re  cos.  ^  +  6«  c»  =  a«  6'; 

or,  a^r*  (sin.e)*  +  a*r*(cos.0)*  —  c* r"  (cos. ©)•  -  2  6'rc  cos.«=: 
aH*  —  6V  c=  6*  since  «•  -  6«  =  c". 

or,  a*  r"  =  c*  r*  (cos.  0)"  +  2  6'  re  cos.  e  +  6* 
=  (c  r  COS.  e  +  6«)* ; 
,: .  a r  =  cr  cos.  0  +  6" 
_  6'  _      fl«  (1  -  c')      _    a(I-g')    ^ 

"~ a  —  c  cos.  d         a  ^  at  cos.  0         1  —  e  cos.  B 

149.  Let  any  point  on  the  curve  be  the  pole: 

Expanding  the  terms  of  the  polar 'equation  in  (146.)}  and  reducing  by 
means  of  the  equation  a'  y'"  +  6"  a/*  r=  a'  b\  we  hare 

_  a*  y'  sin.  0  +  6"  j/  cos.  0 

"■"  ""       a«(sw.©)"  +  6«(cos.©)»* 
If  the  pole  is  at  A,  we  have  y'  =  0,  and  a/  =:  —  «, 

^  2  6*  g  cos,  e  ^  2g(I  —  c*)  cos.e 

••**""  a«  (sin. 0)«  +  6« (cosTe)* ""     1  -  e«  (cos.  e)«    * 

150.  When  the  focus  is  the  pole,  the  equation  is  often  obtained  directly 
from  some  known  property  of  the  curve. 

Let  S  P  rr  r,  C  M  =:  a:,  and  AS  P  =  e, 

then  SP  =  a  +ej?(109.) 

=  «  +  e(SM-SC) 

s=:  a  +  e  (—  rcos.  0  —  ae) 

. .  r  +  c  r  COS.  B  m  a  —  af^  and  r  =s  r — ^ ^. 

1  +  C  COS.  0 
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This  is  the  equation  generally  used  in  astronomy,  the  Tocus  S  being  the 
place  of  the  sun,  and  the  ellipse  the  approximate  path  of  the  planet. 

Let  o  (1  —  V)  =  —  =p,  where  p  is  the  parameter.  (105.) 

Then  the  last  equation  may  be  written  under  the  following  forms : 

r=   P.  ^  =  JL    L 

2*1  +  «co8.©  2  \       .  «    /•       e\* 

1-e  +  2elco9.^\ 


(1  +  e)^co8.  ^J+  (1  -  e)  (sin.  ~y 


If  0  be  measured,  not  from  S  A,  but  from  a  line  passing  through  S/ 
and  making  an  angle  a  with  S  A,  the  polar  equation  is 


r  = 


2  •  1+ccos.  (e-a)* 
151.  If  P  S  meet  the  curve  again  F,  let  S  F  =  r', 

p  1 

then  r  =  ^  .  -— * 

2     1  +  e  COS.  e 

.ndr'-^     _J =  ^     — 1— . 

■"  2   '  1  +  c  COS.  (ir  -  ©)        2  '    I  -  c  cos.  0  ' 


I  —  c«  (cos.  ey 


and  rr's:^. --r --=  ?  (r  +  r'), 

or  the  rectangle  S  P,    S  P'  s=  j-  of  the  rectangle  under  the  principal 
parameter  and  focal  chord. 

152.  Let  CD,  or  6|,  be  the  semi-diameter  parallel  to  SP,  then  (147.) 

aMl-0     ^g P =:?(r+rO, 

*        1  -  c*  (cos.  ey      2  I  -  e«  (cos.  0)«      2  ^   ^  ^' 

.••  r  +  r  = ; 

a 

that  is,  a  focal  chord  at  any  point  P,  is  a  third  proportional  to  the  axis 
major  and  diameter  to  that  chord. 
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CHAPTER  IX. 

THE  HYPERBOLA. 

''  153.  In  the  discussion  of  the  general  equation  of  the  second  order,  we 
observed  that,  referring  the  curve  to  the  centre  and  rectangular  axes,  the 
equation  to  the  hyperbola  assumed  the  form 

where  the  co-eflBcients  have  different  signs,  85.  86.       I 

k  f    of  \ 

Let  (  — jy  J  be  negative,  then  the  equation  becomes 

orPy«—  Qa:*=  -  L 

We  now  proceed  to  investigate  this  equation,  and  to  deduce  from  it  all 
the  properties  of  the  hyperbola. 

154.  Let  the  curve  be  referred  to  its  centre  C,  and  rectangular  axes 
X  d7,  Y  y,  meeting  in  C ;  C  M  =  x,  and  M  F  =:  y ;  then,  at  the  point 
where  the  curve  cuts  the  axes,  we  have 


y  =  0,  Q  a;«  =  1,  .-.  X  =  ± 


1 


Vq' 


0,Py« 


=  -  1,  /.y=:±\/-^ 


In  the  axis  of  x  take  C  A  a  — =,  and  CA'  =  -  —7= ,  and  ifae  curve 

cuts  the  axis  X  x  in  A  and  A :  Since  the  value  of  y  is  impossible, 
the  other  axis  never  meets  the  curve;  nevertheless  we  mark  off  two 
points,  B  and  B^  in  that  axis,  whose  distances  from  C  are  C  B  = 

+  -^andCB'=--i=. 
WP  VP 
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Also  if  C  A  a  a,  and  C  B  s:  6,  w«  have  Q  s  -r,  P  xx  -r? ;  there- 


or 


fore  the  equation  to  th^  curve  becomes 

or  a'  y  —  6*  **  as  -  o^  6' ; 


XT  -•:t=-15 


ory»=,-«-.a«) 
155.  From  the  last  equation  we  have 


»=±  — Vi»*-«*    (1)  and  *  as  ±-f '/y«-J.6»(2).     ! 

From  (1)  if  d?  be  less  than  +  a*  y  is  impossible ;  if,  therefore,  lines  be 
drawn  through  A  and  A^  parallel  to  C  Y^  no  part  of  the  curve  is  found 
between  these  lines. 

.  Again,  for  every  value  of  x^  greater  than  a,  we  have  two  real  and 
equal  values  of  y ;  that  is,  for  any  abscissa  C  M,  greater  than  C  A,  we 
have  two  equal  and  opposite  ordinates,  M  P,  M  P'. 

Also  as  X  increases  from  a  to  oo,  these  values  of  y  increase  from  0 
to  db  CD  ;  hence,  we  have  two  arcs  A  P,  A  P^,  exactly  equal  and  oppo« 
site  to  each  other*  and  extending  themselves  indefinitely. 

If  X  be  negative,  o^  being  positive,  the  same  values  of  y  must  recur ; 
bence^  there  are  again  two  equal  and  opposite  arcs  which  form  another 
branch  extending  from  A'  to  od  ;  thus  the  whole  curve  is  divided  into  two 
equal  parts  by  the  axis  of  x. 

From  (2)  it  appears  to  be  divided  into  two  equal  parts  by  the  axis  of 
y  ;  hence  it  is  symmetrical  with  respect  to  the  axes ;  and  its  concavity  is 
turned  towards  the  axis  of  .r,  otherwise  it  might  be  cut  by  a  straight  line 
in  more  points  than  two,  (71.) 

156.  If  P  be  any  point  on  the  curve,  we  have 


C  P  =  V^  +  y'  =  v/^  +  ~  (^  -  fl')  =  v/^-i^V  -  6«; 

hence  C  P  is  least  when  x  is  least,  that  is,  when  jp  s  a,  in  which  case 
C  P  becomes  also  equal  to  a ;  hence  C  A,  or  C  A',  is  the  least  line  that 
can  be  drawn  from  the  centre  to  the  curve :  thus,  the  axis  A  A^  is  the 
least  line  that  can  be  drawn  through  the  centre  to  meet  the  curve.  The 
other  axis,  B  B^  never  meets  the  curve. 

In  the  equation  Py*  —  Q  a;*  =  —  1,  the  imaginary  axis  may  be  greater 
or  less  than  the  real  one^  according  as  Q  is  greater  or  less  than  P ;  hence 
the  appellation  of  axis  major  cannot  be  generally  applied  to  the  real  axis 
of  the  curve.  In  this  treatise  we  shall  call  A  A'  the  transverse  axis,  and 
B  B'  the  conjugate  axis. 

157.  The  points  A,  A^  are  called  the  vertices,  or  summits  of  the  curve : 
either  of  these  points  may  be  taken  for  the  origin  by  making  proper  sub* 
stitutions. 

Let  A  be  the  origin,  A  M  =  j/ ; 

Then*=:CM  =  CA  +  AM=5a+;p'; 


92  THE  FOCUS. 

6'  b* 

or,  suppressing  accents,  y*  =  — |  (2  o  *f  +  a:^  =:  —  «  (2  a  +  j?). 

This  last  equation  is  g^eometrically  expressed  by  the  following  propor- 
tion: 

The  square  upon  M  P  :  rectangle  A M,  M  A'  II  the  square  upon  B C 

:  the  square  upon  A  C. 

b* 
If  the  origin  be  at  A',  the  equation  is  y*  =s  —  (j^  —  2  a  f ). 

158.  If  (X  =:  6,  the  equation  to  the  hyperbola  becomes  j/"  —  a^  =  —  a* ; 
this  curve  is  called  the  equilateral  hyperbola,  and  has,  to  the  commoii 
hyperbola,  the  same  relation  that  the  circle  has  to  the  ellipse. 

159.  The  analogy  between  the  ellipse  and  hyperbola  will  be  found  to 
be  very  remarkable ;  the  equations  to  the  two  curves  differ  only  in  the 
sign  of  6* ;  for  if,  in  the  equation  to  the  ellipse  «•  y*  +  6*  it*  =  a'  6^,  wc  put 
—  &'  for  b\  we  have  the  equation  to  the  hyperbola :  hence  we  might 
conclude  that  many  of  the  algebraical  results  found  in  the  one  curve  will 
be  true  for  the  other,  upon  changing  6'  into  -  6*  in  those  results ;  and  in 
fact  this  is  the  case,  the  same  theorems  are  generally  tnie  for  both,  and 
may  be  proved  in  the  same  manner :  for  this  reason  we  shall  not  enter  at 
length  into  the  demonstration  of  all  the  properties  of  the  hyperbola,  but 
merely  put  down  the  enunciations  and  results,  with  a  reference  at  the  end 
of  each  article  to  the  corresponding  one  in  the  ellipse,  except  in  those 
cases  where  there  may  be  any  modification  required  in  the  working.  To 
prevent  any  doubt  about  the  form  of  the  figure,  we  shall  insert  figures  in 
those  places  where  they  may  be  wanted ;  and,  with  this  assistance,  we 
trust  that  the  present  plan  will  offer  no  difficulty. 


THE  FOCUS. 

160.  The  equation  y»  =  —  (2  a  *  +  j:*)  may  be  put  under  the  fonn 

I                                                             2  b* 
y*  =:  /  *  +  -—  a:*,  in  which  case  the  quantity  /  =   is  called  the 

principal  parameter,  or  the  Latus  Rectum. 

2  6*       4  6* 
Since  /  =  —  =  -— ,  the  Latus  Rectum  is  a  third  proportional  to 

the  transverse  and  conjugate  axes. 

161.  To  find  from  what  point  in  the  transverse  axis  a  double  ordinate 
can  be  drawn  equal  to  the  Latus  Rectum, 

4  6»  V        4  6* 

Here  4  y«  =  1%  or  -—  (a^  —  a«)  =  — -- ; 

Cr  Or 


ft3 


Join  A  B,  then  A  B  =  V  a«  -}-  6« ;  with  centre  C  and  radius  A  B  de 
scribe  a  circle  cuttins:  the  transverse  axis  in  the  points  S  and  H,  we  have 
then  C  S  =  V  a«  H-  6«,  and  C  H  =  -  Va«  +  6« ;  thus  S  and  H  are  the 
points  through  either  of  which,  if  an  ordinate  as  L  S  L'  be  drawn,  it  is 
equal  to  the  Latus  Rectum. 

The  two  points  S  and  H,  thus  determined,  are  called  the  foci. 


162.   The  fraction 


^a*  +  b* 


,  which  represents  the  ratio  of  C  S  to  C  A, 


is  called  the  eccentricity:  if  this  quantity,  which  is  evidently  greater  than 
unity,  be  represented  by  the  letter  tf,  we  have  Vfl«  +  b*  =  a  c,  whence 


e«  = 


+  6« 


=  1  + 


—  =  e»  —  1,  and  the  equation  to  the  hy- 


perbola may  be  put  under  the  form  ^ 

y«  =  («»  -  1)  (*»  -  a«). 

163.  Since.  a«  +  fc*  =  ^  «"»  we  bav«  6«  =«•«•-  a*  =  (a  e  -^  a) 
{ae  +  a); 

Or  the  rectangle  A  S>  S  A'  =  the  square  upon  B  C. 

164.  To  find  the  distance  from  the  focus  to  any  point  P  in  the  curve, 
proceeding  exactly  as  in  (109.)  we  find 

SP=:cx  -  a,  HP  =  c«  +  a; 
Hence  HP-SP  =  2a  =  AA'.  that  is  the  difference  of  the  distances 
of  any  point  in  the  curve  from  the  foci  is  equal  to  the  transverse  axis. 

165.  Conversely,  To  find  the  lociis  of  a  point,  the  difference  of  whose 
distances  from  two  fixed  points  S  and  H  is  constant  or  equal  2  a. 

If  S  H  =  2  0,  the  locus  is  an  hyperbola,  whose  axes  are  2  a  and 
2  Va*  +  c*,  and  whose  foci  are  S  and  H.  (110.) 


THE  TANGENT. 

166.  To  find  the  equation  to  the  Ungent  at  any  point  P  (x*  ^, 
The  required  equation  obtained  as  in  (111.)  is 


a^yy 


}*  ^b^xJ  zz  -  a*b\ 
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This  form  is  easily  recollected,  since  it  may  be  obtained  from  the  equa- 
tion to  the  curve  a*y*  —  6»  j?*  =  —  ««  6%  by  puttings  y  y'  for  ^,  and  x  «' 
for  jr". 


\ 

B 

^ 

-fi 

p 

f 

^ 

T' 

C 

/T    A 

A 

B' 

\ 

\ 

167,  To  find  the  points  where  the  tangent  cuts  the  axes ; 

o"  \? 

Let  y  =  0,  /.  «  =  —^  =  C  T ;  similarly  y  =:  C  T  =  —  —  ;  hence 

«  y 

we  have 

The  rectangle  C  T,  C  M  =  the  square  upon  A  C ; 
and  The  rectangle  C  T^  M  P  =  the  square  upon  B  C. 

Since  C  T  f  =  —  j  is  always  less  than  C  A,  the  tangent  to  any  point  of 
the  branch  P  A  cuts  the  transverse  axis  between  C  and  A* 

:    The  subtangent  M  T  =  a:'  -  -^  =  "^'T^^    (US.) 

The  tangent  at  the  extremity  A  of  the  transTerse  axis  is  perpendicular 
to  that  axis  (116.). 

If  P  C  be  produced  to  meet  the  curve  again  in  P',  the  tangents  at  P 
and  F  will  be  found  to  be  parallel  (116.). 

168.  To  find  the  equation  to  the  tangent  at  the  extremity  of  the  Latns 
Rectum, 

Generally  the  equation  to  the  tangent  is 

«*y  y  —  h^  (tJ  =  —  a*6"; 

at  L,  jr'  =  ae^ff:sz  — ; 
a 

6* 

A  a»  y 6*  «  a  e  =  —  ii"  6*, 

a 

y  ;=:  e  X  ^  a. 


K 

y 

p 

I 

^ 

V 

'      C          1 

r     A     i 

J 

I 
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Let  the  ordinate  y,  or  M  Q,  cut  the  curve  in  P,  then  we  have  S  P 
szes  ^a (164.). 

.•.MQ  =  SP: 

Also  C  T  =  — ,  hence  from  T  draw  T  R  perpendicular  to  A  C,  and 

from  P  draw  P  R  parallel  to  A  C,  then  we  have 

PR=MT  =  MC-.CT  =  ar  -  Ji  -  ii-ZJL -=i..s  P. 

e  e  e 

Consequently,  the  distances  of  any  point  P  from  S,  and  from  the  line  TR| 
are  in  the  constant  ratio  of  e  :  1 ' 

The  line  T  R  is  called  the  directrix. 

If  X  =  0,  we  have  y  =:  —  a;  hence  the  tangent  at  the  extremity  of 
the  Latus  Rectum  cuts  the  axis  of  y  at  the  point  where  the  circle  on  the 
transverse  axis  cuts  the  axis  of  y. 

169.  To  find  the  length  of  the  perpendicular  from  the  focus  on  the 
tangent. 

Let  S  2^,  H  2  be  the  perpendiculars  on  the  tangent  P  T. 


Taking  the  expression  in  (48.)  we  have 

p  ^ 


Vl  +  «■ 

here  ^t  =  0  and  Xi^^  a  e  are  co-ordinates  of  the  point  S,  and  y  ss  ctx 
+  d  la  the  equation  to  P  y ;  but  the  equation  to  P  y  (166.)  is  also    . 


^       oV  y' 

n   TS    mm      _^— 


a*«'  "^       !/'• 


;} 


=  + 


'a  h*  (e  x'  -^  a) 


—      <»  y  (g  "g^  -^ g)       _  J  ^  ex'  ^  a 
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LctSP=  r, andHP  =  2a +  r=r'.-.  PS  6^-^,or|i«=6*^^. 

Similarly  if  H  2  ==  ;/,  we  have  ;?'*  =  6"  — . 

By  multiplication  we  have  p  //  =s  6' ;    :   hence 

The  rectang^le  S  y,  H  2  =  the  square  upon  B  C. 

170.  To  find  the  locus  of  y  or  z  in  the  last  article. 

The  equation  to  the  curve  at  P  is  o*  y"  —  i'j/"  =:  —  nP  6*. 

The  equation  to  the  tangent  at  P  is  a^  y  ^  —  V  «  or'  =  —  a*  V. 

—  a*  v' 
The  equation  to  S  y  is  y  =g^    -,    7    («  —  c),  * 

By  eliminating  j/  and  y\  exactly  as  in  (120.),  we  arrive  at  the  equa- 
tion 

d«=:y«  +  a*;    : 

Hence  the  locus  of  y  is  a  circle  described  on  the  transverse  axis  as  dia« 
meter. 

171.  To  find  the  angle  which  the  focal  disUnce  S  P  makes  with  die 
tongent  P  T. 

The  equation  to  the  tangent  is  y  =     ^    ^  '  j  —  — ,  and  the  equation 

to  S  P  is,  y  -  y'  =  ^7^  (*  -  x% 

hence  tan.  S  PT  =  tan.  (P  S  X  -  PT X) 

y'  l^^ 

_  ^'  -  g        g*  y'    _       a«y^«->fety«  +  ycy 
"    1  4.  ilf!  -i^  ""    a^y'j^^-^a^cy*  +  b^afy' 

^  a^y'  *'-c 

_6'(cj^-a')_    6»       . 
"'y'c(c«'—  a*)        c  y'  * 

Similarly  tan.  H PT  =  — ; ;  /.  the  angles  SPT,  HPT  are  equal ; 

thus  the  tangent  makes  equal  angles  with  the  focal  distances. 

Produce  S  P  to  S',  then  it  is  a  property  of  light,  that  if  a  ray  pro- 
ceeding from  H  be  reflected  by  the  line  TPT',  the  angle  S'  PT'  of  the 
reflecl«i  ray  will  equal  the  akigle  HPT.  Now,  in  the  hyperbola,  these 
angles  are  equal ;  hence  if  a  light  be  placed  at  H,  all  rays  which  are  inci- 
dent on  the  curve  will  be  reflected  as  if  diverging  from  S ;  or  if  a  body 
of  rays  proceeding  to  S  be  incident  on  the  curve,  they  will  converge  toH. 
Hence  these  points  S  and  H  are  called  focL 

This  important  property  of  the  carve  is  also  thus  proved  from  article 

(169.). 

r                                              f* 
Sy  =p=  h  ^—y  and  H  z  :s:  p^  a  b  ^  ; 
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.•.  angle  S  P  y  =  H  P  «,    and  the  tangent  makes 
equal  angles  with  the  focal  distances  *. 

172.  To  find  the  length  of  the  perpendicular  C  u  from  the  centre  on  the 
tangent. 

yi  —  a  ^1  —  d 

"  = TttT'  • 

b^x'  &*  ^  ab 

here  yi  =  0  ,  iTi  =  0  ,  as:  -—^,  and  d  = ^,  .\  C  u  =:      — . 

ay  y  Wri^ 

173.  To  find  the  locus  of  m. 

The  equation  to  C  u  is  y  =  *-  —-^  x^   eliminating  of  y'   from  this 

b  Jr 

equation,  and  the  equation  to  the  tangent,  we  find,  as  in  (123.),  the  re~ 
sultinir  equation  to  be  a*  a^  —  6*  y*  =  (i?*  +  y*)*,  which  cannot  be  dis- 
cussed at  present 

174.  From  the  equation  to  the  tangent,  and  that  to  C  P,  we  find,  as 
iu  (124.), 

tan.  C  P  T  =: 


d'x^y^ 


/  • 


*  The  following  geometrical  method  of  drawing  a  tangent  to  the  hyperbola,  and 
proving  that  the  locus  of  the  perpendicular  from  the  focus  on  the  tangent  is  the  circle 
OM  the  tranvyerse  axis,  will  be  found  useful. 

Let  A  P  be  the  hyperbola,  P  any 
point  on  it ;  join  S  P  and  H  P,  and  in 
HP  take  PK  =  PS;  bisect  the 
angle  S  P  K  by  the  line  ^  y  z,  and 
join  S  K,  cutting  P  y  in  ^. 

1.  P  y  is  a  tangent  to  the  hyper- 
bola; for  if  R  be  any  other  point  in 
the  line  P  y,  we  have  H  R  -  S  R  = 
H  R  -  K  R  is  less  thanH  K  (Geom. 
i.  10)  less  than  2  a,  hence  R,  and  every 
other  point  in  Py,  is  without  the  curve. 

2.  The  locus  of  y  is  the  circle  on 
the  transverse  axis :  draw  H  z  parallel 
to  S  y,  and  join  C  y ;  then,  because 
the  triangles  S  P  y,  K  P  y  are  equal, 
we  have  the  angle  SyP  a  right  angle, 
or  S  y  and  H  «  are  perpendicular  to  the  tangent.    Also  since  S  y  =  K  y,  and  S  C  = 

CH,  wehaveCyparaUeltoHK,  andCy  =  -L  HK=i-(HP-  SP)  =  CA. 

2  2 

3.  The  rectangle  S  y,  H  xr  =  the  square  on  B  C.  Let  x  H  meet  the  circle  again  in 
0,  and  join  C  O ;  then  the  line  O  C  y  is  a  straight  line  and  a  diameter,  hence  the 
triangles  C  Sy,  C  H  O  are  equal,  and  the  rectangle  S  y,  H  «  =  the  rectangle  H  O, 
H  2  =  the  rectangle  H  A',  H  A  =  the  square  upon  B  C. 


4.  LetSP  =  r,HP=:2a  +  r,  Sy  =  pandH«  =y,thenj3«  = 
similar  triangles,  S  y  :  S  P ::  H  «  :  H  P, .-.  |>  = 

2a  4-r 


2a+r 


JiL_;forby 
2a+r 

y,  and,  as  above,  p  p'  = 
H 
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From  C  u  =  C  ^  sin.  Cyu^vre  have 

_         =:  a  sin.  C  y  tt  .• .  sin.  C  y  u  =  — 7=^- 
Also  from  U  2  s=  H  P  sin.  H  P  z,  we  have 

6  J  —  =  /  sin.  HP*,  /.  sin.  H  P«  ==   ■  , . 

.*.  angle  C  y  «  =  angle  U  P  z  and  C  y  is  parallel  to  H  P. 

And  if  C  E  be  drawn  parallel  to  the  tangent  PT,  and  meeting  H  P 
in  E,  we  have  PE=:Cy  =  AC. 

THE  NORMAL. 
175.  The  equation  to  the  line  passing  through  the  point^  (a/  y'),  and 

perpendicular  to  the  tangent  I    y  =     ^    ,  x T  )  ** 

To  find  where  the  normal  P  G  cuts  the  axes. 


or  V  b  X 

Lety  =  0  .-.  -  3^  =  -  -^  (x  -«').-.  X  =  i*  +  -;^ 

a/  =  e*  a/  =  C  G. 


a'  +  6" 


6*  j/ 

Also  the  subnormal  M  G  =  j?  —  j?'  =  -—  ;  and  S  G  =  e.  S  P. 

a 

176.  From  the  above  values  of  C  G,  C  G',  and  M  G',  we  may  demon- 

trate  that  PG  =  —  Vrr',  PG'=-r-^/rr',  and  consequently  that 
a  b 

The  rectangle  P  G.  P  G'  =  r  r'  =  the  rectangle  S  P,  H  P. 

Also  S  G'  =  -^  ^V?,  G  G'  =:  -^  VT?,  and  . •.  G  G'  =  e.SG'. 
6  6 

177.  Since  the  tangent  makes  equal  angles  with  the  focal  distances, 
the  normal,  which  is  perpendicular  to  the  tangent,  also  makes  equal 
angles  with  the  focal  distances,  one  of  them  being  first  produced  as  to  H 
This  theorem  may  be  directly  proved  from  the  above  value  of  C  G ;  *<>'' 
SG  :  HG::c«j?'  —  ac  :  e«y  +  ae::ejp'-a:pjr'  +  a::SP: 
H  P,  hence  the  angle  S  P  H'  is  bisected  by  the  line  P  G. 

THE  DIAMETERS. 

178.  It  may  be  proved  as  for  the  ellipse  (130.),  that  all  the  diameter^ 
of  the  hyperbola  pass  through   the  centre,  and  that  any  line  through  the 
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If  y  r^  ax  +  c  he  the  equation  to  any  chord, 

all  chords 


centre  is  'a  diameter. 

a*  a  y  —  6*  0?  :=  0  is  the  equation  to  the  diameter  bisecting^  i 

parallel  toy  =:  ax  +  c, 

179.  In  the  ellipse  all  the  diameters  must  necessarily  meet  the  curve  ; 
but  this  is  not  the  case  in  the  hyperbola,  as  will  appear  by  finding  the  co- 
ordinates of  intersection  of  the  diameter  and  the  curve. 

Liet  y  =s  fi  xht  the  equation  to  a  diameter  C  P,  and  substitute  this 
^ue  of  y  in  the  equation  to  the  curve. 


«•  = 


•.«  =  ± 


6«  -  a»  i8«  • 
a  b 


These  values  are  impossible,  if  a*  j9*  is  greater  than  6',  that  is,  if  /3  is 


greater  than  - 


andif  j3  =:  ±  — »  the  diameter  meets  the  curve  only  at 
a 


an  infinite  distance.    The  limits  of  the  intersecting  diameters  are  thus 
determined ;  through  A,  B  and  B'  draw  lines  parallel  to  the  axes  meeting 


in  E  and  £^  then  tan.  £  C  A 


— ,and  lAU.  E'C  A  = .henceCE 

a  a 

and  C  E'  produced  are  the  lines  required.  Hence,  in  order  that  a  dia- 
meter meet  the  curve,  it  must  be  drawn  within  the  angle  E  C  E';  thus  the 
line  C  D  never  meets  the  curve. 

The  curve  is  symmetrical  with  respect  to  these  lines  C  E,  C  E',  since 
the  axis  bisects  the  angle  E  C  E'. 

180.  The  hyperbola  has  an  infinite  number  of  pairs  of  coiyugate  dia- 
meters. This  is  proved  by  referring  the  equation  to  other  axes  by  means 
of  the  formulas  of  transformation  (57.) 

y  =  a/  sin.  B  +  y'  sin.  ^, 

«  =:  j/  cos.  0  +  $f  COS.  €^; 

hence  the  equation    a*^  y*  ^  b^  a^  :=:  —  a*  b*  becomes 

{a»  (sin.  e^y  -  6«  (cos.  e')'} y'»  +  {tf«  (sin. ey  -  6«(cos.  oy}  jf* 
+  2  {a«sin.e  sin.e'  -  6«cos.e  cos.  &\  a/ y'  =  -  d^b\ 

H2 
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In  order  that  this  equation  be  of  the  conjugate  form,  let  the  co-effident 
of  y  V  =  0, 

/.  fl*  sin.  e  sin.  e'  —  6"  cos.  0  cos.  O'  =  0, 

or,     tan.  6  tan.  e'  =  —-. 

Hence  for  any  value  of  0,  we  have  a  real  vahie  of  d',  that  is,  there  is  an 
infinite  number  of  pairs  of  axes  to  which,  if  the  curve  be  referred,  iu 
equation  is  of  the  required  conjugate  form. 

If  tan.  e  be  less  than  — ,  tan.  6^  must  be  greater  than  — ,  that  is,  if 
a  a 

one  diameter  C  P,  in  the  last  figrure,  meets  the  curve,  the  conjug;ate  dia- 
meter C  D  does  not ;  therefore  in  each  system  of  conjugate  diameters  one 
is  imaginary.  Also,  since  the  product  of  the  tangents  is  positive,  both 
angles  are  acute,  or  both  obtuse ;  in  the  figure  they  are  both  acute,  but 
for  the  opposite  branch  they  must  be  both  obtuse. 

181.  As  in  article  (132.),  it  appears  that  there  can  be  only  one  sysUm 
of  rectangular  conjugate  diameters. 

182.  The  equation  to  the  curve  is  now 

{a«  (sin.  80"  —  6«  (cos.  e')»}  y'*  +  {a*  (sin.  e)«  -  6«  (cos.  e)«}  y«  =  -  a»  b\ 
If  we  successively  make  3/  =  0,  and  j/  =  0,  we  have  the  distances 
from  the  origin  to  the  points  in  which  the  curve  cuts  the  new  axes ;  but 
as  we  already  know  (180.)  that  one  of  these  new  axes  never  meets  the 
curve,  we  must  represent  one  of  these  distances  by  an  imaginary  quantity. 
Let  the  axis  of  x'  meet  the  curve  at  a  distance  Oi  from  the  centre,  and 
let  the  length  of  the  other  semi-axis  be  61  connected  with  the  symbol 

V  —  1.  that  is,  let  the  new  conjugate  diameters  be  2  a^  and  2  6|  V  ~  l» 
then  we  have 

y  =  0   .-.  {«•  (sin.  0)«   -  6«  (cos.  ©)«}  a,*  =  -  a*  6«, 

ar  =  0   :.  {a*  (sin.  0')'  -  ^'  (cos.  d^}  (-  b*)  =  -  a«  i', 

And  the  transformed  equation  becomes 

-rr-  y'* T-  j/"  =  —  a*  b\ 

or,    ai«/«- Vx'«=r-ai»6|«. 
183.  From  the  transformation  we  obtain  the  three  following  equations: 
ai«  {a«  (sin.  ©)«  -  6«  (cos.  6)*}  =  -  a«  6»        (1),  , 
b*  {aF  (sin.  0^)*  -  b*  (cos.  e^)*}  =  +  «•  6»        (2), 
a*  sin.  e  sin.  6^  —  b*  cos.  d  cos.  e'  =:  0, 


or,     tan.  0  tan.  O' 


F  COS.  (f  =:  u,   \ 

=  •- 


(3). 


Following  the  steps  exactly  as  in  article  (134.),  or,  which  amounts  to 
the  same  thing,  putting  —  b*  for  6*,  and  —  bi*  for  V  all  through  thai 
article,  we  arrive  at  the  result 
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or,  the  difference  of  ihe  squares  upon  the  conjugate  diameters  is  equal  to 
the  difference  of  the  squares  upon  the  axes. 

184.  Again,  multiplying  (1)  and  (2)  together,  and  (8)  by  itself,  then 
subtracting  the  results^  and  reducing,  as  in  the  article  (135.),  we  have    * 

Oi  bi  sin.  (e'  -  e)  sz  a  b. 


NowO'-e  is  the  angle  PCD  between  the  conjugate  diameters  C P 
and  C  D ;  hence,  drawing  straight  lines  at  the  extremities  of  the  conjugate 
diameters,  parallel  to  those  diameters,  we  have,  from  the  above  equation, 
the  parallelogram  P  C  D  T  =  the  rectangle  A'  C  B  E,  and  hence  the  whole 
parallelogram  thus  inscribed  in  the  figure  is  equal  to  the  rectangle  con* 
tained  by  the  axes  *. 

185.  Returning  to  article  (182.),  the  equation  to  the  curve,  suppressing 
the  accents  on  a/  and  y,  as  no  longer  necessar}',  is 


*  The  theorems  in  articles  183  and  184  may  he  proved  also  in  the  following  man- 
ner:— 

Referring  the  curve  to  its  rectangular  axes,  as  in  art.  (]87<)>  1^  ^^^  co-ordinates  of 
V  heaf  and  /;  then  the  equation  to  CD  is  a' y  y'  —  6*  jror'  =  0,  and  eliminating  x 
and  jf  between  this  equation  and  that  to  the  curve  (a*y*  —  A^x*  =  —  o'  6')  we  have 

the  oo-ordinates  C  N  and  D  N,  independent  of  the  sign  V  —  1,  with  which  they  are 
bothaffected. 


CN  «  «  =  ?i/,  and  DN  =  y  =  — ; 
6  a 


Hence  we  have 


Also  the  triangle  P  C  D  =r  the  trapezium  P  M  N  D  +  the  triangle  D  C  N  —  the 
triangle  PCM 


^(j/,yNy  +  y        gy  -  jT-y^jT^y  -  s^ar_   1 
^^2^2  2^2 

.   _ya=^-o«y^_o«y_a6 
2a6""T' 


{^T-"^} 


2ab 


therefore  the  pAraUdo^^non  P  C  D  T  =:  a  6. 
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In  the  last  figure,  C  P  =  Ci,  C  D  s=  6^,  C  V  =  jr  and  Q  V  =  j : 

Putting  the  equation  into  the  form 

we  have  the  square  upon  Q  V  :  the  rectangle  P  V,  V  P' ::  the  square  upon 
C  D  :  the  square  upon  C  P. 

186.  The  equation  to  the  tangent  at  any  point  Q  (^xf  y')  is 

187.  Let  the  curve  be  referred  to  its  axes  C  A,  C  B,  and  lei  the  co- 
ordinates  of  V  he  a/  t/,  then  the  equation  to  C  P  being  y  ==  "^T*'*  ^^ 

equation  to  C  D  is  ^  =:  d?  tan.  &  z=i  ao  cot  0  = j  x,  or, 

But  the  equation  to  the  tangent  at  P  is 

hence  C  D,  or  the  diameter  conjugate  to  C  P,  is  parallel  to  the  tangent 
at  P. 

The  equation  to  the  conjugate  diameter  is  the  same  as  that  to  the  tan- 
gent, omitting  the  last  term  —  a*  i*. 

188.  Let  a/  and  y'  be  the  rectangular  co-ordinates  of  P;  tlien  from  the 
equation  aj*  —  6i*  s=  a"  —  6*,   we  have 

a? 
That  is,  the  square  upon  the  conjugate  diameter  C  D  =  the  rectangie 
under  the  focal  distances  S  P  and  H  P. 

189.  If  P  F  be  drawn  perpendicular  from  P  upon  the  conjugate  C  D, 
(see  the  last  figure  but  one,)  we  have  the  rectangle  PF,  CD  =  a^ 
(184-). 

^i  Vai«  -  a>  +  fc«  ^  Ti' 

Also  PG  =  —  V7?;  and  P  G'  =:  4"  *J'^ 
a  •  0 

Hence  the  rectangle  P  G,  P  F  =  the  square  on  B  C ; 
And  the  rectangle  P  G',  P  F  =  the  square  on  A  C  ; 
And  the  rectangle  P  G,  P  G'  =  the  square  on  C  D. 


*  If  the  disUnoe  C  P  =  «,  and  p  =  the  perpendicular  from  the  centre  on  tli€  un- 

gent;  this  equation  is 
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SUPPLEMENTAL  CHORDS. 

190.  Two  straight  lines  drawn  from  a  point  on  the  curve  to  the  extre- 
mities of  a  diameter  are  called  supplemental  chords;  they  are  called 
principal  supplemental  chords  if  that  diameter  be  the  transverse  axis. 

The  equations  to  a  pair  of  chords  are 

y  —  y  =r  a  (j?  -  a/) 

y  +  y'  =  «'(*  +  «0 ; 

Whence  aJ=^      -  as  in  (141.);  hence  the  product  of  the  tangents  of 

the  angrles  which  a  pair  of  supplemental  chords  makes  with  the  transverse 
axis  is  constant;  the  converse  is  proved  as  in  141. 

191.  The  angle  between  two  supplemental  chords  is  found  from  the  ex- 
pression 

tan.  P  Q  F  =      ,  ■     -   — r -jr-' 

a«  -f-  6*     y«  —  y* 

And,  if  A  R,  A'  R  be  principal  supplemental  chords  drawn  to  any  point 
R  on  the  curve, 

tan.  A  R  A'  =  7-7— HT"  • 

The  angle  A  R  A'  is  always  acute,  and  diminishes  from  a  right  angle 
to  0  ;  the  supplemental  angle  A  A'  R'  increases  at  the  same  time  from  a 
right  angle  to  180° ;  hence,  the  angle  between  the  supplemental  chords 
may  be  any  angle  between  0  and  180®. 

Chords  may  be  drawn  containing  any  angle  between  these  limits,  by 
describinir  on  any  diameter,  except  the  axes,  a  segment  of  a  circle  con- 
taining the  given  angle,  and  then  joining  the  extremities  of  the  diameter 
with  the  point  where  the  circle  intersects  the  hyperbola.  And  therefore 
principal  supplemental  chords  parallel  to  these  may  be  drawn. 

192.  Conjugate  diameters  are  parallel  to  supplemental  chords  (144.); 
and  therefore  they  may  be  drawn  containing  any  angle  between  0  and  90®. 

193.  There  are  no  equal  conjugate  diameters  in  the  hyperbola,  but  in 
that  particular  curve  where  6  =  a,  we  have  the  equation 

Oi«  -  6,«  =  a«  -  6«  =  0 ; 
hence  the  conjugate  diameters  a^  and  61  are  always  equal  to  each  other. 
The  equation  to  this  curve,  called  the  equilateral  hyperbola,  is 
««  —  a:«  =  —  a" 
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194.  We  have  now  shown  that  most  of  the  properties  of  the  ellipse 
apply  to  the  hyperbola  with  a  very  slight  variation  :  there  is,  however,  a 
whole  class  of  theorems  quite  peculiar  to  the  lattel*  curve,  and  these  arise 
from  the  curious  form  of  the  branches  extending  to  an  infinite  distance ; 

it  appears  from  the  equation  tan.  &  .  tan  0  =  —  in  (180.),  that  as  tan.  Q 
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approaches  to  — ,  tan.  O'  approaches  also  to  — ,  and  thus,  as  a  point  P 

recedes  alon^  the  curve  from  the  origin,  the  conjugate  diameters  for  that 
point  approach  towards  a  certain  line  C  E,  fig.  (179.),  and  finally  at  an 
infinite  distance  come  indefinitely  near  to  that  line. 

We  now  proceed  to  show  that  the  curve  itself  continually  approaches  to 
the  same  line  C  £,  without  ever  actually  coinciding  with  it.  But  as  this 
species  of  line  is  not  confined  to  the  hyperbola,  we  shall  state  the  theory 
generally. 

195.  Let  CPP'  be  a  curve  whose  equation  has  been  reduced  to  the 
form 


And  let  T  B  S  be  the  line  whose  equation  is 
y  =  a  a:  +  6. 

For  any  value  of  j;  we  can  find  from  this  last  equation  a, corresponding 

c 
ordinate  M  Q,  and  by  adding  —  to  M  Q,  we  determine  a  point  P  in  the 

X 

curve :  similarly  we  can  determine  any  number  of  corresponding  points 
(F,  Q',  &c.)  in  the  curve  and  straight  line. 

Since  —  decreases  as  x  increases,  the  line  P'  Q'  will  be  less  than  P  Q, 

X 

and  the  greater  x  becomes,  the  smaller  does  the  corresponding  P'  Q'  be- 
come ;  so  that  when  x  is  infinitely  great,  P  Q'  is  infinitely  small,  or  the 
curve  approaches  indefinitely  near  to  the  line  TBS,  but  yet  never  actually 
meets  it :  hence  TBS  is  called  an  asymptote  to  the  curve,  from  three 
Greek  words  signifying  ''  never  coinciding." 

The  equation  to  the  asymptote  T  B  S  is  ^^  ==  a  x  +  6»  or  is  the  equa- 
tion to  the  curve,  with  the  exception  of  the  term  involving  the  inverse 
power  of  X. 

196.  The  reasoning  would  have  been  as  conclusive  if  there  had  been 
more  inverse  powers  of  x  ;  and  in  general  if  the  equation  to  a  curve  can 
be  put  into  the  form 

c        d 
y  ==  &c.  -H  mo^-H  nx^  +  ax  -\- b  +  ~  + -j  -{-  &c. 

X  up 
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Then  the  equation  to  the  curvilinear  asymptote  is 

Also  the  equation  y  —  &c.  +  mi^  +  nai»  +  ax  +  b  +  —gives  a  curve 

much  more  asymptotic  than  the  preceding  equation,  and  hence  arises  a 
series  of  curves,  each  "  more  nearly  coinciding'  with  the  original  curve. 

197.  Let  us  apply  this  method  to  lines  of  the  second  order,   whose 
general  equation  is  (75.) 

y=--^^±-2vV{(^'-4ac)j?»  +  2(6d-2ac)ar  +  d»-4a/} 
= 2^  ±  ^  {fnjfi+ nx  +  p},hy  substitution, 


6 
bx^d 


2a 


bx  •^-  d   .     r-  c     ,  ^  n  \    ,  constant  terms 

= z ±  W  m)x  +i—}±  — — . 

2  a  \         ••  m  J  powers  of  x 

Hence  the  equation  to  the  asymptote  is 

bx  +  d    ,  f     ,    ,    w  ) 

'  f     ,   6c/— 2aci 


bx  +  d        V6«-4ac 


2a  2a 


Now  6*  —  4a c  is  negative  in  the  ellipse,  and  therefore  there  is  no  locus 
to  the  above  equation  in  this  case ;  also  if  6*  —  4  a  c  =  0,  the  equation 
to  the  asymptote,  found  as  above,  will  contain  the  term  *Jx^  and  there- 
fore will  belong  to  a  curvilinear  asymptote ;  hence  the  hyperbola  is  the 
only  one  of  the  three  curves  which  admits  of  a  rectilinear  asymptote. 

It  appears  from  the  ±  sign,  that  there  are  two  asymptotes,  and  that 

,      J.                               b  X  "}•  d 
the  diameter  y  =  —   — bisects  them.     Also  these  asymptotes 

pass  through  the  centre ;  for  giving  to  x  the  value  -  ^  ^"" — -  we  have 

6«  —  4  a  c 

—  —  ^"^  +  ^  _  2  erf—  b  e 
^  ■"  2a      "   b»-  Aac  ' 

and  these  values  of  x  and  y  are  the  co-ordinates  of  the  centre  (80.). 

198.  If  the  equation  want  either  of  the  terms  a:"  or  y«,  a  slight  opera- 
tion will  enable  us  to  express  the  equation  in  a  series  of  inverse  powers  of 
y  or  X ;  thus  if  the  equation  be 

bxy  +  cji^  +  dy+  ex  +/=?  0, 
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Cir*  +  cj?+/             c  a^  •{-  ex  +f 
we  have  y  = 7 — rT5 — 7 jT" 


^         c  a:*  +  e  J?  +/ 


6d? 


■(-^)-' 


Hence  the  equation  to  the  asymptote,  found  by  multiplying^  and  neg- 
lecting inverse  powers  of  a?,  is 


ex,      e        c  d 
c  d^be 


»=-X-T  +  y 


or,     6  y  -f-  c  J?  == 

The  other  asymptote  is  determined  by  the  consideration  that  if,  for  any 
finite  value  of  x,  we  obtain  a  real  infinite  value  of  y^  that  value  of  x  de- 
termines the  position  of  an  asymptote. 

Here  when  6 «  +  d  =  0,  we  have  y  =  od  ;  hence  a  line  drawn  pi- 

d 

rallel  to  the  axis  of  y,  and  through  the  point  a?  =r  —  —-  ,  is  the  required 

asymptote. 

If  the  equation  be 

ay* +  6j?y+dy +  ««+/=  0, 

the  equations  to  the  asymptotes  are 

a  e  —  b  d 

«y  +  6jp= r ,  and  6y  +  e  =:  0  ; 

b 

and  the  second  asymptote  is  parallel  to  the  aiis  of  y. 

If  the  equation  be 

bxy  +  dy  +  ex  +/=0, 

the  equations  to  the  asymptotes  are 

b  X+  d  =sO,  and  6  y  +  c  =  0 ; 

the  former  asymptote  being  parallel  to  the  axis  of  y,  and  the  latter  pa- 
rallel to  that  of  J?, 

199.  Lastly,  if  the  equation  be 

bxy  +  fzsO, 

the  asymptotes  are  then  the  axes  themselves,  and  the  curve  is  referred  to 
its  centre  and  asymptotes  as  axes. 

The  position  of  the  curve  in  this  case  is  directly  obtained  firom  the 

/  ^    r^         ... 

equation   y  = r=^  =  — ^  by  substitution. 

ox         X 

Let  C  X  and  C  Y  be  the  axes,  then  for  «  ss  0,  y  s  od  ;  as  x  iaereasca 
y  decreases,  and  when  J?  =  Qo,  y  =  Q;  hence  we  have  the  branch  Y  X. 
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For  X  negative,  y  is  neipitive ;  and  as  x  increases  from  0  to  qd,  y  de- 
creases fVom  CD  to  0 ;  hence  another  branch  y  «,  equal  and  similar  to  the 
former. 

200.  To  find  the  equation  to  the  asymptotes  from  the  equation  to  the 
hyperbola  referred  to  its  centre  and  aies. 

Hence  the  equation  to  the  asymptotes  is 

y  S3  +  — *. 
~  a 

To  draw  these  lines,  complete  the  parallelog^ram  on  the  principal  axes 
(see  the  figure,  art.  179.)  ;  the  diagonals  of  this  parallelogram  are  the  loci 
of  the  last  equation,  and  therefore  are  the  asymptotes  required  :  thus  C  £ 
and  C  £',  when  produced,  are  the  asymptotes. 

The  equation  to  the  asymptotes,  referred  to  the  centre  and  rectangular 
axes,  is  readily  remembered,  since  it  is  the  same  as  the  equation  to  the 
curve  without  the  last  term ;  the  two  equations  are 

«*  ^  —  ^  ^  =  —  «*  ^»  to  the  curve, 

a*  y*  —  ft"  a*  =  0  ,  to  the  asymptotes. 

If- the  curve  be  referred  to  conjugate  axes,  the  equations  are 

a* ^  —  fti* «■  =  —  fli* 6i*,  to  the  curve, 

Oi*  3/*  —  fti*  JJ*  =  0  ,  to  the  asymptotes. 

201.  If  ft  =:  a,  the  equation  to  the  hyperbola  referred  to  its  centre  and 
rectangular  axes  is  y"  —  a:"  =  —  a\  therefore  the  equation  to  the  asym- 
ptotes is  y"  —  J*  =  0,  or  y  =  ±  a? ;  hence  these  asymptotes  cut  the 
axes  at  an  angle  of  45°,  or  the  angle  between  them  is  90°;  hence  the 
equilateral  hyperbola  is  also  called  the  rectangular  hyperbola. 

202.  If  the  curve  be  referred  to  its  vertex  A  and  rectangular  axes,  the 
equation  to  the  curve  is 


electing  inverse  powers 
y  =  ±^— x  +  ftj. 


and,  expanding  and  neglecting  inverse  powers  of  x,  the  equation  to  the 
asymptotes  is 
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203.  If  we  take^  the  equation  to  any  line 


('=■ 


+  c  j  parallel  to 


the  asymptote,  and  eliminate  y  between  this  equation  and  the  equation  to 
the  curve,  we  find  only  one  value  of  x  ;  and  thus  a  straight  line  parallel 
to  the  asymptote  cuts  the  hyperbola  only  in  one  point. 

204.  In  article  (77.)  it  was  stated  that,  in  soma  cases,  the  form  of  the 
curve  could  not  be  readily  ascertained  :  thus,  when  the  curve  cuts  neither 
diameter,  there  might  be  some  difficulty  in  ascertaining  its  correct  position: 
the  asymptotes  will,  however,  be  found  very  useful  in  this  respect:  for 

example,  if  the  equation  is   J:y  =  a7*+6a?  +  c",  ory=x  +  6+— , 

we  have  for  a?  =  0,  y  =  oe>  ;  and  when  <r  becomes  very  great,  y  approxi- 
mates toa;+  6;  hence  the  lines  A  Y  and  TBS,  in  figure  (194),  will 
represent  the  asymptotes  of  the  curve ;  and  since  the  curve  never  cuts  the 
axes,  its  course  is  entirely  confined  within  the  angle  YB  S  and  the 
opposite  angle  T  B  A  ;  hence  the  position  of  the  curve  is  at  once  deter- 
mined, as  in  figure  (194). 


Ex.  2.    y  (j?  -  2)  =  (j:  -  1)  (j:  -  3), 


or 


_  (x^I)  (J -3) 


J?  —  2 

In  the  first  place  we  ascertain  that  the  curve  is  an  hyperbola  by  the  test 
6'  —  4  a  c  being  positive ;  then  draw  the  rectangular  axes  A  X,  A  Y :  to 
find  the  points  where  the  curve  cuts  the  axes. 

Let  J?  =  0,      .-.  y  =  -  f  —  A  B, 

Let  y  =  0,     .'.  ar  =  1  =  A  C, 

also  «  =  3  =  A  D, 

thus  the  curve  passes  through  the  points  B,  C,  and  D. 


Again,  to  find  the  asymptotes,  we  have   y  =  od  for  dr  =  2 ;  hence,  if 
A  E  =  2,  the  line  F  £  G,  drawn  perpendicular  to  A  X,  is  one  asymptote. 
To  find  the  other,  we  have 

_  (j  -  1)  (j?  -  3)  _  (jf-l)(j-8)_  (j  -  1)  (x  -  3)/ 
or  —  2  /,        2\  X 


y  = 


<-i) 


■'(-!)"■ 
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Jl  +  -|.  +,  &c.  I  =  o:  -  4  +  2  +-^  +,  &c. ; 


hence  the  equation  to  the  asymptote  is  y  =  x  —  2,  and  therefore  this  line 
must  be  drawn  through  the  point  £,  making  an  angle  of  45^  with  A  X. 

We  can  now  trace  the  course  of  the  curve  completely ;  for  all  values  of 
J  less  than  I,  y  is  negative,  hence  the  branch  B  C ;  for  x  greater  than 
1,  but  less  than  2,  y  is  positive  and  increases  from  0  to  go,  hence  the 
branch  C  F ;  for  x  greater  than  2,  but  less  than  3,  y  is  negative,  hence 
the  branch  GD;  and  for  x  greater  than  3,  y  is  positive  and  approx- 
imating to  X  —  2,  hence  the  branch  from  D  extending  to  the  second 
asymptote. 

For  negative  values  of  a:,  y  is  negative,  and  increases  from  —  f  to  oo, 
approximating  also  to  the  value  —  j?  —  2 ;  hence  the  curve  extends 
downwards  from  B  towards  the  asymptote. 

Ex.  3.  y  (X  —  a)  =  J?  (j?  —  2  a).  Here  j?  =  a  and  y  =  J?  —  a,  are 
the  equations  to  the  asymptotes.  The  figure  is  like  the  last,  supposing 
that  A  and  C  coincide. 

Ex.  4.  y*  =  a  J?""  '  +  «'.  The  axis  of  y  is  one  asymptote,  since 
«  =s  0  gives  y  =  OD  :    Also 

y  zz  x(l  +  —]  =z  X  +  2  a  +  —; 

hence  y  =:  x  +  2  a  gives  the  other  asymptote. 

205.  In  order  to  discuss  an  equation  of  the  second  order  completely,  we 
have  given,  in  Chapter  VIL,  a  general  method  of  reducing  that  equation 
to  its  more  simple  forms. 

In  that  chapter  we  showed  that  the  equation,  when  belonging  to  an 
hyperbola,  could  be  reduced  to  the  form  ay"4-cj"+/=0.  (84.) 

Now  the  same  equation  can  be  reduced  also  to  the  form  xy  =  A:*;  and 
as  this  form  is  of  use  in  all  discussions  about  asymptotes,  we  shall  pro- 
ceed to  its  investigation. 

206.  Let  the  general  equation  be  referred  to  rectangular  axes,  and  let 
it  be 

ay*  +  6j:y-}-ca?'-H<iy  +  cj7+/=0. 

Let  d?  =:  a/  +  III,  and  y  =  y  +  n,  and  then,  as  in  article  (80.),  put 
the  co*efficients  of  j/  and  y'  each  =  0  ;  by  this  means  the  curve  is  re- 
ferred to  its  centre,  and  its  equation  is  reduced  to  the  form 

«y"+  6j/y'+cj/«  +/'=0. 

Again,  to  destroy  the  co-efiicients  of  j/«  and  y",  take  the  formulas  of 
transformation  firom  rectangular  to  oblique  co  ordinates  (57.). 
y'  =      a?"  sin.  0  4-  y"  sin.  e', 
a?'  =      j/'  cos.  e  +  y"  cos.  G'; 
then,  by  substituting  and  arranging,  the  central  equation  becomes 
y"«  {a  (sin.  e')*  +  b  sin.  6^  cos.0'  +  c  (cos.  ^)«} 
-I-  J?"*  {a  (sin.  ey  +  b  sin.  0  cos.  0  +c  (cos.  0)*} 
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+  a:"  y"  {2  a  sin.  e' sin.  0  +  6  (sin.  0  cos.  e*  +  sin.  0^  cos.  0)  +  2  c  cos.  0^ 
COS.  e  }+/'=:  0. 

There  are  two  new  indeterminate  quantities  d  and  Q^  introduced  ;  there- 
fore we  may  inaice  two  suppositions  respecting  the  co-efficients  in  the 
transformed  equation  ;  hence,  letting^  the  co-efficients  of  ^^  and  y*  :=  0, 
we  have 

a  (sin.  0)*  +  6  sin.  e  cos.  0  +  c  (cos.  0)*  =  0  (I), 

a  (sin.  e')^  +  b  (sin.  e')  (cos.  0')  +  c  (cos.  Oy  =  0    (2). 
Dividing  the  first  of  these  two  equations  by  (cos.  0)%  wc  have 
a  (tan.  ^)«  +  6  tan.  0  +  c  =  0; 

^      ^      h±  V6*-4ac 

hence      tan.  0  s: ■      ' 

2a 

FVom  the  similarity  of  the  equation  (I)  and  (2),  it  is  evident  that  we 
shall  arrive  at  the  same  value  for  tan.  0^ ;  hence,  letting  one  of  the  abofe 
values  refer  to  0,  the  other  will  refer  to  0^ ;  or  both  the  new  axes  are  de- 
termined in  position  from  the  above  values  of  tan.  0. 

The  equation  is  now  reduced  to  the  form 

6'  y/  y"  -f  /^  =  0. 

207.  To  find  the  value  of  6'^  we  have 
ft'=2asin.0'sin.0-}-  6  (sin. 0  cos.  0^  +  sin.  0' cos.  0)  +  2  6  cos.  ^'co8.0, 

=  COS.  ©'cos.©  {2  a  tan.  0^  tan.  0  +  6(tan.0'+  tan.  0)  +  2  c  }  . 

From  the  eauation  involving  tan.  0,  we  have 

c  b 

tan.  0  .  tan.  0'  =  — ,  tan.  0  +  tan.  d'  si  —  — , 
a  a 


and  therefore    cos.  0  cos.  0^  =:  —  ■  ; 

V  (a  -  cy  +  6« 

a  f«  6«        ^    ]  i«-4ac 

Also    r=         y_4„,        +/   (80.). 
Hence  the  final  equation  is 


^  (a  -  c)«  +  6«  6«  _  4  a  0 

208.  If  the  original  axes  are  oblique  we  must  take  the  formulas  in  (56.), 
and  then,  following  the  above  process,  we  find 

"t  V 6*  —  4 a c  —  b  +  2*^  «*«-  « 
tan.  0 — - — - — — 


V 


2{a  '\-  c  (cos.  w)'  —  6  cos. «) 

-  (fe«  -  4  g  c) 

V  {(«  +  c  -  2>  COS.  «)«  +  (5«  -  4  ac)  (sin.  «)•}' 


209.  The  following  examples  relate  to  the  reduction  of  the  general 
equation  referred  to  rectungular  axes,  to  another  equation  referred  to  the 
asymptotes. 
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Exl.    y«  —  10afy  +  ic«  +  y  +  j:+l=:0, 
m  =:  1,  n==l,/'=  |-;  tan.  e  .=  5  ±  2  /W,V  =  -  ^; 


Ex.2. 


•••-f'"^'  +  T=«' 

or.    ^'^^11 

4j^- 

8*y-4*»  — 4y  +  28«-  15sO. 

6'  =:  -  8  V2r/'  =  2, 

A    -  8  VT«^  y"  +  2  =  0, 

or,    *'V'  =  -W- 

Ex.  3.    —  -I =1,    or    xy:=.ay  +  hx. 

X  y  *r  *r 

The  axes  are  here  parallel  to  the  asymptotes  (198.) :  in  order  to  transfer 
the  origin  to  the  centre,  let  y  =  y  +  n  and  j?  =  d?'  4-  m,  hence  we  have 
m  =  a,  n  =  6,  and  the  reduced  equation  is 

of  y^  z=  ab. 
210.  If  0  and  0^  be  the  angles  which  the  asymptotes  make  with  the 
original  rectangular  axes,  we  have  from  the  equation  (206.), 
a  (tan.  ©)•  +  6  tan.  e  +  c  =  0, 

c 

/.  tan.  6,  tan.      =  — 

a 

Now  when  c  =  —  a,  this  equation  becomes  tan.  0.  tan.  0^  =  —  1,  or, 
tan.  0.  tan.  G'  +  1  =  0 ;  hence  by  (47.),  the  angle  between  the  asym- 
ptotes is  in  this  case  =  90^ ;  and  thus  whenever,  in  the  general  hyperbolic 
equation,  we  have  c  =z  —  a,  the  curve  is  a  rectangular  hyperbola. 

Ex.4.    y«-^=V2. 

The  curve  is  a  rectangular  hyperbola,  and  is  referred  to  its  centre  and 
rectangular  axes  ;  also  taking  the  two  values  of  tan.  0  in  (206.),  we  have 
tan.  e  =  1,  and  tan.  e'  =  -  1 ;  hence  0  c=  45°  and  0'  =  -  45%  and 
the  formulas  of  transformation  become 

d/-/  a?'  +  y' 

y  =     J—, X  =   J-    ; 

•••(^7-r-^)=^»- 

or     -  2  « V  =  V  2, 
and  a?'  y  =  -  -j^. 

In  this  example  the  curve  is  placed  as  in  the  next  figure,  and  at  first 
was  referred  lo  the  axes  C  X  and  C  Y,  but  now  is  referred  to  the  asym- 
ptotes C  X  and  C  y,  supposing  C  y  and  C  «  to  change  places,  and  the 
angle  *  C  y  =  90°. 
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211.  Conversely  given  the  equation  xy  =:  k^^  to  find  the  equation  re- 
ferred to  the  rectangular  axes,  and  thence  to  deduce  the  lengths  of  the  axes. 

For  this  purpose  we  use  the  formulas  of  transformation  from  obliqae  to 
rectangular  axes  (56.)* 

a/  sin.  0  +  f/  cos.  0 

y  =  : » 

sm.  u 

ai  sin.  (w  -  6)  —  y*  cos.  (w  —  e) 

X  =  : > 

sin.  «J 

substituting  these  values  in  the  equation    j?  j/  =  A:*,  we  have 

a/'  sin.  0  sin  («  —  0)  —  y'*  cos.  0  cos.  (w  —  0) 

+  j/y'  {cos.  0  sin.  (w  —  0)  —  sin.  0  cos.  («  —  0)}  =  A:*  (sin.  »)*. 

Let  the  co-efficient  of  a/  y'  =  0, 

.\  cos.  0  sin.  (w  —  0)  —  sin.  Q  cos.  (w  —  0),  or  sin.  («  —  2  0)  =  0 ; 

/.  w  =  2  0,  and  e  =  -^ ; 

hence  the  new  rectangular  axis  of  iV,  determined  by  the  angle  0,  bisects 
the  angle  a>  between  the  asymptotes ;  this  agrees  with  the  remark  at  the 
end  of  (179.). 

The  transformed  equation,  putting  0  =:  — ,  is 

*"  Tsin.  yj-  3^*^008.  -jj  =  if  (sin.  «)% 
or,  puttmg  2  sin.  ~-  cos.  —  for  sin.  «,  and  dividing 


4*.(si„.^J      4*.(cos.-|)' 


5=-i; 


1/'  J^ 

Comparing  this  with  the  equation  -^j r-  =  —  1,  we  have 

a  =  2  k  cos.  — -,  and  6  =  2  Af  sin.-—  ; 

hence  the  lengths  of  the  semi-axes  are  determined. 

If  the  equation  had  been  xy-^ax  +  by  +  csiOy  first  refer  the  curre 
to  its  centre,  and  then  proceed  as  above. 

212.  To  deduce  the  equation  a?  y  =  )t«  from  the  equation  to  the  curve 
referred  to  the  centre  and  rectangular  axes. 

Let  C  X,  C  Y  be  the  rectangular  axes, 

C  x^Cy  the  asymptotes,  or  the  new  axes, 

CM  =  ^|    ,       .  . 

^  p  __     Mhe  origmal  co-ordinates  of  P, 

CNrsa/]   ^ 

-.^  -.  >  the  new  co-ordmates  of  P. 

N  P  =  y/ j 
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Then  takings  the  formulas  of  transformation  from  rectangular  to  oblique 
axes  (57), 

yzzx'  sin.  0  +  %/  sin.  ©', 

X  =  a^co^,  ^  +  y'  COS.  ©', 

and  substituting  in  the  equation  a*  7^  ^  b^x*  =l  ^  a*  b\  we  have 

a«  (£  sin.  0  +  y'  sin.  d')»  —  6«  (2/ cos.  e  +  y  cos.  e')'  =  -  a«6«, 

or,  {a«  (sin.  ^)«  -  6« (cos.  $")*}  1/*  +  {a«  (sin.  0)  «-  6«  (cos.  ©)*}  x'*,    • 

+  2  {  a« 8in.dsin.  e'  -  6«cos.  © cos.d'  }  j/y'  =  -  a« 6*. 

In  order  that  this  equation  may  be  of  the  required  form,  it  must  not 
contain  the  terms  in  j/'  and  1/* ;  but  since  we  have  introduced  two  inde- 
terminate quantities,  we  can  make  the  two  suppositions  that  the  co-effi- 
cients of  these  terms  shall  =:  0 ; 

/.  a«  (sin.  e^y  -  6«  (cos.  oy  =  0, 

a«  (sin.0)«  -  6«  (cos.  e)«  =  0, 

From  the  last  of  these  equations  we  have  tan.  9  =z  jt  — 9   and  as  we 

obtain  from  the  other  equation  the  same  value  of  tan.  O',  it  follows  that  the 

values  of  0  and  O'  are  both  contained  in  the  equation  tan.  d  =  ±  — ,  that 


is,  if  tan.  0 


(=-^) 


refers  to  the  axis  of  jp,  then  tan 


■<-^) 


refers 


h  of 

to  the  axis  of  y,  (we  have  chosen  tan.  d  :=  —  —  for  the  axis      iC,  in  order 

to  agpree  with  the  figure). 
The  equation  to  the  curve  referred  to  its  asymptotes  is  now 

2  {a*  sin.  0  sin.  d'  —  6«  cos.  $  cos.  ^'}  ^  3/  =  -  a«  b\ 

or,    2  cos.  0  cos.  0'  {a*  tan.  0  tan.  0'  -  6«}  j'y'  =r  -  a'  b* ; 


but  since  tan.  ^  =  ±  — »  we  have 
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COS.  Q  =       .  =   —=:^==-  =  COS.  9  • 

Vl  +  (tan.  ©)•        Va"+  &" 

If  6  =  a,  or  the  curve  be  the  rectangular  hyperbola,  the  equation  re- 
ferred  to  the  asymptotes  is    a?  y  =  --. 

213.  The  angle  between  the  asymplptes  is  2  0;  if  therefore  P  R  be 
drawn  parallel  to  CN,  the  area  PN  C  R  ==  ary  sin.  2  0  =  jr  jf  •  2   sin.  0 

a*  +  6*     ^             6                     a  a  6 

cos.  0  =  — ; —  .  2  .  ■   .       .  -— =  ——. 

Thus  all  the  parallelograms  constructed  upon  co-ordinates  parallel 
to  the  asymptotes  are  equal  to  each  other,  and  to  half  the  rectangle  in  ibe 
semi-axes. 

214.  Let  C  S,  C  S'  be  the  asymptotes  to  the  curve  referred  to  con- 
jugate diameters  CP,  C  D  (cj  6i),  then  if  PT  be  parallel  to  C  D,  It  is  a 
tangent  at  P  (187.)  ;  TPT'  is  also  a  double  ordinate  to  the  asymptote, 

for  the  equation  to  C  S  is  y  =  db  —  *,  and  when  .r  =  a„y  =  ±61.   Hence 

PTir  PT',  or  the  parts  of  the  tangent  contained  between  the  point  of 
contact  and  the  asymptotes  are  equal  to  each  other,  and  to  the  conjngate 
diameter. 


215.  Join  D  T,  then  D  P  is  a  parallelogram ;  also  because  C  D  is  equal 
and  parallel  to  P  T',  we  have  the  line  D  P  parallel   to  the  asymptote 


THE  POLAR  EQUATION.  115 

C  S'.  Hence,  if  the  conjugate  diameters  be  given,  the  asymptotes  may 
always  be  found  by  completing  the  parallelogram  upon  the  conjugate 
diameters,  and  then  drawing  the  diagonals.  Also,  if  the  asymptotes  be 
given,  a  conjugate  diameter  to  C  P  may  be  found  by  drawing  P  R  parallel 
to  C  S'  and  taking  P  D  double  of  P  R. 

If  the  asymptotes  be  given,  a  tangent  may  be  drawn  by  taking  C  T 
double  of  C  R,  and  joining  P  T. 

If  the  position  of  the  focus  is  known,  the  length  of  the  conjugate 
axis  is  equal  to  the  perpendicular,  from  the  focus  on  the  asymptote. 

216.  To  find  the  equation  to  the  tangent  PT,  when  referred  to  the 
asymptotes  as  axes, 

Let  a/,  y  be  the  co-ordinates  of  P,  and  J^  j/'  co-ordinates  of  another 
point  on  the  curve. 

•'•  y  "-"  y'  ^  "  5r  (^  "■  "^J  ^^  ^^®  equation  to  a  secant. 
When  x"  =  j/  we  have  the  equation  to  the  tangent 

This  equation  to  the  tangent  is  readily  obtained  from  the  equation  to 
the  curve  (jxy  ^  l^  or  xy  +  xy  :=:  2k^)  by  putting  x'y  and  xy'  successively 
for  xy,  and  then  adding  the  results. 

Lety  =  0  /.  CT'=2^=2CN;  and  C  T  =  2^  =  2  N  P; 

The  triangle  C  TT'  =:  --.  2a/.  2  y'  sin.  T  C  T'  =  2  a/ y'  sin.  2  0  =  a  6, 

(213.) 

217.  The  two  parts  S  Q;  S'Q'  of  any  secant  SQQ'S  comprised 
between  the  curve  and  its  asymptote  are  equal ;  for  if  the  diameter  C  P  V 
and  its  conjugate  C  D  be  drawn,  we  have  VQ  =  V  Q'  fromthe  equation 

to  the  curve  (y=db—  a/«^""^i*)»  ^^^  ^""^"^  ^®  equation  to  the  asym- 
ptotes (y  =  ±  —  0?,  )  we  have  VS  =  VS'     .'.   SQ  =;S'Q'. 

218.  If  Y  and  y  are  the  ordinates  V  S,  V  Q  respectively,  we  have 

Y«-y«  =  -^jp«--V  (*«-«!•) 

or(T-y)(Y  +  y)  =  ^«. 
Thus  the  rectangle  S  Q,  Q  S'  =  the  square  upon  C  D. 
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THE  POLAR  EQUATION. 

219.  Let  the  curve  be  referred  to  the  centre  C,  and  to  rectanofular  axes 
C  A,  C  B,  and  let  the  co-ordinates  of  the  pole  O  be  2/  and  y^,  O  bein<r 
situated  anywhere  in  the  plane  of  the  curve  and  P  any  point  on  the  curve, 
as  in  (146.),  0  the  an^le  which  the  radius  vector  O  P  or  u  makes  with  a 
line  parallel  to  the  axis  of  x.    Then  we  have  by  (61.) 

y  zrnf^  +  u  sin.  9 
or  =  a/  4" "  cos.  0 
also,     o*  y*  —  6'  a:*  =  —  a'  6* 
.• .  «'(3/  +  usin,ey  -  &*(j?'  +  ttcos.0)»  =:  -  a*  6» 

220.  Let  the  centre  be  the  pole,   .'.   j/  =  0,  and  3/  =  0, 

,_  -g'fc* a«  (c*  -  1) 

• ' '  "  ■"  a«  (sin.  ey  -  6*  (cos.  ey  ""   c«  (cos.  e)«  -  1. 

221.  Let  the  focus  S  be  the  pole, 

.  • .  y  =  0,  j/  =  a  e  and  u  becomes  r, 
Substituting  these  values,  and  following  the  steps  in  (148.),  we  find 

-  ^'  _    g(e«  -1) 

"*"  «  —  c cos. 0^    I  —  e cos. 0 

If  the  angle  A  S  P  =  6,  we  have 

a(e'-l) 
1  +  e  cos.  0 

This  is  the  equation  generally  used.  It  may  easily  be  obtained  from 
the  equation  r  =  e  j?  —  a,  fig.  (161)  ==  e  (a  c  —  r  cos.  B)   —  a, 

a  (c«  -  1) 


r  = 


1  -j-  C  COS.  ^ 


222.  If  ^  =  fl  (e«  -  1)  we  have  r  =  ■^. ^ r  =  S  P,  and  if 

2  ^  ^  2    l+^C08.e 

P 
PS  meet  the  curve  again  in  P',  we  have  the  rectangle  SP,  SP^^-r 

(PS  +  SP')  =  4-PP'- 
4 

The  length  of  the  chord  through  the  focus  ==:  2  -^  where  b^  is  the  dii- 

meter  to  that  chord. 

THE  CONJUGATE  HYPERBOLA. 

223.  There  is  another  eqnatioti  to  the  hyperbola,  not  yet  investigated. 
^^yZrw)  ^®  negative  in  jrticlc  153,  the  equation  is  Py»  -  Q«'  =  U 
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or  a«  «•  —  i*  a;*  2=  a'  6'  if  P  =  -—,  and  Q  sr  — -.    If  we  examine  the 

6'  a* 

course  of  this  curve,  we  'shall  find  that  B  B'  =  2  6  is  the  real  or  trans- 
verse axis,  and  A  A\  or  2  a,  is  the  conjugate  axis,  and  that  the  curve 
extends  indefinitely  from  B  to  B^  so  that  it  is,  in  form,  like  the  hyperbola 
already  investigated,  but  only  placed  in  a  different  manner. 

Both  curves  are  represented  in  the  next^  figure ;  the  real  axis  of  the 
one  being  the  conjugate  or  imaginary  axis  of  the  other. 

It  is  evident  from  the  form  of  the  equations  that  both  curves  have  got 
common  asymptotes  £  C  E',  F  C  F'. 

224.  Let  C  P  and  G  D  be  two  conjugate  diameters  to  the  original  hy- 
perbola APEy  it  is  required  to  find  the  locus  of  D. 


l>tCM=:j/,  MP  =  y,CN  =  j?,ND  =  y, 
thenoi*  — V  =  a«-6«; 
— '  ••.  y«  +  y«  =  «■  +  y*  +  a«  -  6« 
but  the  equation  to  C  D  is 

0    X 


/.  y" 


«♦  «'  -I-  &*  x^ 
'«=       ^    ^  y'2  =  j:*  +  y«  +  «•  -  h\ 


a*  y«  +  A'  x« 

a*  y*  +  6*  j?«  "^  "^ 

Substituting  these  values  in  the  equation  a'  y*  —  6*  j?'*  :=  —  a*  h\  and 
reducing,  we  have  a*  y*  —  6*  x*  =:  a*  6*,  hence  the  locus  of  D  is  the  con- 
juprate  hyperbola,  and  hence  arises  its  name. 

By  changing  ttie  sign  of  the  constant  term  in  the  equation  to  any 
hyperbola,  referred  to  its  centre,  we  directly  obtain  the  equation  to  its 
conjugate,  referred  to  the  same  axes  of  x  and  y.  Both  curves  are  com- 
prised in  the  form 

{a:ty^  -  6«  «•)■  =  a*  h\  or  j«  y«  =  it*. 
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THE  PARABOLA. 

225.  The  equation  to  the  parabola,  referred  to  rectangular  axes,  has 
been  reduced  to  the  form  a' 3/*  -f  «'  x  =:  0  (94.). 

From  this  equation  we  proceed  now  to  deduce  all  the  important  proper- 
ties of  the  parabola. 


Let 


-V^ 


y^  =1  p  X. 


Let  A  be  the  origin  ;  A  X,  A  Y  the 
axes ;  then  for  j  =  0  we  have  y  =  0,  and 
the  curve  passes  through  the  origin  A. 


For  each  positive  value  of  jp  there  are  two  equal  and  opposite  values  of 
y,  which  increase  from  0  to  oo,  according  as  x  increases  from  0  to  qd  ; 
hence  there  are  two  equal  arcs,  A  P  and  A  P',  proceeding  from  A,  without 
any  limit.  This  curve  is  symmetrical  with  respect  to  its  axis  AX,  and 
its  concavity  is  turned  towards  that  axis,  otherwise  it  could  be  cut  by  & 
straight  line  in  more  points  than  one. 

For  every  negative  value  of  x,  y  is  imaginary. 

226.  The  point  A  is  called  the  vertex  of  the  parabola ;  AX,  AY  the 
principal  axes ;  but,  generally  speaking,  A  X  alone  is  called  the  Axis  of 
the  parabola.  Thus  the  equation  to  the  curve  referred  to  its  axis  and 
vertex  is  y*  =  7?  x. 

From  this  equation  we  have  The  square  upon  the  ordinate  =  The  rect- 
angle under  the  abscissa  and  a  constant  quantity  ;  or  the  square  upon  the 
ordinate  varies  as  the  abscissa. 

227.  The  last  property  of  this  curve  points  out  the  difference  between 
the  figures  of  the  hyperbola  and  parabola ;  both  have  branches  extending- 
to  infinity,  but  of  a  very  different  nature  ;  for  the  equation  to  the  hyper- 

—5  (ji*  —  a«)  =  — 5  J?'  (  1 y  and  therefore,  for  lai^ 

values  of  ^r,  the  values  of  ^  increase  nearly  as  the  corresponding  values  of 
x^  or  y  varies  nearly  as  x ;  hence  the  hyperbolic  branch  rises  much  more 
rapidly  than  that  of  the  parabola,  whose  ordinate  varies  only  as  ^~x. 
When  X  is  very  great,  the  former  takes  nearly  the   course  of   the    line 

y  :=:  —  x^  but  in  the  parabola,  y  is  not  much  increased  by  an  increase  of 


bola  is  y*  = 


X,  and  therefore  the  curve  tends  rather  towards  parallelism  with  the  axis 
of  X. 

228.  The  equation  to  the  parabola  may  be  derived  from  that  of  the 
ellipse  by  con.sidering  the  axis  major  of  the  ellipse  to  be  infinite. 


THE  FOCUS.  119 

Let  C  be  the  centre,  ^Qd  S  the  focus  of  an  ellipse  whose  equation  is 
y«  =  —  J?  ^  ^  J!".     (105.) 


Letm=AS=AC-SC=a~    a/ a*  -  b\  (fig.  106.) 

/.  6«  =:  2am  —  m«; 
,       /  2m«\  /2m       m«\    . 

Now  if  a  be  considered  to  vary,  this  will  be  the  equation  to  a  series  of 
ellipses,  in  which  the  distance  A  S,  or  m,  is  the  same  for  all,  but  the  ai^is 
major  different  for  each  ;  thus  giving  to  a  any  particular  value,  we  have  a 
corresponding  ellipse.  Let  now  a  be  infinite,  then,  since  all  the  other 
terms  vanish,  the  equation  becomes  y*  =  4  7n  a? ;  hence  the  ellipse  has  gra- 
dually approached  to  the  parabolic  form,  as  its  axes  enlarged,  and  finally 
coincided  with  it  when  the  axis  major  was  infinite  *. 

In  the  same  manner  the  equation  to  the  parabola  may  be  derived  from 
that  to  the  hyperbola. 

THE  FOCUS. 

229.  The  quantity  p^  which  is  the  co-efficient  of  x  in  the  equation  to  the 
parabola^  is  called  the  principal  parameter,  or  Latus  Rectum  of  the  pa- 
rabola. 

Since  p  =  -=^,  the  principal  parameter  is  a  third  proportional  to  any 

abscissa  and  its  corresponding  ordinate. 

In  article  (228.)  we  have  used  the  equation  y*  =  4  rax  for  the  parabola, 
merely  to  avoid  fractions  with  numerical  denominators ;  it  appears  that 
many  of  the  operations  in  this  chapter  are  similarly  shortened,  without 
losing  any  generality,  by  merely  putting  4  m  for  p ;  hence  we  shall  use 
the  equation  y*  =  4  m  4?  in  most  of  the  following  articles,  recollecting 
that  all  the  results  can  be  expressed  in  terms  of  the  principal  parameter,  by 

P 

putting  "Y*  for  m  wherever  m  occurs. 

230.  To  find  the  position  of  the  double  ordinate  which  is  equal  to  the 
Latus  Rectum. 

Let  2  y  =  4  m,       .*.  4  y*  =  16  m\  or  16  m  jf  =:  16  m*,  and  x=i  m. 
In  A  X  take  A  S  =  m,  then  the  ordinate  L  S  L^  drawn  through  S, 
is  the  Latus  Rectum. 
The  point  S  is  called  the  focus. 

The  .situation  of  the  focus  S  may  be  also  thus  determined  : 
Let  AM  =  x,  M  P  =  y,  join  A  P,  and  draw  P  O  perpendicular  to  A  P, 

Then  AM  :  M,P  ::  MP:MO  =  -^=:4m,  .-.  AS  =  w  =  i.MO 

X 

*  If  :r  M  very  Rraall  when  compart'd  with  a,  the  equation  to  the  ellipse  is  very  nearly 
that  to  a  ]iardbola ;  and  this  in  the  reason  that  the  path  of  a  comet  near  itti  perihelion 
appears  to  be  a  i>ortion  of  a  parabola. 
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231.  To  find  the  distance  of  any  point  P  in  the  curve  from  the  fbcns: 

Let  S  P  =  r,  AM  =  *,  MP  =  y  ;  aIsoat<.  y's  0,  andx'sm, 

.  r«=(y-yT+  (x-y)«  =  y«  +  (jc- in)«  =  4  m  jp  +  (x  -  »)• 

=  (j:4.m)«; 

.'.  r  =  S  P  =  «  +  m. 


THE  TANGENT. 

232.  To  find  the  equation  to  the  tangent  at  any  point  P  (jr',y')  of  the 
parabola. 
The  equation  to  a  secant  through  two  points  on  the  cunre  (x^,  y) 

(*"y")is      _ 


Also  y**  =  4mjr',  and  y'^rr  4  ma"; 
.'.  y"-y"'=4fn(x'-«"). 

J    y' - y"       4m 

Thus  the  equation  to  the  secant  becomes 

but  when  the  two  points  coincide  y"  =  y\  and  the  secant  becomes  a 
tangent, 

t       4  m  , 

.-.  y  -  y'  =  ^  (jr  -  J), 

or  y  y'  -  y'*  =  2  m  (a?  -  a/), 
•*•  y  y'  =  y"  +  2  m  (j:  -  jp')  ==  4  wix'  +  2  m  (x  —  a/ 
/.  y  y'  =  2  m  (x  +  or')- 
This  equation  is  immediately  deduced  from  that  to  the  curve 
(y«  =  4  m  j:  =  2  m  (r .+  or)  ) 
by  writing  y  y'  for  y»,  and  a?  +  j/  for  j?  +  a:. 

233.  To  find  the  points  where  the  tangent  cuts  the  axes. 
Let  y  =  0.  .-.  X  +  a/  =x  0,   .'.  a:  s=  -  a/,  or  A  T  =  —  AM ; 
Hence  tiie  absolute  value  of  the  sub-tangent  M  T  is  2  A  M. 


THE  TANGENT. 
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234.  The  equation  to  the  tangent  being:  3^  ^  =  2  m  (x  -|-  j/),  we  have 
at  the  vertex  A^  J  and  •if  each  ==  0,  therefore  the  equation  to  the  tangent 
becomes  2  m'x  r=  0,  or  x  =  0 ; 

But  JT  =  0    is  the  equation  to  the  axis  AY; 

Hence  the  tangent  at  the  vertex  of  the  parabola  coincides  with  the 
axis  of  y . 

235.  To  find  the  equation  to  the  tangent  at  the  extremity  of  the  princi- 
pal parameter. 

yy=r2»i(j  +  j0 
At  L  wc  have  j/  =  w,  and  y'  =  2  m, 
/.    2  m  y  =  2  m  (i?  +  w), 

^  ^     '  T     ^       S  iS X 

If  the  ordinate  y  or  M  Q  cut  the  parabola  in  P,  we  have  S  P  =:  jr  +  m 
(231.),     .-.  MQ=:SP. 

236.  To  find  the  point  where  this  particular  tangent  cuts  the  axis  of  jr. 

Let  y  =  0,  .'.  J?  =  A  T  =  —  m  =:  —  A  S. 
From  T  draw  T  R  perpendicular  to  A  X,  and  from  P  draw  P  R  pa* 
rallel  to  A  X,  then  taking  the  absolute  value  of  A  T,  we  have 
PR  =  AT  +  AM  =  m  +  jf  =  SP. 

Consequently  the  distances  of  any  point  P  from  S,  and  from  the  line  T  R, 
are  equal  to  one  another. 

This  line,  T  R,  is  called  the  directrix ;  for  knowing  the  position  of  this 
line  and  of  the  focus,  a  parabola  may  be  described,      jt 

This  tangent  cuts  the  axis  at  an  angle  of  45^.     (36i  Ex.  3.) 

237.  To  find  the  length  of  the  perpendicular  S  y  from  the  focus  on  the 
tan^nt. 

Taking  the  expression  in  (48.)  we  have 

y,  ^axy'-'h 

But  from  the  figure  232,  we  have  y^  =  0,  and  X|  =  m  for  the  co- 
ordinates of  the  point  S,  and  y  =:  or  x  -)-  6  is  the  equation  to  the  line 
P  T ;  also  the  equation  to  P.T  is 

y  =  -y-  (x  +  xO. 
2m        .  .       2mj/ 


.'.  Sy 


2  m       .  2  t/i  j/ 


2m(m  + jQ    _       2  m  (m  +  3^) 


/J  1  +  4m«\"""  V{y'+4m«}^  V{4mj^+4m«} 
=   Vm  (m  +  J)  =   'JUTr,  if  S  P  =r  r ; 
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Hence  the  square  on  S  y  =  the  rectangle  S  P,  S  A ; 
or.  SVlSy  ;:Sy  :SA. 

238.  To  find  the  locus  ofy  in  the  last  article. 

The  equation  to  the  tangent  P  T,  fig.  232,  is  y  =  —jr  (a?  +  *^  ; 

Hence  the  equation  to  S  y  passing  through  the  point  (jp,  0),  and  per- 
pendicular to  P  T,  is 

y  <^ iL-  (x  —  m). 

To  find  where  this  line  cuts  the  axis  of  y,  put  jp  =  0,     A  y  =  y,  but 

this  is  the  point  where  the  tangent  at  P  cuts  the  same  axis  (233.) ;  hence 
the  tangent  and  the  perpendicular  on  it  from  the  focus  meet  in  the  axis 
AY.  or  the  locus  of  y  is  the  axis  AY. 

239.  Again,  to  find  where  the  perpendicular  S  y  cuts  the  directrix,  put 

x:^^m.  ,.y  =  -X(ar-.m)=-J^(^m-m)  =  y', 


2  tn 


but  this  is  the  ordinate  M  P ;  hence  a  Ungent  being  drawn  at  any  point 
P,  the  perpendicular  on  it  from  the  focus  cuts  the  directrix  in  the  point 
where  the  perpendicular  from  P  on  the  directrix  meets  that  directrix. 
240.  To  find  the  angle  which  the  tangent  makes  with  the  focal  distance. 

The  eqMation  to  the  tangent  P  T    is  y  =  --p  (x  +  a/). 

The  equation  to  the  focal  distance  S  P  through  the  points  S  (=:  0,  m) 
and  P  (=  J?',  y')  is 


-    y 


-  (x^   m). 


Aiidtan.SPT=:  tan.(PSX  ^  PTX) 


y' 

of   - 

m 

2  m 

'y' 

1  + 

y' 

2m 

xf  '—  m   y' 


y'*  -  2  m  (y  -  m)  _  4  m£  -^  2m x'  +  2 yw*  _  2  m  (of  ■\- m) 


_  2jn  _    y' 


2x" 


since  2  tn  = 


2af' 


But  M  P  =  M  T  tan.  P  T  M,     .-.   tan.  P  T  M  r=  |^,     .•.    tan.  S PT 
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=  tan.  STP  =  tan.  T'PQ,  if  PQ  be  drawn  parallel  to  the  axis  of  <r. 
Thus  the  tangent  at  P  makes  equal  angles  with  the  focal  distance,  and 
with  a  parallel  to  the  axis  through  P. 

This  important  theorem  may  also  be  deduced  from  the  property  in 
article  233.  It  is  there  proved  that  the  absolute  value  of  AT  is  AM, 
hence  we  have  ST  =  SA+AT=m+ar  =  SP,  and  therefore  the 
angle  S  P  T  =  angle  S  T  P  =  angle  Q  P  T'. 

If  a  ray  of  light,  proceeding  in  the  direction  QP,  be  incident  on  the 
parabola  at  P,  it  will  be  reflected  to  S»  on  account  of  the  equal  angles 
Q  P  T',  S  P  T :  similarly  all  rays  coming  in  a  direction  parallel  to  the  axis, 
and  incident  on  the  curve,  would  converge  to  S ;  and  if  a  portion  of  the 
curve  revolve  round  its  axis,  so  as  to  form  a  hollow  concave  mirror,  all 
rays  from  a  distant  luminous  point  in  the  direction  of  the  axis  would  be 
concentrated  in  S.  Thus,  if  a  parabolic  mirror  be  held  with  its  axis  point- 
ing to  the  sun,  a  very  powerful  heat  will  be  found  at  the  focus. 

Again,  if  a  brilliant  light  be  placed  in  the  focus  of  such  a  mirror,  all  the 
rays,  instead  of  being  lost  in  every  direction,  will  proceed  iu  a  mass  parallel 
to  the  axis,  and  thus  illuminate  a  very  distant  point  in  the  direction  of  that 
axis.  This  property  of  the  curve  has  led  to  the  adoption  of  parabolic 
mirrors  in  many  light- houses. 


THE  NORMAL. 

241.  To  find  the  equation  to  the  normal  P  G,  at  a  point  P  (oj'y'). 

The  equation  to  a  straight  line,  through  P,  is  y  —  y'  =  a  (a?  —  u/),  and 
as  this  line  must  be  perpendicular  to  the  tangent  whose  equation  is  ^  = 

— J-  (x  +  j/),  we  have   «  =  —  r — ,  hence  the  equation  to  the  nor- 

yf 

mal  is  y  —  «'  =:  —  r^^  (r  —  J^). 
2  jn 

242.  To  find  the  point  where  the  normal  cuts  the  axis  of  j?. 

Let  y  =  0  ,\  X  -  j/  =:^i  or  the  subnormal  M  G  is  constant  and  equal 
to  half  the  principal  parameter. 

Hence  S  G  =  S  M  f  M  G  =  j/  —  m  +  2  m  =  j^-f  mg^  P. 

AndPG  =  Vy"  +  4m«=  V4mx'+4m«=  V4 m  (a/  +  m)  =  V4mr. 
Hence  the  normal  PG  is  a  mean  proportional  between  the  principal 
parameter  and  the  distance  S  P. 

THE  DIAMETERS. 

243.  It  was  shown  in  article  81,  that  the  parabola  has  no  centre. 
Since  for  every  positive  value  of  x  there  are  two  equal  and  ojiposite 

values  of  y,  the  axis  of  x  is  a  diameter,  but  that  of  y  is  not ;  hence  the 
axes  cannot  be« called  conjugate  axes.  The  parabola  has  an  infinite  num- 
ber of  diameters,  all  parallel  to  the  axis  ;  to  prove  this, 

Let  y  :=:  ax  +  bhe  the  equation  to  any  chord, 

y*  z:z  px  the  equation  to  the  curve. 

Transfer  the  origin  to  the  bisecting  point  .I'y'  of  the  chord,  then  the  equa- 
tions become  y  =z  a  r,  and  (y  +  y'y  ?=  p  (x  +  a/)  : 
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To  find  where  the  chord  intersects  the  curve,  put  ax  for  y  in  the  second 
equation. 

or  a«j;«  +  (2ay'-p)j?  +  y'*— pa/  =  0       • 

But  since  the  origin  is  at  the  bisection  of  the  chord,  the  two  values  of  j 
must  be  equal  to  one  another,  and  have  opposite  signs  ;  hence  the  second 
•term  of  the  last  equation  must  =  0,     •'.  2  ay'  —  p  =  0. 

This  equation  gives  the  value  oTy',  and  since  it  is  independent  of  6,  it  will 

be  the  same  for  any  chord  parallel  to  y  =^  cr  j?  +  b;  hence  y  sz  ^   is  the 

equation  to  the  locus  of  all  the  middle  points  of  a  system  of  parallel  chords, 
and  this  equation  is  evidently  that  to  a  straight  line  parallel  to  the  axis ; 
and  conversely. 

244.  To  transform  the  equation  into  another  referred  to  a  new  origin 
and  to  new  axes,  and  so  that  it  shall  preserve  the  same  form, 

Let  a:  s=  a  -j-  a/  cos.  6+7/  cos.  ^, 

and       y  =  6  -|-  J^  sin.  O-j-y'  sin.  ^,     (57.) 

Substituting  these  values  in  the  equation  y^  z^px  and  arranging,  we 
have 

y'«  (sin. e')«  +  of*  (sin. ey  +  2  a/yf^Aw,  0 sin.©'  +  y'  (2  6  sin.©'-  pcos. ^ 
+  a/  (2  6  sin.  0  —  pcos.  0)  +  6*  —  a;?  ==  0. 

And  as  this  equation  must  be  of  the  form  y'  =  p  x,  we  must  have 
(sin.0)«  =  O  .  .  .  (1), 
2  .sin.  0,  sin.  e'  =  0  .  .  (2), 
2  6sin.  d'-7)cos.e'  =  0  (3), 
h^^apt=:0  .  .  .  (4). 
Henpe  the  equation  becomes 

y'«  (sin.  e')«  +(2  6  sin.  e  ~  /)  cos.  0)  j?'  =  0 ; 
or .  since  ^  =  0,     y'«  (sin.  6')«  —  ^  j/  =  0. 

245.  On  the  examination  of  the  equations  (1)  (2)  (3)  and  (4),  it 
appears  from  (1)  that  the  new  axis  of  <r'  is  parallel  to  the  original  axis  of 
x\  and  6  being  0  from  (1),  of  course  (2)  is  destroyed,  aud  thus  the 
equations  of  condition  are  reduced  to  three :  but  there  are  tour  unknown 
quantities,  hence  there  are  an  infinite  number  of  points  to  which,  if  the 
origin  be  transferred,  the  equation  may  be  reduced  to  the  same  simple 
form. 

We  may  tuke  the  remaining  three  quantities  a,  h  and  9',  in  any  order, 
and  arrive  at  the  same  results.  Suppose  a  is  known,  then  from  (4),  6* 
:=z  poy  this  equation  shows  that  a  must  be  taken  in  a  positive  direction 
from  A^  and  also  that  the  new  origin  must  be  taken  on  the  curve  itself,  or 
the  new  origin  is  at  some  point  P  on  the  curve,  as  in  the  next  figure. 

J)  b 

From  (3)  we  have  tan.  0  =  —--  =— —  ; 
^  26        2a 

but  this  is  exactly  the  value  of  the  tangent  of  the  angle  which  a  tangent 
PT  to  the  curve  makes  with  the  Axis  (240.)  :  hence  the  new  axis  of  y  is  a 
tangent  to  the  curve  at  the  new  origin  P. 


a 
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The  results  are  therefore  these, — the  new  origin  is  at  any  point  P  on 
the  curve  (see  the  next  figrnre).  The  axes  are  one  (P  X')  parallel  to  the 
axis  A  X,  and  the  other  (P  Y')  is  a  tang^ent  at  the  new  origin  P.  Lastly, 
from  the  form  of  the  equation^  the  new  axis  of  x  is  a  diameter. 

n  in 

246.  The  equation  is  y"  =  ^^.^  g,y  a/  =  f/*  where  p*  =  j^^f^ 

=  p  (cosec.  e'y  =  p  (I  +  cot.e'y  =  pfi  +  -^^  =  p  +  4 

=  4(^+a)  =  4SP    (231.) 

Hence  the  new  parameter  at  P  is  four  times  the  focal  distance  S  P. 

247.  The  equation  to  the  parabola,  when  we  know  the  position  and 
direction  of  the  new  axes,  is  readily  obtained  from  the  original  equation 
referred  to  rectangular  co-ordinates. 

Let  the  iwint  P  be  ihe  new  origin,  P  X',  P  Y' the  new  axes,  angle 
Y'  P.X'  =  e . 

Also,  let  A  N  =  a?,  N  Q  =:  y  be  the  rectangular  co-ordinates  of  Q. 

And AM  =  a.  MP  =  6  .        .         .        ,  .        P. 

PV=:jr',VQ  rrybe  the  new  co-ordinates  of  Q. 

in 


Then  y  =  QN  =  MP  +  0Q  =  6+y'  sin.  0, 

ir  =  AN=:AM  +  PV  +  VO  =  a  +  a/  +  y'cos.d. 
Substituting  these  values  in  the  equation  y*  :=:  px, 
we  have  (6  +  y'  sin.  ey  =  ;?  (a  +  x'  +  y'  cos  9) ; 

/.  y'«  (sin.  Oy  +  (2  6  sin.  ©  —  p  cos.  e)  y^  +  6«  =  p  a  -f  p  t'j 

biit6*=:pfl,andtan.0atan.PTM  =  -—  =  — ^=:^; 

P 

/.  2  6  sin.  6  ^  p  cos.  6  =.0, 

and  the  equation  is  reduced  to  the  form 

^•(sin.  0)«  =  ^a/. 

6*  4  a'* 

Also  from  (tan.  e  )•  =  -—  we  have  (cos.  ey  =  —___-, 

and  (sim  e)*  =  — -r— -—  ss    .    "^    ■ ; 
■  '       4  a'  +  6*  4  a  +  p 
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y«  =  (4  a  +  P)  ^  =  4  ^  a  +  ^  j  a?'  =  p'j/,  where ;/=  4  SP. 

Hence  the  square  upon  the  ordinate  =  the  rectangle  under  the 
abscissa  and  parameter. 

248.  To  find  the  length  of  the  ordinate  which  passes  through  the 
focus : 

Here,  x  =PV=  ST=SP=:  r   /.  y«=:pa?=:4r.r=4ri 

.-.  y  =  2r. 
Hence,  QQ'  =  4SP. 

Thus  the  ordinate  through  the  focus  is  equal  to  four  times  the  focal 
distance  S  P,  is  equal  to  the  parameter  at  the  point  P. 

Hence,  generally,  if  the  origin  of  co-ordinates  be  at  any  point  P  on  the 
parabola,  and  if  the  axes  be  a  diameter  and  a  tangent  at  P,  the 
parameter  to  the  point  P  is  that  chord  which  passes  through  the  focus. 

249.  The  equation  to  a  tangent  at  any  point  Q  (j/  y),  referred  to  tbe 
newaxesPX',  PY',  is 

Let  y  =  0  .• .  a?  =  —  a/,  hence  the  sub-tangent  =  twice  the  abscissa. 

Let  X  =  0  .  •.  y  =  -^ —   =  —  =  i  the  ordinate. 

For  y  put  —  y,  then  we  have  the  equation  to  the  tangent  at  the  other 
extremity  Q'  of  the  ordinate  Q  V  Q' ;  hence  it  may  be  proved  that  tangents 
at  the  two  extremities  of  a  chord  meet  in  a  diameter  to  that  chord. 

250.  If  the  chord  Q  V  Q'  pass  through  the  focus,  as  in  the  figure,  the 
co-ordinates  of  Q  are  y'  =  2  S P  =  2  r,  and  jp'  =  P  V  =  SP  =  r,  also 

p' 
p'  =  4  r ;  hence  the  equation  to  the  tangent  at  Q,  or  yy'  :=^  ~-  («  +  j') 

becomes  y  =  J?  +  r,  end  similarly  the  equation  to  the  tangent  at  Q'  is 
—  y  =  j7  +  r,  and  these  lines  meet  the  axis  P  X'  at  a  distance  —  r  ftx)in 
P,  that  is,  tangents  at  the  extremity  of  any  parameter  meet  in  the  di- 
rectrix. 

Also,  the  angle  between  these  tangents  is  determined  from  the  equation 

*       ^  _  (tf  —  gp  sin,  w 

tan.  ^  =  7-7 — I  ,  / — ; — K (51-) 

1  4-  a  or  +  (or  +  a')  cos.  w  ^      * 

(1  -f  1 )  sin,  w  1       1   J  IN 

=  -■■  (since  a  =  1  and  c/  =:  —  1) 

=  g  =  tan.' 90°. 

Hence,  pairs  of  tangents  drawn  at  the  extremities  of  any  parameter 
meet  in  the  directrix  at  right-angles. 


THE  POLAR  EQUATION. 
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251.  To  find  the  polar  equation  to  the  curve. 

Let  the  co-ordinates  of  any  point  O  he  a/  and  y'j  and  let  0  be  measured 
from  a  line  O  x,  which  is  parallel  to  the  axis  of  the  curve : 

Then  by  (61.),  or  by  inspection  of 
the  figure,  we  have 

y  =  y'  +  M  sin.  9 

X  =  a/  +  tt  COS.  6 

Substituting  these  values  of  x  and  y  in  the  equation  ^  =  p  :r,  we  have 
(y  +  tt  sin.  e)  »  =  p  (a;'  +  u  cos.  6) 
052.  Let  the  pole  be  at  any  point  on  the  curve, 

.*.  y'^+  2 My' sin.  0  +  u*  (sin.  0)*  :=^px^  +pucos.  0; 
or,  u  (sin.  0)*  r=  p  cos.  0  —  2  y'  sin.  0,    since  y'^s^paf ; 

p  cos.  0  —  2  y'  sin.  0 

•'• ""  ^  i^ey         ' 

And  if  the  vertex  be  the  pole,  we  have  y'  =  0 ; 

©COS.  0 

•       4/   -—  •£- 

(sm.  ey 

253.  Let  the  focus  S  be  the  pole, . '.  y'  =  0,  a/  =  —  and  u  becomes r ; 

hence  the  general  equation  (y'  +  u  sin.  $)*:=:  p  (j/  +  u  cos.  0)  becomes 

r*  (sin.  ^)  •  =  ^  +  j3  r  cos.  0, 
4 

or  r«  (sin.  6)  «  +  r«  (cos.  0)  «  =  ^  +  p  r  cos.  e  +  r'  (cos.  6) « 


(|+rcos.ay 


r  =  ^ 


+  r  COS.  0 ;   or  r  = 


2     '    '  '   "'  '  "    2*1-  COS.  e' 

The  polar  equation  in  this  case  is  also  easily  deduced  from  article  (231). 
Let  angle  A  S  P  =:  e, 

thenr  =  SP=:AM  +  AS  =  2AS+SM  =  -^  -  r  cos.  e; 


r  =  ^ 


P_ 


2  1  +  cos.  e 


".(-+)■ 
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254.  If  P  S  meet  the  curve  again  in  P',  we  have  S  P' 
P       1 P  1 


2       I  —  COS.  (t  -  e) 
hence  the  rectangle 


I     I  +  COS.  a' 


CHAPTER    XI. 

THE  SECTIONS  OF  A  CONE. 

255.  It  is  well  known  that  the  three  curves,  the  ellipse,  the  hjperboh, 
and  parabola,  were  originally  obtained  from  the  section  of  a  cone,  and  that 
hence  they  were  called  the  conic  sections.  We  shall  now  show  the 
manner  in  which  a  cone  must  be  cut  by  a  plane,  in  order  tliat  the  section 
may  be  one  of  these  curves. 

A  right  cone  is  the  solid  generated  by  the  revolution  of  a  right-angled 
triangle  about  one  of  its  perpendicular  sides. 

The  fixed  side,  O  H,  about  which  the  triangle  revolves,  is  called  the  axis ; 
and  the  point  O,  where  the  hypothenuse  of  the  triangle  meets  the  axb,  is 
called  the  vertex  of  the  cone.  If  the  revolving  hypothenuse  be  produced 
above  the  vertex,  it  will  describe  another  cone,  having  the  same  axb  and 
vertex.  Any  point  in  the  hypothenuse  of  the  triangle  describes  a  circle; 
hence,  the  base  of  the  triangle  describes  a  circular  area  called  the  base  of 
the  cone. 


Section    mode  by  planes  which  pass  through  the  vertex  and  aloog  lh« 
axis  are  called  vertical  sections ;  Uiese  arc,  evidently,  triangles. 
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If  a  plane  pass  through  the  cone  in  any  direction,  the  inierseclion  of  it 
ivith  the  surface  of  the  cone  is  called  a  conic  section.  The  nature  of  the 
line  thus  traced  will  be  found  to  be  different,  according  to  the  various 
positions  of  the  cutting  plane.  It  is  our  purpose  to  show,  generally,  to 
what  class  of  curves  a  section  must  necessarily  belong ;  and,  afterwards, 
to  point  out  the  particular  species  of  curve  due  to  a  given  position  of  the 
cutting  plane. 

256.  Let  O  B  Q  C  be  a  right  cone,  O  the  vertex,  O  H  the  axis, 
B  C  Q  the  circular  base,  P  A  the  line  in  which  the  cutting  plane  meets 
the  surface  of  the  cone;  A  being  the  point  in  the  curve  nearest  to  the 
vertex  O.  Let  O  B  H  C  A  be  a  vertical  plane  passing  through  the  axis 
O  H  and  perpendicular  to  the  cutting  plane  P  A  M. 

AM,  the  intersection  of  these  planes,  is  a  straight  line,  and  is  called  the 
axis  of  the  conic  section,  the  curve  being  symmetrically  placed  with 
regard  to  it. 

Let  F  P  D  be  a  section  parallel  to  the  base,  it  is  therefore  a  circle,  and 
P  M  D,  its  intersection  with  the  vertical  plane  OB  H  C  A,  is  a  diameter. 

Since  both  this  last  plane  F  P  D  and  the  cutting  plane  P  A  M  are  per* 
pendicular  to  the  vertical  plane  O  B  H  C,  M  P  the  intersection  of  the  two 
former  is  perpendicular  to  the  vertical  plane,  (Euc.  xi.  19,  or  Geometry 
iv.  18,)  and,  therefore,  to  all  lines  meeting  it  in  that  plane.  Hence 
M  P  is  perpendicular  to  F  D  and  to  A  M. 

Let  the  angle  O  AM,  which  is  the  inclination  of  the  cutting  plane  to 
the  side  of  the  cone,  =  car,  and  let  the  Z  A  O  B  =  /3,  draw  A  E  parallel 
to  B  H  and  M  L  parallel  to  O  B. 

Let  A  M  =  X,  M  P  =  y,  and  A  O  =  a. 

Then  by  the  property  of  the  circle 

The  square  on  M  P  =  the  rectangle  F  M,  M  D ; 

,  ,,  ^        MA  sin.  MAD  sin.  cr 

and  M  D  = . — r^-Tr-: —  =  x 


sin.  M  DA       "~  i3  ' 

Also,  PM  =  EA--AL  =  A^L!l^:^ 

sm.  O  E  A  sm.  A  L  M 

But  angle  O  E  A  =  90®  -  -^,  angle  A  L  M  =  90°  +  ^,  and  if  we  pro- 
ducc  ML  to  meet  OA,  we  shall  find  that  the  angle  AML  =  180°  — 

(«  +  /5); 

hence  F  M  =  « -5  —  x -^ ; 

ens.  -r-  cos.  4r 

2  2 

sin.  af      sin. /3  sin.  (or  + /3)  1 

COS.— I      COS.—  COS.-       j 

or  y*  =  ^       {a  sin.  p.x  -  sin.  (a  +  /3)  «•} ; 

^  K 
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which  equation  beins^  of  the  second  degree,  it  follows  that  the  sections  of 
the  cone  are  curves  of  the  second  degree. 

Comparing  this  with  the  equation  y»  =  jj  a?  +  9  jf",  which  represents 
an  ellipse,  a  parabola,  or  an  hyperbola,  according  as  9  is  negative,  nothiof, 
or  positive ;  we  observe  that  the  section  is  an  ellipse*  a  parabola,  or  as 
hyperbola,  according  as  sin.  (a  +  j3)  is  positive,  nothing,  or  negative  To 
investigate  these  various  cases,  we  shall  suppose  the  cutting  plane  to  move 
about  A,  so  that  a  may  take  ail  values  from  0  to  180^. 

257.  Let  a  =  0,  .'.  y*  =  0,  and  y  =  0 ;  this  Is  the  equation  to  the 
straight  line  which  is  the  axis  of  a:. 


And  this  appears,  also,  from  the  figure ;  for  when  or  r=  0,  the  cultinff 
plane  just  touches  the  cone,  and  hence  the  line  of  intersection  AM  is  in 
the  position  A  O. 

258.  Let  a  +  i3  be  less  than  180°.  The  curve  is  an  ellipse.  In  the 
figure  the  angles  AGE  and  QAM  being  together  leas  than  180°,  the 
lines  O  E  and  A  M  meet  in  A',  or  the  sectional  plane  cuts  both  sides  oftbe 
cone. 

259.  Let  M  be  the  centre  of  the  ellipse,  then  F  M  =  i  A  E  and  M  D 
=  iVG; 

.'.  The  square  on  the  axis  minor  =  The  rectangle  A  E,  A'  G. 

Also  by  drawing  perpendiculars  from  A  and  E  upon  A'G,  it  may  be 
proved  that^ 

The  square  on  the  axis  major  =  The  square  on  A  G  +  The  rectangle 
AE,A'G. 

And   .•.   The  distance  between  the  foci  =r  AG. 

If  the  straight  line  A  K  be  drawn  making  the  angle  E  A  K  =  the 
angle  E  A  A',  then  A  K  is  the  latus  rectum  of  the  section. 

And  if  a  circle  be  inscribed  in  the  triangle  A'  A  O,  it  will  touch  the  line 
A  A'  in  the  focus  of  the  section.     (Geometry,  Appendix,  prop.  2J.) 
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260.  Let  a  =  90°  -  ^,  then hZt       =  1» 


(-4)" 


and  the  equation  is  that  to  a  circle,  the  cutting  plane  bein^  parallel  to 
the  base. 

261.  Let  cr  +  /3  =  180°,  A  sin.  (  a  +  j3)  =  0,  and  the  curve  is  a 
parabola.  The  plane,  continuing  to  turn,  has  now  come  into  the  position 
A  N  Q,  the  axis  A  N  being  parallel  to  O  F,  or  the  cutting  plane  parallel 
to  a  side  of  the  cone. 

The  equation  to  the  parabola  is  ^  s=  4'  a  f  sin.  -^  )  «. 

If  A  K  be  drawn  making  the  angle  E  A  K  =  the  angle  AG K,  then 
A  K  is  the  latus  rectum  of  the  section,  and  the  circle  which  touches  A  O, 
A  N  and  O  F,  will  touch  AN  in  the  focus  of  the  parabola. 

262.  Let  «  +  /3  be  greater  than  180°  .*,  sin.  (a  +  /3)  is  negative, 
and  the  curve  is  an  hyperbola ;  The  cutting  plane  is  now  in  the  position 
A  L  R ;  in  this  case  the  lines  A  L,  E  O  must  meet  if  produced  backwards, 
or  the  plane  cuts  both  cones,  and  the  curve  consists  of  two  branches, 
one  on  the  surface  of  each  cone. 

As  in  the  ellipse,  it  may  be  proved  that  the  square  on  the  conjugate  axis 
=  the  rectangle  A  E,  A"  G' ;  that  A  G'  is  the  distance  between  the  foci, 
that  A  K  is  the  latus'rectum,  and  that  the  circle  touching  A'  O,  O  A  and 
A  L  touches  AL  at  the  focus. 

263.  We  may  also  suppose  a  to  have  different  values,  or  the  cutting 
plane  to  meet  the  cone  in  some  olher  point  than  A,  f^  example : 

Since  sin.  a  and  f  cos.  —  j  are  positive,   the  rationality  of  this  equation 

will  depend  upon  sin.  (a  +  /3). 

If  a  +  /)  is  less  than  180°  the  radical  quantity  is  impossible,  and  the 
only  solution  of  the  equation  is  a?  =  0  and  y  =  0,  or  the  section  is  a  point ; 
this  is  the  case  when  the  cutting  plane  passes  through  the  vertex  O,  and  is 
parallel  to  any  elliptic  section  A  PA'. 

If  or  +  /3  is  greater  than  180**  we  have  two  straight  lines  which  cut 
each  other  at  the  origin.  In  this  case  the  cutting  plane  is  drawn  through 
0«  parallel  to  A  L  R,  and  the  intersection  with  the  cone  is  two  straight 
lines  meeting  in  O. 

264.  We  may  conclude  from  this  discussion,  that  the  conic  sections 
are  seven :  a  point,  a  straight  line,  two  straight  lines  which  intersect,  a 
circle,  an  ellipse,  an  hyperbola,  and  a  parabola  or  all  the  curves  of  the 
second  degree  and  their  varieties,  with  the  exception  of  two  parallel  lines, 
which  is  a  variety  of  the  parabola. 

The  three  latter  sections,  the  ellipse,  hyperbola,  and  parabola,  are  those 
which  are  usually  termed  **  conic  sections,'*  and  which  have  been  the 
study  and  delight  of  mathematicians  since  the  time  of  Plato.  In  his 
school  they  were  first  discovered ;  and  his  disciples,  excited,  no  doubt,  by 
the  many  beautiful  properties  of  these  curves,  examined  them  with  such 
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industry,  that  in  a  very  short  time  several  complete  treatises  on  the 
conic  sections  were  published.  Of  these,  the  best  still  extant  is  that  of 
Apollonius  of  Perga.  It  is  in  eight  books,  four  of  which  are  elementary ; 
and  four  on  the  abstruser  properties  of  these  curves.  The  whole  work  is 
well  worth  attention,  as  showing  how  much  could  be  done  by  the  ancieot 
analysis,  and  as  giving  a  very  high  opinion  of  the  geometrical  genius  of 
the  age. 

Apollonius  gave  the  names  of  ellipse  and  hyperbola  to  those  curves — 
Hyperbola,  because  the  square  on  the  ordinate  is  equal  to  a  figure 
''exceeding"  {*^vireplja\Kok'*)  the  rectangle  under  the  abscissa  and  latiu 
rectum  by  another  rectangle. — B.  i.  p.  13. 

Ellipse,  because  the  square  on  the  ordinate  is  "  defective"  ('•  eXKEiwoy) 
with  regard  to  the  same  rectangle. — p.  14. 

It  is  not  known  who  gave  the  name  of  parabola  to  that  curve — probably 
Archimedes,  because  the  square  of  the  ordinate  is  equal  (*'  rapafiaWoif") 
to  the  rectangle  of  the  abscissa  and  latus  rectum. 

Thus,  the  ancients  viewed  these  curves  geometrically,  in  the  same 
manner  as  we  are  accustomed  to  express  them  by  the  equations : 


px  + 


P 
2  a 


y*-px—  — -x«. 


y«  =  jp  ^. 


I. 
2  a 


DESCRIPTION  OP  THE  CONIC  SECTIONS  BY 
CONTINUED  MOTION. 

265.  The  conic  sections  being  curves  of  great  importance,  not  only 
from  their  mathematical  properties,  but  also  from  their  usefulness  in  the 
arts  and  sciences,  it  becomes  necessary  that  we  should  be  able  to 
describe  these  curves  with  accuracy.  Now,  a  curve  may  be  drawn  in  two 
ways,  either  by  "  mechanical  description "  or  by  "  points."  As  an 
instance  of  the  ^rst  method  we  may  mention  the  circle,  described  by  the 
compasses,  or  by  means  of  a  string  fastened  at  one  end  to  the  centre,  and 
the  other  carried  round  by  the  hand,  the  hand  tracing  the  curve.  This 
mechanical  method,  or,  as  it  is  sometimes  called,  "  that  by  continued 
motion/'  is  not  always  practicable :  no  curve  is  so  simple,  in  this  respect, 
as  the  circle ;  hence  we  are  often  obliged  to  have  recourse  to  the  second 
method,  or  that  by  points :  this  is  done  by  taking  the  equation  to  the 
curve  and  from  some  property  expressed  geometrically,  findings  a  number 
of  points,  all  of  which  belong  to  the  curve,  and  then  neatly  joining  these 
points  with  a  pen  or  other  instrument.  We  shall  commence  with  the 
mechanical  description  of  these  curves. 

266.  To  trace  an  ellipse  of  which  the  axes  are  given  : 
Let  A  A',  B  B'  be  ilie  axes :  with 

centre  B  and  radius  A  C  describe  a 
circle  cutting  A  A'  in  S  and  H,  these 
points  are  the  foci.  Place  pegs  at  S 
and  H.  Let  one  extremity  of  a 
string  be  held  at  A,  and  pass  the 
string  round  H  back  again  to  A, 
and  there  join  its  two  ends   by  a 
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knot,  so  that  its  length  shall  be  just  double  of  A  H  ;  place  a  pen  or  other 
pointed  instrument  within  this  stringy,  and  move  it  round  the  points  S 
and  H,  so  that  the  string  be  always  stretched  ;  the  pen  will  trace  out  the 
required  ellipse.     For  if  P  be  one  of  its  positions,  we  have 

SP  +  PH  +  HS=2AH  =  AA'  +  HS; 
/.  SP  +  PH  =  AA'. 

267.  Another  method  is  by  means  of  an  instrument  called  the  elliptic 
compasses,  or  the  trammel. 

Let  X  X  and  Y  ^  be  two  rulers  with 
grooves  in  them,  and  fastened  at  right 
angles  to  each  other.  Let  B  P  be  a 
third  ruler,  on  which  take  B  P  equal 
to  the  semi-axis  major,  and  PA  the 
semi-axis  minor.  At  B  a  peg  is  so 
fixed  that  the  point  B  with  the  peg 
can  move  along  Y^  ;  a  similar  peg  is 
fixed  at  A.  By  turning  the  ruler  B  P 
round,  a  pen  placed  at  P  will  trace  out  the  curve.  Suppose  C  to 
be  the  point  where  the  axes  meet,  C  M  =  jt  and  M  P  =  y,  the  rectan- 
gular co-ordinates  of  P,  and  suppose  that  B  N  is  drawn  parallel  to  C  M 

and  meeting  P  M  in  N,  then  A  M  =  —  B  N,  and 

(t 

The  square  on  A  P  z=  the  square  on  P  M  +  the  square  on  A  M ; 
or  6»  =  y«  +  -^  j^, 

268.  The  following  is  also  a  very  simple  method  of  describing  the  ellipse. 
X  X  is  a  ruler  of  any  length,  C  F,  F  G  are  two  rulers,  each  equal  to  half 
the  sum  of  the  semi-axes.  These  rulers  are  fastened  together  by  a 
moveable  joint  at  F,  and  FC  turns  round  a  pivot  at  C ;  FP  is  taken 
equal  to  half  the  difference  of  the  semi-axes.  Let  the  point  G  slide 
along  the  line  X  jt,  then  the  point  P  will  trace  out  the  curve.  Draw 
FD  and  PM  perpendicular  to  CX,  and  let  CM=  x,  and  MP  = 
y,  then 

The  square  on  F  G  =  the  square  on  F  D  +  the  square  on  D  G  ; 


or 


m=(^0<^i)- 


6«  ^  a«  ""  '• 


^D    M 
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For  a  description  of  the  Elliptograph,  and  other  instru men U  for  describ- 
ing ellipses,  we  must  refer  our  readers  to  the  treatise  on  Practical  Geo- 
metry, where  an  extremely  good  account  is  given  of  all  the  iuatrumcnts, 
and  also  the  advantages  and  disadvantages  of  each  are  well  exhibited. 

269.  To  trace  the  hyperbola  by  ^^^ 
continued  ipotion,  let  A  A'  be  the 
transverse  axis,  S  H  the  distance 
between, the  foci,  HPK  a  ruler 
movable  about  H.  A  string,  whose 
length  is  less  than  H  K  by  A  A'  is 
fastened  to  K  and  S ;  when  the  ruler 

is  moved  round  H,  keep  the  string     "  ^'  ^    ^  X 

stretched,  and  in  part  attached  to  the  ruler  by  a  pencil  as  at  P ;  then,  since 
the  difference  of  H  P  and  P  S  is  constantly  the  same,  the  point  P  will  trace 
out  the  curve.  • 

If  the  length  of  the  string  be  H  K,  a  straight  line  perpendicular  to  HS 
will  be  traced  out;  and  it*  the  string  be  greater  than  H  K,  the  opposite 
branch,  or  that  round  H,  will  be  described. 

270.  To  trace  the  parabola  by 
continued  motion.  Let  S  be  the 
focus,  and  B  C  the  directrix.  Apply 
a  carpenter's  square  O  C  D  to  the 
ruler  BC,  fasten  one  end  of  a  thread 
whose  length  is  C  O  to  O,  and  the 
other  end  to  the  focus  S;  slide 
the  square  D  C  O  along  B  C,  keep- 
ing the  thread  tight  by  means  of  a 
pencil  P,  and  in  part  attached  to 
the  square.     Then  since  S  P  =  P  C,  the  point  P  will  describe  a  parabola. 


A^v 


A^S 


II A 


*P' 


Description  of  the  Conic  Sections  by  Points. 

271.  Given  the  axes  of  an  ellipse  to  de- 
scribe the  curve.  Let  A  A'  be  the  axis 
major,  S  and  H  the  foci.  With  centre  S, 
and  any  radius  AM  less  than  A  A',  describe 
a  circle,  and  with  centre  H  and  radius 
A'  M  describe  a  second  circle,  cutting  the 
former  in  two  points  P  and  P' ;  then  since 
SP  +  PH=AM  +MA' -AA',  P  is 
a  point  in  the  required  curve  ;  and  thus  any 
number  of  points  may  be  found,  and  the  curve  described 

272.  Given  a  pair  of  conjugate 
diameters  to  describe  the  curve. 
Let  A  A',  B  B',  be  the  conjugate 
diameters.  Through  B  draw  B  D 
parallel  to  A  C,  and  through  A  draw 
A  D  parallel  to  B  C.  Divide  A  D 
and  A  C  into  the  same  number  of 
equal  parts  as  three.     From  B  draw 

lines  to  the  dividing  points  in  A  D,  ^ 

and  from  B'  draw  lines  to  the  dividing  points  in  AC;  the  intersections 
Vj  Q,  of  these  lines  are  points  in  the  ellipse, 


D 

B 

/       1*  -■=^ 

.  F\2    \y 

7 

I 

AA — \\"" 

h 

J 

CONIC  SECTIONS  BY  POINTS. 


135 


For  lei  C  be  the  origin ;  C  A  =  Oi,  C  B  =  6^, 
Then  the  equation  to  B  P  is  y  —  61  ==  — ^  .r ; 

and  the  equation  to  B'  P  is  y  +  6j  = x. 

Hence  the  product  of  the  tangents  of  the  angles  which  these  lines  B  P, 


B'  P  make  with  the  axis  of  «  =r  — 


h,     36| 


3  Ax     a\ 


^  ^*  A- 

= --and  IS  constant; 


therefore  P  is  a  point  in  the  curve  (141). 

Innumerable  points  may  be  thus  found  in  the  four  quadrants  of  the 
figure. 

273.  The  following  is  i)erhaps  the  best  method  of  tracing  the  ellipse  by 
points : 

Let  A  A'  be  a  diameter 
and  A  B  equal  and  parallel 
to  the  conjugate  diameter. 
Through  B  draw  BC  pa- 
rallel to  A  A'  and  equal  to 
any  multiple  of  A  A'.  In 
B  A  produced,  take  A  D  the 
same  multiple  of  A  B.  Di- 
vide B  C  into  any  number  of  C  J-  4  »  i  B 
equal  parts,  and  A  D  into  the  same  number  of  equal  parts.  Through 
A  draw  lines  to  the  points  of  division  in  B  C,  and  through  A'  draw  lines 
to  the  points  of  division  in  A  D ;  the  intersections  of  corresponding  lines 
will  give  points  in  an  ellipse  whose  conjugate  diameters  are  A  A'  and 
A  B.     The  proof  is  the  same  as  in  the  last  case. 

274.  Given  the  axes  of  an  hyperbola  to  trace  the  curve. 

Let  A  A'  be  the  transverse  ai^is,  S  and  H  the  foci,  which  are  given 
points ;  with  centre  S  and  any  radius  A  M  greater  than  A  A',  describe  a 
circle,  and  with  centre  H  and  radius  A'M  describe  a  second  circle,  cutting 
the  former  in  two  points  P  and  P,  these  are  points  in  the  required  curve. 
The  proof  is  much  the  same  as  that  for  the  ellipse  (271.) 
Again,  if,  in  article  273,  B  C  was  taken  to  the  right  of  B  instead  of  the 
lefl,  as  in  the  figure,  the  intersections  of  the  corresponding  lines  will  give 
au  hyperbola. 

275.  To  describe  the  rectangular  hyperbola  by  points. 

Let  C  A,  C  B  be  the  equal  semi-axes 
with  any  centre  O  in  C  B  produced  and 
with  radius  O  A,  describe  a  circle ;  draw 
OP  perpendicular  to  CO  meeting  the 
circle  in  P,  then  P  is  a  point  in  the  curve ; 
Let  CM  =  a?.  MP  =  y;  then  the  square 
on  C  O  =  the  square  on  O  A  —  tlie 
square  on  C  A  ; 

or  y*  =r  j:*  —  a*. 


\ 

0 

' 

JB 

/ 

'} 

C 

A 

M 

136 


CONIC  SECTIONS  BY  POINTS. 


276.  Given  the  asymptotes  CX,  C  Y  of  an  hyperbola,  and  one  pobt  P 
in  the  curve,  to  describe  the  curve  by  points. 


Tiirough  P  draw  any  line  S  P  S'  ter- 
minated by  the  asymptotes;  in  it  take 
S'Q  =  SP;  then  Q  is  a  point  in  the 
curve  (217),  and  similarly  any  number 
of  points  may  be  found. 


Together  with  the  asymptotes,  another  condition  must  always  be  given 
to  enable  us  to  trace  the  curve,  for  the  position  of  the  asymptotes  only  gives 
us  the  ratio  of  the  axes,  and  not  the  axes  themselves. 

277.  To  describe  the  parabola  by  points,  when  the  principal  parameter 
p  is  given. 

Let  A  X,  A  Y  be  the  rectangular  axes ;  in  A  ar  take  A  B  =  p ;  with  any 
centre  C  in  A  X  and  radius  C  B  describe  a  circle  B  D  M, cutting  A  Y  in  D 
and  AX  in  M.  draw  DP  and  MP 
perpendicular  to  AY  and  AX  re- 
spectively ;  then  P  is  a  point  in  the 
curve. 

LetAMrrj?,  MP=:y;  then 
the  square  on  A  D  =  the  rectangle 
BA,AM, 

or  y«  =  p  T. 

278.  Given  the  angle  between  the  axes  and  any  parameter  p'  to  describe 
the  curve. 

Let  A  X,  Y  A  y  be  the  axes, 
A  B  the  parameter.  Through 
B  draw  CB  parallel  to  AX. 
Through  A  draw  any  line 
PAG,  meeting  B  C  in  F;  in 
AY  take  AD=  BF,  and 
draw  DP  parallel  to  AX, 
cutting  A  G  in  P,  then  P  is  a 
point  in  the  curve. 

Draw  M  P  parallel  to  A  Y, 
and  let 


A  M  =  J,  and  M  P  =  y, 
thenMPrMA::  AB  :  FB, 

OTy  :  X  ::  p'  :  y;         /.  y«  =  ;/  X. 

279.  Given  the  position  of  the  directrix  T  R  and  the  focus  S,  to  trace  any 
of  the  conic  sections  by  points. 
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Draw  ST  perpendicular  to  T  R,  then 
T  S  produced  will  be  the  axis  of  the  curve. 

Let  e  :  1  be  the  ratio  of  the  distance  of 
any  point  P  in  the  curve  from  tlie  focus 
and  from  the  directrix ;  hence  if  A  S  : 
A  T  : :  «  :  1 ;  A  is  a  point  in  the  curve. 
Take  any  point  M  in  AX,  and  with  centre 
S  and  radius  equal  to  c  times  TM,  describe  a  circle ;  draw  M  P  perpendi* 
cular  to  A  X,  and  meeting  the  circle  in  P,  then  P  is  a  point  in  the  curve. 

Let  A  be  the  origin  of  rectangular  co-ordinates,  AM  =  j:,  M  P  =  y, 

AS=m,  and    .'.  AT  =  — ; 

then  SP  =  e.TM=:c.PR 

/.    y'  +  (x  -  my  :=^fx+  ^Y 

or  y*  +  j:*  —  2  m  J?  +  m*  =  c«  J*  +  2  «  m  jp  +  m« ; 

/.  y'  +  (I  -  c«)  J7«  -  2mjr  (I  +  c)  =  0; 

which  is  the  equation  to  the  curves  of  the  second  order. 

f  2m  1 

Let  c  be  less  than  unity,  .*.  y«  =  (1  —  e*)  -j x  -^  x*  r. 


Comparing  this  equation  with  that  to  the  ellipse  y*  =  —  (2  ax 

a* 


^), 


we  have 


2a 


2m         ,    ^  _  ,         . 

and  ---  =  1  -  e", 

1  —  c  a* 

2m 


hence  the  curve  is  an  ellipse  whose  axes  are  ; and  2  m  - 

Let  e  be  greater  than  unity,     .'.  y«  =  (e*  —  1)  j x  +  x«  1 ; 


and  the  curve  is  an  hyperbola,  whose  axes  are 


2m 


and  2  m 


V  e-r 


Let  c  be  equal  to  unity,  .%  y'  =  4  m  x ; 
the  curve  is  a  parabola,  whose  principal  parameter  is  4  m. 

260.  The  general  equation  to  all  the  conic  sections  being 
3,«  +  (I  -  e«)  j:«  -  2  m  j;  (1  +  e)  =  0, 
it  follows  that  if  we  find  any  property  of  the  ellipse  from  this  equatiotn, 
it  will  be  true  for  the  hyperbola  and  parabola,  making  the  necessary 
changes  in  the  value  of  e : 

Thus  the  equation  to  the  tangent  is 

yt/  +  (l-e^Tx'  -  7n  (I  +  c)  (ar  +  j/)  =  0,  for  the  ellipse, 
yt/  -  («*  -  1)  ^^'  —  m  (I  +  e)  (jc  +  a/)  =  0,  for  the  hyperbola, 
and  yy'  "•  2  m  (j?  +  j/)  =  0,  for  the  parabola. 
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Also  most  of  Ihe  results  found  in  Chapter  VIII.  for  the  ellipse  wifl  be 
true  for  the  hyperbola,  by  putting  —  6*  for  ^;  and  will  be  true  for  the 
parabola  by  transferring  the  origin  to  the  vertex  of  the  ellipse,  by  then 

„.L±f, 


putting - 


-  for  a,  and  m* 


for  6' ;  and  then  making  e  =  1*    Thus 


1  -  €         '  1 -c 

the  equation  to  the  tangent  at  the  extremity  of  tlie  Latus  Rectum  in  the 
ellipse,  when  the  origin  is  at  the  vertex,  is 

y  =  tf  +  c  (j?  -  a)  (117), 
or,    y  =  a(l  -  tf)  +  ear, 

for  a  put      ^    ,  and  then  let  «  =  1 ; 

.'.  y  =:  wi  -j-  J,  as  in  (235). 

281.  If  S  P  =  r,  and  A  S  P  =  0,  the  polar  equation  to  the  curve  thus 
traced  is  easily  found : 

SP  =  €.  PR  =  c(TS  +  SM), 

,       1  +  c 
or   r  ^1  e{m  — r  cos,  B)  ; 


T  = 


^  (1  +  0 
1  +  «  cos,  0  ' 


Or  since  m  (1  +  c)  =  —  for  the  ellipse  and  hyperbola,  and  =  2  m  for  the 

parabola,  we  have  (putting  p  for  the  principal  parameter)  the  general 
polar  equation  to  the  three  curves, 

1 


2  I  -f  e  cos.  e 


(150). 


282.  To  draw  a  tangent  at  a  given  point  P  on  the  ellipse. 

Draw  the  ordinate  MP,  and  produce  it  to  meet  the  circumscribing 
circle  in  Q,  from  Q  draw  a  tangent  to  the  circle  meeting  the  axis  majw 
produced  in  T,  join  PT ;  this  line  is  a  tangent  to  the  ellipse  (114). 

Again,  taking  the  figure  in  the  note  appended  to  Art  121,  join  SP, 
HP.  and  produce  HP  to  K,  so  that  PK  =  PH;  join  S  K  ;  the  line 
Py  bisecting  S  K  is  a  tangent. 

283.  To  draw  a  tangent  to  the  ellipse  from  a  point  T  without  the  curve. 
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Draw  the  line  T  P  C  P'  throug^h  the  centre,  figf.  1. ;  draw  a  conjugate 
diameter  to  CP :  then  the  question  is  reduced  to  finding  a  point  V  in  CP, 
through  which  a  chord  Q  V  Q'  is  to  be  drawn,  so  that  T  Q  and  T  Q'  may 
be  tangents. 

Take  C  V  a  third  proportional  to  CT  and  C  P,  then  V  is  the  required 
point  (136). 

Again,  with  centre  T  and  radii  TP',  T  C  describe  circles  CO,  P'R,  draw 
any  line  T  O  R,  cutting  these  circles  in  O  and  R ;  join  P  O,  and  draw  R  V 
parallel  to  P  O  :  then  it  may  be  proved  by  similar  triangles  that  C  V  is  a 
third  proportional  to  C  T  and  C  P,  and  therefore  V  is  the  required  point. 

284.  If  the  axes,  and  not  the  ellipse,  are  given,  take  S  and  H  the  foci, 
fig.  2,  with  centre  S  and  radius  A  A'  describe  a  circle,  and  with  centre  T  and 
radius  T  H  describe  another  circle,  cutting  the  former  in  the  points  K  and 
K';  join  S  K  and  SK',  H  K  and  H  K' ;  from  T  draw  the  lines  T  Q  and  TQ' 
perpendicular  to  H  K  and  H  K',  these  lines  meet  SK  and  SK'  in  the 
required  points  Q  and  Q'.  The  proof  will  readily  appear  upon  joining  H  Q 
and  H  (y,  and  referring  to  the  note,  page  77. 

285.  Tu  draw  a  tangent  to  the  hyperbola  at  a  given  point  P  on  the 
curve. 

Join  S  P  and  H  P,  note,  page  97 ;  in  H  P  take  PK  =  S  P,  and  join  S K ; 
the  line  PY  bisecting  SK  is  the  required  tangent. 

286.  To  draw  a  tangent  from  a  given  point  T  without  the  curve. 

The  two  methods  given  (283)  for  the  ellipse  will  apply,  with  the 
necessary  alteration  of  figure,  to  the  hyperbola. 

287.  To  draw  a  tangent  to  the  parabola  at  a  given  point  P  on  the  curve* 
.  Draw  an  ordinate  P  M  to  the  axis,  fig.  232,  and  in  the  axis  produced 
take  A  T  =  A  M,  join  PT ;  this  line  is  a  tangent  (233)  j  or  take  S  T  = 
S  P,  and  join  P  T. 

288.  To  draw  a  tangent  to  a  parabola  from  a  given  point  T  without  the 
curve. 

Draw  a  diameter  T  P  V  parallel  to  the  axis,  and  cutting  the  curve  in 
P,  take  PV  =  PT,  and  draw  an  ordinate  QVQ'  to  the  abscissa  P  V, 
then  TQ  and  TQ'  are  the  required  tangents  (249). 

If  the  directrix  and  focus  be  given,  but  not  the  curve ;  with  centre  T 
and  radius  T  S  describe  a  circle,  cutting  the  directrix  in  the  points  R  and 
R',  join  R  S  and  R'  S  ;  draw  R  Q  and  R'  Q'  parallel  to  the  axis,  and  then 
TQ  and  T  Q'  perpendicular  to  R  S  and  R'  S  (239). 

289.  An  arc  Q  P  Q'  of  a  conic  section,  being  traced  on  a  plane  to  find 
to  which  of  the  curves  it  belongs ;  and  also  the  axes  and  focus  of  the 
section. 

Draw  a  line  L  through  the  middle  of  two  parallel  chords,  and  another  line 
L'  through  the  middle  of  other  two  parallel  chords,  if  the  lines  L,  U  are 
parallel,  the  curve  is  a  parabola,  if  they  meet  on  the  concave  side  of  the 
curve  it  is  an  ellipse,  if  on  the  convex  side  it  is  an  hyperbola.    (130.  243.) 

290.  Let  the  curve  be  an  ellipse,  the  77^^-"" -S 

point  where  the  lines  L  U  meet  is  the 

centre  C ;  let  P  P  be  a  diameter,  its  con-         /"  j  \  '^ 

jugate   C  D    is  thus  found ;  describe   a        /     L     \  ^\T 

circle  on  P  P'  as  diameter,  and  draw  V  R, 

C  B  perpendicular  to  PP';  join  RQ,  and 

draw  B  D  parallel  to  RQ,  meeting  a  line 

parallel  to  Q  V,  passing  through  C ;  the  11      \  ^/^  ^  \{^ 

C  D  is  the  conjugate  diameter  (136).  ^^  ^ 
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To  find  the  length  and  position  of  the  axes ;  draw  PF  perpendicular  on 
C  D,  and  produce  it  to  E,  making  P  E  =  C  D,  join  C  E,  and  bisect 
CEinH;  ~"      "       "        "        '       '  '  "         "^^^ 


C  E  in  terms 


join  P  H  ;  then  from  the  triangle  C  P  E  wc  have  the  side 
5  of  C  P  and  C  D  =  V{«i*  +  ^i"  -  2 a,b,  sin.  (0'  —  6)}  = 


^{^«  +  6«  -2ff6}=a  — 6  .'.  ;   CH  = 


a  —  6 


from  the  same 


triangle  we  have  P  H  = 


a+  b 


hence  P  H  +  H  E  is  the  semi-axis 


major,  and  PH  —  H  E  is  the  semi-axis  minor. 
In  H  P  take  H  K  =  H  E,  then  C  K  is  the  direction  of  the  axis-major. 

291.  If  the  arc  QPQ'  be  an  hyperbola,  the  conjugate  diameter  may 
be  found  by  a  process  somewhat  similar  to  that  for  the  ellipse  ;  the  asymp- 
totes may  then  be  drawn  by  Art  215.  The  direction  of  the  axes  bisects 
the  angle  of  the  asymptote,  and  their  length  is  detertnined  by  drawing 
a  tangent  PT,  and  perpendicular  P  M,  to  the  axis,  and  takingr  CAa 
mean  proportional  between  CM  and  CT  (167). 

292.  If  the  arc  be  a  portion  of  a  parabola,  ^ 
draw  T  P  T'  parallel  to  Q  V,  and  then  draw  P  S, 

making  the  angle  S  P  T  =  the  angle  r  P  V ;  re-  >^-^« 

peat  this  construction  for  another  point  P',  then 
the  junction  of  PS  and  P'S  determines  the  focus 
S  (240);  the  axis  is  parallel  to  PV,  and  the 
vertex  is  found  by  drawing  a  perpendicular 
on  the  axis,  and  then  bisecting  TM  (233).  ^ — -* — -^ 

293.  We  shall  conclude  the  subject  of  conic  sections  with  the  following 
theorem. 

If  through  any  point  within  or  without  a  conic  section  two  straight  lines 
making  a  given  angle  with  each  other,  be  drawn  to  meet  the  curve,  the 
rectan<r1e  contained  by  the  segments  of  the  one  will  be  in  a  constant  ratio 
to  the  rectangle  contained  by  the  segments  of  the  other. 

Case  1.  The  ellipse  and  hyperbola. 

Let  CD,  C  E  be  two  semi-diameters  parallel  to  the  chords  P 0 P*, 
Q  O  Q' ;  then,  wherever  chords  parallel  to  these  be  drawn,  we  shall  always 
have  the  following  proportion  : 

The  rectangle  PO,  OP':  the  rectangle  Q  O,  OQ'  ::  the  square  on 
C  D  :  the  square  on  C  E. 


Let  O  be  the  origin  of  oblique  axes  O  X,  O  Y  :  then  tlie  equation  to 
*'^e  curve  will  be  of  the  form 
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Let  a:  =  0 ;   /.  ay"'  +  dy  +/=  0,  and  the  product  of  the  roots  being 


— ,  we  have 


=  /. 


The  rectangle  Q  O,  O  Q' 

a 

f 
Similarly  the  rectangle  P  O,  O  F  =  ^ ; 

c 

.'.  the  rectangle  QO,  OQ' :  the  rectangle  PO,  OF  ::^  :  -^   ::  c  :a 

a       c 

Now,  let  the  origin  be  transferred  to  the  centre  without  changing  the 
direction  of  thie  axes,  then  the  form  of  the  equation  is 

fly"  +  6«y+ca^+/  =  0     (91). 

-/' 
Let X  =  0 ;  .'.the  square  on  C  E  =:  — =^  ;    and   the  square   on    C  D  = 

/' 

— — ;   .'.  the  square  on  C  E  :    the  square  on  C  D ;    i:  c  :  a\ 
c 

.'.  the  rectangle  QO,    O  Q'  I  the  rectangle  PO,  OP'  ::  the  square  on 
C  E  :   the  square  on  C  D. 

In  the  hyperbola  fig.  (2),  C  E  and  C  D  do  not  meet  the  curve  ;  but  in 
order  to  show  that  these  lines  are  semi-diameters,  let  the  axis  of  y  be  car- 
ried round  till  it  becomes  conjugate  to  C  D,  then  Uie  formulas  for  trans- 
formation in  (55)  become  for  0=0, 

,  sin.  e^  ,         ,  sin.  (w  —  6^) 

sm.  (i>  sm.  0) 

If  these  vahies  of  x  and  y  be  .substituted  in  the  general  central  equation 
above,  and  it  be  reduced  to  the  conjugate  form  by  putting  V  =  0,  the 
transformed    equation   is  of  the   form   a'  3/*  +   c  x^  •\-  f^  z=:  0,   where 

c  and/*  are  not  changed,  and  —  •=—  is  the  square  on  the  semi-diameter 

along  the  axis  of  x  (86)  ;  hence  the  theorem  is  true  for  the  hyperbola. 
Case  '2.  The  Parabola  fig.  (3.) 
As    before,  we    have  the  rectangle  P  O,  OP';  the   rectangle  Q  O, 

OQ'::c:a. 

LetP  and  Q  be  the  parameters  to  the  chords  POP'  and  QOQ'; 
transfer  the  origin  to  the  focus,  the  axes  remaining  parallel  to  PO, 
and  Q  O,  by  which  transformation  c  and  a  are  not  altered. 

Now  in  this  case,  the  chords  passing  through  the  focus,  we  have  tlie 

rectangle  PS,  SF  :    the  rectangle  Q  S.   S  Q';    ::  -|p  :  ^Q  (254) 

and  also  as  c  :  a ;   hence  the  rectangle  P  O,  OP':  the  rectangle  Q  O, 
OQ'::c  :a  ::  P:  Q. 

294.  If  the  point  O  be  without  the  curves,  and  the  points  P  P'  coincide 
as  well  as  Q  and  Q',  or  the  lines  become  tangents,  we  have  for  the  ellipse 
and  hyperbola. 
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The  square  on  O  P  :  the  square  on  OQ  ::  ihe  square  on  CD  :  the 
square  on  C  E  ; 

orOP:  OQ  ::  CD  :CE. 

For  the  parabola ; 

The  square  on  O  P  :  the  square  on  O  Q  : :  S  P  :  S  Q  ; 

hence  it  may  be  proved  that,  if  a  polygon  circumscribe  an  ellipse,  the 
algebraical  product  of  its  alternate  segments  are  equal.  And  the  same 
theorem  will  apply  to  tangents  about  an  hyperbola ;  the  tangents  com- 
mencing from  any  point  in  the  asymptotes. 


CHAPTER   Xir. 

ON  CURVES  OF  THE  HIGHER  ORDERS. 

295.  Having  completed  the  discussion  of  lines  of  the  second  order,  we 
should  naturally  proceed  to  the  investigation  of  tiie  higher  orders ;  but  the 
bare  mention  of  the  number  of  those  in  the  next  or  tln'rd  order  (for  they 
amount  to  eighty)  is  quite  sufficient  to  show  that  their  complete  investigation 
would  far  exceed  the  limits  of  an  elementary  treatise  like  the  present  Nor 
is  it  requisite :  we  have  examined  the  sections  of  the  cone  at  great  length, 
because,  from  their  connexion  with  the  system  of  the  world,  every  pro- 
perty of  these  curves  may  be  useful ;  but  it  is  not  so  with  the  higher 
orders ;  generally  speaking  they  possess  but  few  important  qualities,  and 
may  be  considered  more  as  objects  of  mathematical  cunosity  than  of  prac- 
tical utility. 

The  third  order  is  chiefly  remarkable  from  its  investigation  having  been 
first  undertaken  by  Newton.  Of  the  eighty  species  now  known,  seventy- 
two  were  examined  by  him ;  eight  others,  which  escaped  his  searching 
eye,  have  since  been  discovered. 

Those  who  wish  to  study  these  curves,  may  refer  to  Newton's  "  Enu- 
meratio  Linearum  tertii  Ordinis;"  or  to  the  work  of  Stirling  upon  the 
same  subject. 

Of  the  fourih  order  there  are  above  five  thousand  species,  and  the  number 
in  the  higher  orders  is  so  enormous  as  to  preclude  the  possibility  of  their 
general  investigation  in  the  present  state  of  analysis. 

A  systematic  examination  of  curves  being  thus  impossible,  all  that  we 
can  do  is  to  give  a  selection,  taking  care  that  amongst  them  shall  be 
found  all  the  algebraical  or  transcendental  curves  which  are  most  remark- 
able either  for  their  utility  or  history. 

We  shall  generally  introduce  them  as  examples  of  indeterminate  pro- 
blems, that  is,  of  problems  leading  to  final  equations,  containing  two 
variables.  We  shall  then  trace  the  loci  of  those  equations,  and  explain, 
when  necessary,  anything  relating  to  the  construction  or  properties  of 
the  curves. 

It  would  be  useless  to  give  any  general  rules  for  the  working  of  these 
questions  ;  those  given  for  determinate  problems  will  here  serve  equally 
well ;  but,  in  both  cases,  experience  is  the  only  sure  guide.  In  the  solution 
of  these  problems  we  shall  not  always  follow  the  same,  nor  even  the  easiest, 
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method ;  but  we  shall  endeavour  to  vary  the  manner,  so  that  an  attentive 
observer  may  learn  how  to  act  in  any  particular  case. 

We  commence  with  problems  leading  to  loci  of  the  second  order. 

296.  Given  the  straight  line  A  B  (=  a)  to  find  the  point  P  without 
AB,  sothat  AP  :  PB  ::  w:  1. 

Liet  A  be  the  origin  of  rectangular  co-ordinates,  A  X  and  A  Y  the  axes, 
AM  =  a?,  MP  =  y,and   A  MB  =  a  — x, 

then  A  P  :PB  ::  m  :  1 


or  Vx«  -h  y«   :   V(a-j^)  «  +  y«  ::  m  :  1 ; 
.-.  J*  +  y«  =  m«  (a  -  xy  +  m«  y«, 
or  (1  -  m^)  y»  +  (1  —  m»)  x»  +  2  m«  a  «  — 1»«  a*  =  0, 

Y 


or 


This  equation  shows  that  there  are  an  infinite  number  of  points  satis- 
fying the  conditions  of  the  problem,  all  situated  on  the  circumference  of  a 
circle  (66). 

9Ti^  at 

To  draw  this  circle;  in  A  x  take  A  C  = -,   and  with  centre  C 

1  —  m* 

and  radius describe  a  circle;  this  is  the  required  locus. 

1  —  m* 

If  m  =  1,  reverting  to  the  original  equation  we  have  x  =  — ,  which  is 

the  equation  to  a  straight  line  drawn  through  the  bisection  of  A  B,  and 
parallel  to  A  Y. 

297.  If  perpendiculars  be  drawn  to  two  lines  given  in  position  from  a 
point  P,  and  the  distance  between  the  feet  of  the  perpendiculars  be  a  con- 
stant quantity  a,  required  the  locus  of  P. 

Liet  the  intersection  of  the  given  lines  be  the  origin  of  rectangular  axes, 
take  one  of  the  lines  for  the  axis  of  it,  and  let  y  =  a  x  be  the  equation  to 
the  other ;  then  the  equation  to  the  line  passing  through  P  (x'  y'),  and 

perpendicular  to  the  line  y  =  a  x,  is  y  —  y'  = (j?  —  a/)  ;  then 

from  these  two  equations  the  co-ordinates  of  the  point  where  their  loci 
meet,  that  is,  the  co-ordinates  of  the  foot  of  the  perpendicular  are  readily 
obtained ;  and  then  the  final  equation  found,  by  art  29,  is  y'*  +  j/*  = 

a* — ,  which  belongs  to  a  circle  whose  centre  is  at  the  intersection 

of  the  lines. 

298.  A  given  straight  line  B  C  moves  between  two  straight  lines,  A  B, 
A  C,  so  that  its  extremities  B  C  are  constantly  on  those  lines ;  to  find  the 
curve  traced  out  by  any  given  point  P  in  B  C. 
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Lei  the  lines  A  B,  A  C  be  the  axes  ofy  and  f, 
A  M  =  X,  B  P  =  a, 

MP  =  y,  PC=6, 

and  let  B  A  C  be  a  right  angle ; 

then  AM:BP::MC:PC, 

X  :a  ::  V^--  y* :  b 
:.  b*x*^  a*b^  -  a«y», 
or  a«  y*  +  6«  0:=  ==  a«  6«,  * 

which  IS-  the  equation  to  an  elh'pse  whose  centre  is  A  and  axes  2  a,  2  6. 
If  a  ladder  be  placed  against  a  wall,  and  its  foot  drawn  along  the  ground 
at  right  angles  to  the  wall,  any  step  will  trace  out  a  quarter  of  an  ellipse, 
and  the  middle  step  will  trace  out  a  quadrant  of  a  circle. 
If  the  co-ordinate  axes  be  inclined  at  an  angle  0,  we  have 


M     C 


X 


b  a  +  b 

,  -  y,  and  A  C  = 

6  a 


X, 


Whence  a«  y*  +  ^*  o^  —  2  a  6  cos.  0  .  x  y  —  a*  6*  =  0, 
which  is  the  equation  to  an  ellipse  (76). 

It  is  easy  to  see  that  from  this  problem  arises  a  very  simple  mechanical 
method  of  describing  the  ellipse. 

If  a  straight  line  B  C  of  variable  length  move  between  two  straight  lines 
A  B,  A  C,  so  that  the  triangle  A  B  C  is  constant,  the  curve  traced  out  by 
a  point  P  which  divides  B  C  in  a  given  ratio  is  an  hyperbola. 

299.  Given  the  line  AB(=:  c)  to  find  a  point  P  without  AB,  such 
that  drawing  PA  and  P  B,  the  angle  P  B  A  may  be  double  of  P  A  B. 

Let  A  be  the  origin ;  AX,  AY  the  rectangular  axes : 

The  equation  to  A  P  is  y  =  «  x,     (I) 

and  that  to  B  P  is    y^a!{x^c)\ 

2a 


PBX  =  -  tan.  PBA=  -  tan.  2PAB—  — 


1  -a* 


=  -j rC'^-O    (2) 

1   —  a' 

Eliminating  a  between  the  equations  (I)  and  (2),  we  havey*  =  3x* 
—  2  c  x,  hence  the  locus  of  P  is  an   hyperbola ;  comparing  its  equation 

6*  2  c 

with  the  equation  y*  =  —  (j*  —  2  ckx),  we  find  the  axes  to  be  —  ami 
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—7=,  and  the  centre  at  C  where  A  C  ==  -— . 
VT  3 

By  this  hyperbola,  a  circular  arc  may  be  trisected;  for  if  A  FB  be 
the  arc  to  be  trisected,  describe  the  hyperbola  DP  as  above, 'and  let 
the  curves  intersect  in  P;  then  if  0  be  the  centre  of  the  circle,  the  angle 
AOP  =  2ABP=:4PAB  =  2POB,  or  the  arc  P  B  is  one-third  of 
BPA. 

This  problem  may  also  be  thus  solved : 

Let  A  M  =  J?,  MP  =  y,  and  angle  PA  B  =  ©; 

Then  tan,  0  =  -^,  and  tan.  20  =  -i^  but  tan.20  =       2tan.0 

«  c-j?  1  -  (tan.0)« 


'  On  examination  it  will  be  seen  that  the  above  two  methods  of  solution 
are  identical. 

300.  The  following  problems  give  loci  of  the  second  order. 

1.  From  the  given  points  A  and  B,  (fig.  1,)  two  straight  lines  given  in 
position  are  drawn,  M  R  Q  is  a  common  ordinate^to  these  lines,  and  M  P 
IS  taken  in  M  R  Q  a  mean  proportional  to  M  Q  and  M  R ;  required  the 
locus  of  P.     . 


A     M 


2.  A  common  carpenter's  square  C  B  P,  (fig.  2,)  moves  in  the  right  angle 
X  A  Y,  so  that  the  point  C  is  always  in  A  Y,  and  the  right  angle  B  in  the 
line  A  X ;  required  the  locus  of  P. 

3.  If  the  base  and  difference  of  the  angles  at  the  base  of  a  triangle  be 
given,  the  locus  of  the  vertex  is  an  equilateral  hyperbola. 

4.  To  find  a  point  P,  from  which,  drawing  perpendiculars  on  two  given 
straight  lines,  the  enclosed  quadrilateral  shall  be  equal  to  a  given  square. 

301.  Let  A  Q  A'  be  an  ellipse,  A  A'  the  axis  major,  Q  Q'  any  ordinate, 
join  A  Q  and  A'  Q' ;  required  the  locus  of  their  intersection  P. 
Let  C  be  the  origin  of  rectangular  co-ordinates. 

CM  =  *,  MP  =  y,CN  isa/,  andNQ  =  y'. 
Then  the  equation  toAQisy  =  ax  +  c 

which  atAisO=  —  ao  +  c; 

/.     y  =  a  (i  +  a), 

It 
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y' 

At  Q  it  becomes  y'  =  a  (^  +  a)    .*.  a  =     .  ; 


Hence  the  equation  to  A  Q  is  j^  =  -r-f —  («  +  a),     (1) 

V  '\'  a 

—  v' 
And  similarly  that  to  A'Q'  is  y  =    -^  (j?  —  a), 


(2) 
(3) 


Also  a^^  +h*af^:=i(^  6«; 
Eliminating  j/  and  y'  between  (1)  and  (2),  we  have 

V  =  —  and  y'  =  — . 

Snbstituting  in  (8)  we  obtain  the  final  equation 

or  a*  y*  —  6*  c"  =  —  a*  6*, 

which  is  the  equation  to  an  hyperbola,  whose  centre  is  C,  and  trans?eRe 
axis  2  a. 

The  method  of  elimination  used  in  this  problem  is  of  great  use;  the 
principle  admits  of  a  clear  explanation.  We  have  the  equations  to  A  Q 
and  A'  Q' ;  putting  x  and  y  the  same  for  both  equations  intimates  that 
X  and  y  are  the  co-ordinates  Q  M  and  M  P  in  one  particular  case  of  inter- 
section ;  but  the  elimination  of  a/  and  y'  intimates  that  x  and  y  are  also 
always  the  co-ordinates  of  intersection,  and  therefore  that  the  resultii^ 
equation  belongs  to  the  locus  of  their  intersection. 

302.  To  find  the  locus  of  the  centres  of  all  the  circles  drawn  tangentitl 
to  a  given  line  A  X,  and  whose  circumferences  pass  through  a  given  point 
Q(a6). 

Let  S  Q  M  be  one  of  these  circles,  referred  to  rectangular  axes  A^r,  A|. 
x^  y  the  co-ordinates  of  its  centre  P> 

x\y' any  point  on  its  circumferenee. 

Then  the  equation  to  S  Q  M  is 

(y'-y)*  +  (j/-*)«=H;    (65) 

but  passing  through  Q,  it  becomes 

{h  -  y)«  +  («  -  xy  =  f*, 
and,  being  tangential  to  A  X,  we  have  r  ss  y. 
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•••   (6  -  yy  +  (a  -  xY  =  y\ 
or  2*  —  2  a  a:  —  2  6  y  +  a*  -h  6*  =  0. 
This  is  the  equation  to  a  parabola  (78). 
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It  may  be  put  in  the  form  (j?  —  a)"  =  2  6  f  y —J.     Hence  if  we 

transfer  the  ori^n  to  the  point  E  (  a,  -^  )>  we  have  the  equation  ot*  =r  2  6  y, 

and  the  curve  is  referred  to  its  vertex  E,  which  is  the  centre  of  the  ieast 
circle. 

If,  instead  of  the  circle  passin^r  through  a  given  point,  it  touch  a  given 
circle,  a  parabola  is  again  the  locus  uf  P. 

303.  Let  A  B,  B  C,  C  D,  and  D  A  (fig.  1,  p.  148)  be  four  straight  lines 
given  in  position,  to  find  the  locus  of  a  point  P,  such,  that  dravviu£>:  the 
lines  P  E,  PF,  P  G,  and  P  H  making  given  angles  with  A  B,  B  C,  C  D, 
and  D  A,  we  may  have  the  rectangle  P  E,  P  F  =  the  rectangle  P  G,  P  H. 

Let  O  be  the  origin  of  rectangular  axes  O  X,  O  Y  ;  x  and  y  the  co- 
ordinates of  P ;  ft  /3',  /S"  and  /3'"  the  cosecants  of  the  angles  which  the 
lines  P  E,  P  F,  &c.,  make  with  A  B,  B  C»  &c.     Then  the  equation 

to  A  B  being  y'  c=  a  a/  +  6  we  have  P  E  =  ^-^z^LJ^  fi  (49) 


toDC  •     .   t/szaffaf  +  b" 


.  PP 


y  ^  o/  X  --  \f 


& 


toAD  .    .   t/^af^'x"  +  b"'    .    .  PH 


by  the  question  -^ — - —  -2 — ^  /}' 


VTT 


Vi  +««" 


TUs  equation  being  evidently  of  two  dimensions,  the  locua  of  P  is  a 

L2 
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conic  section,  the  particular  species  of  which  depends  on  the  sUuatioa  of 
the  given  lines. 


This  problem  may  be  expressed  much  more  generally.  Suppose 
3,  4,  5  or  a  greater  number  of  lines  to  be  given  in  position,  requind  a 
point  from  which,  drawing  lines  to  the  given  lines,  each  making  a  given 
angle  with  them,  the  rectangle  of  two  lines  thus  drawn  from  the  givca 
point  may  have  a  given  ratio  to  the  square  on  the  thirds  if  there  are  three; 
or  to  the  rectangle  of  the  two  others,  if  there  are  four :  or  again,  if  there 
are  five  lines,  that  the  parallelopiped  composed  of  three  lines  may  have  a 
given  ratio  to  the  parallelopiped  of  the  two  remaining  lines,  together  with  m 
third  given  line,  or  to  the  parallelopiped  composed  of  the  three  others,  if 
there  are  six :  or  again,  if  there  are  seven,  that  the  algebraical  product  of 
four  may  have  a  given  ratio  to  the  algebraical  product  of  the  three  others 
and  a  given  line,  or  to  the  four  others,  if  there  are  eight,  and  so  on. 

This  was  a  problem  which  very  much  perplexed  the  ancient  geometri- 
cians. Pappus  says,  that  neither  Euclid  nor  Apollonius  could  give  a 
solution.  He  himself  knew  that  when  there  are  only  three  or  four  lines 
the  locus  was  a  conic  section,  but  he  could  not  describe  it,  much  less 
could  he  tell  what  the  curve  would  be  when  the  number  of  lines  were  more 
than  four.  When  the  number  of  lines  were  seven  or  eight,  the  ancients 
could  scarcely  enunciate  the  problem,  for  there  are  no  figures  beyond 
solids,  and  without  the  aid  of  algebra,  it  is  impossible  to  conceive  what 
the  product  of  four  lines  can  mean. 

It  was  this  problem  which  Descartes  successfully  attacked,  and  which, 
most  probably,  led  him  to  apply  algebra  generally  to  geometry.  The 
following  solution  is  that  given  by  Descartes,  with  a  few  abbreviations: 

A  B,  AD,  E  Fand  G  H  (fig.  2)  are  the  given  lines,  C  the  required 
point  from  which  are  drawn  the  lines  C  B,  C  D,  C  F  and  C  H  making 
given  angles  C  B  A,  C  D  A,  C  FE,  and  C  H  6.  A  B  (=  d?)  and  B  C 
(=  ^)  are  the  principal  lines  to  which  all  the  others  will  be  referred. 
Suppose  the  given  lines  to  meet  C  B  in  the  points  R,  S,  T,  and  A  B  in 
the  points  A,  E  and  6.     Let  A  E  =  c  and  A  G  =  d. 

Then  since  all  the  angles  of  the  triangle  A  B  R  are  known,  we  have 
BR=:a.AB=aJ?;  .'.  CR  =  crx  +  y  and  C  D  =  /3  (a  j?  +  y)  ; 
also  B  S  =  a'.B  E  =  a'(c  +  a?);.-.  CS=  y  +  o'  (/:+Jr)  and 
CF  =  /3'  {y  +  a'  (c  +  «)  };  also  B  T  =  a".B  G  =  «"  (d  -  x): 
.-.   CT  =  y  +  a"  (d  -  x)  and  CH  =/3"  {y  +  J'  (d  -  x)};  then 
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since  the  rectangle  C  B,  C  P  =  the  rectangle  C  D,  C  H,  we  liave  the 
equation 

This  equation  Descartes  showed  to  belong  to  a  conic  section  which  he 
described.     He  also  gave  the  following  numerical  example  : 

LetEA=8,AG=:5,AB  =  BR,BS  =  4BE,GB  =  BT, 

d>  =|-CR,  CP  =  2CS,  CH  =|-CT,theangleABR=60^ 

and  the  rectangle  C  B,  C  F  =  the  rectangle  C  D,  C  H.     By  the  above 
method  he  found  the  equation  to  be 

.  y*  +  J?y  +  a?«  -  2y  —  5j?=:i0; 

which  he  showed  belonged  to  a  circle.      Taking  the  expressions  in 

art  (72)  we  have  the  co-ordinates  of  the  centre  —  and ,  and 

3  3 


the  radius  =: 


Vl9 


304.  Let  A  Q  B  be  a  semi-circle  of  which  A  B  is  the  diameter/ B  R  an 
indefinite  straight  line  perpendicular  to  A  B,  A  Q  R  a  straight  line 
meeting  the  circle  in  Q  and  B  J[l  in  R;  take  A  P  =  Q  R;  required  the 
locus  of  P. 

Let  A  be  the  origin  of  rectangular  axes,  and  A  B  the  axis  ofx. 

;  A  B  =:  2  a,  AM  =  j:,  MP  =  y,  and  draw  QN  parallel  to  M  P  ; 


then  since  A  P  =  Q  R,  we  have  A  M  =  B  N, 

and  AM   :    MP  ::  AN    :    NQ; 

that  is,  X    :    y  ::  (2  a  -  *)   :     V(2a-  x)x;  (65) 

and  y  =  ±      \/- . 


y  = 
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The  following  table  gives  the  corresponding  valnei  of  x  and  y : 


1 

2 

3 

4 

5 

6 

Values  of  df 

0 

a 

<2a 

2a 

>2a 

— 

Values  of  y 

.  0 

a 

possible 

ao 

impos. 

impos. 

From  (1)  the  curve  passes  through  the  origin,  from  (2)  it  bisects  the 
semi-circular  arc  A  Q  B,  from  (S)  there  are  possible  values  of  y  for  all 
values  of  x  less  than  2  a,  from  (4)  there  is  an  infinite  ordinate  at  B»  or 
BR  is  an  asymptote  to  the  curve :  from  these  values  we  thus  obtain  in 
infinite  arc  proceeding  from  A  to  meet  the  asymptote  B  R.  Again,  from 
(5)  for  any  value  of  x  greater  than  2  a,  y  is  impossible,  or  no  part  of  the 
curve  is  found  to  the  right  of  the  asymptote ;  and  from  (6)  no  part  of  the 
curve  is  on  the  left  of  A.  Also,  for  every  value  of  x  there  are  two  of  y 
equal  and  opposite ;  hence  there  is  a  branch  below  A  B  similar  to  the 
one  above  it. 

Diodes,  a  mathematician  of  the  sixth  century,  invented  this  curve, 
which  he  called  the  Cissoid,  from  a  Greek  word  signifying  *'  ivy,"  be- 
cause this  curve  climbs  up  its  asymptote  like  ivy  up  a  tree.  He  em- 
ployed  it  in  solving  the  celebrated  problem  of  the  insertion  of  two  meaa 
proportionals  between  given  extremes. 

Before  his  time,  Pappus  had  reduced  the  problem  to  this  case : 
Let  B  C,  C  £  be  the  two  extremes,  and  A  Q  B  a  circle  whose  centre 
is  C  and  radius  C  B  ;  draw  an  indefinite  straight  line  B  E  P  through  E 
and  then  draw  the  straight  line  A  P  O  Q  meeting  B  E  and  C  E  produced, 
and  also  meeting  the  circle  at  Q  in  such  a  manner  that  O  Q  =:  O  P,  then 
C  O  will  be  the  first  of  the  two  mean  proportionals.  But  the  point  P 
could  not  be  directly  found :  hence.  Diodes  invented  this  curve  to 
determine  a  series  of  points  which  will  solve  the  problem  for  any  length 
of  C  E :  for  example,  suppose  that  B  C,  C  E  and  the  cissoid  be  drawn, 
join  B  E  meeting  the  curve  in  P,  then  since  O  R  =  O  A  and  Q  R  = 
A  P  we  have  O  Q  =  O  P. 

From  the  definition  of  the  curve  it  can  be  readily  described  by  points; 
but  as  this  is  only  a  tentative  process  at  best,  and  therefore  not  geome- 
trically correct,  Newton  invented  a  very  simple  instrument  for  desicribing 
the  curve  by  continued  motion : 

Let  C  H  (fig.  2,  p.  149)  be  a  straight  line  parallel  to  B  R  ;  uke  A  E  = 
A  C  and  let  E  F  H  be  a  common  carpenter's  square,  the  side  FE  being  of 
indefinite  length,  and  F  H  =  A  B  ;  move  this  square  so  that  the  longer 
leg  F  E  always  passing  through  E,  the  extremity  H  of  the  other  8lid« 
along  C  H,  the  middle  point  G  of  FH  traces  out  the  cissoid. 

To  obtain  tht  polar  equation  to  this  curve : 

Let  y  =  r  sin.  e and  «  =  r  cos.  0; 
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Substitute  these  values  in  the  equation  v*  =  — — 

•  ^  /  •    /!>•      '"^  (cos.  ey 

..  f  (SID.  e)»  =  2^_^^p^^  ;   whence  r  =  2  a  sin.  0  .  tan  ^. 

Ex.  If  a  perpendicular  be  drawn  from  the  vertex  of  a  parabola  to  a  tan- 
gent, the  locus  of  their  intersection  is  the  cissoid. 

305.  If  C  be  a  point  in  the  diameter  A  B  of  the  circle  A  Q  B,  and  M  Q 
any  ordinate,  join  B  Q,  and  draw  C  P  parallel  to  B  Q,  meeting  M  Q  in  P ; 
required  the  locus  of  P. 


Lei  A  M  =  a?, 

MP  =  y, 

A  B  =:  a, 

AC  =  6; 

then  B  M  :  M  Q  ::  C  M  :  M  P, 


or   (a  -  x)  :   ^ax-a*  ::  (6  -  jr)  :  y, 
/.  y  =  ±  (6  -  x)  V-  * 


a  —  X 


Hence  the  following  table  of  values : 


1 

2 

8 

4 

5 

6 

Values  of  x 

0 

b 

a 

<« 

>a 

— 

Values  of  y 

0 

0 

ioD 

pos. 

imp. 

imp. 

From  (1)  and  (2)  the  curve  passes  through  A  and  C  ;  from  (3)  the  ordi- 
nate at  B  is  an  asymptote  to  the  curve ;  from  (4)  there  are  two  arcs 
between  A  and  C,  also  two  between  C  and  B ;  from  (5)  and  (6)  no  part 
of  the  curve  extends  to  the  right  of  B  or  the  left  of  A. 

If  6  =  0,  the  oval  between  A  and  C  disappears,  and  the  curve  is  the 
cissoid  of  Diodes. 

If  6  is  negative,  or  the  point  C  on  the  left  of  A>  the  curve  consists  of 
two  branches  proceeding  from  A  to  the  asymptote  through  B,  and  the 
point  C,  though  not  on  the  curve,  yet  essentially  belongs  to  it.  This  in- 
sulated point  is  called  a  conjugate  point.  The  theory  of  such  points  will 
be  fully  explained  in  the  treatise  on  the  Differential  Calculus. 
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Ex.  A  point  Q  is  taken  in  the  ordinate  M  P  of  the  parabola,  always 
equidistant  from  P,  and  from  the  vertex  of  the  parabola;  required  the 
locus  of  Q. 

306.  M  Q  is  an  ordinate  to  the  semicircle  A  Q  B,  and  M  Q  is  produced 
toP,sothatMP:  MQ;:AB  :  am  to  find  the  locus  of  p. 


Let  A  B  X  and  AT  be  the  rectangular 
axes. 

AM=:x, 

MP  =  y. 

ABs2a; 

ThenMPlMQ  ::AB  :AM, 


or  y :  V  2  a  «  —  oj*  ::  2  a  :  J", 


yjrs  ±2a,^2a«  —  d:^, 

I  ^        /  2a  —  J? 

.".  y  =  ±  2  a  v/ ; ; 


1 

12 

:8 

4 

5 

Values  of  X 

0 

2a 

<2o 

>2a 

neg. 

Values  of  y 

±» 

0, 

pos. 

imp. 

imp. 

From  (I)  we  have  the  ordinate  at  the  origin  infinite*  and  therefore  an 
asymptote  to  the  curve  ;  from  (2)  the  curve  cuts  the  axis  at  B ;  from  (3) 
the  curve  extends  between  A  and  B  ;  from  (4)  no  part  of  the  curve  is 
beyond  B  ;  from  (5)  no  part  is  to  the  left  of  A. 

This  curve  is  called  the  Witch,  and  is  the  invention  of  an  Italian  lady, 
Maria  Gaetana  Agnesi,  Professor  of  Mathematics  in  the  University  of 
Bologna,  A.D.  1748. 

307.  In  the  circle  the  square  on  the  ordinate  is  equal  to  the  rectangle 
under  the  segments  of  the  diameter ;  required  the  form  of  the  curve  on 
which  the  curve  upon  the  ordinate  is  equal  to  the  parallelopiped,  of  which 
the  base  is  the  square  on  one  segment,  and  the  altitude  is  the  other  seg- 
ment, or  y'  =  a;*  t2  a  —  j). 

Let  A  b«  the  origin,  A  X,  A  Y  the  rectangular  axes,  and  A  B  =  2  a.  . 
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Ijet  jf  =  0  or  =  2  a,  A  y  =:  0 ;  hence  the  curve  passes  through 
A  and  B  ;  for  jr  <  2  a,  y  is  positive  ;  but  when  j?  is  >  2  a,  y  increases 
negatively  to  infinity,  since  the  third  root  of  a  negative  quantity  is  ne^- 
tive  and  possible.  Again,  y  is  positive  for  all  negative  values  of  Xy  and 
increases  to  gd  ;  also  for  each  value  of  x,  there  is  only  one  real  value 
of  y,  the  other  two  roots  of  an  equation  ^'  ±  1  :=  0,  being  always  im- 
possible. 


Expanding  the  equation  we  have 

3 


2a 
/.  the  equation  to  the  asymptote  is  y  =  —  j?  +—  (195), 

o 

In  AYtake  AC  =  ^,  andiuAX  take  AE  =:  ^,  join    C  E,  this 
3  3 

line  produced  is  an  asymptote  to  the  curve. 

Ex.  Find  the  locus  of  the  equation,  y^  +  a^  :=:  c^;  and  of  the  equation 

308.  To  trace  the  curve  whose  equation  is  ay*  :=i  a^  -^  m  j^  +  n  x  +  p. 

Case  (I).  Suppose  the  roots  of  this  equation  to  be  real  and  unequal, 
and  to  be  represented  by  the  letters  a,  6,  and  c,  of  which  a  is  less  than  6 
and  b  less  than  c,  then  the  equation  is  of  the  form 


y 


=  ±\/{(^^)(^-6)(*-c)}, 


1 

2 

3 

4 

5 

6 

7 
0 

8 

9 

10 

Values  of  J? 

0 

a 

<a 

>a<b 

h 

>b<c 

>c 

OD 

— 

Values  of  y 

imp. 

0 

imp. 

pos. 

0 

imp. 

pos. 

±cr 

imp. 
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Let  A  be  the  origin,  AX,  AY,  the 
axes  ;AB=a,AC  =  6,  and  A  D 
=  c; 

From  (g)  (5)  and  (7)  the  curve 
passes  through  B,  C,  and  D ;  from  (3) 
and  (6)  no  part  of  the  curve  is  found 
between  A  and  6,  or  C  and  D ;  from 
(4)  there  are  two  branches  between  B 
and  C ;  from  (8)  and  (9)  the  curve  proceeds  from  D  to  qd  ,  and  from  (10) 
no  part  of  the  curve  is  on  the  left  of  A. 

If  the  roots  had  been  negative,  the  curve  would  have  the  same  fonii» 
but  would  be  rather  differently  situated  with  regard  to  the  origin. 

* 


or  y 


=  ±(*-a)v/^ 


—  c 


;  in  the  former  case  the  figure  is  nearly 


the  same  as  above,  when  the  points  C  and  D  coincide ;  in  the  latter,  sup- 
posing the  points  B  and  C  to  coincide,  or  the  oval  to  become  a  conjugate 
point 

Case  (3).  If  two  of  the  roots  be  impossible,  we  have  only  the  bdi- 
shaped  part  of  the  curve  from  D. 

Case  (4).     If  the  three  roots  be  equal,  the  equation  is  a  y'  =  (x  —  o)'. 

The  figure  now  consists  of  two  branches  proceeding 
firom  B  with  their  convexity  towards  the  axis.  This 
curve  is  called  the  semi-cubical  parabola;  its  equar- 
tion  is  the  most  simple  when  the  origin  is  at  the  vertex 
B  ;  that  is,  putting  x  instead  of  ^  —  a,  when  a  y*  := 
a*. 

This  curve  is  remarkable  as  being  the  first  curve 
which  was  rectified,  that  is,  the  length  of  any  portion 
of  it  was  shown  to  be  equal  to  a  number  of  the  com- 
mon rectilinear  unit 

309.  The  equation  a'y  =  a!*4-ma^+  nx  +  p^  can  be  traced  exactly 
as  in  the  last  article :  the  accompanying  figure  applies  to  the  case  when 
the  three  roots  are  positive,  real,  and  unequal.  If  two  of  thera  be  equal, 
one  of  the  semi-ovals  disappears ;  if  three  are  equal,  both  disappear :  in 
this  case  the  equation  is  of  the  form  a*  y  :=^  {x  --  a)",  or  a*  y  =  x*,  if 
the  origin  be  transferred  to  B ;  the  curve  is  then  called  the  cubical 
parabola. 


810.  If  the  equation  bea«y  =  j:*-fma^-h  nx  -\-  p,  the  axis  of  y 
is  an  asymptote,  and  there  is  a  branch  in  the  angle  T  A  ;r;   the  rest 
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1»5 


of  the  curve  is  like  that  in  the  last  figure,  supposing  the  lower  branch 
from  B  to  come  to  A  y  as  the  asymptote,  the  form  will  vary  as  the  roots 

vary.     We  shall  take  the  case  where  y  = 


1 

2 

3 

4 

5 

6 

7 

Values  of  jp 

0 

a 

<a 

>a 

QD 

— 

—  QD 

Values  of  y 

QD 

0 

- 

+ 

OD 

-f 

+  aD 

From  (I)  Ay  is  an  asymptote;  from  (2)  the  curve  cuts  the  axis  at  B 
(A  B  =  a) ;  from  (3,  4,  5)  it  is  below  the  axis  of  x  from  A  to  B,  and 
above  from  B  to  ao ;  from  (6)  and  (7)  we  have  the  branch  F  C  Y. 

This  curve  is  called  the  trident,  from  its  form.  This  curve  enables  us 
to  point  out  the  difference  between  what  are  called  parabolic  and  hyper- 
bolic branches  of  a  curve  :  B  y  and  C  Y  are  hyperbolic,  because  they  admit 
of  a  straight  line  Yy  for  the  asymptote  ;  but  B  E  and  C  F  are  parabolic, 
because  they  admit  of  a  parabolic  asymptote,  represented  by  the  doited 
curve  FAE, 


whose  equation  is  y  =:  —  (196). 

Ex.  Find  the  locus  of  the  equation  a?*y— y—  a**  —  x  =  0. 
If  the  eqijation  be  or  y*  +  a'  y  ={0?*  +  m  2*  -^  n  x  +  p,  the  form  of 
the  curve  will  depend  on  the  nature  of  the  roots  of  the  equation  ^  +  m  jr» 

a* 
+  nj^  +  p  X  'h  --=:0;  there  will  be  no  difficulty  in  any  particular 

case.     Generally  the  equation  to  the  asymptotes  is  y  =  ±  (a;  +  J  m) ; 
and  the  axis  of  y  is  an  asymptote. 

311.  If  the  terms  x*  and  m  a-^  are  wanting,  the  equation  is 
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:.  y  _  _ 

If  the  denominator  of  this  expression  had  been  constant,  the  equation 
would  have  belonged  to  an  ellipse,  hyperbola,  or  parabola,  according  as  s 
was  negative,  positive  or  nothing;  hence  if  such  constant  quantity  be 
replaced  by  the  variable  quantity  2  ir,  the  conic  section  becomes  ^  hyper- 
bolized" by  having  an  infinite  branch  proceeding  to  the  axis  of  y  as  an 
asymptote.  ^ 

For  the  nine  figures  corresponding  to  the  values  of  p,  see  Newton, 
Enum.  lin.  Tert.  Ord. 

From  the  last  article  it  appears  that  all  curves  of  the  third  order  hare 
infinite  branches ;  and  this  must  necessarily  be  the  case,  for  every  equalioa 
of  an  odd  degree  has  at  least  one  real  root,  so  that  there  is  always  one 
real  value  of  y  corresponding  to  any  real  value  of  jr. 

312.  The  conchoid  of  Nicomedes. 

Let  X  X  (fig.  1)  be  an  indefinite  straight  line,  A  a  given  point,  from 
which  draw  the  straight  line  A  C  B  perpendicular  to  X  «,  and  also  any 
number  of  straight  lines  A£  P,  A  £  P' ,  &c. ;  take  £  P  always  equal  to 
C  B,  then  the  locus  of  P  is  the  conchoid. 

If  in  £  A  we  take  £  P^  =:  £  P  the  locus  of  P'  is  called  the  inferior 
conchoid ;  both  conchoids  form  but  one  curve,  that  is,  both  are  expressed 
by  the  same  equation. 

C  B  is  called  the  modulus,  and  X  x  the  base  or  rule ; 


Let  A  C  =  o,        C  M  =r  «, 
CB  =  ft.         MP=:y, 
then        £P:PM:  :AP:  AN, 
or  h  :  y::  Vj^+(«  +  y)"  :  a  +  y, 

/.  y*  j:'  +  y*  (a  +  y)*  =  6«  (a  +  y)\     • 


\Vc  have  three  cases  according  as  fr  is  >  a,  =r  a,  or  <  a. 
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Case  1.  &  >  a. 


1 

2 

3 

4 

5 

6 

7 

8 

Values  of  y 

0 

h 

<h 

>h 

—  a 

-  h 

<-a 

>-a,<-.6 

Values  of  j; 

00 

0 

pos. 

imp. 

0 

0 

pos. 

pos. 

From  (1)  X  JT  is  an  asymptote;  from  (2)  the  curve  passes  thronp^h  B; 
from  (3)  and  (4)  the  curve  extends  from  Uie  asymptote  upwards  to  B  and 
no  higher ;  hence  the  branch  B  P  P'^  Again  from  (5)  and  (6)  the  curve 
passes  through  A  and  D  if  C  D  =  6 ;  from  (7)  there  is  a  branch  A  x 
extending  from  A  to  the  asymptote ;  and  from  (8)  the  curve  exists 
between  A  and  D ;  the  double  value  of  iT  gives  the  same  results  along  Cx. 

Case  2.  6  =  a ;  in  the  table  of  values  put  6  =  a,  and  omit  (8)  ;  thus 
the  figure  will  be  the  same  as  the  preceding,  with  the  excepUon  of  the 
oval  A  P'  D,  which  vanishes  by  the  coincidence  of  A  and  D. 

Case  3.  6  <  a  ;  in  the  table  of  values  put  h  for  a  in  (7),  and  for  (8) 
write  •*  if  y  is  >  —  6,  x  is  impossible ; "  the  upper  part  of  the  curve 
is  not  altered,  but  the  point  D  falls  between  A  and  C ;  from  (d)  no  part 
of  the  curve  is  between  D  and  A  ;  but  from  (5)  A  is  a  point  not  on  the 
-  curve,  but  belonging  to  it,  and  called  a  conjugate  point.  In  this  case  the 
lower  curve  is  similar  to  the  upper  one. 

The  generation  of  the  conchoid  gives  a  good  idea  of  the  nature  of  an 
asymptote,  for  the  line  E  P  must  always  be  equal  to  C  B,  and  this  condi- 
tion manifestly  brings  the  curve  continually  nearer  to  C  X,  as  at  P'^  so 
that  the  curve,  though  never  actually  coinciding  with  C  X,  approaches 
nearer  to  it  than  by  any  finite  distance. 

This  curve  was  invented  by  Nicomedes,  a  Greek  geometrician,  who 
flourished  about  200  years  B.C.  He  called  it  the  Conchoid,  from  a  Greek 
word  signifying  *'a  shell;"  it  was  employed  by  him  in  solving  the 
problems  of  the  duplication  of  the  cube,  and  the  trisection  of  an  angle. 

To  show  how  the  curve  may  be  applied  to  the  latter  problem,  let  B  C  A 
(fig.'2)  be  the  angle  to  be  trisected  ;  draw  AE  F  meeting  the  circle  in  £, 
and  the  diameter  produced  in  F,  and  so  that  the  part  £  F  equal  the  radius 
C  A,  then  it  is  directly  seen  that  the  arc  D  E  is  one-third  of  B  A. 

Now  it  is  not  possible  by  the  common  geometry,  that  is,  with  the 
straight  line  and  circle  alone,  to  draw  the  line  A  E  F,  so  that  E  F  shall 
be  equal  to  C  A  (the  tentative  process,  though  easy,  being  never  considered 
geometrically  correct),  and  for  a  long  time  the  ancient  geometricians 
would  not  hear  of  any  other  mathematical  instruments  than  the  ruler  and 
compasses ;  hence  the  problem  was  quite  insuperable  :  finding  at  last  that 
this  was  the  case,  they  began  to  invent  some  curves  to  assist  in  the  solu- 
tion of  this  and  other  problems :  of  these  curves,  the  most  celebrated  is 
the  conchoid  of  Nicomedes.  It  may  be  thus  applied  to  the  present 
problem.  Let  A  be  the  pole  of  the  inferior  conchoid,  B  F  the  asymptote 
or  base,  and  A  C  the  modulus,  the  intersection  .of  the  curve  with  the  circle 
evidently  gives  the  required  point  E.  The  superior  conchoid  may  also  be 
used  for  the  same  purpose. 
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Unless  the  curve  could  be  described  by  continued  motion,  the  solution 
would  be  incomplete.  Nicomedes  therefore  invented  the  following  simple 
machine  for  describing  it.  Let  a?  X  be  a  straight  ruler  with  a  grooTe  cot 
in  it ;  C  D  is  another  ruler  fixed  at  right  angles  to  j?  X;  at  A  there  b  a 
fixed  pin,  which  is  inserted  in  the  groove  of  a  third  ruler  A  E  P ;  in  A  P 
18  a  fixed  pin  at  E,  which  is  inserted  into  the  groove  of  jr  X;  PE  is 
any  given  length;  then,  by  the  constrained  motion  of  the  ruler  PEA, 
a  pencil  at  P  will  trace  out  a  conchoid,  and  another  pencil  fixed  in  £  A 
would  trace  out  the  inferior  curve. 


This  curve  was  formerly  used  by  architects  ;  the  contour  of  the  shaft  of 
a  column  being  the  portion  B  P  P'  of  a  conchoid. 

The  polar  equation  to  the  conchoid  is  thus  found : 

Let  A  (fig.  1,  page  156)  be  the  pole,  A  P  =  r,  PA  B  =  d; 

.\  y  +  azsr  cos.  d,  and  x  szr  sin.  0. 

Substituting  these  values  in  the  equation,  and  reducing,  we  arrive  at  the 
polar  equation  r  si  a  sec.  0  +  6. 

The  polar  equation  may,  however,  be  much  more  easily  obtained  from 
the  definition  of  the  curve.     We  have 

r  =  AP  =  AE  +  EP  =  ACsec.  C  AE  -fCB  =  a»ece  +  ». 

818.  The  following  method  of  obtaining  the  equation  to  the  coiicboid 
will  be  found  applicable  to  many  similar  problems. 

Let  any  number  of  lines,  A  E  P,  fig.  1,  be  drawn  cutting  C  X  in  di^ 
ferent  points  E,  &c. ;  from  each  of  these  points  E  as  centre,  and  with 
radius  6  describe  a  circle  cutting  the  line  AEP  io  P  and  P;  tlie  locos 
of  the  point  P  is  the  conchoid. 

Let  A  be  the  origin  of  the  rectangular  co*ordinate8. 

A  B  the  axis  of  y,  and  A  X  parallel  to  C  X  in  the  figure. 

Let  the  general  equation  .to  the  line  A£Pbey=:or«9  where  a  is  m- 
determinate ; 
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Then  y'  =  Oy  and  /  =  —  are  the  equations  to  the  point  E  ; 

The  equation  to  the  circle  which  has  the  point  E  for  its  centre  and 
radius  b,  is 

(y  -  yy  +  («  -.  a/y  -  6«, 


or 


(y  -«)*  +  (  ^  -  -jY  =  6». 


And  eliminating  a  between  this  equation,  and  thai  to  the  line  A  E  P,  we 
have  the  final  equftlioii  to  the  curve^ 

In  general  if  the  line  C  X  be  a  curve  whose  equation  is  y  =  /  (j?),  the 
co-ordinates  of  the  point  £  are  found  by  eliminating  x  and  y  from  the 
equations  y  =  a  j?,  and  y  =  /  (a:) ;  hence  we  find  x=zf^  (a),  and 
y  =  af  (a),  and  the  equation  to  the  circle  is 

{y  -  «/'  («)}•  +  {*-/'(«)}«  =  b\ 

And  the  general  equation  to  the  curve  is 

314.  A  perpendicular  is  drawn  from  the  centre  of  an  hyperbola  upon  a 
tangent,  find  the  locus  of  their  intersection. 


The  equation  to  the  tangent  is 

fl«  y  y  -  6«  a?  »'  =  -  fl"  6^  (1) 

The  equation  to  the  perpendicular  on  it  from  the  centre  is 

In  order  to  get  the  equation  to  their  intersection,  we  must  eliminate 
j/  and  y'  from  these  two  equations  and  that  to  the  hyperbola ;  from  (1) 
and  (2)  we  find 

y  =    ^^    V  -  "  ^'y 

J?*  -f  y*'  ^   ^  :c«  +  y«- 
Substituting  in  the  equation  a*  y'"  —  6«  j/*  =  —  a"  b*,  we  have 

(«*  +  y')*  +  b*2/'-a*a^:=  0, 
which  is  an  equation  of  the  fourth  degree. 
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We  shall  only  investigate  the  figure  in  the  case  when  6  =  fl,  that  k, 
when  the  hyperbola  is  equilateral,  in  «which  case  the  equation  is  (-z*  +  /)P 

/.  y*  +  (2  j'  +  «•)  3/*  +  «*  -  o*  •»'  =  0. 
andy=±v{-(ar'  +  y)±a\/2a:»  +  |}. 

If  the  sign  of  the  interior  root  be  negative,  y  is  impossible;  hence  we 
shall  only  examine  the  equation 

here  y  is  impossible,  if  j;*  +  —  is  >  tf  v    2  jr  +  V* 

if  Of*  +a^a^  +  ~\s>2cPs^+4'> 
4  4 

if«*  is>  (^x\    ; 

if  j;  is  >  ±  a ; 

hence  we  have  the  follpwing  table  : 


1 

2 

8 

4 

Values  of  a? 

0 

±a 

<±a 

>±a 

Values  of  y 

0 

0 

pos. 

imp. 

From  (1)  the  curve  passes  through  C  ;  from  (2)  it  passes  through  A  and 
A' ;  from  (3)  it  has  two  branches  from  C  to  A  and  from  C  to  A' ;  from 
(4)  it  does  not  extend  beyond  A  and  A'. 

We  may  judge  yet  more  nearly  of  the  form  of  these  ovals,  for  the  tan- 
gent at  the  vertex  of  the  hyperbola  being  perj^ndicular  to  the  axis,  the 
oval  will  cut  the  axis  at  A  at  a  right  angle ;  and  again  at  C  in  an  angle 
of  ;45^,  because  the  tangent  nearly  coinciding  with  the  asymptote,  the 
perpendicular  on  it  makes  an  angle  of  45°  with  the  axis  ultimately. 

This  curve  was  invented  by  James  Bernouilli ;  it  is  called  the  JLemois- 
cata,  and  forms  one  of  a  series  of  curves  corresponding  to  different  values 
of  6. 

To  find  the  polar  equation  to  the  lemniscata, 

Let  y  =  r  sin.  0,  and  j?  =:  r  cos.  0 ; 

hence  the  equation  (j^  +  y*)*  =  a'  (j*  —  y*)  becomes  t*  =:  (^  cos.  2  0. 

Any  curve  that  is  of  the  form  of  this  fin-ure  is  called  a  lemniscata. 

315.  In  the  following  example  the  curve  maybe  easily  traced  by  points. 
,  Let  a  circle  be  described  with  centre  C  and  any  radius  C  Q  ;  draw  the 
ordinate  Q  M,  and  in  Q  C  take  Q  P  =  Q  M ;  the  locus  of  P  is  a  lem- 
niscata. 

Again,  if  in  M  Q  we  take  M  R  =  a  third  proportional  to  M  Q  and 
C  M,  the  locus  of  R  is  another  lemniscata  whose  equation  is 
a:*  -  a«  a*  -jr  a V  =  0. 


The  equation  a*  (y  —  a)*  =  (jp 
curve  referred  to  a  diiferent  origin, 
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ay  (2  o  J  —  j^)  belongs  to  the  same 

a«  +  a« 


Ex.  Trace  the  locus  of  the  equation  y*  zz  a^  -  ^ 

316.  A  M,  fig.  1,  is  a  tangent  to  a  circle  A  C  Q,  M  Q  an  ordinate  to  the 
abscissa  A  M ;  M  P  is  taken  a  mean  {iroportional  between  A  M  and  M  Q ; 
required  the  locus  of  P. 


Let  AM  =:  j?,  and  M  P  =  y,  be  the  rectangular  co-ordinates  of  P,  and 
let  the  radius  of  the  circle  =  6, 

then  the  square  on  M  P  =  the  rectangle  AM,  M  Q. 
To  find  M  Q,  we  have  the  equation  to  the  circle 

(y  -  yO*  +  (*  -  «')•  =  '^t 
or  y*  —  2  6  y  +  «*  =  0,  since  «'  =  0,  and  y'  rs  r  s=  6,     • 


/.  MQ  =  6  ±  V6«  -  A 


:.^Voxy^±^{hx±x  V6*  -  a^}. 

Since  6*  -  a:*  is<  6\  there  are  four  values  of  y  to  each  positive  value 
of  j:  <  6,  and  no  value  of  y  to^r  negative ;  hence  if  A  B  rr  6,  fig.  1,  the 
straight  line  C  B  C  perpendicular  to  A  B  is  a  limit  to  the  curve,  and  when 
jT  r=:  6,  the  ordinate  to  the  curve  is  equal  to  the  extreme  ordinate  of  the 
circle,  that  is,  to  the  tangeiit  B  C. 

Between  j?  =  0,  and  «r  =:  6,  we  have  four  values  of  y,  which  give  the 
two  dotted  ovals  of  fig.  (1). 

To  make  the  question  more  general  we  shall  suppose  the  line  A  B  to  be 
a  chord  of  the  circle,  figs.  (2)  (3)  (4). 

Then  if  h  and  a  are  the  co-ordinates  to  the  centre  of  the  circle,  and  A 
^  the  origin,  the  equation  to  the  curve  will  be 

y=±   ^  {6  J?  ±  0?  V  6"  +  2  a  jp  -  j«}, 

and  we  have  four  cases  depending  on  the  values  of  h  and  a ;  hence  we 
have  four  curves  of  different  forms^  yet  partaking  of  the  same  character 
and  generation. 

Case  (1).     a  =  0,  fig.  (1)  already  discussed. 

a  and  h  positive,  fig.  (2).    A  E  =  a  +  ^  a^  +  b^. 

6  =  0,  fig.  (3). 

6  negative,  fig.  (4),  the  equation  is 


Case  (2). 
Case  (3). 
Case  (4). 


y  =  ±^{-6x±d?V6'+2aj  — *•}. 


M 
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There  are  two  values  of  y  for  x  positive,  and  <  8  a ;  but  Ibnr  vdoes 
for  X  negative,  and  <  ^  a*  -^  b*  —  a,  that  is,  <  A  E. 

The  gradual  transition  of  one  curve  to  another  is  apparent,  but  that  the 
same  problem  should  produce  such  very  different  curves  as  (2)  and  (4) 
requires  some  explanation. 

In  fig.  (1)  P  and  P'  are  determined  by  mean  proportionals  betweem 
A  M  and  M  Q,  and  also  between  A  M  and  M  Q',  Moreover  P  may  be  ia 
QM  produced  as  well  as  in  M  Q,  thus  we  have  the  double  oval,  fig.  (I.)  Oa 
the  left  of  A  the  absci.ssas  A  M  will  be  negative,  and  the  ordinates  M  Q 
positive ;  hence  no  possible  mean  proportional  can  exist,  or  no  part  of  the 
curve  can  be  on  the  left  of  A. 

In  fig.  (2)  A  M  and  M  Q  determine  the  points  P  and  P';  but  A  M  and 
M  Q'  give  only  an  imaginary  locus. 

Fig.  (3)  requires  no  comment. 

In  fig.  (4)  the  reasoning  on  fig.  (2)  will  explain  the  positive  aide  of  A; 
on  the  left  of  A  the  abscissa  and  both  ordinates  are  negative  ;  therefore 
two  mean  proportionals  cau  be  found,  or  four  points  in  the  curve  for  each 
abscissa. 

Such  curves  may  be  invented  at  pleasure,  by  taking  the  parabola  or 
other  curves  for  the  base  instead  of  the  circle. 

Ex.  To  find  the  locus  of  the  equation  y*  +  2ad?3^  —  tfx»  =  0. 

817.  To  find  a  point  P',  such  that  drawing  straight  lines  to  two  gtrea 
points  S  and  H,  we  may  have  the  rectangle  S  P,  H  P  constant. 

Join  the  points  S  and  H,  and  bisect  S  H  in  C  ;  let  C  be  the  origin  d* 
rectangular  axes,  SH=:  2  a,  CM=:J7,  MP  =  v  and  let  the  rectangle 
SP,  UP,  =  fl6. 

Then  since  S  M  =  a  +  a?,  and  H  M=  a  —  a?,  we  have 

{y*  +  («  +  *)• }  {y'  +  (e  -  »)«}  =B  fl^  6S 
or  (y«  +  «*  +  a*  +  2<»jp)  (y»+jj^  +  a"  -2a*)=a^^, 
or,  {y"  +  «•  +  a«}'  -.  4  a«  1*  5=  a«  6»; 
hence    y  =  ±  ^  {  -  (a*  +  j^)  +  ay6«  +  4j*}. 
Let^  =  0,   .-.  JF  =  ±  VoloiT)        (1). 

Let  a?  =s  0,    .*.  y  as  ±  Vo  (6  —  0)        (2). 


I.  Let  a  be  less  than  6. 

Then  from  (1)  we  have  the  points  A  and  A',  and  ftom  (8)  we  hsTe  the 
points  B  and  B^ 
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Also  by  comparing  the  values  ofy  in  the  oricrinal  equation  and  in  equat?on 
(2)  we  shall  find  that  M  P  is  greater  than  C  B  as  long  as  x  is  greater  than 

aJ  2  a  (2  a  —  b)  ;  thus  the  form  of  the  curve  must  be  like  that  of  the 
figure  APBA'B'A. 

As  h  increases,  the  oval  becomes  flatter  at  the  top,  and  takes  the  form  of 
the  outer  curves. 

2.  Let  a  =  6,  then  we  have  the  dotted  curve  passing  through  C  ;  also 
since  the  equation  becomes  (j*  +  y*)*=  2  a*  (x*  —  y')  the  locus  is  in  this 
case  the  lemniscata  of  Bernouilli. 

3.  Let  a  be  greater  than  6. 

Then  from  (1)  we  have  two  values  of  j?,  and  from  (2)  an  impossible 
value  ofy\  hence  the  curve  must  consist  of  the  two  small  oval  figures 
round  S  and  H. 

As  h  decreases,  the  little  ovals  decrease ;  and  when  6  c:  0,  we  have  the 
points  5  and  U  themselves  for  the  locus. 

These  curves  are  called  the  ovals  of  Cassini,  that  celebrated  astronomer 
having  imagined  that  the  path  of  a  planet  was  a  curve  like  the  exterior 
one  in  the  above  figure. 

The  equation  (y*  +  a:")*  =:  i^y'  +  o*a?*,  found  in  art  (123),  gives  a 
figure  like  that  in  case  1. 

318.  There  are  some  cases  in  which  it  is  useful  to  introduce  a  third 
variable ;  for  example,  if  the  equation  be  y*  +  Jr*  y^  +  2  y'  +  «*  =  0, 
it  requires  the  solution  of  an  equation  of  three  or  four  dimensions,  in 
order  to  find  corresponding  values  of  x  and  y ;  to  avoid  this  difficulty, 
assume  a?  =s  n  y, 

A  y*+t**y*  -h2y»-tt»y»=0. 
or,        y  +  M*  y  +  2  -  M»  =  0, 

tt"  —  2        ,  w*  -  2 

from  these  equations  we  can  find  a  series  of  conrespondiug  values  for 
X  and  y. 

tf  S9   ~.  3         ,         y  =   — 

=  -  1  «  - 

=         1*  r= 

&c.  &c- 


2-iV         1 

,        «=        8-fir 

2 

=        4 

1* 

=        14 

lA 

H 

2 

=         0 

14 

=  -     1 

h 

=  -     4 

+i 

=          i\ 

U 

=         2* 

2i 

=         7* 

3H 

=       14  il 
&c. 
M2 
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Also  when  y  =  0,  a?  =  0,  hence  the  curve  passes  throu^  A.  Let 
A  X,  AY  be  th^  axes ;  along  the  axis  of  y  take  values  equal  to  those  in 
the  table  for  y  ;  ind  from  the  points  thus  determined  draw  lines  equal  to 
the  corresponding  values  in  the  table  for  x  (these  are  the  dotted  lines  in 
the  figure) ;  by  this  method  we  obtain  a  number  of  points  in  the  corre 
sufficient  to  determine  its  course. 

This  example  is  taken  from  the    '*  Analyse  des  Lignes  Coutbes,  by 
G.  Cramer.   Geneva.    1750/'  a  work  which  will  be  found  extremely 
ful  in  the  study  of  algebraical  curves. 

319.  To  trace  the  curve  whose  equation  is  y*  —  bas^j^  +  j?*  =  0. 


Let  X  be  very  small  .*•  o^  being  exceedingly  small  may  be  omitted^ 
and  the  equation  becomes  y*=5  aor'y',  or  y'ssSa-t*,  which  is  the 
equation  to  a  semi-cubical  parabola  P  A  F  fig.  (1.) ;  and  if  y  be  very 
small,  we  have  o^  =  5  a  ^,  which  gives  the  parabola  Q  A  (y ;  heoce 
near  the  origin  the  curve  assumes  the  forms  of  the  two  parabolic  braoches. 
Again  when  x  is  infinitely  great,  3^  may  be  neglected  in  comparison  -  with 
d7»  and  the  equation  becomes  y*  =:  —  «*,  /.  y  =  —  ^r ;  hence  for  x  posi- 
tive, we  have  an  infinite  branch  in  the  angle  X  A  y,  and  for  x  negative  an 
infinite  branch  in  the  angle  Y  A  x. 

To  find  the  asymptote : 


V  = 


-•('-»-5-2«'-?--.»4 
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=  —  J?  -f  a 


(0 


+  2a«-^  +,&c. 


=  —  J?  -f  a  +  2  --;  +,  &c.  when  y  =:  —  j? : 

Therefore  the  equation  to  the  asymptote  is  y  +  j?  =:  a ;  this  bein^  drawn 
and  the  branches  A  P^  A  Q'  produced  towards  it^  we  have  nearly  a  cor- 
rect idea  of  the  curve. 

If  the  equation  be  y*  —  5  a*  a?"  y  +  a;*  =  0,  the  curve  will  be  traced 
in  the  same  manner,  fig^.  (2). 

If  the  equation  be  y*  —  a'jr'y"  +  j?«  =  0,  we  have  fig.  (3)  ; 

And  the  equation  y^  —  o"x"2/*  —  d^  =  0  will  give  fig.  (4). 

Ex.  Find  the  locus  of  the  equation  y*  ^  ^  a*  xy  —  j^  =0. 

For  the  above  method  of  tracing  curves  of  this  species,  see  a  treatise 
on  the  Differential  Calculus,  by  Professor  Miller.    Cambridge,  1832. 

320.  B  C  is  a  straight  line  of  given  length  (2  6),  having  its  extremities 
always  in  the  circumferences  of  two  equal  circles,  to  find  the  locus  of  the 
middle  point  P  of  the  line  B  C. 

Liet  the  line  joining  the  centres  0»0'  of  the  circles  be  the  axis  off,  and 
let  the  origin  of  rectangular  axes  be  at  A,  the^bisecting  point  of  O  O'. 

Let  xyhe  the  co-ordinates  of  B. 

aft/ C. 

X  y .    .    .    .    .    P. 


(1) 

(2) 
(3) 
(4) 
(5) 


A  O  =  A  O'  =  a, 
O  B  =  O'  C  =  c, 

the  equation  to  B  is     y*  +  (a?  —  o)"  —  c" 
to  C  is     y'«  +  C*'  +  fl*)"  =  c* 
also  (y  -  yj  +  (a:  -«')«  =  4  6* 

2  Y  =  y  +  y' 
2  X  =  *  +  ar' 

From  these  five  equations  we  must  eliminate  the  four  quantities  y,  x^ 
xf  and  J  \  from  (1)  and  (2) 

y«  —  y'«  +  x«  -  cr"  -  2  o  (j?  +  J?')  =  0, 
or(y-y')Y+  (-C -•:«?')  X-2aX=:0  (6), 

from  (4)  and  (5)  y»  +  y"  +  a*  +  ^"  +  2  y  ^  +  2  xa/^  4  Y»  +  4  X«. 

from  (3)     y^+y'"  +  *■ -f  «"  -  ayy— 2jp«'=4  6«, 

from(l)and(2)2y«  +  2y'«+  2  a:*  +  2  y«  -  4  a(a:-j/)=  4c«  -  4  a*, 

.-.  by  substituUon      4  a  (x  -  %')  r:  4  (Y-  f  X'  \  b*  -^  a^  --  c»). 
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or  (j?  —  or)  =s ,  if  m*  c:  a*  +  6"  —  c«, 

a 

and  from  (6) 
y--  y'sr  {3  a  -  (or  -  ar')}  —  =s  f  ga J—. 

Subgtituting^  these  values  of  «r  —  a?'  and  y  —  y'  in  (3)»  we  have 

or  4(^  X«  -.4  (¥■  +  X«  +  »n«)X«  -f  (^Il±^^±^Y(X« -+  Y*)=4  6«  Y« 

/.  a«X-6«Y«-X»(X«+Y*4-mO+(X«  +  Y«)(^^^^i^'Y=0. 

This  equation,  bein^  of  the  sixth  dimension,  and  the  highest  terms 
being  botli  positive,  the  curve  must  be  limited  in  every  direction  :  when  X 
IS  very  small,  there  are  four  values  of  Y ;  also  when  X  se  0,  we  have 
Y  =  0;  hence  the  curve  is  a  species  of  double  oval,  or  lemniscata. 

If  the  circles  be  unequal,  and  P  be  any  point  in  the  line  B  C,  the  cum 
will  be  of  the  same  nature,  but  the  investigation  is  much  longer. 


The  very  beautiful  contrivance  of  Watt  to  reduce  a  circular  to  a  recti- 
linear motion  is  well  known  to  every  one.  Suppose  the  point  B  to  be  the 
extremity  of  an  engine-beam,  moveable  about  its  centre  O,  this  beam  is 
required  to  moved  a  piston-rod  always  in  the  same  vertical  position ;  it  is 
plain  that  this  motion  cannot  be  obtained  by  (ixintr  the  piston-rod  to  B,  or 
to  any  point  in  O  B.  Suppose  now,  a  beam  O'  C,  called  the  radius-rod, 
to  move  about  a  centre  0\  and  join  the  extremities  B,  C,  by  a  bar  B  C: 
the  extremity  of  the  piston-rod  is  fixed  to  the  middle  of  the  beam  B  C,  and 
its  motion,  according  to  the  above  demonstration,  is  in  a  portion  of  the 
curve,  such  as  the  dark  part  of  the  lemniscate  in  the  first  figure,  and 
consequently  the  rod  itself  continues  much  more  in  the  same  vertical  line 
than  if  attached  lo  B.  The  comparative  lengths  of  the  rods  neces- 
sary to  render  the  motion  as  nearly  vertical  as  possible  are  stated  in  most 
works  on  the  steam-engine,  and  in  the  Mechanics*  Magazine.  For  a 
more  complete  but  very  different  method  of  finding  tlie  equation  to  ihe 
above  curve,  see  *'  Prony,  Hydrauliqne." 

321.  We  have  no  space  for  the  discussion  of  any  higher  algebraic 
curves,  if  it  were  necessary;  but  in  fact  we  have  not  the  means:  it  mmt 
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-have  been  already  seen  thai  many  of  the  preceding^  curves  have  not  been 

drawn  with  mathematical  exactness ;  for  unless  we  took  the  trouble  of 

tracin*^  them  by  points,  we  could  not  easily  determine  their  curvature ;  we 

shall  therefore  pass  to  the  consideration  of  the  general  equation  of  the 

n  th  dimension!  and  then  proceed  to  the  intersection  of  algebraic  curves*. 

329.  The  general  equation  of  the  nth  degree*  with  all  its  terms  com* 

plete,  18 

y  +  (a«  +  &)y-»  +  (cj*  +  il«  +  e)y-«+  ....  +/a;^+g«-» 

+  Aa?-«+ +*ap  +  is=0; 

it  contains  all  the  possible  combinations  of  x  and  y^  so  that  the  sum  of 

the  exponents  in  no  one  term  exceeds  n. 

The  number  of  terms  is     1  +  2  +  3  +•..*+  (ti   +  1),  or  is  the 

aum  of  an  arithmetic  progression,  whose  first  term  and  common  difference 

is  unity,  and  the  number  of  terms  is  n+1;  therefore  the  sum  of  this 

.     .    (»  +  2)     (n  +  1) 
fienes  is  ^ ^^-— ^. 

The  number  of  independent  (constants  is  (dividing  by  the  co-efficient  of 
y  if  necessary)  one  less  than  the  number  of  terms  in  the  equation,  that  is, 

(n  4-  2)     (n  +  1)       ,        n     (/t  +  3) 
==  -5 ^  1  = 2 ' 

323.  An  algebraie  curve  of  the  n  th  degree  may  pass  through  as  many 

n  (n-f8) 
given  points  as  it  has  arbitrary  constants,  that  is,  through  — ^-- points. 

for  giving  to  x  and  y  their  values  at  each  one  of  the  given  points,  we  have 

n   (tk  4-  V\ 

5 different  equations,  by  which  the  values  of  the  constants  may 

be  determined.    For  example* 

*  We  must  Tefer  our  readers  to  our  treatise  on  the  Differential  CaleuluB  for  information 
on  the  curvature  of  lines.  It  must  not,  however,  be  imagined  that  algebraic  geometry  is 
incapable  of  exhibiting  the  form  of  curves ;  the  following  method  of  determining  the 
curvature  is  an  instance  to  the  contrary. 

Let  yi,  ^,  and  if%  be  three  consecutive  ordinates,  at  equal  distances  from  each  other; 
then  drawing  a  corresponding  figure,  it  will  be  seen  that  the  curve  is  concave  or  convex 

to  the  axil,  according  as  yg  is  >  or  <  ^^]'^  •  u  an  example,  take  the  cubical  para- 
bola, whose  equation  is  t?  yzn  s^,  then  the  curve  is  convex,  if  2  ^  is  ^  (x  —  I)a 
-^(;r  -^1)*iB>2x94'6f,  which  it  is,  and  therefore  the  curve  is  convex.  The 
distances  at  which  the  ordinates  are  drawn  from  each  other  must  depend  on  the  con* 
ttants  hi  the  equation. 

A|^n^  to  determine  the  angle  at  which  a  curve  cuts  the  axis  of  x,  transfer  the 
origin  to  that  point ;  then  the  ungent  to  the  curve  at  that  point  and  the  curve  itself 
ma^ke  the  tame  angle  with  the  axis ;  but  the  value  of  the  tangent  of  the  angle  which 

V         0 
the  tangent  to  the  curve  makes  with  the  axis  is  then  —  s:  -—-,  which  may  be  any 

Valne  whatever :  for  example,  let  a'  y  =  »    .'.-^  s  -|-  =:  0  when  r  =:  0,  therefore 

the  carve  coincides  with  the  axis  at  the  origin.    Again,  take  the  example  in  art.  307i 

»•  =:  «■  (2a  —  jr)  ;  at  A  we  have  ^    =    **  "*  ^  =:  •-  ,  and  at  B  we  have  - — 

«*        4  a* 
=  T  =  —T- ;  hence  the  cnn'e  cuts  the  axis  of  « in  both  easei  at  an  angle  of  90^. 
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The  general  equation  to  the  come  sections,  dividing  by  the  eo-efBdest 

of  y\  is 

y*+  bxy  +  cx^+  dy  +  ex+f^  0, 

in  which  there  are  ftve  co-efficicnts,  and  therefore  a  conic  section  may  pass 
Ihrough  five  given  poitits ;  substituting  the  co-ordinates  of  tlie  gi^en  points 
separately  for  x  and  y  w«  obtain  five  equations  from  which  the  constants 
can  be  determitied,  and  thence  we  have  the  particular  curve  required  ;  it 
will  be  an  ellipse,  hyperbola,  or  parabola,  according  as  6«—  4c  is  negative, 
positive,  or  nothing.  (79.) 

324.  The  elimination  is  long,  but  the  trouble  may  be  much  lessened  by 
assuming  one  of  the  given  points  for  the  origin,  and  two  lines  drawn  from 
the  origin  to  other  two  given  points  for  the  axes. 

For  example,  if  it  be  required  to  pass  a  conic  section  through  four 
given  points  B  C  D  E,  join  B  C  and  D  E,  and  let  them  meet  in  A  ;  let 
A  B  be  the  axis  of  y  and  A  D  the  axis  of  *, 

y 

Let    AC  =y,,  AB  =  y,, 
AD  =  Xiy  AE  =  J,; 
Assume  the  equation  to  be 

y*  +  bxy  -j-  C3^+  dy  -i-  ex+f:=  0; 
we   have  for     jr  =  0,  yi*  +  dyi  +  f  :=z  0 
and     y,'  +  <^y«+/=  0; 
/.     d  =  -  (yi  +  yO»  and/=  y,  y,. 
Similarly  for  y  =  0,  e  =s  —  c  (xj  +  jrj,  and/=  cx^  x^; 

equating  the  values  of  f^  we  have  c  =:  -^*. 

Xi  iVg 

Substituting  and  dividing  by  yi  y, ,  we  have 


an  equation  involving  only  one  unknown  co-efficient  6. 

Tliere  are  some  restrictions  depending  on  the  situation  of  the  given 
points ;  thus  no  more  than  two  can  be  in  the  same  straight  line,  or  else 
the  conic  section  degenerates  into  two  straight  lines. 

The  five  given  points  are  the  same  as  five  conditions  expressed  analy- 
tically ;  four  are  sufficient  if  the  curve  is  to  be  a  parabola ;  for  ^  —  4  c 
=  0,  is  equivalent  to  one.  If  the  curve  has  a  centre,  whose  position  is 
given,  three  other  conditions  suffice,  because  we  may  assume  the  equation 
to  be  y*  +  6  J?  y  +  c  j:"  +  /  =  0.  If  the  position  of  two  conjugate 
diameters  be  given,  only  two  more  conditions  are  requisite. 

Newton,  in  his  Universal  Arithmetic,  gives  excellent  methods  for  de- 
scribing, by  continued  motion ,  a  conic  section  passing  through  five  gi\^en 
points. 
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325.  If  it  be  required  to -pass  a  curve*  whose  species  is  not  given, 
through  a  number  of  given  points,  we  may  with  advantsge  assume  the 
equation  to  be  of  the  form 

y=:a  +  6x  +  cj^  +  rfir'-f,  &c. 

The  elioiination  of  the  constants  is  more  regular,  and  therefore  easier 
in  this  equation  than  in  any  other :  such  curves  are  called  parabolic  (the 
three  first  terms  giving  the  common  parabola)  and  consist  of  a  series  of 
sinuosities,  such  as  in  (309),  which  are  easily  traced.  For  the  elimina- 
tion of  the  constants,  see  Lagrans^e,  or  Lardner's  Algebraic  Geometry, 
art.  617. 

326.  We  saw  in  article  (79)  that  the  general  equation  of  the  second 
order  sometimes  gave  straight  lines  for  the  loci;  such  will  be  the  case  when- 
ever any  equation  is  reducible  into  rational  factors  of  the  first  degree ; 
so  that  we  must  not  always  conclude  that  an  equation  of  the  nth 
order  has  a  curve  of  the  7i  th  order  for  its  locus.  If  the  equation  be  re- 
ducible into  factors  of  lower  degrees,  there  will  be  a  series  of  lines  corre- 
sponding to  those  factors  ;  thus  if  an  equation  of  the  4th  degree  be  com- 
posed of  one  factor  of  two  degrees,  and  two  factors  of  the  1st  degree, 
the  loci  are  a  conic  section  and  two  straight  lines ;  and  hence  a  general 
equation  of  any  order  embraces  under  it  all  curves  of  inferior  orders:  if 
any  of  the  factors  be  impossible,  their  loci  are  either  points,  or  imaginary. 

If  the  sum  of  the  indices  of  x  and  y  be  the  same  in  every  term,  the  loci 
are  either  straight  lines  or  points ;  for  an  equation  of  this  species  will  have 
the  form 

y«  +  ay-»j?+6y-«j* +  /a?-=0, 

»'  (f)+«(fr+<0"'----+^=«' 

let  the  roots  of  this  equation  be     a,  /3,  y,  &c.,  then  the  equation  will  be 

each  factor  of  which  being  =:  0,  its  corresponding  locus  is  evidently  a 
straight  line ;  if  the  roots  of  the  equation  be  impossible,  the  correspond- 
ing loci  are  points. 

Ex.    y«  —  2iry  sec.  a  +  a;*  =  0.    The  locus  consists  of  two  straight 

line^  whose  equations  Bxey  rz  x  ^-  =  x  tan.  (  45°  +  -r-  I   and 

COS.  a  \        —    2  / 

therefore  the  lines  pass  through  the  origin,  and  are  inclined  to  the  axis  of 
X  at  angles  of  45**  ±  — . 

327.  Since  the  general  equation  includes  all  equations  below  it,  the 
properties  of  the  curve  of  n  dimensions  will  generally  be  true  for  the  lower 
orders,  and  also  for  certain  combinations  of  the  lower  orders ;  thus,  a 
property  of  a  line  of  the  third  degree  will  be  generally  true  for  a  conic 
section,  or  for  a  figure  consisting  of  a  conic  section  and  a  straight  line, 
or  for  three  straight  lines.  Moreover  the  lower  orders  of  curves  have 
generally  some  analogy  to  the  higher  curves,  and  hence  the  properties  of 
inferior  orders  often  lead  to  the  discovery  of  those  of  the  superior. 

328.  From  the  application  of  the  theory  of  equations  to  curves,  an 
immense  number  of  curious  theorems  arise,  which  may  be  seen  in  the 
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works  of  Waring  and  Maclaurin :  we  have  only  room  fbr  two  of  three  of 
the  most  important. 

If  two  straight  lines,  AX,  AY 
cut  a  curve  of  n  dimensions,  in  the 
points  POR,&c.,  STU,  &c.,  so 
that  A  P,  A  Q,  A  R,  &c.  :=  yu  V%^ 
y,,  &c  respectively,  and  A  S,  A  T, 
A  U,  &c.  =  J?i,  J",,  a?„  &c.  respec- 
tively, then  if  AX  and  AY  move 
parallel  to  themselves,  we  shall 
always  have  yi .  yt  •  Vt-  &c.  :  jr, .  OTf 
,  jTa.&c,  in  a  constant  ratio. 

Let  the  equation  to  the  curve  be  referred  to  the  origin  A,  and  to  i 
AX,  AY,  by  means  of  the  transformation  of  co-ordinates,  and  suppose 
the  equation  to  be 

y-  +  (air  +  6)y*-^+  •  •  .c«"+  il«-»+  .••*«  +  *  =  0. 
^LetyaO     A  cj?"  +  dir-»+  .  •  .  .  Ar*  +  «  ==0.         (I) 
a:=  0     A   y"  +  6  y-^  + A:y  +  i  =  0.  (2) 

The  roots  of  (1)  are  A  S,  A  T,  A  U,  &c. ;     •'.  fpj  .  x, .  ;e^.  &c  =  — 

The  roots  of  (2)  are  A  P,  A  Q,  A  R,  &c. ;     /.  yi .  y, .  y,.  Ac.  £s  I 

-*.  y.y« . ya* &c.  :  x^.x^.  jg. &c. ::  c :  i. 

Now  the  transformation  of  the  axes,  parallel  to  themselves,  never  alten 
the  co-efficients  of  y"  and  j?";  hence  the  above  ratio  is  constant  for  any 
parallel  position  of  A  X  and  A  Y. 

Article  293  is  an  example  of  this  theorem. 

329.  A  diameter  was  defined  in  (76)  to  be  a  straight  line,  bisecting  t 
system  of  parallel  chords ;  more  generally  it  is  a  line,  such  that  if  any 
one  of  its  parallel  chords  be  drawn,  meeting  the  curve  in  various  poiiit^ 
the  sum  of  the  ordinates  on  one  side  shall  equal  the  sum  on  the  other; 
thus,  in  the  figure,  if  P  Q  +  P' 0  +  &c.  =  RQ  +  R' 0  =  &c,  and  the 
same  be  true  for  all  lines  parallel  to  P  R,  then  B  Q  is  a  diameter. 

To  find  the  equation  to  the  diameter  B  Q  let  the  equation  to  the  curve, 
referred  to  A  X  and  a  parallel  to  P  Q,  &c. 

y'+idx  +b)  y"-*  +  (c  ««  +  d«  +  c)  y-«  +,  &c.  =  0, 

Let  M  Q  =  t/.  and  PQ  =  y',     :.  y  =  y'  +  m. 
by  substitutipn  we  have 

y'^-f  (ax  +  b  +  nu)y'''^+  {cj*  +  dx  +  e  +  n-  I  u.axirb 
+  n.^5Jlitt'}y"-«+,&c.=0, 
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By  the  definition  the  sum  of  the  values  of  j^'  must  equftl  nothing,  and  thfti 
»um  is  the  co-efficient  of  the  second  term  in  the  last  eqtudkm  with  iti 
sign  chang^ed, 

/.  ax  +  h  +  nu^O, 

or    i^sr , 

n 

and  this  is  the  equation  to  the  diameter  B  Q. 
Again,  by  the  same  reasoning*  the  equation 


n— 1 


cji:^+  (/a?+e  +  n— lti.aj:  +  6  +  «.  — - — 14' =  0 

18  that  to  a  'conic  section  drawn  so  that  the  sum  of  the  products  6f  the 
values  of  ^,  taken  two  and  two  together,  shall  equal  nothing. 

We  might  proceed  on  with  the  co-efficient  of  the  fourth  term. 

These  curves  are  sometimes  called  curvilinear  diameters. 

330.  The  method  of  finding  the  centre,  if  any,  of  a  curve,  is  given  in 
(81)  ;  the  operation  is  too  long  to  apply  it  to  a  general  equation  of  high 
dimensions,  and  tiierefore  we  shall  take  an  example  among  the  lines  of  the 
third  order  as  fully  illustrating  the  subject 

Let  the  equation  be  a?y«  +  cy  =  ax*  +  6a;*  +  cap  +  «?.  under  which 
form  ore  comprehended  most  of  the  curves  of  the  third  order. 

Let  <r:=:<r  +  m,  y:^^  +  7t;  the  transformed  equation  is 

jf  y*  +  2  n  J? y  -(-  my*  +  (2  n  w  +  c) y  —  a  ar*  —  (3  a m  +  6)  «* 

-f(n«-3«m"  — 2im  —  c).»4-mn*+c«  —  om*  — Am* 

—  cm  —  o  sc  0; 

in  order  that  the  curve  may  have  a  centre,  the  2nd,  8rd,  6lh,  and  last 
or  constant  term  must  each  ==  0 ;  /.  n  ==  0,  m  =  0,  6  =s  0,  (2  22  0, 
so  that  the  corresponding  curve  has  a  centre,  which  is  the  origin,  only 
when  the  co-efficients  6  and  d  are  wanting. 


CHAPTER   XIII. 


ON  THE  INTERSECTION  OF  ALGEBRAIC  CURVES. 

331.  The  intersection  of  a  straight  line  with  a  line  of  the  nth  order  is 
found  by  eliminating  y  from  the  two  equations ;  hence  the  resulting  equa- 
tion in  terms  of  j?  will  be  of  the  Tith  order,  and  therefore  may  liave 
n  real  roots ;  thus  there  may  be  n  intersections :  there  may  be  less, 
since  some  of  the  roots  of  the  resulting  equation  may  be  equal  to  one 
another,  or  some  impossible. 

Generally  speaking,  a  curve  of  n  dimensions  may  be  cut  by  a  straight 
line  drawn  in  some  direction  in  n  points ;  but  the  curve,  in  its  most  general 
form,  must  be  taken ;  otherwise  certain  points  as  conjugate  and  multiple 
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points^  must  be  considered  as  evanescent  ovals  or  evanescent  bimnebes  of 
the  curve,  and  thus  a  line  passing  through  such  points  is  equivalent  to 
two  or  more  intersections. 

332.  The  intersections  of  two  lines  of  the  mth  and  nth  orders  are 
found  also  by  eliminating  y  from  both  ;  hence  the  resulting  equation  nay 
be  of  the  mnth  order,  or  there  may  be  mn  intersections ;  there  are  ofUa 
less*  for  not  all  the  real  roots  of  the  equation  X  =  0  will  give  points  of 
intersection:  for  example,  if  we  eliminate  y  from  the  equations 


y«  =  2  aa?  —  **  and  ^  =  2  a  (a?—  6)  we  find  x  =  v2a6  ; 

hence,  apparently,  there  is  always  an  intersection  corresponding  to  the 
abscissa  ^  2ab;  but  this  is  not  the  case  ;  for  then  y*rz  2a{  ^2ab^b), 
and  therefore  y  is  impossible,  if  6  is  >  2  a,  which  is  evident  on  drawing 
the  two  curves  ;  hence  after  the  abscissa  is  found,  we  must  examine  the 
corresponding  ordinates  in  each  curve  ;  if  they  are  not  real,  there  can  be 
no  intersection  corresponding  to  such  abscissa. 

If  we  have  the  two  equations  y«  +  2  a?  =  0,  y*  -j-  4  «•  —  10  x  -  16  =  0, 
the  elimination  y  gives  the  abscissas  of  intersection  x  r=  4  and  jt  =  —  1, 
the  second  of  which  alone  determines  a  point  of  intersection. 

333.  In  finding  the  intersections  of  lines,  we  often  fall  upon  a  final 
equation  of  an  order  higher  than  the  second,  or  arrive  at  an  equation 
whose  roots  are  of  a  form  not  readily  constructed ;  to  avoid  this  diflSculty 
a  method  is  often  used  which  consists  in  drawing  a  line  which  shall  pass 
through  all  the  required  points  of  intersection,  and  thus  determine  their 
situation. 

Let  y  =/  (a?)  *  (1),  and  y  =  0  (jp)  (2),  be  tlie  equations  to  two  lines, 
then  at  the  point  of  intersection  they  have  the  same  ordinates  and  abscissas; 
or  calling  X  and  Y  the  co-ordinates  of  the  point  of  intersection,  we  have 
simultaneously  Y  =/(X)  and  Y  =  0  (X)  ;  hence/(X)  =  0  (X),  from 
which  equation  X  and  Y  might  be  obtained,  and  their  values  constructed. 

But  since  Y=/(X) (3) 

and  Y  =  0(X)  ....  (4) 

we  have  by  addition     2  Y  =  /(X)  +  0  (X)  .  .  .  .    (5) 

or  by  multiplication        Y«  =  /  (X)   .  0  (X)  ...  .    (6) 

or  generally        Y  =  F  {/(X),  0  (X)} (7) 

F  implying  any  function  arising  from  the  addition,  subtraction,  muldpli* 
cation,  &c.  of  (3)  and  (4). 

Now  any  one  of  these  equations  gives  a  true  relation  between  the  co- 
ordinates X  and  Y  of  the  point  of  intersection  of  (1)  and  (2);  but  by 
supposing  X  and  Y  to  vary,  it  will  give  a  relation  between  a  series  of 
points,  of  which  the  required  point  of  intersection  is  certainly  one;  that  is, 
drawing  the  locus  of  (5)  or  (6)  or  (7),  it  must  pass  through  the  required 
point  of  intersection  of  (1)  and  (2). 

It  is  manifest  that  if  one  of  the  equations  (5),  (6),  or  (7),  be  a  cirde 


•  The  symbolfl  F  (x),  /  (x),  <p  (ar),  serve  to  denote  different  functions  of  s,  ihMt 
is,  indicate  expressions  into  which  the  same  quantity  jf  enters,  but  combined  in  di^ 
fereut  ways  with  given  quantities.  But  /  (*),  /  (y),  indicate  similar  formulas  for  both 
xandy;  thus,  if /(x)  =  2  o  a:  -  ar",  then / (y)  =  2ay  -  y",  or2  6y  t  »'. 
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or  straight  line,  it' will  be  much  ea&ier  to  draw  thi«  circle  or  straight  line 
than  to  find  the  intersection  by  means  of  elimination. 

Also  we  may  often  find  the  intersection  of(l)  and  (2),  when  one  of 
theoiis  a  given  curve,  by  drawing  the  locus  of  the  other,  and  this  method 
is  ihe  simplest  when  that  other  is  a  straight  line. 

We  shall  give  a  few  examples  to  illustrate  the  subject. 

334.  From  a  given  point  Q  without  an  ellipse,  to  draw  a  tanirent 
to  it.  ^ 


Let  the  co-ordinates  of  Q  be 
m  and  n,  and  let  X  and  Y  be  the 
co-ordinates  of  the  point  P,  where 
the  required  tangent  meets  the 
curve. 

Then  by  (111)  the  equation  to 
the  tangent  through  P  is 

and  since  this  passes  through  Q  we 
have 


a«nY +  6*mX  =  fl«i«        (1) 
and    o«  Y«  +  6«  X«  =  a*  bK        (2) 

From  (1)  and  (2)  we  might,  by  elimination,  find  Xand  Y,  and  their  con- 
structed values  would  be  the  co-ordinates  CM,  M  P  of  the  required 
point. 

Now  (1)  is  not  the  equation  to  any  straight  line,  but  only  gives  the 
relation  between  C  M  and  M  P ;  but  if  we  suppose  X  and  Y  to  vary,  it 
will  give  the  relation  between  a  series  of  points,  of  which  P  is  certainly 
one  ;  and  therefore,  if  the  line  whose  equation  is  (1)  be  drawn,  it  must 
pass  through  P,  and  consequently,  with  the  ellipse  (2),  will  completely  fix 
the  situation  of  P. 


To  draw  the  line  (1), 
Let  X  =  0 ; 


n 


LetY  =  0;  .-.  X  =  — ;; 


6« 


in  C  y  take  C  B  =  — ,  and  in  C  j?  take  C  A  =  — ;  join  B  A ;  B  A  oro- 

duced  is  the  locus  of  (1),  and  it  cuts  the  ellipse  in  two  points  P  and  P'; 
hence  if  Q  P  and  Q  F  be  joined,  they  are  the  tangents  required. 

The  same  method  may  be  employed  in  drawing  tangents  to  the  para- 
bola and  hyperbola. 

To  take  the  more  general  case,  let  a  y'  +  c  j?*  -f  J  y  +  «  x  =  0  (1) 
be  the  equation  to  the  curves  of  the  second  order  referred  to  axes  parallel 
to  conjugate  diameters. 

Then  the  equation  to  a  tangent  at  a  point  x'  y'  is 

ayy'  +  c:rj?'  +  y  (y  +  y')  +  |  (r  +  x')  =  o, 


174 


THE  INTERSECTION  OF  CURVES. 


or      (day'+d)y+  (.2c/  +  e)«  +  d^  +  <f  Jf*  =  0     (2). 
Let  this  tangent  pass  through  a  point  m  ?j,  then  (2)  becomes 

(2  ay'  +  4)  «+  (2c/  +  0  w  +  (^3^  +  ex'  =  0        (3). 

or,       (2  a  71  +  d)  y'  +  (5  c  w  +  «)  x*  +  ci  n  +  e w  =  0       (4). 
Now  let  x^  and  ^'in  (4)  be  considered  variable,  andeonstruct  the  stnigfat 
line,  which  is  the  locus  of  (4);  thi?  with  the  curve  itself,  determines  Ihe 
position  of  the  secant  line  which  joins  the  two  points  on  the  cunre,  whence 
tantrents  are  drawn  to  the  point  f/i  ix, 

335.  Atrain,  suppose  the  secant  line  (4)  to  pass  through  a  ^tveo  poiot 
w!  n' ;  Then  the  equation  (4)  becomes 

(2  an  +  d)  n*  +  (2  cm  +  c)  m'  +  dn  +  c  m  =  0     (5), 
and  of  course  the  point  m  n,  whence  tangents  were  originally  drawn, 
must  have  a  particular  position  corresponding  to  each  secant  line  passing 
through  m!  n';  if  therefore  we  make  m  and  n  variable  in  (5)  we  shall 
have  the  equation  to  the  locus  of  the  point  m  n 

{2  an'  +  d)7i+  (2  cm'  •\-e)m  +  dn'+  e  m' =  0 

where  m  and  n  are  the  variable  co-ordinates. 

Hence  we  have  the  following  theorem  :  if  from  any  point  secants  be 
drawn  to  a  line  of  the  second  order,  and  from  the  two  points  where  eadi 
of  these  secants  intersect  the  curve,  tangents  be  drawn  meeting  each  other, 
the  locus  of  all  such  points  of  concourse  is  a  straight  line. 

336.  To  draw  a  normal  to  a  parabola  from  a  point  Q  (a,  6,)  not  on 
the  curve. 

Let  ^*  S3  4  m  X,  be  the  equation  to  the  curve,  and  let^.X'and  Y  be  the 
co-ordinates  of  the  required  point,  then  the  equation  to  the  tangent  al  the 
point  XY,  is  by  (232) 

Yy  =  2i»(X  +  «), 
fttid  therefore  that  to  the  normal  at  X  Y  is 

atid  since  It  passes  through  (a  b)  we  have 

on    XY  -  (a  — 2m)  Y  -  2jw6a=0,   *     (I) 
also,  Y'  =  4mX (2) 

The  elimhiation  of  X  gives     Y»  -  4  m  (a-2  m)  Y  —  8  m«  6  =  0  (3),  an 
equation  whose  roots  would  give  the  three  required  ordinates. 

To  avoid  this  equation  we  shall  construct  the  locus  of  (I),  which  is  the 
equation  to  an  equilateral  hyperbola.  The  axis  of  x  is  one  asymptote 
(198),  and  the  other  is  parallel  to  the  axis  of  y.  and  at  a  distance  A  C  —  a 
—  2m  from  A  ;  the  equation  to  the  hyperbola  referred  to  its  centre  C  and 
asymptotes  is  X  Y  =  2  m  6  ;  moreover  the  hyperbola  cuts  the  axis  of  y  in 

the  point  D,  where  A  D  =:  ^^  _  - ;  hence  this  hyperbola  (the  dotted 

curve  in  the  figure)  may  be  constructed. 


A 

^ 

1 

i^... 

i 

-- 

THE  INTERSECTION  OP  CURVES.  175 

We  have  drawn  the  (igfure,  so  that  there  shall  be  only  one  intersection 
of  the  curves,  and  hence  only  one  normal  is  drawn  from  Q.  If  the  curves 
touched,  as  at  E,  there  would  be  two  normals  ;  and  if  the  hyperbola  cut 
the  parabola  in  the  lower  branch,  there  would  be  three  normals  drawn 
from  Q.  These  cases  correspond  respectively  to  the  equation  (3),  having 
one  real  root ;  three  real  roots  of  which  two  are  equal ;  and,  lastly,  three 
real  and  unequal  roots. 

337.  We  must  particularly  observe  that,  in  the  construction  of  loci,  those 
are  to  be  selected  which  admit  of  the  easiest  description,  and  of  all  curves 
the  circle  is  to  be  preferred  ;  hence,  in  the  present  case,  we  must  look 
carefully  to  see  if  it  is  possible,  by  any  combination  of  (1)  and  (2),  to 
obtain  the  equation  to  the  circle ;  for  by  833  this  will  pass  through  tb« 
required  normal  points. 

Multiply  (I)  by  Y,  then 

XY*- (a-2m)  Y«-2m6YssO, 
or,    X.AmX^(a^2n04mX'-'2mbY  ^0; 

and  Y«  -  4mX  ==  0,  from  (2) 
;.  by  additipn   Y*  +  X«  -  (a  +  2fn) X  -  -|-  ^  =  0, 

which  is  the  equation  to  a  circle,  the  co-ordinates  of  whose  centre  are 

a  h  r/ «         V      ft*) 

—  +  m  and  — ,  and  whose  radius  ^^^^l—  +  in)  +  — >.      Although 

this  circle  passes  through  the  vertex  of  the  parabola,  yet  that  point  is  not 
one  of  the  required  intersections,  but  merely  arises  from  the  multiplication 
of(l)byY. 

If  the  parabola  and  circle  be  drawn,  the  latter  in  various  situations 
according  to  the  position  of  Q,  we  shall  see,  as  before,  that  there  will  be 
one,  two  or  three  intersections  :  such  practice  will  be  found  very  useful. 

The  problem  of  drawing  a  normal  to  an  ellipse  is  of  the  same  nature^ 
only  in  this  case  there  may  be  four  intersections. 

338.  The  intersection  of  curves  has  been  employed  in  the  last  articles 
to  avoid  the  resolution  of  equations  resulting  from  elimination,  but  the 
principle  may  be  extended,  so  as  to  render  curves  generally  subservient  to 
the  solution  of  equations;  for  as  two  equations  combined  produce  one 
whose  roots  give  the  intersection  of  their  loci,  so  that  one  may  in  its  turn 
be  separated  into  two,  whose  loci  can  be  drawn,  and  their  intersection  will 
determine  the  roots  of  the  one. 

This  method,  known  by  the  name  of  ''  the  construction  of  equations," 
was  much  used  by  mathematicians  before  the  present  methods  of  approxi- 
mation were  invented ;  it  is  even  now  useful  to  a  certain  extent,  and 
therefore  we  proceed  to  explain  it. 

Let  there  be  two  equations ;  y  +  x  =  a  (I),  y«  +  a*  =:  6'  (2),  by 
elimination  we  find 

*•  —  ««+ — li^sO     (3). 
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We  already  know  that  the  roots  of  (3)  are  the  abscissas  to  the  points  of 
intersection  of  the  loci  (I)  (2);  but,  conversely,  it  is  manifest  that  the 
roots  of  (3)  can  be  determined  by  drawing  the  loci  of  (1)  and  (2),  and 
measuring  the  abscissas  of  intersection. 

Hence  if  it  be  required  to  exhibit  geometrically  the  roots  of  (3),  let 
it  be  decomposed  into  the  two  equations  (I)  and  (2),  and  let  CPQB 
be  the  locus  of  (1),  and  the  circle  EPQ  of 
(2),  having  the  same  origin  and  axes :  draw  the 
ordinates  M  P,  NQ,  then  AM  and  A  N  are 
the  roots  of  (3). 

The  method  consists  in  parting  any  given 
equation  into  two  others,  and  then  drawing  the 
loci  of  those  two;  and  as  it  is  obvious  that 
there  are  a  great  many  equations  which,  when 
combined  together,  may  produce  the  given 
equation,  so  we  may  construct  a  great  many  loci,  whose  intersections  will 
give  the  required  roots :  thus,  in  the  above  case,  the  equation  (3)  may  be 


resolved  into  the  two  a?*  =  fl  y,  and  a  y  -  a  a?  + 


o«-6* 


=   0,    and    the 


corresponding  parabola  and  straight  line  being  drawn,  their  intersections 
will  give  the  roots  of  (3). 

In  general  the  roots  of  an  equation  can  be  found  by  the  inteisectioo  of 
any  two  species  of  curves  whose  indices,  multiplied  together,  are  equal  to 
the  index  of  the  equation :  thus,  a  straight  line  and  a  curve  of  the  third 
order  will  give  the  solution  of  an  equation  of  the  third  order ;  and  any 
two  conic  sections,  except  two  circles,  will  give  the  roots  of  an  equation  oif 
the  fourth  order. 

339.  As  equations  of  the  third  and  fourth  order  are  of  frequent  recar- 
rence  in  mathematical  researches,  we  proceed  to  the  solution  of  the  com- 
plete equation  of  the  fourth  order. 

Here  the  circle  and  parabola,  as  curves  of  easy  description,  ought  to  be 
chosen,  and  assuming  the  equation  to  the  parabola  a  slight  artifice  will 
give  us  that  to  the  circle. 


Lety!  +  |-y  =  *   (0; 
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17; 


P* 


but    y*+ py'  +  qy*  +  ry  + s  =  0, 
.*.  by  subtraction  (9  —  —  )y*+ie*+ry  +  »=:0, 

r  from  (1),  fq-^\(x-^y\  +  £'  +  ry  +  s  =  Oi 


o-»  -* 


=  0, 


and  from  (1),  3^  + 

.•.y»  +  ^+(r+|+|.-^)y+(9-l  -y)^  +  »  =  0  (2). 

The  locus  of  (1)  is  the  parabola  A  £  Q,  the  origin  being  at  £  f  B  E  =  ^  \ 

and  the  co-ordinates  rectangular.  The  locus  of  (2)  is  the  circle  Q  P  11 ;  the 
co-ordinates  E  D,  D  C  of  the  centre,  and  the  radius  are  readily  deter* 
mined  from  (2).  The  roots  of  the  equation  are  drawn  as  if  two,  PM, 
Q  N  were  positive,  and  other  two  R  S,  T  U  were  negative.  If  the  circle 
touch  the  parabola,  two  roots  are  equal ;  the  cases  of  three  or  four  equal 
roots  can  only  be  discussed  by  the  principles  of  osculation,  but  as  two  roots 
are  sufficient  to  depress  the  equation  to  one  of  the  second  order,  we  need 
not  here  consider  those  cases.  If  there  be  only  two  intersections,  two 
roots  are  impossible ;  and  if  there  be  no  intersection,  all  four  roots  are 
impossible. 

340.  In  practice  the  operation  is  shortened  by  first  taking  away  the  second 
term  of  the  equation ;  for  example,  to  construct  the  roots  of  the  equation 

«*  +  8j?'  +  23a?»+32.r+  16  =  0.        (1). 
Let  d*  =  ^  —  2,  and  the  reduced  equation  is 
3^*-3/*  +  4y  -4  =  0. 

Let  y«  =  ar        (3) ; 

.'.  by  substitution  x"  —  a?  +  4y  —  4=0, 

/.  by  addition  y*  +  .r«  +  4y  —  2  j?  -  4  =:  0, 

or,     (y  +  2)*  +  (j?  -  1)«  =  9     (4). 


Let  PA  Q  be  the  parabola  (3),  whose  parameter  is  unity,  the  co-ordi- 
nates of  the  centre  C  of  the  circle  (4)  are  A  B  =  1,  and  B  C  =  —  2,  the 
radius  =  3,  Describing  this  circle,  the  ordinates  B  P  and  Q  N  are 
the  possible  roots  of  (2)  ;  measuring  these  values  we  shall  find  P  B  =  1, 
and  Q  N  r=  —  2 ;  hence  the  possible  roots  of  (2)  are  I  and  —  2,  and 
therefore  those  of  (1)  are  -  1  and  -  4. 

341.  The  construction  of  equations  of  the  third  order  is  involved  in  that 
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of  the  fourth  order.  Take  away  the  second  term,  if  necessary,  multiply  ibe 
resulting  equation  Y  =  O'by  y^  and  then  proceed  precisely  as  in  the  lar. 
article.  The  circle  will  always  pass  through  the  vertex  of  the  parabobL,  but 
this  intersection  g:ives  the  root  y  =  0,  introduced  by  multiplication,  and 
has  therefore  nothing  to  do  with  the  roots  of  the  given  equation.  Thb 
circumstance  of  the  circle  passing  through  the  vertex  of  the  paraiMila.h 
singularly  convenient,  as  it  entirely  saves  the  trouble  of  calculating  the 
radius  to  decimal  places,  which  is  often  necessary  in  the  preceding  ( 
Ex,  1.     j^  —  6  jf*  -  «  +  6  =:  0.     Let  x  =  y  +  2 ; 


/.  y»- 13y-18=:0, 
or,  y*-  133/«—  12y  =  0. 
Let      y^-^  X  =0  -  (1) 

.:.  a;*—  IS  J?-  12y=  0, 
/.  y«-.l2y+a;»-  12*  =  0, 
or,  (y  -  6)1  +  (a:  -  6)«  =  72     (2). 


The  three  roots  of  y,  as  given  by  the  figure,  are  4,  —  1  and  — 3; 
hence  the  values  of  .r  are  6,  —  1  and  — >  1. 

Ex.  2.     4y*  +  6y  —  5  =  0,    There  is  one  possible  root  nearly  = =* 

Ex.  8.     4  y»  —  3  y  +  1  =  0. 

There  never  can  be  any  difficulty  in  constructing  the  loci  of  these  e<]oa* 
tions ;  having  once  drawn  a  parabola,  whose  parameter  is  unity,  with 
tolerable  exactness,  it  will  serve  for  the  construction  of  any  nnmber  of 
such  equations. 

As  another  example,  we  take  the  following  question. 
342.  To  find  two  mean  proportionals  between  two  given  lines  a  and  K 
Let  y  and  x  be  the  required  lines ; 

then    a  :  y : :y  :  ar,     .'.  y*  r=  a  ar  (1), 

y  :  x::x:  by       .\  a^=:  by  (2), 

.*.  y^  =:  a^j^  ^  a*  by,  or  y*  —  a*  6  =r  0 ; 
but  by  addition  of  (1)  and  (2),  y*  —  6  y  +  ar"  —  a  ar  =  0, 

or.    ^y--^  +  (^s--J=.^-    (3). 


Let  PAQ  be  the  parabola  (1),  then  the  intersection  of  the  circle  (3) 
will  give  M  P  and  A  M,  the  two  mean  proportionals  required. 
The  other  roots  of  the  equation  y'  —  a*  6  =  0  are  impossible. 
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This  problem  was  one  of  those  so  much  celebrated  by  the  ancient  ma- 
thematicians. Menechme,  of  the  school  of  Plato,  was  the  first  who  gave 
a  solution  of  it :  his  method  being  particularly  ingenious,  as  well  as  being 
the  first  instance  known  of  the  application  of  geometrical  loci  to  plain 
problems,  is  well  worth  insertion. 

Wiih  a  parameter  a,  draw  the  parabola  PAQ  (fig.  2),  and  on  A  Y 
perpendicular  to  AX  describe  the  parabola  PAR  with  parameter  b. 

Then  the  rectangle   «,  A  M  or  a,  N  P  is  equal  to  the  square  on  M  P ; 

.*.   Oy  M  P  and  N  P  are  in  continued  proportion. 

Agmn,  the  rectangle  6,  AN  or  6,  M  P  is  equal  to  the  square  on  N  P ; 

.*.   MP,  N P,  and  6,  are  in  continued  proportion  ; 

hence  we  have  at  the  same  time  the  two  proportions 

a  :  MP  ::  M P  :  NP  and  M  P  :  N  P  ::  NP  :  6; 

/.   a,  M  P,  N  P,  and  6,  are  in  continued  proportion. 

Menechme  also  gave  a  second  solution  depending  on  the  intersection  of 
a  parabola  and  hyperbola. 

343.  To  find  a  cube  which  shall  be  double  of  a  given  cube. 

Let  a  be  a  side  of  the  given  cube«  then  the  equation  to  be  solved  is 

y»  =  2a»,  or  y*-.2a»y  =  0, 
Let  y«  =  a  X  (1),     /.   a«  J7«  —  2  a'  y  =  0,      or,  a:*  —  2  ay  =  0 ; 
/.  by  addition,     y"— 2fly-f"^— ^^  =  0     (2); 
The  loci  of  (1)  and  (2)  being  drawn,  the  ordinate  P  M  of  their  intersection 
is  the  side  of  the  required  cube. 

This  problem,  like  the  former,  occupied  the  attention  of  the  early  geo- 
metricians ;  they  soon  discovered  that  its  solution  is  involved  in  the  pre- 
ceding^ one ;  for  if  6  =  2  a,  the  resulting  equations  are  the  same. 

In  this  manner  a  cube  may  be  found  which  shall  be  m  times  greater 
than  a  given  cube. 

344.  We  may  thus  find  any  number  of  mean  proportionals  between 
two  g^iven  quantities  a  and  b. 

For  if  y  be  the  fir»t  of  the  mean  proportionals,  they  will  form  the  fol- 
lowing progression: 

Let  there  be  four  mean  proportionals,  then  the  sixth  term  of  the  pro- 
gression  being  b  we  have  -—  =  6,  or  y*  —  a*  6  =  0. 

Describe  the  parabola  whose  equation  is  y*  =  a  jr,  and  then  draw  the 
locus  of  the  equation  y  jfi  —  a*  b  =0-  The  last  curve  consists  of  an 
hyperbolic  branch  in  each  of  the  angles  Y  A  X,  Y  A  x,  and  therefore  the 
ordinate  corresponding  to  the  real  root  is  readily  found. 

345.  Newton  constructed  equations  by  means  of  the  conchoid  of  Nico- 
medes :  he  justly  observes  that  those  curves  are  to  be  preferred  whose 
mechanical  description  is  the  easiest ;  and  he  adds,  that  of  all  curves, 
the  conchoid  next  to  the  circle  is,  in  this  respect,  the  most  simple.  See 
the  instrument  in  (312).  The  following  is  one  of  the  many  examples 
given  in  the  Universal  Arithmetic. 

N2 
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Let  the  equation  be  j^  +  qx-^r^iOj  draw  a 
straight  line   KA,  of  any  length  n.     In  K  A  take 

K  B  =  ~,  and  bisect  B  A  in  C  ;  with  centre  k 
n 

and  radius  K  C  describe  a  circle,  in  which  inscribe 


A 


13J 


/ 


the  straight  line  C  X  =  —  ;  join  A  X,   and   be-        j^^ n 1 \ 

tween  the  lines  C  X  and  A  X  produced,  inscribe 

E  Y  equal  to  C  A,  so  that,   when   produced,    it  passes    throug^h  lb«* 

point  K. 

A  geometrical  proof  follows  to  show  that,  from  this  constmcfion.  tKe 
equation  for  the  length  of  X  Y  is  a?"  +  9  j:  +  r  =  0,  so  that  X  Y  is  a 
root  of  tlie  equation. 

The  conchoid  is  employed  to  insert  the  line  E  Y  l)etween  CX  and  CA. 

Let  K  be  the  pole,  AXE  the  base,  and  C  A  the  modulus;  then  the 
common  description  of  the  curve  determines  the  point  Y  on  the  liae  C  XYt 
such  that  EY  =  CA. 

346.  With  regard  to  the  higher  equations,  there  is  not  much  advantage 
in  constructions,  since  it  is  extremely  difficult  to  draw  the  curves  with 
sufficient  exactness.  The  method,  however,  is  so  fur  useful  as  enablij^r 
us  to  detect  the  number  of  impossible  roots  in  any  equation,  as  we  on 
generally  trace  the  curves  with  sufficient  accuracy  to  determine  the  Dum- 
ber of  intersections,  though  not  the  exact  points  of  intersectiou. 

Ex.  y*  -  3y  +1  =  0. 

Lety«=j^ (1). 

/.  y  x«-.  3  y  +  1  =  0.  (2) 

1 
or  v  = 

the  locus  of  (1)  is  a  parabola  PA  Q,  that  of  (2)  is  a  curve  of  the  third 
order,  and  there  are  three  intersections ;  and,  therefore,  three  possible 
roots,  two  positive,  and  one  neuative. 

347.  There  is  some  uncertainty  in  the  employment  of  curves  ia  findit* 
roots ;  \ve  slated  in  (332),  that  real  roots  may  correspond  to  imaginary 
intersections;  so,  on  the  contrary,  imaginary  intersections,  or  what  is  ib^ 
same,  the  absence  of  intersections,  does  not  always  prove  the  absence  o: 
real  roots;  for  example,  if  to  prove  the  equations*  +  15x-f  14  =  «' 
we  assume  y*  =  j»  (1),  and  therefore  xy*  +  15  J?  +  14  =  0  (2),  Ibc 
loci  of  (1)  and  (2)  will  not  intereect,  but  yet  two  roots  are  jjos^ble.  Tr^ 
error  was  in  choosing  a  curve  (I),  which  proceeds  only  in  the  positi^ 
direction,  when  from  the  form  of  the  equation  it  is  apparent  that  then: 
are  negative  roots.  Taking  the  circle  and  common  parabola  for  the  loci, 
as  in  (340),  we  shall  tind  the  roots  to  be  -  1  and  —  2.  Hence,  ia 
general,  to  ascertain  real  rcots  it  will  be  advisable  to  try  more  tJjan  iwu 
curves. 
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CHAPTER    XIV. 

TRANSCENDENTAL  CURVES. 

348.  It  was  stated  in  art.  (23)»  that  those  equations  which  cannot  be 
put  into  a  finite  and  rational  algebraical  form  with  respect  to  the  vari- 
ables, are  called  Transcendental ;  of  this  nature  are  the  equations  y  =  sin.  x 
and  y  =  a'.  In  Chapter  XII.  we  have  obtained  the  equations  to  curves, 
^nerally  from  some  distinct  Geometrical  property  of  those  curves ;  but 
there  are  many  curves  whose  equations  thus  obtained  cannot  be  expressed 
in  the  ordinary  language  of  algebra ;  that  is,  the  equation  resulting  from 
the  description  or  generation  of  the  curve  is  dependent  upon  Trigonome- 
trical or  Logarithmical  quantities  ;  these  curves,  from  the  nature  of  their 
equations,  are  called  Transcendental. 

We  shall  here  investigate  the  equations  and  the  forms  of  the  most 
celebrated  of  these  curves,  and  mention  a  few  of  the  remarkable  pro- 
perties belonging  to  them,  although  they  can  be  ouly  fully  investigated  by 
the  higher  calculus. 

349.  In  this  class  will  be  found  some  curves,  as  the  Cardioide,  whose 
equations  may  be  expressed  in  finite  algebraic  terms ;  but  these  examples 
are  only  particular  cases  of  a  species  of  curves  decidedly  Transcendental, 
and  which  cannot  be  separated  from  the  rest  without  injury  to  the  general 
arrangement 

Some  of  the  Transcendental  class  have  been  called  Mechanical  curves, 
because  they  can  be  described  by  the  continued  motion  of  a  point;  but 
this  name  as  a  distinction  is  erroneous,  for  it  is  very  probable  that  all 
curves  may  be  thus  described  by  a  proper  adjustment  of  machinery. 

THE  LOGARITHMIC  CURVE. 

350.  The  curve  Q  B  P,  of  which  the  abscissa  A  M  is  the  logarithm 
of  the  corresponding  ordinate  M  P,  is  called  the  Logarithmic  curve. 


Let  A  M  =  x,  M  P  =  y,  then  x  =:  log.  y,  that  is,  if  a  be  the  base  of 
the  system  of  logarithms,  y  =  a*. 

To  examine  the  course  of  the  curve  we  find  when  j:  =  0,  y  =  a*  =  1 ; 
as  X  increases  from  0  to  od,  y  increases  from  1  to  od  ;  as  —  a:  increases 
to  CO,  y  decreases  from  1  to  0.  In  AY  take  A  B  =  the  linear  unit,  then 
the  curve  proceeding  from  B  to  the  right  of  A  B,  recedes  from  the  axis 
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of  Xt  and  on  the  lefl  continually  approaches  that  axis»  which  is  therefore 
an  asymptote. 

This  curve  was  invented  by  James  Grej^ory ;  Huyghens  discovered  that 
if  P  T  be  a  tangent  meeting  A  X  in  T,  M  T  is  constant  and  equal  to  the 

modulus  [ ]  of  the  system  of  logarithms.     Also  that  the  whole  vet 

M  P  Q  <r  extending  infinitely  towards  x  is  finite,  and  equal  to  tfrice  the 
triangle  P  M  T,  and  that  the  solid  described  by  the  revolution  i>f  the 
same  area  about  X  x  is  equal  to  H  times  the  cone,  by  the  revolution  of 
P  T  M  about  X  X. 

That  such  areas  and  solids  are  finite  is  curious,  but  not  unintellispble 
to  tliose  who  are  accustomed  to  the  summation  of  decreasing  iofioite 
series. 

\f  the  equation  be  ^  =  a  ~',  the  curve  is  the  same,  but  placed  in  the 
oppo.-»ite  direction  with  regard  to  the  axis  of  y. 

351.  Tlie  equation  to  the  curve  called  the  Catenary,  formed  by  suspend- 
ing a  chain,  or  string,  between  two  points  B  and  C,  is 

y  =  *((.'  +  e-') 

where  A  M  =:  x,  M  P  =  y, 

and  A  D  =  1. 


^Vj 

y 

I 

r 

-^ 

I 

L            ^ 

1 

X 

This  eqtiation  cannot  be  obtained  by  the  ordinary  algebraical  analysts; 
but  it  is  evident  that  the  curve  may  be  traced  from  this  equation,  by^add- 
ing  together  the  ordinates  of  two  logarithmic  curves  corresponding  to  the 
equations  y  =  c*  and  y  =  e"'. 

_i 

35*2.  Trace  the  locus  of  the  equation  y  i=  a'.     (Fig.  1.) 
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353.  To  trace  the  curve  whose  equation  is  y  =  jr*.  Let  J  =  '^ 
.'.  y  =^  I ;  let  j:  =  1  .'.  y  =  1 ;  and  between  «  =  0  and  jp  =  1,  we  ha« 
y  less  than  1;  also  x  increases   from    1  to  od,    y  increases  to  infinity: 
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hence  if  A  B  =  1  (fig.  2.)  and  A  C  =  1,  we  have  the"  branch  B  P  Q 
corresponding^  to  positive  values  of  x. 

Let  X  be  negative  /.  y  =  (  —  a?)  ""  = — - ;  now  if  we  take  for  x 

(-  ar) 

three  consecutive  values,  as  2,  2^,  3,  it  is  evident  that  y  will  be  positive, 
iin])ossible,  or  negative ;  hence  the  curve  must  consist  of  a  series  of  iso- 
lated points  above  and  below  the  aiis  A  x. 

For  further  information  on  this  subject  see  a  very  interesting  memoir 
by  M .  Vincent,  in  the  fifleenth  volume  of  the  '*  Annales  des  Math."  M . 
Vincent  calls  such  discontinuous  branches  by  the  name  "  Branches  Ponc* 
tuees  ;"  and  he  also  shows,  that  in  the  common  logarithmic  curve  there 
must  be  a  similar  branch  below  the  axis  of  or,  corresponding  to  fractional 
values  of  x  with  even  denominators. 


THE  CURVE  OP  SINES. 

354.  The.  curve  A  P  E  C,  of  which  the  ordiiiates  M  P,  B  E  are  the 
sines  of  the  corresponding  abscissas  A  M,  A  B,  is  called  the  Curve  of 
Sines. 


'DX 


Let  A  M  =  J?,  M  P  =  y,  then  the  equation  is  y  =  sin.  j:," 
y  r^J  sni.  — . 
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Take  A  B  =   — -,   A  C  =  t  r,  A  D  =  2  ir  r ;    then  from  (1)  tlie 

curve  cuts  the  axis  at  A ;  from  (2),  if  B  E  =  r,  the  curve  passes  through 
E,  and  this  is  the  highest  point  of  its  course,  because  between  (I)  and 
(2)  y  increases,  and  between  (2)  and  (3)  y  decreases ;  the  curve  cuts  the 
axis  again  in  C ;  from  C,  y  increases  negatively  until  it  equals  —  r,  and 
then  decreases  to  0,  so  that  we  have  a  second  branch  C  F  D  equal  and 
similar  to  the  first.  Beyond  D  the  values  of  y  recur,  and  the  curve  con- 
tinues the  same  course  ad  injinitum;  also  since  sin.  (—  a:)  =  —  sin.  x 
there  is  a  similar  branch  to  the  loll  of  A. 
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This  curve  may  be  supposed  to  arise  from  the  developmeat  of  circular 
arcs  into  a  straight  line  X  x,  ordinates  bein^  drawn  corresponding  to  the 
sines  of  these  circular  arcs. 

In  a  similar  manner  the  curve  of  cosines,  of  versed  sines,  of  tan- 
gents,  &c.,  may  readily  be  investigated. 

If  the  ordinates  of  the  curve  of  sines  be  increased  or  diminished  in  a 
given  ratio,  the  resulting  curve  (y  ==  m  sin.  x)  is  the  curve  formed  by  the 
simple  vibration  of  a  musical  chord :  hence  this  curve  is  called  the  Har- 
monic Curve. 

355.  The  accompanying  figure  belongs 
to  the  curve  whose  equation  is  y  =:: 
X  tan.  X.  Such  curves  are  useful  in  finding 
the  roots  of  an  eqtiation  as  x  tan.  j?  =  o  ; 
lor,  supposing  the  curve  to  be  described,  in 
A  Y  take  A  B  =  a,  and  from  B  draw  a 
line  parallel  to  A  X ;  then  the  ordinates 
corresponding  to  the  points  of  intersection 
of  this  straight  line  with  the  curve  are  the 
values  of  2^,  that  is,  of  j?  tan.  x. 


THE  QUADRATRIX. 
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356.  Let  C  be  the  centre  of  a  circle  A  Q  B  D ;  let  the  oidinate  M  R 
move  uniformly  from  A  to  B  C,  and  in  the  same  time  let  the  radius  C  Q, 
turning  round  C,  move  from  C  A  to  C  B  ;  then  the  intersection  P  of  C  Q 
and  R  M  traces  out  a  curve  called  the  Quadratrix. 

Let  A  be  the  origin,  AM=:jc,  MP  =  y,  AC=r,  angle  A  C  Q  =  ^, 

Then  AM  :  A  C  ::  A  Q  :  A  B, 


r0 


AT  r 
"2" 


B  = 


2r 


But  M  P  =  M  C  tan.  e. 


w  J? 

/.  y  =  (r  —  J?)  tan.  — -,  which  is  the  equation  to  the  curve. 

A  T 

When  J  =  0,  y  =  0 ;   .'.  the  curve  passes  through  A ;  as  j?  increases 
from  0  to  T,  y  increases,  because  the  tangent  increases  faster  than  the 
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ani^le;  when  x  =:  r  :=  A  C,y  =— ,  the  real    value  of  which  found  by 

,    2  r  2  r 

the  Difierential  Calculus  is ;  hence  if  C  E  = ,  the  curve  passes 

through  E ;  as  JT  increases  beyond  r  the  tangent  diminishes  but  is  nega- 
tive, and  so  is  r  ~  x;  .\  y  is  positive  and  diminishes  until  it  finally 
becomes  0,  when  jt  =  2  r  =  A  D ;  when  x  is  greater  than  2  r  the  tan- 
gent is  positive,  therefore  y  is  negative  and  increases ;  when  x  =  3  r,  the 
tangrent  =  qd  ;  /.  y  =:  —  qd  ;  this  gives  an  asymptote  through  F.  As  x 
increases  beyond  3  r  the  tangent  decreases  but  is  negative ;  hence  y  is 
positive ;  when  J?  =  4  r,  y  =  0,  when  jt  =  5  r,  y  =  —  od,  and  between 
X  r=  4  r  and  5  r,  y  is  negative :  therefore  we  have  the  branch  belween 
the  asymptotes  at  F  and  H,  and  proceeding  onwards  we  should  find  a 
series  of  branches  like  the  last.  The  part  of  the  curve  to  the  lefl  of  A  is 
the  same  as  that  to  the  right  of  D. 

This  curve  was  invented  most  probably  by  a  Greek  mathematician  of 
the  name  of  Hippias,  a  cotemporary  of  Socrates ;  his  object  was  to  tri- 
sect an  angle,  or  generally  to  divide  an  angle  into  any  number  of  equal 
parts,  and  this  would  be  done  if  the  curve  could  be  accurately  drawn  ; 
thus  to  trisect  an  angle  ACQ,  draw  the  quadratrix  and  the  ordinate 
M  P,  trisect  the  line  A  M  in  the  points  N  and  O,  draw   the  ordinates 

IT  X 

N  S,   O  T  to  the  quadratrix.     Then  from  the  equation  0  =  — — ,     we 

2  r 

shall  see  that  C  S  and  C  T  trisect  the  angle  ACQ. 

This  curve  was  aflerwards  employed  by  Dinostratus  to  find  the  area 

or  quadrature  of  the  circle,  and  hence  its  name :  supposing  the  point 

£  to  be  determined  by  mechanical  description  we  have  the  value  of  ir 

2  r 

given  by  the  equation  C  E  = ,  and  therefore  the  ratio  of  the  cir- 

ir 

cumference  to  the  diameter  of  the  circle  would  be  known. 

There  is  another  quadratrix,  that  of  Tschirnhausen,  which  is  generated 
by  drawing  two  lines  through  Q  and  M  parallel  respectively  to  A  C  and 
B  C,  and  finding  the  locus  of  their  intersection  ;  its  equation  will  be 


y  ^  r  cos.  [  —  —  0  j  =  r  sin.  6  = 


r  sm.  -— . 
2r 


THE  CYCLOID. 

357.  If  a  circle  £  P  F  be  made  to  roll  in  a  given  plane  upon  a  straight 
line  BCD,  the  point  in  the  circumference  which  was  in  contact  with  B  at 
the  commencement  of  the  motion,  will,  in  a  revolution  of  the  circle,  describe 
a  curve  B  P  A  D,  which  is  called  the  cycloid. 

This  is  the  curve  which  a  nail  in  the  rim  of  a  carriage-wheel  describes 
in  the  air  during  the  motion  of  the  carriage  on  a  level  road  ;  hence  the 
generating  circle  £  P  F  is  called  the  wheel.  The  curve  derives  its  name 
from  two  Greek  words  signifying  "  circle  formed." 

The  line  B  D  which  the  circle  passes  over  in  one  revolution  is  called 
the  base  of  the  cycloid ;  if  A  Q  C  be  the  position  of  the  generating  circle  in 
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the  middle  of  its  course,  A  is  called  the  vertex  and  A  C  the  axis  of  tbe 
curve.  The  description  of  the  curve  shows  that  the  line  B  D  is  equal  to 
the  circumference  of  the  circle,  and  that  B  C  is  equal  to  half  that  circaoi- 
ference.  Hence  also  if  £  P  F  be  the  position  of  the  generating  cticle, 
and  P  the  generating  point,  then  every  point  in  the  circular  arcPF 
having  coincided  with  B  F,  we  have  the  line  B  F  =  the  arc  P  F,  and 
PC  =  thearc  EPor  AQ; 


nK 


Draw  P  N  Q  M  parallel  to  the  base  B  D. 

Let  A  be  the  origin  of  rectangular  axes, 

A  C  the  axis  of  jp,  and  O  the  centre  of  the  circle  A  Q  C. 

LetAM=:jr,  AOrro, 

M  P  s=  y,  angle  A  O  Q  =  6; 
then  by  the  similarity  of  position  of  the  two  circles,  we  have 
PN  =  QM.  andPQrrNM; 

/.  MP=:PQ  +  QM  =  NM+QM=PC  +  QM=:aTcAQ  +  QM 

that  is,  y  :=^  ae  +  a  sin.  6  :=:  a  (0  +  sin,  $)     (1) 

X  :=:  a  —  a  cos.  6  =  o  vers.  $  (2) 

The  equation  between  y  and  d?  is  found  by  eliminating  0  between  (D 
and  (2)  s  V  7 


cos.  $  = 


sin.  0  = 


^  Aj'Zax  —  x^ 


and  y  :=i  aO  '\-  a  sin.  S 


=  a  cos. 


But  we  can  obtain  an  equation  between  a?  and  y  from  (1)  alone ;  that  is, 
from  the  equation,  M  P  =  arc  A  Q  +  Q  M. 

For  arc  A  Q  =:  a  circular  arc  whose  radius  is  a  and  versed  sine  « 

=  a  |a  circular  arc  whose  rodins  is  unity  and  vers,  sin,  —  [ 

=  a  vers.    — 
a 


—  I 


/.  y  =  a  vers.     —  +  J  lax 
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If  the  origin  is  at  B,  B  R  =  J?  and  R  P  =  y,  the  equations  are 
xi=  ad  ^  a  sin.  0 
y  :=z  a  —  a  cos.  6. 

We  shall  not  stop  to  discuss  these  equations,  as  the  mechanical  descrip« 
lion  of  the  curve  sufficiently  indicates  its  form. 

The  cycloid,  if  not  first  imagined  by  Galileo,  was  first  examined  by 
him;  and  it  is  remarkable  for  having:  occupied  the  attention  of  the  most 
eminent  mathematicians  of  the  seventeenth  century. 

Of  the  many  properties  of  this  curve  the  most  curious  are  that  the 
whole  area  is  three  times  that  of  the  generating  circle,  that  the  arc  A  P  is 
double  of  the  chord  of  A  Q,  and  that  the  tangent  at  P  is  parallel  to  the 
same  chord.  Also  that  if  the  figure  be  inverted,  a  body  will  fall  from  any 
point  P  on  the  curve  to  the  lowest  point  A  in  the  same  time  ;  and  if  a 
body  falls  from  one  point  to  another  point,  not  in  the  same  vertical  line,  its 
path  of  quickest  descent  is  not  the  straight  line  joining  the  two  points, 
but  the  arc  of  a  cycloid,  the  concavity  or  hollow  side  being  placed 
upwards. 

358.  Given  the  base  of  a  cvcloid  to  trace  the  curve. 


C  M~a  J  7~2  a  ^^~je  yHf) 


Let  the  base  B  D  be  divided  into  twenty-two  equal  parts,  and  let  them 
be  numbered  from  B  and  D  towards  the  middle  point  C  ;  from  C  draw  the 
perpendicular  line  C  A  equal  to  7  of  these  parts  ;  and  on  A  C  describe 
a  circle  A  Q  C.  Along  the  circumference  mark  off  the  same  number  of 
equal  parts,  either  by  measurement  or  by  applying  the  line  B  C  to  the 
circle  C  A.  In  the  figure  the  point  Q  is  supposed  to  coincide  with  the 
end  of  the  fifih  division  from  the  top. 

Then  the  arc  C  Q  being  equal  to  the  length  C  5  measured  on  the 
base,  if  P  Q  be  drawn  parallel  to  the  base,  and  equal  to  the  remainder  of 
the  base,  that  is,  to  B  5  or  A  Q,  it  is  evident  that  P  is  a  point  in  the 
cycloid,  and  thus  any  number  of  points  may  be  found. 

The  ratio  of  the  circumference  to  the  diameter  of  a  circle  is  generally 
taken  as  in  this  case  to  be  as  22  to  7. 

359.  Instead  of  the  point  P  being  on  the  circumference  of  the  circle, 
it  may  be  anywhere  in  the  plane  of  that  circle,  either  within  or  without 
the  circumference.  In  the  former  case  the  curve  is  called  the  prolate 
cycloid  or  trochoid,  (fig.  1,)  in  the  latter  case  the  curtate  or  shortened 
cycloid,  (fig.  2.) 
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B  D  is  the  base  on  which  the  {generating  circle  ARC  rolls,  O  the  centre 
of  the  g^eneralinjT  circle,  P  the  describing  point  when  ^^that  circle  is  at  F. 
Draw  P  N  Q  M  parallel  to  the  base. 

Let  A  be  the  origin  of  rectangular  axes, 

A  M  =  J?,  M  P  =  y,  A  O  =  a,  K  O  =  m  cr,  angle  A  O  R  =  0,  then 

MP=  MN+PN  =  MN  +  QM  :=FC  +  QM  =  arcAR  +  QM 

andAM=AO  +  OM; 

.*.   y  =  aS  -{•  ma  sin.  6 

and    a?  =  a  vers.  6. 

These  are  the  equations  to  the  prolate,  curtate,  or  cominon  cycloid, 
according  as  m  is  less  than,  greater  than,  or  equal  to,  unity. 

If  the  vertex  K  of  the  curve  be  the  origin  of  co-ordinates  in  figs.  (\) 
and  (2,)  we  have  K  O  =  a,  and  A  O  =  ma:  also  MP=FC  +  QM 
=  arc  A  R  +  Q  M 

.\  y  =z  mae  +  a  sin.  6 


=  m  vers, h  J2  ax  ^  x* 

a         ^ 

The  curve  whose  equations  are  y  =  a  e,  and  jr  =  a  vers.  0  is  called  tJie 
companion  to  the  cycloid. 

360.  The  class  of  cycloids  may  be  much  extended  by  supposing  the 
base  on  which  the  circle  rolls  to  be  no  longer  a  straight  line,  but  itself 
a  curve  :  thus  let  the  base  be  a  circle,  and  let  another  circle  roll  on  the 
circumference  of  the  former ;  then  a  point  cither  within  or  without  the 
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circumference  of  the  rolling*  circle  will  describe  a  curve  called  the  epitro- 
choid ;  but  if  the  describing^  point  is  on  the  circumference,  it  is  called  the 
epicycloid. 

If  the  revolving  circle  roll  on  the  inner  or  concave  side  of  the  base»  the 
curve  described  by  a  point  within  or  without  the  revolving  circle  is  called 
the  hy|)otrochoid  ;  and  when  the  point  is  on  the  circumference  it  is  called 
the  hypocycloid. 

To  find  the  equation  to  the  epitrochoid. 

Let  C  be  the  centre  of  its  base  E  D,  and  B  the  centre  of  the  revolving 
circle  D  F  in  one  of  its  positions :  C  A  M  the  straight  line  passing  through 
the  centres  of  both  circles  at  the  commencement  of  the  motion  ;  that  is, 
when  tiie  generating  point  P  is  nearest  to  C  or  at  A. 


X 

Let  C  A  be  the  axis  of  j, 
C  M  =  J,  M  P  =  y, 
C  D  =  a,  D  B  =  ^, 
B  P  =  m 6,  angle  AC  B  =  0 
Draw  BN  parallel  to  MP,  andPQ  parallel  to  EM.     Then,  since 
every  point  in  D  F  has  coincided  witlf  the  base  A  D,  we  have  DF  =  ad,  and 

angle  D  B  F  =  ^  ;  also  angle  F  B  Q  =  angle  F  B  D  -  angle  Q  B  D 

Now  CM  =  CN  +  NM  =  CB  cos.  B  C  N  +  P  B  sin.  P  B  Q 

/a  +  b  v\ 

=  («  +  6)  COS.  0  +  tnb  sin.  f  —7—  ^  ""  "o  J 

And  M  P  =  B  N  -  B  Q    =  (a  +  6)  sin.e  -  m6  cos.  f^^^  "  y) 


or  J  =:  (a  +  &)  cos.  0  -^  mb  cos. 


and  y  =  (cr  +  6)  fcin.  0  —  m  &  sin. 


a  +  b 


a  +b 


e 


(1) 
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The  equations  to  the  epicycloid  are  found  by  putting  6  ibr  m  &  iti  (L) 

(2) 


a  +  6 
J?  r=  (a  +  b)  COS.  6  —  b  cos.  — - —  0 


a  4-  & 
and  y  =  (a  +  b)  sin.  6—6  sin.  — - —  0 

The  equations  to  the  hypotrochoid  maybe  obtained  in  the  same  nrnoiier 
as  the  system  (I),  or  more  simply  by  putting— 6  for  6  in  the  equations  (I.) 


a  —  b 
X  =  (a  —  6)  COS.  e  +  m  6  cos.  — r—  6 


and  y  =  (a  —  6)  sin.  6  ^  mb  sin. 


U3) 


The  equations  to  the  hypocycloid  are  found  by  putting  —  b  for  both  b 

and  m  6  in  system  (1.) 

,  a  -  6 

.*.  a?  =  (a  —  b)  cos.  0  -{-  b  cos.  — j—  d 


and  y  =  (a  —  fc)  sin.  0—6  sin.  — - —  6 


)i*) 


We  have  comprehended  all  the  systems  in  (1),  but  each  of  tbem  migbt 
be  obtained  from  their  respective  figures. 

361.  The  elimination  of  the  trigonometrical  quantities  is  possible,  aad 
gives  finite  algebraic  equations  whenever  a  and  b  are  in  the  proportion 

of  two  integral  numbers.     For  then  cos.  0,  cos.  — ^^^  0,  sin.  Oy  &c,  can 

b 

be  expressed  by  trigonometrical  formulas,  in  terms  of  cos.  ^  and  sin.  f , 

,a  +  6 


where  0  is  a  common  submultiple  of  0  and- 


6 ;  and  then  cos.  ^  and 


sin.  0  may  be  expressed  in  terms  of  x  and  y.     Also  since  the  resulting 
equation  in  xy  is  finite,  the  curve  does  not  make  an  infinite  series  of 
convolutions,  but  the  wheel  or  revolving  circle,  afler  a  certain  number  of 
revolutions,  is  found,  having  the  ^fnerating  point  exactly  in  the  same 
position  as  at  first,  and  thence  describing  the  same  curve  line  over  again. 
For  example,  let  a  =  6,  the  equations  to  the  epicycloid  become 
jp  =  o  (2  COS.  e  —  COS.  2  e) 
y  =  a  (2  sin.  0  —  sin.  2  6) 
:.  X  =z  a  (2  COS.  e  —  2  (cos.  0)*  +  1) 
and  y  =z  2  a  sin.  d  (1  —  cos.  6), 
From  the  first  of  these  equations  we  find  cos.  d,  and  then  from  the 
second  we  have  sin.  6,  adding  the  values  of  (cos.  9)*  and  (sin.  oy  together 
and  reducing,  we  have 

(y«  +  *'  -  3a)«  =  4a*  Ts  -  ^\ 

or  {*«  +  y"  -  a»}«  -  4  o»  {  (j?  -  o) »  +  y«}  =  0. 
This  curve,  from  its  heurt-like  shape,  is  called  the  cardioide. 

Let  A  be  the  origin  ;  that  is,  for  x  put  x  +  a  in  the  last'  algebraical 
equation,  and  then  by  trausforniutiou  into  polar  co-ordinates,  the  equation 
to  the  cardioide  becomes 


THE  INVOLUTE  OP  THE  CIRCLE. 
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r  =  2  a  (1  —  COS.  0). 

362.  If  ft  =  5"  •he  equations  (4)  to  the  hypocycloid  become 

X  z=L  a  COS.  6 
and  y  =  0  ; 
and  the  hypocycloid  has  degenerated  into  the  diameter  ot*  the  circle  ACE. 
In  the  same  case  the  equations  to  the  hypotrochoid  become 

a 
J?  =:  —  (I  +  ^'O  COS.  6 

y  =.Y  (1  -  *w)8in.  0; 

which  by  the  elimination  of  B  give  the  equation  to  an  ellipse,  whose  axes 
are  a  (1  +  m)  and  a  (1  —  m). 

363.  If  a  thread  coinciding  with  a  circular  axis  be  unwound  from  the 
circle,  the  extremity  of  the  thread  will  trace  out  a  curve  called  the  involute 
of  the  circle. 


Thus  suppose  a  thread  fixed  round  the  circle  ABCD;  then  if  it  be 
unwound  from  A,  the  extremity  in  the  hand  will  trace  out  the  curve 
A  P  Q  R  S ;  the  lines  B  P,  DQ,  C  R,  A  S,  which  are  particular  positions 
of  the  thread,  are  also  tangents  to  the  circle,  and  each  of  them  is  equal  to 
the  length  of  the  corresponding  circular  arc  measured  from  A. 

The  curve  makes' an  infinite  number  of  revolutions,  the  successive 
branches  being  separated  by  a  distance  equal  to  the  circumference  of  the 
circle. 

To  find  the  equation  to  the  involute. 

Let  C  A  =  a,  C  P  =s  r,  and  angle  A  C  P  s=  6 ;  then  from  the  triangle 


B  C  P,  we  have  B  C  =  P  C  cos.  P  C  B,  or  angle  PCB  =  cos. 
.-.  BP  =  BA  =  a^cos.-*   7  +  ^) 
or  V  (»•"  -  o*)  =  o  (cos.  -*    7  +   ^) 


e  =  ^^ 


«•} 


—     COS. 
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ON  SPIRALS. 


.The  involute  of  the  circle  is  usefully  employed  in  toothed  wheels  ;  for 
there  is  less  waste  of  power  in  passing;  from  one  tooth  to  another  when 
they  are  of  this  form  than  in  any  other  case. 


In  the  figures  (2)  and  (3)  we  have  examples  of  two  equal  wheels 
which  have  each  two  teeth  ;  and  by  turning*  one  wheel  the  other  wheel 
will  be  kept  in  motion  by  means  of  the  continual  contact  of  the  teetb. 
The  dotted  line  of  contact  is,  by  the  property  of  the 
involute,  a  common  tangent  to  the  two  wheels  ;  this 
dotted  line  is  the  constant  line  of  contact,  and  the 
force  is  the  same  in  every  part  of  a  revolution. 

Fig.  (3)  is  another  example ;  and  by  making  the 
teeth  smaller  and  more  numerous  we  shall  have 
toothed  wheels  always  in  contact,  and  therefore  giving 
no  jar  or  shake  to  the  machinery. 

Again,  in  raising  a  piston  or  hammer,  the  involute 
of  the  circle  is  the  best  form  for  the  teeth  of  the 
turning-wheel,  as  the  force  acts  on  the  piston  entirely 
in  a  vertical  direction. 


SPIRALS. 
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ON  SPIRALS. 

364.  There  is  one  class  of  transcendental  curves  which  are  called 
spirals,  from  their  peculiar  twisting  form.  They  were  invented  by  the 
ancient  geometricians,  and  were  much  used  in  architectural  ornaments. 
Of  these  curves,  the  most  important  as  well  as  the  most  simple,  is  the 
spiral  invented  by  the  celebrated  Archimedes. 

This  spiral  is  thus  generated :  Let  a  straight  line  S  P  of  indefinite 
length  move  uniformly  round  a  fixed  point  S,  and  from  a  fixed  line  SX, 
and  let  a  point  P  move  uniformly  also  along  the  line  S  P,  starting  from  S,  at 
the  same  time  that  the  line  S  P  commences  its  motion  from  S  X,  then  the 


point  will  evidently  trace  out  a  curve  line  S  PQ  R  A,  commencing  at  S, 
and  gradually  extending  further  from  S.  When  the  line  S  P  has  made 
one  revolution,  P  will  have  got  to  a  certain  point  A,  and  S  P  still  con- 
tinuing to  turn  as  before,  we  shall  have  the  curve  proceeding  on  regularly 
through  a  series  of  turnings,  and  extending  further  from  S. 

To  examine  the  form  and  properties  of  this  curve,  we  must  express  this 
method  of  generation  by  means  of  an  equation  between  polar  co-ordinates. 

LetSP  =  r,  SA  =  6,  ASP=  0; 

then  since  the  increase  of  r  and  0  is  uniform,  we  have 

S  P  :  S  A  ::  angle  ASP  :  four  right  angles::  6  :  2w 

he     .      ,^         h 
.-.  r  =  -— -  =  ae,  if  a  =  -— -. 

2  X  2  ff 

From  this  equation  it  appears  that  when  S  P  has  made  two  revolutions 
or  d  =r  4  IT,  we  have  r  =  2  6,  or  the  curve  cuts  the  axis  S  X  again  at  a 
distance  2  S  A  ;  and  similarly  after  3,  4,  n  revolutions  it  meets  the  axis 
S  X  at  distances  3  ;  4,  7i  times  S  A.  Archimedes  discovered  that  the 
area  S  P  Q  R  A  is  equal  to  one-third  of  the  area  of  the  circle  described  with 
centre  S  and  radius  S  A. 

365.  The  spiral  of  Archimedes  is  sometimes  used  for  the  volutes  of  the 
capitals  of  columns,  and  in  that  case  the  following  descriotion  by  points 
is  useful. 

O 


194 


SPIRALS. 


Let  a  circle  A  B  C  D,  fiff.  (2),  be  described  on  the  diameter  C  S  A, 
and  draw  the  diameter  B  D  at  right  angles  to  C  A ;  divide  the  radius 

S  A  into  four  equal  parts,  and  in  S  B  take  S  P  =  j   S  A,   in   S  C  tal» 

1  3 

S  Q  =  —  S  A,  and  in  S  D  take  S  R  =-r  S  A  ;  then  from  the  equation 

to  the  curve  these  points  belong  to  the  spiral ;  by  subdividing  the  radius 
S  A  and  the  angles  in  each  quadrant  we  may  obtain  other  points  as  in 
the  figure.  In  order  to  complete  the  raised  part  in  the  volute,  another 
spiral  commences  from  S  B. 

366.  The  spiral  of  Archimedes  is  one  of  a  class  of  spirals  comprehended 
in  the  general  equation  r  :=  aQ*.     Of  this  class  vre  shall  consider  the 

cases  where  n  =  —  1,  and  n  =  — — 


Let  n  =  — 


=  ae 


Let  S  be  the  pole,  S  X  the  axis  from  which  the  angle  Q  is  measured, 
S  P  =  r. 

When  e  =  0,  r  =  OD  ;  as  0  increases,  r  decreases  very  rapidly  at  first 
and  more  uniformly  afterwards ;  as  6  may  go  on  increasing  ad  infinitum 
t  also  may  go  on  diminishing  ad  infinitum  without  ever  actually  becoming 
nothing :  hence  we  have  an  infinite  series  of  convolutions  round  S  : 
Describe  a  circular  arc  P  Q  with  centre  S  and  radius  S  P,  then  P  Q  =  r ^ 
=  o  ;  and  since  this  value  of  a  is  the  same  for  all  positions  of  P, 
we  must  have  PQ  =  P'Q'  =  the  straight  line  S  C  at  an  infinite  dis- 
tance, and  therefore  the  curve  must  approach  to  an  asymptote  drawn 
through  C  parallel  to  S  X. 

This  curve  is  called  the  reciprocal  spiral  from  the  form  of  its  equation, 
since  the  variables  are  inversely  as  each  other,  or  the  hyperbolic  spiral 
from  the  similarity  of  the  equation  to  that  of  the  hyperbola  referred  to  its 
asymptotes  (a?y  =  A:*). 


367.  Let  n  =  -  i 
2 


—  I 
,rssa0  ^  or 


r^  =1  a\    This  curve,  called 

the  lituus  or  trumpet,  is  described  as  in  the  figure  ;  proceeding  from  the 
asymptote  S  X,  it  makes  an  infinite  series  of  convolutions  round  S. 
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368.  If  m  the  equation  r  9  =  a,  we  always  deduct  the  constant  quan- 
tity, b,  we  have  the  equation  (r  —  6)  0  =  a ;  this  curve  commences  its 
course  like  the  reciprocal  spiral ;  but  as  6  increases  we  have  r  —  6  ap- 
proximating to  nothing,  or  r  approximating  to  6  ;  hence  the  spiral,  after 
an  infinite  number  of  convolutions,  approaches  to  an  asymptotic  circle, 
whose  centre  is  S,  and  radius  6. 

369.  Trace  the  spiral  whose  equation  is  O^^ar  —  r«r=  6;  this  curve 
has  ao  infinite  number  of  small  revolutions  round  the  pole,  and  gra- 
dually extends  outwards  to  meet  an  asymptotic  circle  whose  radius  is  a. 

370.  The  spiral  whose  equation  is  (r  —  o)'  =  6*  0  commences  its 
course  from  a  point  in  the  circumference  of  the  circle  whose  radius  is  a, 
and  extends  outwards  round  S  in  an  infinite  series  of  convolutions.  This 
curve  is  formed  by  twisting  the  axis  of  the  common  parabola  round  the 
circumference  of  a  circle,  the  curve  line  of  the  parabola  forming  the 
spiral. 

371.  The  curve  whose  equation  is  r  =  a'  is  called  the  logarithmic 
spiral,  for  the  logarithm  of  the  radius  vector  is  proportional  to  the  angle  0. 
Examining  all  the  values  of  d  from  0  to  ±  oo  we  find  that  there  are  an 
infinite  series  of  convolutions  round  the  pole  S.  This  curve  is  also  called 
the  equiangular  spiral,  for  it  is  found  by  the  principles  of  the  higher 
analysis  that  this  curve  cuts  the  radius  vector  in  a  constant  angle. 

Descartes,  who  first  imagined  this  curve,  found  also  that  the  whole 
length  of  the  curve  from  any  point  P  to  the  pole  was  proportional  to  the 
radius  vector  at  P. 

372.  It  will  oflen  happen  that  the  algebraical  equation  of  a  curve  is 
much  more  complicated  than  the  polar  equation  ;  the  conchoid  art.  312 
is  an  example.  In  these  cases  it  is  advisable  to  transform  the  equation 
from  algebraical  to  polar  co-ordinates,  and  then  trace  the  curve  from  the 
polar  equation. 

For  example,  if  the  equation  be  (jt*  +  y*)*  =  2  a  xy^  there  would  be 
much  difficulty  in  ascertaining  the  form  of  the  curve  from  this  equation ; 
but  let  j;  =:  r  cos.  0  and  y  ^  r  sin.  0  (61) 

/.  r*  =  2  a  r*  cos.  0  sin.  6, 

or  r  =r  a  sin.  2  6. 


K.- 
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Let  A  be  the  origin  of  polar  co-ordinates ;  A  X  the  axis  whence  0  is 
measured ;  with  centre  A.  and  radius  a  describe  a  circle  BCD.  Then 
for  ^  =  0  we  have  r  =  0,  as  d  increases  from  0  to  45°,  r  increases  from 

O  2 
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0  to  a ;  hence  the  hranch  A  P  B.  A^ain,  as  9  increases  from  45®  to  90^ 
sin.  20  diminishes  from  1  to  0  ;  .*.  r  diminishes,  and  we  trace  the  branch 
B  Q  A.  As  0  increases  from  90°  to  180^  sin.  2  0  increases  and  decreases 
as  before ;  hence  the  similar  oval  in  the  second  quadrant.  By  t'ullowing  B 
from  180°  to  360°,  we  shall  have  the  ovals  in  the  third  and  fourth  quadrant: 
and  since  the  sine  of  an  arc  advances  similarly  in  each  quadrant  of  the 
circle,  we  have  the  four  ovals  similar  and  equal. 

In  this  case  we  have  paid  no  regard  to  the  algebraical  sig-n  of  r;  we 
have  considered  6  to  vary  from  0  to  360°,  which  method  we  prefer  to  that 
of  giving  6  all  values  from  0  to  180°,  and  then  making  the  sign  of  r  to  vary. 

If  the  equation  had  been  (j?*  -|-  y*)*  =  2c^xy,  we  should  have  founid 
two  equal  and  similar  ovals  in  the  first  and  third  quadrant. 

The  locus  of  the  equation  r  ^^  a  (cos.  Q  —  sin.  0)  is  the  same  kind  of 
figure  differently  situated  with  respect  to  the  lines  A  X  and  A  C. 

The  equation  to  the  lemniscata  r*  :==l  c?  cos.  2  0  art.  (314),  may  be 
similarly  traced. 

373.  In  many  indeterminate  problems  we  shall  find  that  polar  co-crdi- 
nates  may  be  very  usefully  employed.    For  example, 

Let  the  corner  of  the  page  of  a  book  be  turned 
over  into  the  position  B  C  P,  and  in  such  a  man- 
ner that  the  triangle  B  C  P  be  constant,  to  find 
the  locus  of  P. 

Let  A  P  =  r,  angle  P  A  C  =  0,  and  let  the 
area  A  B  C  =  a* ;  then  since  the  triangles  ABE, 

P  B  E  are  equal,  we  have  A  E  =  — ,     and    the 

angle  A  E  B  a  right  angle  .'.  A  E  =:  A  C  cos.  ^, 

and  AE  =r  AB  cos.  f  ^  —  ej  =  AB  sin.  0   .'. -^     =  r. sin. 0 cos. ^, 

or  f*  =  a*  sin.  2  6,  Hence  the  locus  is  an  oval  A  P  B  Q  as  in  the  last 
figure. 

If  a  point  be  taken  in  the  radius  vector  S  P  of  a  parabola  so  that  its 
distance  from  the  focus  is  equal  to  the  perpendicular  from  the  focus  on  the 

tangent,  the  locus  of  the  point  is  the  curve  whose  equation  is  r  =  a  sec. 


2. 
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PART    II. 

APPLICATION  OF  ALGEBRA  TO  SOLID  GEOMETRY. 


CHAPTER  I. 
INTRODUCTION. 


374.  In  the  preceding  part  of  this  Treatise  lines  and  points  have  always 
been  considered  as  situated  in  one  plane,  and  have  been  referred  to  two 
lines  called  axes  situated  in  that  plane.  Now  we  may  readily  imagine  a 
curve  line,  the  parts  of  which  are  not  situated  in  one  plane  ;  also,  if  we 
consider  a  surface,  as  that  of  a  sphere,  for  example,  we  observe  imme- 
diately that  all  the  points  in  such  a  surface  cannot  be  in  the  same  plane  ; 
lience  the  method  of  considering  figures  which  has  been  hitherto  adopted 
cannot  be  applied  to  such  cases,  and  therefore  we  must  have  recourse  to 
some  more  general  method  for  investigating  the  properties  of  figures. 

375.  We  begiu  by  showing  how  the  position  of  a  point  in  space  may 
be  determined. 


-X 


Let  three  planes  Z  A  X,  Z  A  Y,  and  X  A  Y,  be  drawn  perpendicular 
to  each  other,  and  let  the  three  straight  lines  AX,  AY,  A Z  be  the  inter- 
sections of  these  planes,  and  A  the  common  point  of  concourse. 

From  any  point  P  in  space  draw  the  lines  PQ,  P  R,  and  PS  respec- 
tively perpendicular  to  the  planes  X  A  Y,  Z  A  X,  and  Z  A  Y ;  then  the 
position  of  the  point  P  is  completely  determined  when  these  three  per- 
pendicular lines  are  known. 

Complete  the  rectangular  parallelopiped  A  P,  then  P  Q,  P  R,  and  P  S 
are  respectively  equal  to  A  O,  A  N,  and  A  M. 

These  three  lines  A  M,  AN.  and  A  O,  or  more  commonly  their  equals 
A  M,  M  Q,  and  Q  P,  are  called  the  co-ordinates  of  P,  and  are  denoted  by 
the  letters  x,  y,  and  z  respectively. 

The  point  A  is  called  the  origin. 
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The  line  A  X  is  called  the  axis  of  x,  the  line  AY  is  called  the  aib of 
y^  and  the  line  A  Z  is  called  the  axis  of  z. 

The  plane  X  A  Y  is  called  the  plane  of  fy,  the  plane  Z  A  X  is  called  the 
plane  of  2  x^  and  the  plane  Z  A  Y  is  called  the  plane  of  sy*. 

From  P  we  have  drawn  three  perpendicular  lines,  PQ,  P  R,  and  PS, 
on  the  three  co-ordinate  planes.  The  three  points,  Q,  R,  and  S  are  callfd 
the  projections  of  the  point  P  on  the  planes  of  xy^  xz^  and  zy  respec- 
tively. 

The  method  of  projections  is  so  useful  in  the  investigation  and  descrip- 
tion of  surfaces^  that  we  proceed  to  give  a  few  of  the  priucipal  theorems 
on  the  subject  so  far  as  may  be  required  in  this  work. 
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376.  If  several  points  be  situated  in  a  straight  line,  their  projections  on 
any  one  of  the  co-ordinate  planes  are  also  in  a  straight  line. 

For  they  are  all  comprised  in  the  plane  passing  through  the  given 
straight  line,  and  drawn  peq)endicular  ti)  the  co-ordinate  plane ;  and  as 
the  intersection  of  any  two  planes  is  a  straight  line,  the  projections  of  the 
points  must  be  all  in  one  straight  line. 

This  plane,  which  contains  all  the  perpendiculars  drawn  from  different 
points  of  the  straight  line,  is  called  the  projecting  plane ;  and  its  intersec- 
tion with  the  co-ordinate  plane  is  called  the  projection  of  the  straight 
line. 

877.  To  find  the  length  of  the  projection  of  a  straight  line  upon  a 
plane. 


Let  A  B  be  the  line  to  be  projected  on  the  plane  P  Q  R ;  produce 
A  B  to  meet  this  plane  in  P  ;  draw  A  A'  and  B  B'  perpendicular  to  the 
plane,  and  meeting  it  in  A' and  B'.  Join  A' B';  then  A' B' is  the  pro- 
jection of  AB. 


*  This  system  of  co-ordinate  planes  may  be 
represented  by  the  sides  and  floor  of  a  room, 
the  comer  being  the  origin  of  the  axes,  the 
plane  X  Y  is  then  represented  by  the  floor  of 
the  room,  and  the  two  remaining  planes  by  the 
two  adjacent  sides  of  the  room. 
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Since  A  B  and  A'  B^  are  in  the  same  plane,  they  will  meet  in  P.  Let 
the  ang^le  B  P  B'  or  the  angle  of  the  inclination  of  A  B  to  the  plane  ==  6, 
and  in  the  projecting  plane  A  B'  draw  A  E  parallel  to  A'  B',  then 

A'B'  =  A  E  =  A  B  COS.  B  A  E  =  A  B  cos.  0 

The  same  proof  will  apply  to  the  projection  of  a  straight  line  upon 
another  straight  line,  both  being  in  the  same  plane. 

378.  To  find  the  length  of  the  projection  of  a  straight  line  upon  another 
straight  line  not  in  the  same  plane. 
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Let  A  B  be  the  line  to  be  projected ;  C  D  the  line  upon  which  it  is  to  be 
projected.  From  A  and  B  draw  lines  A  A' and  B  B' perpendicular  to 
C  D,  then  A'  B'  is  the  projection  of  A  B. 

Through  A  and  B  draw  planes  M  N  and  P  Q  perpendicular  to  C  D. 
These  planes  contain  the  perpendicular  lines  A  A'  and  B  B'. 

From  A  draw  A  E  perpendicular  to  the  plane  P  Q,  nnd  therefore  equal 
and  parallel  to  A'  B' ;  join  B  E  ;  then  the  triangle  ABE  having  a  right 
angle  at  E,  we  have  A'  B'  =  A  E  =  A  B  cos.  B  A  E,  and  angle  B  A  E 
is  equal  to  the  angle  0  of  inclination  between  A  B  and  C  D ;  hence 

A'  B'  r=  A  B  COS.  a 

Also  any  line  equal  and  parallel  to  A  B  has  an  equal  projection  A'  B' 
on  C  D,  and  the  projection  of  A  B  on  any  line  parallel  to  C  £>  is  of  the  same 
length  as  A'  B'. 

379.  The  projection  of  the  diagonal  of  a  parallelogram  on  any  straight 
line  is  equal  to  the  sum  of  the  projections  of  the  two  sides  upon  the  same 
straight  line. 


Let  A  BCD  be  a  parallelogram,  AZ  any  straight  line  through  A 
inclined  to  the  plane  of  the  parallelogram.  From  C  and  B  draw  perpen- 
diculars C  E  and  B  F  upon  A  Z,  then  A  E  is  the  projection  of  A  C  upon 
AZorAE  =  AC  cos.  C  A  Z  ;  and  A  F  is  the  projection  of  A  B  upon 
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The  line  A  X  is  called  the  axis  o( x,  the  line  AY  is  ca- 
y,  and  the  line  A  Z  is  called  the  axis  of  z. 

The  plane  X  A  Y  is  called  the  plane  of  j'y,  the  plane  Z 
plane  of  z  j?,  and  the  plane  Z  A  Y  is  called  the  plane  of ;: 

From  P  we  have  drawn  three  perpendicular  lines,  P  < 
on  the  three  co-ordinate  planes.     The  three  points,  Q,  R 
the  projections  of  the  point  P  on  the  planes  of  j?  y,  x 
tively. 

The  method  of  projections  is  so  useful  in  the  investi 
tion  of  surfaces,  that  we  proceed  to  give  a  few  of  the 
on  the  subject  so  far  as  may  be  required  in  this  work. 


PROJECTIONS. 

376.  If  several  points  be  situated  in  a  straight  lin 
any  one  of  the  co-ordinate  planes  are  also  in  a  strair 

For  they  are  all  comprised  in  the  plane  pass 
straight  line,  and  drawn  peq)endicular  to  the  co- 
the  intersection  of  any  two  planes  is  a  straight  lin* 
points  must  be  all  in  one  straight  line. 

This  plane,  which  contains  all  the  perpendicu' 
points  of  the  straight  line,  is  called  the  projectint. 
tion  with  the  co-ordinate  plane  is  called  the  ] 
line. 

877.  To  find  the  length  of  the  projection  c 
plane. 


\ ...--' 


Let  A  B  be  the  line  to  be  projected  v 
A  B  to  meet  this  plane  in  P  ;  draw  A  A' 
plane,  and  meeting  it  in  A' and  B'.     Jo 
jection  of  AB. 


*  This  system  of  co-ordinate  planes  may  be 
represented  by  the  sides  and  floor  of  a  room, 
the  comer  being  the  origin  of  the  axes,  the 
Diane  XY  is  then  represented  by  the  floor  o. 
the  room,  and  the  two  remaining  planes  by  th- 
two  adjacent  sides  of  the  room. 
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A  Z  or  A  F  =  A  B  COS.  B  A  Z.     Also  F  E  is  the  projcclion  of  BC  or 
A  D  upon  AZorFE  =  BC  cos.  D  A  Z 

and  AE  =  AF  +  FE; 

hence  the  projection  of  A  C  ^  the  sum  of  projections  of  A  B  and  B  C. 

380.  To  find  the  projection  of  the  area  of  any  plane  ligure  on  a  given 
plane  E  D  G  H. 

A. 


Let  A  B  C  be  a  triangle  inclined  to  the  given  plane  E  D  G  H  at  an  an^le 
9;  draw  A  E,  C  D,  perpendicular  to  the  intersection  E  D  of  these  planes; 
then  the  triangle  ABC  and  its  projection  G  K  H  have  equal  bases  A  Ii, 
G  H,  but  unequal  altitudes  C  F,  K  M  ; 

.-.  area  ABC  :  GKH  ::  OF:  KM  ::DF:  DM  ::  i:    cos.e 

or  area  G  K  H  =  A  B  C  cos.  0 ; 

and  this  being  true  for  any  triangle,  is  true  for  any  polygon,  and  therelure 
ultimately  for  any  plane  area. 


CHAPTER    II, 
THE  POINT  AND  STRAIGHT  LINE. 

381.  We  have  already  explained  how  the  position  of  a  point  in  space 
is  determined  by  drawing  perpendicular  lines  from  it  upon  three  fixed 
planes  called  the  co-ordinate  planes.  If,  then,  on  measuring  the  lengtlis 
of  these  three  perpendicular  lines  or  co-ordinates  of  P  we  find  A  Mr=a, 
A  N=6,  and  A  0=c,  we  have  the 
position  of  a  point  P  completely  de- 
termined by  the  three  equations  jr=a, 
yrzb  and  z:=zc  ;  and  as  these  are  suf- 
ficient for  that  object,  they  are  called 
the  equations  to  the  point  P. 

This  point  may  also  be  defined  as 
in  Art.  (25)  by  the  equation 
(x-fl)  *-f  (y-6)'+  (;r-c)«=0. 
since  the  only  values  that  render  this 
expression  real  are  j=:a,  y=b,  and 

2  =  C, 


a 


JK 

s 

O 

R 

.S 

/ 

/ 

p 

/ 

.y 

A 

M 

Jc"" 

/ 

/ 

7 

THE  point;  201 

382.  The  alpfebraical  sisrns  of  the  co-ordinates  j?,  y,  and  r,  are  deter- 
mined as  in  Plane  Geometry,  by  the  directions  of  the  co-ordinate  lines : 
thus  A  O  is  positive  or  ne^tive  according  as  it  is  drawn  from  A  along  A  Z 
or  A  2y  that  is,  according  as  it  is  above  or  below  the  plane  of  j?^ :  and  so 
on  for  the  other  lines  :  hence  we  have  the  following  values  of  co-ordinates 
for  a  point  in  each  of  the  eight  compartments  into  which  space  is  divided 
by  the  co-ordinate  planes. 

+  X  -f  y  -f  2  a  point  P  situated  in  the  angle  X  A  Y  Z 

+  a?  — y  +  s  .              .             .           XAyZ 

—  j:  — y  +  2  .              .              .                 xAyZ 

-  X  +  y +  2  .  .  .  xA YZ 
+x+y— 2  -  .  .  XAYz 
+  x  -  y  — ar  .  .  .  XAy  z 
^  X  --  y  —  2  .  •  .  J?Ay  z 
— x+y— 2  .             .             .             xAYr 

383.  A  point  also  may  be  situated  in  one  of  the  co-ordinate  planes,  in 
which  case  the  co-ordinate  perpendicular  to  that  plane  must  =  0  ;  thus, 
if  the  point  be  in  the  plane  of  xy,  its  distance  z  from  this  plane  must  =  0: 
hence  the  equations  to  the  point  in  the  plane  of  x  y  are 

X  =  a,  y  =6,  r  =  0 
or  (x  -  ay  +  (y  -  by  -i-  2*  =  0. 
If  the  point  be  in  the  plane  of  x  2,  the  equations  are 
x=a,  y  =  0,  «=c 
And  if  the  point  be  in  the  plane  of  y  2 

a:  =  0,  y  =  6,  2  =  c. 

Also,  if  the  point  be  on  the  axis  of  x,  its  distance  from  the  planes  x  y  and 
y  2  =  0,  therefore  the  equations  to  such  a  point  are 

X  =:  a,  y  =  0,  2  =  0 ; 

and  so  on  for  points  situated  on  the  other  axes. 

384.  The  points  Q,  R,  and  S,  in  the  last  figure,  are  the  projections  of  the 
point  P  on  the  co-ordinate  planes ;  on  referring  each  of  these  points  to  the 
axes  in  its  own  plane,  we  have 

The  equations  to  Q  on  x  y  are  x  =  a,  y  =  6 
R  on  X  2  are  X  =:  a,  2  =  c 
S  on  y  2  are  y  r=  6,  2  =  c 

Hence  we  see  that  the  projections  of  the  point  P  on  two  of  the  co-ordi- 
nate planes  being  known,  the  projection  on  the  third  plane  is  necessarily 
given:  thus,  if  S  and  R  are  given,  draw  S  N  and  KM  parallel  to  AZ, 
also  N  Q-  and  M  Q  respectively  parallel  to  A  X  and  A  Y,  and  the  position 
of  Q  is  known.. 

385.  To  find  the  distance  A  P  of  a  point  from  the  origin  of  co-ordi- 
nates A. 

Let  A  X,  A  Y,  and  A  Z  be  the  rectangular  axes ;  A  M  =  x,  M  Q  =  y, 
and  P  Q  =:  2,  the  co-ordinates  of  P. 
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The  square  on  A  P  =  the  square  ou  A  Q  +  the  square  on  P  Q 

=  the  squares  on  A  M,  M  Q  +  the  square  on  P  Q 
or  d»  =  or*  +  y*  +  «'. 
386.  Let  a,  j3,  y,  be  the  angles  which  A  P  makes  with  the  axis  of  J,|r, 
and  Zy  respectively ; 

then  X  =  AM  =  AP  cos  P  A  M  =  d  cos  « 

y  =  MQ  =  AN  =  AP  cos.  P AN  =  dcos.^ 
^=PQ  =  APsin.  PAQ  =  dcos.  7 
/.  d*  =  ««  +  y«  +  z«  =  d'  (cos.  «)•  +  d«  (cos.  /3)«  +  d»  (cos.  yY 
/.  (cos.  «)•  +  (cos.  py  +  (cos.  r)  •  =  1. 
Again  d*  =r  a:*  +  y"  +  ^' =  ardcos.  a-j- y  d  cos.  ^ +  zd  cos.  y 
.*.  d  =:  a?  COS.  a  +  y  cos.  j3  +  *  cos.  y. 

To  find  the  distance  between  two 
points,  let  the  co-ordinates  of  the  points  P 
and  Q  be  respectively  x  y  z  and  x,  y,  z^; 
then  the  distance  between  these  points  is 
the  diagonal  of  a  parallelepiped,  the  three 
contiguous  sides  of  which  are  the  differ- 
ences of  the  parallel  co-ordinates ;  hence, 
by  the  last  article  we  have 


387. 


388. 


A 


P^i 


d^  =  (^  -  x,y  +  (y  -  y,y  +  (2  ^z,y 

If  d^  and  df  be  the  distances  of  the  points  x^  y,  Zi  and  jr,  y,  z,  respcctivdy 
from  the  origin,  the  above  expression  may  he  put  in  the  form 

d»  =  di*  +  d/  -  2  («i  X,  +  yi  y«  +  5ri  2,). 


THE  STRAIGHT  LINE. 

389.  A  straight  line  may  be  considered  as  the  intersection  of  two  planes, 
and  therefore  its  position  will  be  known  if  the  situation  of  these  planes  is 
known ;  hence  it  may  be  determined  by  the  projecting  planes,  and  tbe 
situation  of  these  laFt  is  fixed  by  their  intersections  with  the  co^ordinaU' 
planes,  that  is,  by  the  projections  of  the  line  upon  the  co-ordinate  planc^: 
hence,  the  position  of  a  straight  line  is  geometricully  fixed  by  knowing  i^ 
projections ;  and  it  is  also  algebraically  determined  by  the  equatious  i«^ 
those  projections  taken  conjointly.  Taking  the  axis  of  z  as  the  axi^  of 
abscissas  the  equation  to  tlie  projection  on  the  plane  x  z  is  of  the  iunn 
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X  =z  a  z  +  a  (31),  and  the  equation  to  the  projection  on  the  plane  of  y  s 
is  y  =  Pz  +  b. 

As  these  two  equations  fix  the  position  of  the  straight  line  in  space, 
they  are,  taken  together,  called  tlie  equations  to  a  straigrht  line. 

390.  To  illustrate  this  subject  we  shall  let  PQ  be  a  portion  of  the 
straig^ht  line,  H S  its  projection  on  xZyTU  its  projection  on  y  z,  V  W  its 
projection  onxy; 

And  let  x  ==  cr  z  +  a,  be  the  equation  to  R  S,  and  j/  =  /3  2  +^>  be  the 
equation  to  T  U  : 

Z 


then  any  point  Q  in  the  projecting  plane  PQ  R  S  has  the  same  values  of 
2  and  X  that  its  projection  S  has,  that  is,  the  co-ordinates  A  M  and  M  S 
are  the  same  as  N  W  and  VV  Q ;  hence  there  is  the  same  relation  between 
them  in  each  case ;  and  therefore,  the  equation  a?  =  ex  2  +  a  expresses  not 
only  the  relation  between  the  x  and  z  of  all  the  points  in  R  S,  but  also  of 
all  the  points  in  the  plane  P  Q  R  8. 

Similarly  the  equation  y  =  /Bar  +  6  not  only  relates  toTU,  but  also  to 
all  the  points  in  the  plane  T  U  Q  P. 

Therefore,  the  system  of  the  two  equations  exists  for  all  the  points 
in  the  straight  line  P  Q,  the  intersection  of  the  two  projecting  planes,  and 
for  this  line  only  ;  hence,  the  equations  to  the  straight  line  P  Q  are 


The  elimination  of  z  between  these  two  equations  gives 

2  =  -  (x  -  fl)  =  -T  (3/  —  6) 

a  ^ 


'.  y  -b 


(x-a) 


and  this  is  the  relation  between  the  co-ordinates  AM  and  M  Wofthe 
projection  W  of  any  point  Q  in  the  line  P  Q ;  and  therefore,  this  last  equa- 
tion is  that  to  the  projection  V  W  on  the  plane  x  y. 

391.  In  Ihe  equations  x::zaz+  a  and  y  =:/3 s  +  6,  a  is  the  distance 
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of  the  origin  from  the  intersection  of  R  S  with  AX,  or  a :=  AK  ;  sinnlarlv 
6  =  AL. 

Let  <r  =  0  .-.  2  =  -  —  =  A  O  .-.  A  K  =  —  a  A  O,  but  A  K  =  A  0 

a 

tan.  A  O  K  =  —  A  O  tan.  Z  OR  /.  a  is  tangent  of  the  m^\e  which  RS 
makes  witli  A  Z,  and  similarly  /3  is  tangent  of  the  angle  which  U  T  makes 
with  A  Z. 

392.  The  straight  line  will  assume  various  positions  accordinn:  to  tbe 
algebraical  signs  of  a^  6,  «  and  /3  :  however,  it  would  be  of  very  little  use 
to  go  through  all  the  cases  arising  from  Ihese  changes  of  si^,  especiaiij 
as  they  offer  nothing  of  consequence,  and  no  one  case  presents  any  diffi- 
culty. We  shall  only  consider  the  cases  where  the  absolute  value  ofn,  4,2 
and  jS  is  changed. 

Let  a  =  0  and  6=0,  then  a:  =  or  r  and  y  =  /3  z,  and  the  two  projections 
pass  through  the  origin,  and  therefore  the  line  itself  passes  through  the 

origin  ;  the  equation  to  the  third  projection  is  y  =  —  x, 

a 

Let  ff  =  0  then  x^az  and  y  =  (i  z  +  b^  the  projection  on  j  r  passing: 
through  the  origin,  the  line  itself  must  pass  through  the  axis  A  Y  perpeu- 
dicular  to  xz:  similarly,  if  6  =  0,  the  equations  j:  =  ar  +  ^,  y  =  pr 
belong  to  a  line  passing  through  the  axis  of  ^r,  and  if  the  equations  are 
y  =  a  jr,  y  =  /3  z  +  6,  the  straight  line  passes  through  the  axis  of  z :  this 
last  case  may  be  represented  by  supposing  (in  the  last  figure)  W  V  to 
pass  through  A,  then  the  equation  to  V  W  is  of  the  form  y  =  ax,  aad 
the  equation  to  O  T  U  is  y  =  /5  z  +  6  ;  now,  if  two  planes  be  drawn,  one 
through  T  U  perpendicular  to  y  z,  and  the  other  through  V  W  perpendicular 
to  xyy  both  planes  pass  through  the  point  O,  and  therefore  the  line  itself 
must  pass  through  O. 

393.  Let/3  =  0  .".  a?  =  a  z  +  a,  y  =  6,  the  line  is  in  a  plane  parallel 
to  X  z  and  distant  from  it  by  the  quantity  6.  If  the  last  figure  be  adapted 
to  this  case  we  should  have  U  T  perpendicular  to  A  Y,  and  therefore  PQ 
equal  and  parallel  to  II  S  situated  in  the  plane  W  N  U  Q  perpendicular 
to  xy. 

Let  or  =  0  .'.  J?  =  a,  y  =  /3  z  +  6,  the  line  is  in  a  plane  parallel  to 
to  y  z. 

Similarly  z  =.  c^  y  z=z  a'x  +  a'  belong  to  a  line  in  a  plane  parallel  to  i  y. 

394.  A  straight  line  may  also  be  situated  in  one  of  the  co-ordinate 
planes  as  in  the  plane  of  y  z  ;  for  example,  the  equations  to  such  a  line  sre 
y  =  j3  z  +  6,  j:  =  0.  If  the  line  be  in  the  plane  of  jrz  the  equations  are 
X  ^=  a  z  +  a^  y  =zO  ;  and  if  the  line  be  in  the  plane  of  xy  the  equations 
become  y  =  a'  j:  +  a'  z  =  0. 

395.  If  the  slraight  line  be  perpendicular  to  one  of  the  co-ordinaSe 
planes,  as  a;  y  for  example  ;  a  and  /3  must  each  equal  0,  and  therefore  the 
equations  to  this  line  are 

a?  =  a,  y  =  6,  2  =  — . 
0 

Similarly  the  equations  to  a  line  perpendicular  to  xz  are 

0 
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and  the  equations  to  a  line  perpendicular  to  y  z  are 

0  . 

X  =z  —,  y=zb,z:=ic, 

396.  To  find  the  point  where  a  straight  line  meets  the  coordinate 
planes  : 

Let  J?  =  a  2  4-  a  and  y  =i  (i  z  -{-  b  he  the  equations  to  the  line ;  when  it 
meets  the  plane  of  a:  y  we  have  2  =  0  /.  a?  =  a,  y  =  6  are  the  equations 
to  the  required  point. 

Similarly  2  =  —  --^,j?=  — ^^6  +  ^  are  the  equations  to  the  point 

wheretheU„emeetsthepla„eof...andz=  -  ±,y=.^la  +6 

a  a 

are  the  equations  to  the  point  where  the  line  pierces  the  plane  of  2  y, 

397.  There  are  four  constant  quantities  in  the  general  equations  to  a 
straight  line,  and  if  they  are  all  given,  the  position  of  the  line  is  completely 
determined ;  for  we  have  only  to  give  to  one  of  the  variables  as  2  a  value 
2',  and  we  have 

X  =:  a  2  4-a  =  a2'4-a=.r'  and  y  :=  (iz  +  b  =:  (32^  +  b  =zy'; 

or,  x'  and  y'  are  also  necessarily  determined  ;  hence,  taking  A  M  =  j/, 
(see  the  last  figure,)  and  drawing  M  W  (=  y')  parallel  to  A  Y,  and  lastly, 
drawing  from  W  a  perpendicular  W  Q  =  2',  the  point  Q  thus  determined 
belongs  to  the  line  ;  and  similarly,  any  number  of  points  in  the  line  are 
determined,  or  the  position  of  the  line  is  completely  ascertained.  Again, 
the  straight  line  may  be  subject  to  certain  conditions,  as  passing  through 
a  given  point,  or  being  parallel  to  a  given  line;  or,  in  other  words,  condi- 
tions may  be  given  which  will  enable  us  to  determine  the  quantities  or,  fi, 
a  and  6,  supposing  them  first  to  be  unknown  ;  in  this  manner  arises  a 
.«^?ries  of  Problems  on  straight  lines  similar  to  those  already  worked  for 
straight  lines  situated  in  one  plane  (40,  50). 
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398.  To  find  the  equations  to  a  straight  line  passing  through  a  given 
point : 

Let  the  co-ordinates  of  the  given  point  be  .Ti,  yi  and  2^,  and  let  the 
equations  to  the  straiglit  line  bea:  =  a2  +  a,  y=/32-f-6. 

Now  since  this  line  passes  through  the  given  point,  the  projections  of 

the  line  must  also  pass  through  the  projections  of  the  point;   hence  the 

projection  j?  =  a  2  -j-  a  passing  through  x^  and  z^ ,  we  have  Xi  =  a  2i  +  a, 

.*.  J?  —  J?!  =  a  (2  —  2i) 

and  similarly  y  —  y^  =r  /8  (2  —  z^ 

hence  these  are  the  equations  required  :  a  and  /3  being  indeterminate, 
there  may  be  an  infinite  number  of  straight  lines  passing  through  the 
given  point. 

If  the  given  point  be  in  the  plane  of  a:y,  we  have  z^  =  0, 

.'.   X  —  Tj  =  Of  2I 

y-yi  =/3  2j 
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If  the  given  point  be  on  the  axis  of  a:,  we  have  Zi  =  0  and  y,  =  0, 
X  —  a:,  =  Of  5  \ 

And  the  equation  would  assume  various  other  forms  according  to  the 
position  of  the  given  point. 

399.  To  find  the  equations  to  a  straight  line  passing  through  two  gtven 
points,  Xi  yx  z^  and  J?,  y^  z% . 

Since  tiie  line  passes  through  the  point  .Ti  y^  Zi  its  equations  are 

x  —  0^1  =  a  (2  —  2i) 

y  — yi  =  ^(2  —  z,y 

And  since  the  line  also  passes  through  Xg  y^  z^  the  last  equations 
become 

JTi  —  *i  =  a  (2i  —  «i) 

yi  —  yi  =  ^  (2i  —  «i) 

Za  —  STi  Zf  —  ^j 

hence  the  equations  to  the  required  line  are 

a?  —  *i  = —  (z  -  Z|) 

Zj—  Zj 

Zg  —  z, 

These  equations  will  assume  many  various  forms  dependent  on  the 
position  of  the  given  point,  for  example :  If  the  first  point  be  in  the  p)aii« 
of  y  2,  and  the  second  in  the  axis  of  j,  we  have  Xj  =  0 ;  y,  =  0,  z,  =  0 

/.  a:  =  -^  (z  -  z,) 

—     Zi 

y  -  yi  =  -7-  (« -  *i). 

If  the  second  point  be  the  origin,  we  have  x^  yg  z,  each  =  0, 

.'.  «  —  Ji  =  —  (2  — 2|)  :S:  —  z  —  Xi 

Zi  Zj 

y-y,=  |i(2-zO  =  |^«-yi; 

Zi  Z| 

hence  the  equations  to  a  point  passing  through  the  ongin  are 

^\  .         yi 

jp  =  —  z,  and  «  =r  -^  z. 

Zi  "^        Zi 

And  these  equations  may  be  also  obtained  by  considering  that  the  pro* 
jections  pass  through  the  origin,  and  therefore  their  equations  are  of  the 
form  X  sz  a  z,  y  s=  (i  z^  and  the  first  passing  through  Xj  Zi  we  bsve 

a  =  — ^ ,  and  similarly  /3  =  — . 

Zi  Z| 

400.  To  find  the  equation  to  a  straight  line  parallel  (o  a  given  strai^t 
line. 
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Since  the  lines  are  parallel  their  projecting  planes  on  any  one  of  the  co- 
ordinate planes  are  also  parallel,  and  therefore  the  projections  themselves 
parallel ;  hence,  if  the  equations  to  the  given  line  are 

the  equations  to  the  required  line  are 

x=2  az  +  a\y  ==  fix  +  6' . 

If  the  straight  line  pass  also  through  a  given  point  x^  y^  z^  its  equations 
are 

J?  -arj  =  or  (2  -  2i) ,  y  -  yi  =  /5  (2  -  ^i)  • 

401.  To  find  the  intersection  of  two  given  straight  lines. 

Two  straight  lines  situated  in  one  plane  must  meet  in  general,  but  this 
is  not  necessarily  the  case  if  the  lines  be  situated  anywhere  in  space ; 
hence  there  must  be  a  particular  relation  among  the  constant  quantities  in 
the  equation  in  order  that  the  lines  may  meet :  to  find  this  relation,  let 
the  equations  to  the  lines  be 


For  the  point  of  intersection  the  projected  values  of  x,  y  and  z  must  be 
the  same  in  all  the  equations ;  hence 

az  +  a=^o/z+a!  and  z  = r, 

a  —  a' 

andj32  +6=:/3'2+y  and2=    ^^  "^ 


-a        6'  -  6 


or,  (a'  -  a)  {ff  -  ft)  ^  (6'  -  h)  («'  -  a). 

And  this  is  the  relation  which  must  exist  amongst  the  constants  in  order 
that  the  two  lines  may  meet. 

Having  thus  determined  the  necessary  relation  among  the  constants,  the 
co-ordinates  of  intersection  are  given  by  the  equations 

a!  -  a  b'  ^  h 

a'  —  a     ^  aa'  -^  <J  a 

X  ^=i  az  +  a  :=:  a j  +  a  = 


a  —  a!  a  --  a'     ' 

402.  To  find  the  angles  which  a  straight  line  (/)  makes  with  the  co-or- 
dinate axes  ;  and  thence  with  the  co-ordinate  planes : 
Let  the  equations  to  the  given  line  be 
X  =  a  z-^  a 
y  =  Pz  +  b; 
the  equations  to  the  parallel  line  through  the  origin  are 

also  let  r  be  the  distance  of  any  point  (a:,  y,  z)  in  tliis  last  line  from  the 
ori<;in  : 


208  PROBLEMS  ON  STRAIGHT  LINES. 

But  Ixy  ly,  and  Iz  beins:  the  ang^les  which  either  line  makes  with  the  axes 
of  J?,  y,  and  z  respectively,  we  have  from  the  second  line 


cos.^y=i^=^=   L- 


cos.  I  z  = 


r         r        Vl  +  «•  +  i3' 
z  1 


Also  (cos.  /  J?)'  +  (cos.  lyY  +  (cos.  Iz)*  =  1 ; 

and  this  is  the  equation  connecting  the  three  angles  which  any  straight 
line  makes  with  the  rectangular  axes. 

Since  the  system  is  rectangular,  the  angle  which  a  line  makes  with  aov 
axis  is  the  complement  of  the  angle  which  it  makes  with  the  plane  per- 
pendicular to  that  axis  :  hence  tlie  angles  which  a  line  makes  with  the  co- 
ordinate planes  are  given. 

403.  To  find  the  cosine,  sine,  and  tangent  of  the  angle  between  two 
given  straight  lines. 

Let  the  equations  to  the  two  straight  lines  be 

or  =  Of  2  +  fl\  a?  =  a'  2  -f  a') 

y=/32  +6[  y-(i'z  +  b'i' 

These  two  lines  may  meet,  or  they  may  not  meet ;  but  in  either  case 
their  mutual  inclination  is  the  same  as  that  of  two  straight  lines  parallel 
to  them  and  passing  through  the  origin ;  hence  the  problem  is  reduced  to 
find  the  angle  between  the  lines  represented  by  the  equations 

Let  r  =  the  distance  of  a  point  x  y  z  in  (1)  from  the  origin, 

ri=: ^iyiZi'^n(2]      .... 

d  =  the  distance  between  these  points, 
e  =  the  angle  between  the  given  lines, 
then  d«=  r«  -f  n«  -  2  r  ri  cos.  0 

=  (j?  -  ^lY  +  iy-yd'  +  (2  -  2,y  (389) 
=  j:«  +  y»  +  2«  +  T,»  +  y;«  +  2,«-.2  (xjr,  +yyi+  rr.) 
=  r«  +  ri«  ~  2  (j:j?i  +  yyi  +  zz^) 
.'.  rr^  COS.  0  =  xxi  H-  yy^  +2^1 
Nowa:jri  -f  yy,  +  22i  =  a2»'2x +  /j2/3'2i -f  z^i  =  (aa'  + /J/3'  +  l  )--,• 
And  rr,=:  V(t«  -f-  y'  +  2»)  ^W  +  yi*  +  2i«) 
=  2  2'  V(«*  +  /3*  +  l)^/(«'*  +  ft'*  +  I). 

.*.  COS.  6  =  ^ 
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_aa'  +  0(i'  +  } 

^  ^(«*  +  )3*  4-  1)  V(«'"  +  /3'*  +  1) 

Hence  sin.  ^  =:  -       ^  (.>  + /3^-f  1)  V(^' +  ^-« +  0  ~' 

And  tan    g  ^  »^"'  ^  ^  V{(«i8^-«^i3)'  +  ((>-«^)'  +  (i8-/30n 
COS.  0  aa'  +  /Si8'+  1. 

The  value  of  the  cosine  of  the  angle  between  two  straight  lines  may 
also  be  expressed  in  terms  of  the  angles  which  the  two  straight  lines 
/  and  /|  make  with  the  co-ordinate  axes. 

For  a?  =  r  cos.  /  j:,     y  =  r  cos.  /y,     2  =  r  cos.  /  z, 
and  Xi  =  rjcos,  /j  x,    yi=  fj  cos.  /,  y,   2,  =  r^  cos.  /i  z, 

•  •    cos.  a  = f-  + 

rri       rvi        r  r^ 

:=  COS.  /  X  cos.  /  J7  +  COS.  /y  cos.  /  y  +  cos.  /  ;s  cos.  h  z. 

404.  If  the  lines  are  parallel,  we  must  have  sin.  0  :=  0. 

.-.  (a/3'-a'/3)«+(a~«')'+(i3-/3')«  =  0, 

an  equation  which  cannot  be  satisfied  unless  by  supposing  a  =  a^  j3  =  )3\ 
and  afi'z^a'(j^  the  first  two  of  these  conditions  are  the  same  as  those 
already  shown  to  detirmine  the  parallelism  of  two  lines  (400),  and  the 
third  condition  is  only  a  necessary  consequence  of  ttie  other  two,  and 
therefore  implies  nothing  further. 

405.  If  the  lines  are  perpendicular  to  each  other,  we  must  have  cos.  6  =  0. 

.-.  aa'  +  i3j3'-+  1  =  0. 

or,  cos.  I  X  COS.  /i  X  +  cos.  /  y  cos.  /i  y  +  cos.  /  z  cos.  l^z  =  0  ; 
Now,  one  line  in  space  is  considered  as  perpendicular  to  a  second  straight 
line,  whenever  it  is  in  a  plane  perpendicular  to  this  second  line  ;  hence 
tin  infinite  number  of  lines  can  be  drawn  perpendicular  to  a  given  line; 
and  this  appears  from  the  above  equation,  for  there  are  four  constants 
involved  in  the  equation  to  the  perpendicular  line,  and  only  one  equation 
between  them. 

406.  If  the  lines  also  meet,kwe  have  then  the  additional  equation, 

(a'  -  am  -  /3  J=  ib'  -  6)  (a'  -  a)      (401). 
However,  even  yet  an  ihfinite  number  of  straight  lines  can  be  drawn,  meet* 
ing  the  given  line  at  right  angles,  for  an  infinite  number  of  planes  can  be 
drawn  perpendicular  to  the  given  line,  and  in  each  plane  an  infinite  number 
of  straight  lines  can  be  drawn  passing  through  the  given  line. 

407.  To  find  the  equation  to  a  straight  line  passing  through  a  given 
point  ^lyiZit  and  meeting  a  given  line  (1)  at  right  angles. 

Let  the  equations  to  the  lines  be, 

j?  =  ar  +  al    .,.  a?  -  j?i  =  o/ (z  -  Zj)!    .»v 

y  =  0z  +  6|  (i>         y-yi  =  /3'(2-zoM^^ 

hence  the  two  equations  of  condition  are, 

aa'  +  /8/8'  +  l  =  0      (3) 
(a'  -  a)  03  -  /5')  -  (6'  -  6)  («  -  a')  =  0 
or  since  al  ^x^^J Zi,  and  h'  ^y^-^  j3' Zi-d^x  iX  V^"  JfC^ 
(A-a'«i-a)O3-/30-(yi-i3'af|-6)(«-c/)=O    (4).  '       . 

P  • 
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The  elimiuation  of  J  and  jS'  from  (3)  and  (4)  give  the  equatknis 
{(i:,  -g)  g  +  2^}i3  -  (yi  -  6)  (1  +  «») 
(yi  -  ^)/3  +  (a?t  - a)a  -  (a*  +  j3«)z^ 

(yi  -  6)^  -f  (J?,  -  a)  cr  -  (a*  +  /3»)2i  * 
These  values  of  or'  and  /3'  substituted  in  (2)  give  the  final  eqaation  to  the 
straight  line,  passing  through  a  given  point,  and  meeting  a  given  stjaigfat 
line  at  right  angles. 

In  particular  cases  other  methods  may  be  adopted,  for  example,  to  find 
the  equations  to  a  straight  line   passing  through  the  axis  of  y  at  right 
angles  to  that  axis : 
here  x^  =:  0|  and  z^  =:  0,  therefore  the  equations  to  the  line  aie 

y~yi  =  ^« 

but  because  the  line  is  perpendicular  to  the  axis  of  y  we  have  iS  =  0, 
hence  the  required  equations  are  «  =  a  2,  y  =  yi.  By  assuming  the  axes 
of  co«ordinates  to  be  conveniently  situated,  this  and  many  other  problesis 
may  be  worked  in  a  shorter  manner.     This  will  be  shown  hereafter. 
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408.  A  Plane  may  be  supposed  to  be  generated  by  the  motion  of  a 
straight  line  about  another  straight  line  perpendicular  to  it. 

Let  A  be  the  origin,  A  X,  A  Y,  A  Z  the  axes,  B  C  D  a  portion  of  a  plane, 
A  O  the  perpendicular  from  the  origin  upon  this  plane,  P  any  point  in 
this  plane  ;  then,  according  to  the  above  definition,  we  suppose  the  plane 
to  be  formed  by  the  revolution  of  a  line  like  O  P  round  A  O,  the  angle 
A  O  P  being  a  right  angle. 

To  find  the  equation  to  the  plane. 
Let  X,  y,  2,  be  the  co-ordinates  of  P,  and  i7i,  y^,  sTi,  those  of  O, 
and  let  Uie  fixed  distance  AO  =:  d. 
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Then  the  square  on  A  P  =  the  square  on  A  O  +  the  square  on  O  P ; 
or,  J-  +  y«+  2*  =  rf»+  (*  -  T,y  +  (y  -  yO*+  (2  -  2,y 

=  <i>  +  «»  +  y«  +  2«  +  Xx«  +yi'  +  ^•-2a?a?i-2yyi-2«ari. 
A  2ixxi  +  yyi  +  z2d^d!'+d*=z2d* 
or  J?  a?!  +  y  yi  +  2  2i  =  cP. 

409.  Let  -J.  =  >n,-~  =  n,  and  -^  =7>i  then  the  above  equation  becomes 

mx-^ny  +pz  =  1. 
And  it  is  under  this  form  that  we  shall  generally  consider  the  equation  to 
the  plane. 

Let  —  =  a,  —  =  b.  and  —  =  c,  then  the  equation  to  the  plane  is 

X  V  2 

a        0       0 
And  this  is  perhaps  the  most  intelligible  form  in  which  the  equation  to 
the  plane  can  be  put,  the  constants  a,  b  and  c  being  equal  to  A  B,  A  C 
and  A  D  the  respective  distances  of  the  origin  from  the  intersection  of  the 
plane  with  the  co-ordinate  axes ;  this  is  found  by  putting  y  and  2  both  =  0, 

X 

hence  —  =  1,  or  A  B  =  a,  and  similarly  for  the  other  lines. 

410.  Let  the  word  "  plane**  be  'represented  by  the  letter  P,  and  let 
the  angles  which  AO  or  d  makes  with  the  co-ordinate  axes  be  repre- 
sented hjdxidy;dz;  and  let  the  angles  which  the  plane  makes  with 
the  same  axes  be  denoted  by;Pa?;  Py;  Pz;  then,  since  AOB  is  a 
right  angle,  and  ABO  is  the  angle  which  the  plane  makes  with  AX, 
we  have 

d  =  a  cos.  d  «  =  a  sin.  P  x 
d  c=  6  COS.  dy  =ib  sin.  P  y 
dssc  COS.  d2^=z  c  sin.  P  z ; 
therefore  the  last  equation  to  the  plane  may  be  put  in  either  of  the  forms 
X  COS.  dx  +  y  cos.  dy+  2  cos.  d2  :=i  d 
or  X  sin.  P a?  +  y  sin.  Py  -f-  2  sin.  P  z  =s  d. 

411.  LetP,yz  represent  the  angle  which  the  plane  makes  with  the 
co-ordinate  plane  y  z,  then  since  angle  O  A  B.  is  equal  to  the  angle  of 
inclination  of  the  plane  to  y  z^  we  have  cos.  d  x  =  cos.  P,  y  z,  hence  the 
equation  of  the  plane  becomes 

X  COS.  P,  y  z  +  y  cos.  P,  x 2  -{-  z  cos.  P,  jpy  =  d. 

412.  Since  by  (386)  (cos.  d  x)*  +  (cos.  d  y)*  +  (cos.  d  z)'  =  I 

we  have  (cos.  P,  y  z)«  +  (cos.  P  a?  z)*  +  (cos.  P  a?  y)"  =  1  *. 

*  If  A  be  the  area  of  a  plane  P,  the  projections  of  this  area  on  the  co-ordinate  planes  are 
represented  by  A  cos.  P,  xy ;  A  cos.  P,  «  « ;  A  cos.  P,  y  « ;  hence  (A  cos.  P,  ary)«  +  (A  cos. 
P,  ar *)«  +  (Acos.  P,  y «)8  a=  A*  { (cos.  P,  a:y)«  +  (cos.  P,  ar ;r)« -f  (cos.  P,  y  z)«}  =  A*  by 
(412).  Thu  theorem,  referring  to  the  numerical  values  of  the  projected  areas,  is  of  use 
in  finding  the  area  of  a  plane  between  the  three  co-ordinate  planes.   Thus,  if  the  equation 

toa  plane  be-f.+  l-+— =:l,we  hare  by  the  last  figure  the  area  A  B  C  =  ^ ;  area! 


a        b        c 
he 


ADC=-^,andawaABD  =  ?^;  hence  the  area  BCD  =  Vl(fl*A«  +  ««c«  +  6«c*) 

^i    ab       ab c 
by  the  above  theorem.    The  volulne  of  the  pyramid  ACDB=s    — -_  =  — -. 

P2 
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413.  To  find  the  ang^les  which   a  plane  makes  with  the   co-ordinaie 
planes  in  terms  of  the  co-efficients  of  the  equation  to  the  plane. 
Let  the  equation  to  the  plane  be 

mx  +  ny  +  pz  =  L 
Now  the  equation  to  a  plane  expressed  in  terms  of  the  ang^les  which  k 
makes  with  the  co-ordinate  planes  is  ^ven  by  (411.) 

dfcos.  P^yz  +  y  cos,  P,  xz  -f  r  cos.  P,  j?y  =  d, 
hence  equating  co-efficients,  we  have 

COS.  P,  y  z          cos.  P/x  2           COS.  P,  *  v 
m=: J— .n  = 5— .P= 2 

/.  m*  +  n*  +  p*=:  -rr  and  d  =  -^=l==:  ; 
*  ^m^  +  n'+f 

and  COS.  P,  y  z  s=  m  d  = 
Cos.  P^X2  znnd 


m 


*Jm*  +  n*  +  p* 
n 


V»»*  +  ««  +  p> 

P 
Cos.  P,  «.y  sr  pd  =     . 

414.  The  equation  to  the  plane  will  assume  various  forms  aocordti^ 
to  the  various  positions  of  the  plane. 

Let  the  plane  pass  through  the  origin,  theu  d  =  0 ;  therefore,  puttin*' 
d  =:  0  in  the  equation,  art  (40S),  we  have  the  equation  to  the  plane  pass- 
ing through  the  origin ;  but  as  the  equation  to  the  plane  has  been 
obtained  on  the  supposition  of  d  being  finite,  it  becomes  necessary  to  give 
an  independent  proof  for  this  particular  case. 

Let  A  O  (=  d)  be  the  length  of  a  perpendicular  from  the  plane  to  a 
given  point  O ;  whose  co-ordinates  are  Xi.  y^^  z^ ;   ar,  y,  r,  as  before,  the 
co-ordinates  of  any  point  P  in  the  plane,  then 
the  square  on  O  P  =  the  square  on  A  O  +  the  square  on  A  P ; 
or  {x  -  x,y  +  (y  -  yO*  +  (z  -  5r»)  =  d«  +  j;»  +  y»  +z«. 
.'.    —  2  (x  jPi  +  y  yi  +  2  Xi)  -\-d}^d^^ 
or  dp  Xi  +  y  yi  +  z  zi  =  0. 

Z 


r-0 


So  that  the  equation  to  the  plane  in  this  case  is  the  same  as  the  original 
equation  without  the  constant  term. 
415.  Let  the  plane  be  parallel  to  any  of  the  co-ordinate  planes,  usxy 

for  example,  therfa  s=  oo  and  6=  co  ;  therefore  the  equation  —  +  -r*  + 

d         6 
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-^  =  1  becomes  Ocp  +  OyH =  1;   /.  «=:c,  arsr-x-  and  yss—; 

C  C  U  '  V 

of  these  three  equations  the  first  si^iiies  that  every  point  in  the  plane  is 
equidistant  from  the  plane  x  y^  and  the  other  two  signify  that  for  this 
single  value  of  z^  every  possible  value  of  x  and  y  will  give  points  in  the 
plane.  The  two  latter  equations  are  generally  omitted  ;  and  we  say  that 
for  a  plane  parallel  io  x  y  the  equation  is  s  =r  c ;  similarly  for  the  plane 
|)arallel  to  x  ;;  it  is  ir  =  a,  and  for  a  plane  parallel  io  y  z  the  equation  is 

The  equations  to  a  co-ordinate  plane,  as  jt  ^  for  example,  are  ;:  =  0, 
JP  =  — ;  y  =  Q-;  or,  more  simply,  jj  =  0. 

416.  The  lines  B  C,  B  D,  and  D  C,  where  the  plane  intersects  the 
co-ordinate  planes,  are  called  the  traces  of  the  plane.  The  equations  to 
these  traces  are  found,  from  the  equation  to  the  plane,  by  giving  to  x,  y, 
or  z  the  particular  values  which  they  have  when  the  plane  intersects  the 
co-ordinate  planes. 

Let  the  equation  to  the  plane  \i^mx  +  ny+pz^^\\  then  for 
the  intersection  B  C  we  have  the  equations 

Similarly  the  equations  to  the  traces  B  D  and  C  D  are  respectively 

*  =  0,  n  y  +  p  2  =  1. 
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417.  To  find  the  equation  to  a  plane  parallel  to  a  given  plane. 
Let  the  given  plane  bema:  +  ny  +  par  =  1, 

and  the  required  plane  hefn!x-\-v!y  +  j/  jg  =  1. 

Then  the  planes  being  parallel,  their  traces  on  the  co-ordinate  planes  must 

be  parallel ;  now  their  traces  on  x  z  are 

mj?  +  p«=  \^m'  X  -^-jf  z^=z\\ 

.  •  —  =  — T->  orm'  =s  —  v\  similarly  n'  =  —  p\ 

Hence  the  required  equation  becomes 

jp'x  +  jp'y+j/z=l, 

P 
or  mx  +  ny+ 7)  z^  •^. 

In  this  case  the  resulting  equation  contains  one  indeterminate  constant 
p^,  and  therefore  shows  that  an  infinite  number  of  planes  can  be  drawn 
parallel  to  a  given  plane,  which  is  also  geometrically  evident  Three  con- 
ditions are  apparently  given,  since  the  three  traces  of  one  plane  are  paral- 
lel to  the  three  traces  of  the  other  plane ;  but  if  the  traces  on  two  of  the 
co-ordinate  planes  be  parallel,  the  traces  on  the  third  co-ordinate  plane 

are  necessarily  parallel ;  for  if  —  =  —7,  and  —  =i— r>  we  have  —  = 
•^  *  '  p        p  p  ^pf  n 
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— ,  orma?  +  nyfi=l  parallel  to  m'  a?  -|-  n'  y  2=  1.    Thus,  in  rcalily, 

only  two  conditions  are  given  to  determine  the  three  constants* 

418.  To  find  the  equation  to  a  plane  parallel  to  a  given  plane,  and 
passing  through  a  given  point  *i,  y^  Zi, 

Let  m'  J?  +  n'  y  i-  p'  z  =  1  be  the  required  plane, 
then  since  the  plane  passes  through  Xi  yi  Mi  we  have 
m'  jPi  +  n'  yi  -f  ?/  «i  =  1 
/.  m'  (j?  -  a?i)  +  n'  (y  -  y^)  +  j/ (z  ^  z{)  ^  0. 

^,      m'       m       .  vl        n 

Also  —7  =  — ^  and  -7  =  — ; 

p  p 

or  m  (a?  -  Jj)  +  n  (y  —  j^i)  4-  p  («  -  «i)  =  0. 

419.  To  find  the  intersection  of  a  straight  line  and  plane. 
Let  mir  +  ny  +  p2=:lbethe  equation  to  the  plane, 

^  H  2  ^  T  ?f  tlie  equations  to  the  line ; 

then,  since  the  co-ordinates  of  the  point  of  intersection  are  commoo,  wt 
have 

m{aZ'\-a)-\-n0Z'^b)'\'p2^l^ 
_  1  —  m  g  —  w  ft 
""ma  +  n/3  +  p* 

,*  a  —  nfca  +  «/3fl+pa 

and  0?  =:  a  s  -h  a  = tt-, ^ — 

ma  +  np-f-  P 

mce-f-np  +  p 
Thus  the  required  point  of  intersection  is  found. 

420.  To  find  the  conditions  that  the  straight  line  and  plane  be  parallel 
or  coincide. 

If  they  are  parallel,  the  values  of  j?,  y,  and  z  must  be  infinite 

/.   m  ec  +  n  i3  +  p  =  0. 
If  they  coincide,  the  values  of  jr,  y,  and  z  must  be  indeterminate,  or 

.         0 
each  =s  — . 

A  «i«  +  7i/3+p  =  0, andl  — ma~n&=0; 

and  these  are  the  two  conditions  for  coincidence,  the  numerators  of  x  and 
y  being  both  given  =  0  by  combining  the  last  two  equations. 

Hence,  to  find  the  equation  to  a  plane  coinciding  with  a  given  straight 
line,  we  have  the  two  conditions 

m  a  +  n  6  =  1, 

m«  +  n/3  +p  =  0; 
whence,  by  elimination,  we  hdrve 

m  =»  -—= -—  and  n  = ^     v- — ; 


PROBLEMS  ON  THE  PLANE.  215 

therefore  the  equation  to  the  plane  is 

(fi  +  pb)x  —  {a+pa)y+p{a(i  —  b  oc)  z  ^  a  ^  —  6  a, 

where  p  remains  indeterminate. 

421.  To  find  the  equation  to  a  plane  coinciding^  with  two  given  lines* 

mx  +  ny+p2^=:l, 

X  =  a  2  -^  a)  J?  =:  a'  2  +  a'l 

y  r=  /3  z  +  6/  y  =  /3'  2  +  6'J 

the  plane  coinciding  with  the  given  lines,  we  have 

in0  +  n6=l     (1)  ma  +  nfi  +  p=zO    (3) 

m  a'  +  n  6'  =  1     (2)  m  a'  +  n  jS'  +  ;?  =  0    (4) 

From  (1)  and  (2)  we  have  m  and  n,  and  these  values  being  substituted 
In  (3)  and  (4),  give  two  values  of  p,  hence  we  have  the  equation  of  con* 
ditloa 

03'  -  j3)  («  -  aO  +  («'-«)  (6  -60  =  0. 

This  equation  is  verified  either  if  the  lines  are  parallel  (in  which  case 
a'  =  «  and  jS'  =  j3),  or  if  they  meet ;  hence  in  either  of  these  cases  a 
plane  may  be  drawn  coinciding  with  the  two  lines ;  the  equation  to  this 
plaue  is  found,  from  the  values  of  m,  rz,  and  p,  to  be 

(fr'  -.  6)  J.  -.  (a'  -  o)y  +  {  (a'  -  a)  j3  -  (6'  -  6)  a  }  z  =  c  y  -  i/  6, 

422.  If  it  be  required  to  find  the  equation  to  a  plane  which  coincides 
with  one  given  straight  Une>  and  is  parallel  to  another  given  straight  line, 
we  have  the  three  equations 

^      1   ^^^-^HaMo^  coincidence  with  one  line, 

m  tf'  +  n  /3'  -f  p  =  0  for  parallelism  with  the  other  ; 

and  from  these  three  equations  we  may  determine  m,  n,  and  p,  and  ihea 
substitute  these  values  in  the  general  equation  to  the  plane. 

423.  To  find  the  intersection' of  two  given  planes. 
Let  the  equations  to  the  two  planes  be 

m  X  +  ny  +  p  z  ^  I 
m'  X  +  r!  y  +  p'«  =  1- 
By  the  elimination  of  z  we  obtain  an  equation  between  x  and  y,  which 
belongs  to  the  projection  of  the  intersection  of  the  planes  on  x  y, 

hence  (mp^  —  m'  p)  x  +  (np^-^n'p)y=zp^'-'p 
is  the  projection  on  d?  y  of  the  required  intersection. 
Similarly  ' 

(m  n'  —  m'  »)  d?  +  (p  n'  —  //  n)  «  =  n'  —  n 

is  tlie  equation  to  the  projection  on  x  z. 

But  the  equations  to  the  projections  of  a  line  on  two  co-ordinate  planes 
are  called  the  equations  to  the  line  itself ;  hence  the  above  two  equations 
are  the  required^ equations  to  the  intersection. 

The  third  projection  is  given  by  the  other  two,  or  it  may  be  found  sepa- 
rately 

(n  m'  —  »'  m)  y  +  (p  wi'  —  m  p')  2  =  m'  -  m. 

424.  To  find  the  intersection  of  three  planes. 
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Let  the  intersection  of  the  first  and  second,  found  as  in  the  last  aitide, 
be  expressed  by  the  equations 

jp  =  a  z  +  a 
y  =  ^  r  +  ft, 
and  let  the  intersection  of  the  first  and  third  planes  be  denoted  by  the 
equations 

d?  =  a'  «  +  a' 

Then,  finding  the  intersection  of  these  two  lines  from  their  four  eqaatioD9« 
live  have  the  vahies  of  jt,  y,  and  z»  corresponding  to  tiie  point  of  intereec- 
tion  of  the  two  lines,  aud  therefore  to  the  point  of  intersection  of  the  three 
planes. 

In  this  manner  we  may  find  the  relation  among  the  co-efficients  of  any 
liumber  of  planes  meeting  in  one  point. 

425.  To  find  the  relation  among  the  coefficients  of  the  equations  to  four 
planes  so  that  they  may  meet  in  the  same  straight  line. 

Let  the  equations  be 

m  X  +  n  y  +  p  z^  I 
nil  a?  +  Til  y  +  pi  r  =  1 
m^x  +  w.y  4.p,«  =2  1 
WaJP  +  7uy+p^z  =  1. 
Then  the  first  and  second  plane  intersect  in  a  line  whose  equations  are 

X  '=:    az  +  a 
y:=ifiz  +  b 
The  first  and  third  intersect  in  the  line 

y  =  ftz  +  b. 
And  the  first  and  fourth  in  the  line 

a?  =  Off  «  +  «! 

y  =  ft  2  +  6, 

Now,  in  order  that  these  intersections  all  coincide,  we  must  have 

a  =  0r|  =»«;  /3=:/3|  ^P%;  azz^a^zz  a^;  and  6  s=  6^  =  (r 

And  the  values  of  a,  )3,  a  and  6  are  given  in  terms  of  m,  ft,  p»  &c»  by 

article  (423),  hence  the  relation  among  the  co-efficients  is  found. 

The    same  relation  exists  among  the  co-efficients  of  any  number  of 
planes  meeting  in  one  point. 

426.  To  find  the  relation  among  the  co-efficients  of  a  straight  line  and 
plane,  so  that  they  may  be  perpendicular  to  one  another. 

Let  (jTiyi  2))  be  the  point  in  which  the  plane  and  line  meet,  then  the 
equation  to  the  plane  is 

m(jr  -  J?,)+  n(y-yi)  +  p(2— 2i)  =  0(1) 

And  the  equations  to  the  line  are 

rzz  ( 
y: 

Also  let  the  equations  to  a  line  perpendicular  to  (2)  and  passing  through 
the  point  (r/j  yi  zj  in  (2)  be 


zzaz  +  a\.2\ 
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y 

But  since  these  two  lines  are  perpendicular  to  one  another,  we  have  the 
cosine  of  the  angle  between  them  =  0, 

.-.    aeZ  +  iS/J'  +  lnsO     (402) 

Now,  this  equation  combined  with  that  to  the  last  line  (3),  will  give  the 
relation  amon^  the  co-ordinates  of  x,  y^  and  z,  so  that  the  point  to  which 
they  refer  is  always  in  a  locus  perpendicular  to  the  first  given  line;  hence 
substituting  for  a*  and  /3',  we  have  the  equation  to  the  plane  which  is  the 
locus  of  all  the  lines  perpendicular  to  (2),  this  equation  is 

Z     -~     Zy  Z    —    Zl 

or  a  (x  -  jfj)  +  )8  (y  —  y,)+  z  — jti  =  0  (4) 

and  as  this  equation  (4)  must  coincide  with  (^f)  we  have,  by  equating  the 
co-efiicients, 

a  =:  — .  and  Q  =  — , 

and  these  are  the  conditions  required. 

427.  Hence,  if  the  line  be  given,  the  equation  to  the  plane  perpendi- 
cular to  it  is 

««  +  i3y  +  z=  — . 

Or  if  the  plane  be  given,  the  equations  to  the  straight  line  perpendicular  to 
it  are 

J?  =  —  «  +  fl, 
P 

y  =  —  z  +  0. 
P 
From  the  form  of  these  equations  to  the  plane   and  perpendicular 
straight  line,  it  appears  that  the  trace  of  the  plane  is  perpendicular  to  the 
projection  of  the  line  upon  the  same  co-ordinate  plane. 

428.  If  the  plane  pass  through  a  given  point  jTj  yi  Zi,  and  be  perpendi- 
cular to  a  given  straight  line,  (x:=zaz  +  a,  y  =  /3  2  +  6)  its  equation  is 

a  (x  -  Xi)  +  i3(y  -  yj)  +  2  — z,  =  0. 

429.  If  the  straight  line  pass  through  a  given  point,  and  be  perpendi- 
cular to  a  given  plane  (mx  -i-ny  -i-pz  :=z  1}  its  equations  are 

y-y*  =  ---(«-zi). 

430.  To  find  the  length  of  a  perpendicular  from  a  given  point  on  a  given 
plane. 

Let  J7|  yi  Zi  be  the  co-ordinates  of  the  given  point, 

mj?-^-ny-f"P2=l  the  equation  to  the  given  plane. 
It  was  shown  in  Art.  4 1 3,  that  if  d  be  the  peipeudicular  distance  of  the 
origin  from  a  plane,  whose  equation  i$ 


218  PROBLEMS  ON  THE  PLANE. 

1 
we  have  d  sz 


Now,  the  equation  to  the  plane,  parallel  to  the  given  plaoe,  and  passifi^ 
through  the  given  point,  is 

m  (a?  -  a:,)  +  n  (y  -  yO  +  P  («  —  «i)  —  0  (418). 

or ,  J^ —  =  h 

m^i  +  nyi+pzi 

Hence  the  distance  di  of  the  origin  from  this  plane  is 

-  _  mj?i-f-ny. +pjet 

But  the  distance  of  the  given  point  from  the  given  plane  is  evidently  the 
distance  between  the  two  planes,  that  is,  s=  cf ^  —  (f 
^  m  jc,  +  n  yi  +  p  2i  —  I 

V  wi«  4-  n*  4  p'. 

431.  To  find  the  distance  of  a  point  from  a  straight  line. 

Let  the  equations  to  the  given  line  be<r=:ar2  +  a,  y:=/3z+&9  then  the 
equation  to  the  plane  passing  through  the  given  point  Xiy^  Zi,  and  perpen- 
dicular to  the  given  line,  is 

Of  (a?  -  ij)  +  ^  (y  -  y^)  +  jp  —  «i  =  0. 

Eliminating  x,  y,  and  z  by  means  of  the  above  equations  to  the  stn^ht 
line,  we  find 

^  g  (j,  —  fl)  +  /3  (y,  -  ft)  +  a?! 

^  l  +  a«+/3«; 

0T9  if  this  fraction  =  r^,  we  have 

These  are  the  co-ordinates  of  the  intersection  of  the  given  line,  with  the  per- 
pendicular plane  passing  through  the  given  point ;  and  the  required  peipen- 
dicular  line  (P)  is  the  distance  of  the  given  point  from  this  intersection. 

Hence  P  =  (x,  -  xy  +  (y,  -  y)«  +  (2,  -  z)« 
which,  after  expansion  and  reduction,  becomes 

432.  If  the  given  point  be  the  origin,  we  have  Xi  yi  Si,  each  equal  =  0 

1  +  a«  +  i3» 

433.  To  find  the  angle  0  between  two  given  planes. 
Let  the  equations  to  the  planes  be 

mx  +  ny^pzz=l       (1) 
»Wiar  +  7i,y  +  7?j2=  1     (2). 
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Then,  if  from  the  origin  we  draw  perpendiculars  on  each  of  these  planes, 
the  angle  between  these  perpendiculars  is  equal  to  the  angle  between  the 
planes :  let  the  equations  to  the  two  lines  be 

In  order  that  (3)  may  be  perpendicular  to  (1),  we  must  have 

a  =  — ,  /3  =  —  (426),  and  similarly  ct'  =  ^,  j3'  =  -!^. 
P  P  Pi  Pi 

Then  the  angle  between  the  two  lines  is  found  from  the  expression 

a  a'  +  QQ'  +  1 
^-  ^  =  ./n■,-^.^/»^./n-i■^/^^/^^«^  (403). 


cos.  e  zz 


V  m«  +  n«  +  j»»     ^mf-^-n^^  +  p,\ 
434.  This  value  of  cos.  B  may  also  be  expressed  in  another  form  by 
means  of  Art  (413.) 

cos.  0  =  COS.  P,  X  cos.  P',  X  +  cos.  P,  y  cos.  P',  y  +  cos.  P,  z  cos.  P',  z. 
or  COS.  0=eos.  P,  yz  cos.  F,ya{+cos.P,  xz  cos.  P',  iTjb+cos.  P,  xy  cos.  P',  xy. 
43b.  If  the  planes  be  perpendicular  to  each  other,  we  have  cos.  0  =:  0; 
.\  rami  +  nni  +  ppi  =  0. 
Hence,  if  the  equaUon  to  any  plane  bemx  +  ny  +  pss  1,  the  equa- 
tion to  the  plane  perpendicular  to  it  is 

^here  two  constants  remain  indeterminate. 

436.  If  the  planes  be  parallel,  we  have  cos.  0=1;  and  putting  there- 
fore the  expression  for  cos.  Q  equal  to  unity,  we  shall  arrive  at  the  results, 

tn  ^^  Jill      ^  m        ^1  , 
n  ^  fix  p  =  pi  ' 

the  same  as  already  obtained  when  two  planes  are  parallel. 

437.  To  find  the  angle  between  a  straight  line  and  a  plane. 

This  angle  is  the  angle  which  the  line  makes  with  its  projection  on  the 
plane ;  and  therefore,  drawing  a  perpendicular  from  any  point  in  the  line 
to  the  plane,  is  the  complement  of  the  angle  which  this  perpendicular 
makes  with  the  given  line. 

Let  the  equations  to  the  plane  and  the  line  be . 
mx  +  ny  +  p2  =:  I 
x^  az  +a,ys=/Jr  +  6, 
then  the  equations  to  the  perpendicular  from  any  point  ^|  y^  Zi  in  the  line 

to  the  plane  are  jp  =:  —  («  —  Zi),  y  =  —  («— «i).  (429) 
.*.  cos.  (»  —  0)  =  sin.  e  c= — 7-  ^ — 


ma  +  n/3  +  p 


^  P*         J^ 


V  1  +  a*  +  /3«    ^m*  +  n*  +  p'^ 
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CHAPTER  IV. 


THE    POINT,   STRAIGHT   LINE,  AND  PLANE   REFERRED  TO 
OBLIQUE  AXES. 

438.  If  the  co-ordinate  axes  are  not  rectangular  but  inclined  to  each 
other  at  any  given  angles,  they  are  then  called  oblique  axes.  The  equa- 
tions to  the  point,  Art.  (381.)  remain  exactly  the  same  as  before,  but  the 
quantities  a,  6,  and  c,  are  no  longer  the  representatives  of  lines  drawn 
perpendicular  to  the  co-ordinate  planes,  but  of  lines  respectively  paiBllel 
to  the  oblique  axes. 

439.  To  find  the  distance  of  a  point  from  the  origin  referred  to  oblique 
axes. 

Let  A  X,  A  Y,  A  Z,  be  the  oblique  axes ;  and  let  x,  y,  r,  be  the  co- 
ordinates of  P,  draw  P  N  perpendicular  on  A  Q  produced, 
then  the  sq.  on  APssthe  sqs.  on  AQ  and  PQ+ twice  the  rectangle  AQ»QN. 
Now,  Q  N  ST.  P  Q  cos.  P  Q  N  =s  2  cos.  Z  A  Q 
and  A  Q  cos.  Z  A  Q  =  A  M  cos.  MAZ  +  MQcos.  YAZ  (379) 
,  =«  COS.  X  AZ  +  ycos.  YAZ 

.•.  the  rectangle  A  Q,  Q  N  =  ^  (j7  cos.  X  Z  -f-  y  cos.  Y  Z) 
also  the  square  on  A  Q  =  a*  +  y"  +  2  xy  cos.  Y  X, 


/.  d«=  a:»  +  y«  +  ««  +  2  j?y  cos.  XY  +  2 a?*  cos.  X  Z  +  2y  r  eofc  Y  Z. 

440.  To  find  the  distance  between  two  points  when  the  axes  are  oblique 

Let  X  y  zhe  the  co-ordinates  of  one  point, 
and  Xi  y,  Z|         .         •  the  other  point, 

then  the  distance  between  these  points  is  the  diagonal  of  a  parallelopipcd,  of 
which  the  sides  are  the  differences  of  parallel  co-ordinates  (388)  ;  beoce, 

d«  =  (jf  -  x,y  +  (y  -  y,y  +  (2:  -  z,y  +  2  (a?  -  x,)  (y  -  yO  cos.  X  Y 
+  2  (j?  -  x{)  (z  -  z,)  COS.  X  Z  +  2  (y  —  yi)  (z  -  z^)  cos.  Y  Z. 

441.  To  find  the  equation  to  a  straight  line  referred  to  oblique  oo-or£- 
nates.  The  straight  line  mast  be  considered  to  be  the  intersection  of  two 
planes  formed  by  drawing  straight  lines  through  the  several  points  of  tbe 
given  straight  line  parallel  respectively  to  the  planes  ofxz,yz;  tbc  traces 
of  these  planes  on  the  co-ordinate  planes  are  of  the  same  form  as  for  rect- 
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singular  axes ;  that  is,  the  equation  to  the  traces,  and  therefore  to  the  line 
itself  arc  of  the /arm 

y  =  (iz  +  b 

but  the  values  of  a  and  jS  are  not  the  tangents  of  any  angles,  but  the  ratio 
of  the  sines  of  the  angles  which  each  trace  makes  with  the  axes  in  its 
plane  (51). 

The  quantities  a  and  h  remain  the  same  as  when  the  straight  line  is 
referred  to  rectangular  co-ordinates,  and  since  the  equations  are  of  the 
same  form  as  before,  those  problems  which  do  not  afiect  the  inclination  of 
lines  will  remain  the  same  as  before. 

442.  To  find  the  angle  between  two  straight  lines  referred  to  oblique 
co-ordinates  we  shall  follow  the  plan  adopted  in  Art  402. 

Let  the  equations  to  the  parallel  lines  through  the  origin  be 

And  let  r  be  the  distance  of  a  point  xyzin  {\)  from  the  origin,  and  fi  the 
distance  of  a  point  Xi  yi  Zi  in  (2)  from  the  origin. 

Then  if  d  be  the  distance  between  these  points,  we  have 

d«=:r*  +  rx*— 2  rr' cos.0 
=  (j?  -  *,)«  +  (y  -  y,y  +  iz  'Z,y  +  2  (x  -  «i)  (y  -  yd  cos.  X  Y 
+  2(x  —  jci)  (z  -  2i)  COS.  XZ  +  2  (y  -  yO  (r  -  z,)  cos.  YZ, 
=  r»+ri«-2(a:j|  +  yyi+  zzj 
^2{(j'iy -f-2'yi)cos.XY+(iir +a'«i)cos.  XZ+  (yiZ+y  2i)cos.YZ} 
.*.  r  Ti  cos.  ^  =  X  Ji  +  y  yi  +  «  «i 
+{(*iy  +  J?yi)cos.XY  +(ji2+a?«i)cos.  XZ  +  Q/^z  +  yr|)co8.  YZ} 

•  •  cos.  u  = -— 

a  gt-j,|3|3',|.i-Kgt  p+«)SO  COS.X  Y-Ka'+g)cos.  X  Z+(ffl  -{■  i3)cos.YZ 
Vil+«"+/3*+5^a/Jt.08.XY+2acos.  XZ  +  iJi3cos.YZ}  ^{1  +  a'* +/3'*&c.} 

443.  To  find  the  equation  to  a  plane  referred  to  oblique  axes. 

We  consider  a  plane  as  the  locus  of  all  the  straight  lines  which  can  be 
drawn  perpendicular  to  a  given  straight  line,  and  passing  through  a  given 
point  in  that  given  straight  line. 

Let  the  equations  to  Uie  given  line  be 

y=:l^z  +  b 

•  Also  the  equations  to  the  straight  line  passing  through  a  point  x^,  y^,  Zif 
in  the  above  line,  are 

it  —  Xi  =  o/  (2  —  2i) 

y-yi^ip'iz'-  2i) 

But  these  two  last  lines  being  perpendicular  to  each  other,  we  have  the 
angle  0  between  them  =  90^  or  cos.  d  =s  0 ;  hence  by  the  last  article  : 
aa'+)3/3'-fl+(a'/J+cr/30co8.XY+(a'+a)cos.XZ+03'+/3)cos.YZ=:0 
and  eliminating  0/  and  fi' 
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+  (H:7  +  c^  COS.  X  Z  +  ( J^^  +  /5  )  COS.  Y  Z   =  0 

or,  («  +  /3  COS.  X  Y  +  COS.  X  Z)  («  -  JTi)  +  (/3  +  o  cos.  X  Y  +  cos. 
YZ)  (y  -  yi)  +  (1+  «  cos.XZ  +i3  cos.  YZ)  (jc  -  0=0 

and  this  equation,  which  is  the  locus  of  all  the  straight  lines  meetio^  the 
given  straight  line  at  a  given  point  and  at  right  angles^  is  called  the  eqaa- 
tion  to  the  plane. 

444.  To  find  the  conditions  that  a  straight  line  be  perpendicular  to  a 
given  plane ; 

The  method  is  the  same  as  that  in  article  426. 

The  equation  to  a  plane  passing  through*  a  point  Xi  y^  Zy  in  the  giTcn 
line  is 

m  (x  -  Xi)  +  «  (y  -  Vx)  +  p  («  -  «i)  =  0. 
But  the  equations  to  the  given  line  being 

the  equation  to  the  plane  perpendicular  to  it  is  given  at  tJie  end  ofthe 
last  article  ;  hence,  equating  co-efficients  we  bare 

m  :=  0t  +  i8  COS.  X  Y  +  COS.  XZ» 
n=ri8  +  acos.XY-f  cos.YZ, 
p  =1  +acos.XZ  +/3cos.  YZ. 
From  these  equations  we  have  the  values  of  m,  n,  j? ;   or  (he  values  of 
a  and  fi  in  terms  of  m,  tz,  p. 

445.  To  find  the  angle  between  a  plane  and  straight  line. 
Let  the  given  equations  be 

mj?+ny +/i2=:  1    (1) 

And  let  the  equations  to  a  straight  line  perpendicular  to  the  given  pfame 
be 

y^0  z  +  6^|<3> 
where  a'  and  /S'  have  the  values  of  a  and  fi  in  the  last  article. 

Also  the  angle  between  the  lines  (2)  and  (3)  is  given  in  article 
(442.),  and  the  angle  between  the  plane  and  the  line  (1)  being  the  com- 
plement ofthe  angle  between  the  two  lines  (2)  and  (3)  may  be  obtained. 

446.  To  find  the  angle  between  two  planes. 

The  equations  to  the  lines  perpendicular  to  the  given  planes,  and  pass- 
ing through  the  origin  are  given  by  Article  (444.)  ;  and  the  angle  between 
these  lines,  which  is  the  angle  between  the  given  planes,  is  given  by 
Article  (442.).   ^ 
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CHAPTER     V. 


THE  TRANSFORMATION  OF  CO-ORDINATES. 

447.  To  transform  an  equation  referred  to  an  origin  A  to  an  equation 
referred  to  another  origin  A',  the  axes  in  the  latter  case  being  parallel  to 
those  in  the  former. 

The  co-ordinates  of  the  new  origin  being  a,  b^  and  c,  it  is  evident  that 
if  a  point  be  referred  to  this  new  origin  and  to  the  new  axes,  that  each 
original  ordinate  is  equivalent  to  the  new  ordinate  together  with  the  cor- 
responding ordinate  to  the  new  origin ;  hence  if  x,  y,  z  be  the  original  co- 
ordinate of  a  point  P,  and  X,  Y,  Z  the  new  coordinates,  we  have 

d?  s  a  -(-  X, 
y  =  6+Y, 
«=sc+Z; 

Substituting  these  values  for  a?,  y  and  z  in  the  equation  to  the  surface, 
we  have  the  transformed  equation  between  X,  Y,  and  Z  referred  to  the 
origin  A'. 

448.  To  transform  the  equation  referred  to  rectangular  axes  to  an 
equation  referred  to  oblique  axes  having  the  same  origin* 

Let  A  JT,  A  y,  A  2  be  the  original  axes, 

A  X,  A  Y,  A  Z  the  new  axes, 

AMsd? 

M( 

QPi 


M=«l  AM'rrXl 
[Q  =  y  V  M'Q'=  Y  } 
F=iz]     Q'P  =Z  J 


Through  the  points  M',  Q^  P  draw  planes  parallel  to  y  «,  or,  which  is 
the  same  thing,  perpendicular  to  A  «  and  meeting  A  a?  in  S,  T  and  M 
(these  planes  are  represented  by  the  dotted  lines  in  the  figure).  Then 
A  S,  S  T  and  T  M  are  the  respective  prejections  of  A  M',  M'  Q'  and  Q'J^ 
on  A  Xj  also 
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AMr=AS  +  ST+TM, 

=  AM'cos.X  A<r  +  M'Q' cos.  Y  A  x  +  Q'P  cos.  Z  A  x  (378) 

/.  X  =  Xcos.  X  a?  +  Y  cos,  Y  jt  +  Z  cos.  Z  jf  1 
y  =  X  COS.  X  y  +  Y  cos.  Yy  +  Z  cos.  Z  y  > 
«  =  X  cos.  X  «  +  Y  cos.  Y;j  +  Z  cos.  Z  z  j 

cTcrmX  +  fniY+msZ    ] 

Or,    y  =  nX  +  wi  Y  +  Wa  Z     >     1.   , 

zzzpX^-p.Y  +  1?*Z    J 

where  m  is  put  for  cos.  X  t,  &c. 

We  have  also,  by  art.  S97,  the  following  eqoation  between  the  angin 
which  one  straight  line,  as  A  X,  makes  with  the  axes  of  J7,  y,  z. 

(cos.  X  j:)  ■  +  (cos,  X  y)  •  +  (cos.  X  *)  •  =:  1» 
Hence  the  following  system, ' 


m*  +  n«  +  p«  =  1  1 


449.  If  the  new  system  be  rectangular,  we  have  also  the  equatioas  ii 
art.  (405),  which  signify  that  the  new  axes  are  perpendicular  to  each 
other ;  hence  the  system 

fn\ 

Hence  we  observe  that  of  the  nine  cosines  involved  in  the  system  (1) 
three  are  determined  by  the  system  (2),  and  other  three  by  the  system  (3); 
and  therefore  that  there  are  only  three  arbitrary  angles  remaining. 

450.  In  the  place  of  these  three  systems  the  following  three  may  also 
be  used: 

X  =  ma? 

Y  =  mi d?  +  «iy  +  A«  ^    4. 

Z 


\  =  ma?  +  ny  '\'  px\ 
=:mia?  +  «iy +  Pi«  > 

m*  +  mi'  +  m«*=n  mn  +  mj?  +np    =01 

n'  +  «i"  +  w,*  =  1  >    5*         mx  fii  +  mxpi  +  n,p,  =  0  \ 
P*  +  Pi  +Pi'  =  Ij  »w,w,  +  m^pt  +  n,ft  =  0  J 


6. 


For,  multiplying  the  values  of  a?,  y  and  z  in  (1)  by  m,  n  and  ;?  ^espe^ 
tively ;  then  adding  the  results  together,  and  reducing  by  means  of  (2) 
and  (3),  we  have  X  =:ma?  +  ny  +  p;e;  and  repeating  this  operatios 
with  the  other  multipliers  m.  n,pi  and  mg?!,;;,,  we  have  the  system  (4). 
Also,  since  the  distance  of  P  from  the  origin  is  the  same  for  both  systems, 
we  have  a?"  +  y"  +  ^  =  X"  +  Y»  +  Z";  putting  here,  for  X,  Y  aod  Z, 
their  values  in  (4),  and  then  equating  co-efficients  on  both  sides,  we  have 
the  two  systems  (5)  and  (6). 

Whenever  we  see  the  systems  (2)  and  (3),  we  may  replace  them 
by  (5)  and  (6) ;  this  may  be  proved  independently  of  any  transfonsa- 
tion  of  co-ordiuates,  by  assuming  the  quantities  mnp,&c.  to  be  ooaoeeted 
as  in  (I). 

451.  The  transformation  from  oblique  ax«s  to  others  oblique,  i$ 
effected  by  drawing  a  perpendicular  from  M  in  the  last  figure  upon  the 
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plane  of  y  ar,  and  by  projecting  ar,  X,  Y,  and  Z  on  this  perpendicular,  we 
shall  have 

X  sin.  J*,  y  2  =  X  sin.  X,  y  «  +  Y  sin.  Y,  y  «  +  Z  sin.  Z^yz; 

and  similarly  for  the  other  two,  x  and  y,    ^ 

ysin.  y,  x«  =  Xsin.X,a:2  +  Ysin.  Y,  j7Z  +  Z  sin.  Z,  j?z,  ' 

;«f  sin.  ar,  xy  :=  X  sin.  X,  a?y  +  Y  sin.  Y,  xy  +  Z  sin.  Z,  jry . 

452.  Another  useful  method  of  transformation  from  rectangular  axes  to 
others  also  rectangular,  is  the  following : 

Jjet  the  equations  to  the  axes  of  X»  Y  and  Z  be  respectively    ' 
x=l  az\         X  =:aiz\         j?  =  a,zl 

y==/3;.f       y  =  /3.W       y  =  AsJ 

and  let 

I  I  1 

VI  +  «•  +  /J-  Vl+«i'-f/3i«  Vl  +  «.«  +  fi* 

then  by  art.  (402.)  we  have  I 

cos.  X  J?  =  m or»   cos.  Xy:=zmP^'  cos.  X r  =  m ;  &c. 

Hence  by  substitution,  the  first  formulas  for  transformation  in  art. 
(448.)  become 

J?  =  maX  + mi  flfiY  +  m,craZ 
yc:»i/JX  +  mi/3.Y  +  wi,j3.Z 
a?  =  fnX+  m,Y  +  fw,Z. 
And  the  nine  angles  in  (I)  are  replaced  by  the  six  unknown  terms 

«>  «!.  «!»  (if  ^i»  A« 

Instead  of  these  systems,  we  may  obtain  a  system  involving  only  five 
arbitrary  constants  by  supposing  the  solid  trihedral  angle  formed  by  the 
original  co-ordinate  planes  to  turn  about  the  origin  into  a  new  po- 
sition :  such  a  system  has  been  ably  discussed  by  M.  Gergonne  in  the 
**'  Annales  de  Maths.,''  tome  vii.  p.  56. 

453.  It  appears  throughout  these  articles  that  only  three  arbitrary 
quantities  are  absolutely  necessary;  and  therefore  it  might  be  supposed 
that  formulas  for  transformation  would  be  obtained  involving  only  three 
angles :  such  formulas  have  been  discovered  by  Euler,  and  as  they  are 
generally  useful  in  various  branches  of  analysis,  we  proceed  to  their  in- 
vestigation. 

Let  A  C  be  the  intersection  of  the  original  plane  of  j?  ^  with  the  new 
plane  of  X  Y,  and  suppose  the  plane  C  X  Y  A  to  lie  above  the  plane 
C  a:  y  A,  which  last  we  may  assume  to  be  the  plane  of  the  paper. 

Let  a  sphere  be  described  with  centre  A  and  radius  unity,  cutting  all 
the  axes  in  the  points  indicated  by  their  respective  letters. 

Q 
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Let  C«  ss  0,  C  X  :=:  if/^and  let  the  angle  X  Cor  between  the  phncaif 

and  XT  be  called  e. 


Y      y 

Then  the  object  it  to  substitute  in  formala  (1)  art.  (448.)  the  values  of 
the  cosines  in  terms  of  the  new  variables  0,  i/^,  and  0. 

This  is  effected  by  means  of  the  elementary  theorem  in  spherical  trigo- 
nometry for  finding  one  side  cyf  a  trmnsrU  in  terms  of  the  other  two  nd 
the  included  angle.    In  the  triangles  C  X  .r  and  C  Y  ^r,  we  have 

cos.  X  <r  =  COS.  6  sin  i//  sin.  0  +  cos.  ^  cos.  ^ 

COS.  Y 0?  sr  eoa.  ^sin.  (90°  -^  ^)  sin.  ^  +  coa.  (90°  -f  tfr)  cos. ^ 

=  cos.  B  COS.  '^  sin.  0  —  sin.  "^  cos.  0 .  ^ 

Similarly  cos.  X  y  and  cos.  Y  y  may  be  found. 

Also,  supposing  Z  «r  and  Z  C  to  be  joined  by  arcs  of  the  sphere,  we 
have  from  the  triangle  Z  C  x 

cos.  Z  d?  =  coj}.  Z  C  X  sin.  Z  C  sin.  C  jr  +  cos.  Z  C  cos.  C  x 

=  COS.  (90°  +  e)  sin.  90°  sin.  0  +  cos.  90°  cos  0 

=  —  sin.  d  sin.  0. 

Similarly  cos.  Z  ^,  cos.  X  z»  and  cos.  Y  z  may  be  determined. 

And  cos.  TLzxzi  cos.  0 ;  hence  the  system  (1)  becomes 

:r  :=:  X  (cos.  B  sin.  tf^  sin.  0  +  cos.  ^  eos.  0) 

+  Y  (cos.  6  cos.  ?//  sin,  0  —  sin.  Y'  cos.  0) 

—  Z  sin.  Q  sin.  0 

y  =  X  (cos.  0  sin.  tf^  cos.  0  -^  cos.  ^  sin.  0) 
+  Y  (cos.  0  COS.  1^  cos.  0  -f-  sin.  ^  sin.  0) 

—  Z  sin.  B  cos.  0 

«  s=  X  sin.  B  sin.  ip  +  Y  sin.  B  cos.  ^  +  Z  cos.^. 

These  are  the  formulas  investigated,  bnt  hi  a  difierent  m^iwer,  b} 
Laplace,  "  Me?c.  Cel."  i.  p.  58.  They  will  be  found  in  most  works  on 
this  subject,  but  often  with  some  slight  alteration  in  the  algebraic  signi  ^ 
the  terms,  arising  from  the  various  positions  of  A  C. 
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THE  INTERSECTION  OF  A  SURFACE  BY  A  PLANE, 

454.  The  last  system  may  be  advantageously  employed  in  finding  the 
nature  of  the  intersection  of  curve  surfaces  made  by  planes.  If  we  propose 
to  cut  a  surface,  as  a  cone  for  example,  by  a  plane,  we  should  eliminate  z 
from  the  equations  to  the  surface  and  plane ;  but  this  gives  us  the  equa- 
tion to  the  projection  of  their  intersection  on  x  y,  not  the  equation  to  the 
intersection  itself;  and  as  the  projection  will  not  always  suffice  to  deter- 
mine the  nature  of  a  curve,  it  is  requisite  to  find  the  equation  to  that  curve 
traced  on  the  cutting  plane. 

This  may  be  done  by  a  transformation  of  co-ordinates. 

Let  the  cutting  plane  be  that  of  X  Y,  and  the  trace  A  C  the  axis  of  Xj 
the  surface  will  then  be  referred  to  new  axes  X,  Y,  Z,  of  which  X  and  Y 
are  in  the  cutting  plane.  By  putting  Z  =  0  in  the  equation  thu^  trans- 
formed, we  shall  have  the  intersection  (^the  surface  With  the  plane  XY, 
which  IB  the  intersection  r^uired. 

Now,  as  the  pfesent  object  is  only  to  obtain  the  curve  of  intersection, 
we  may  at  first  put  Z  =:  0,  and  then  t^ansfo^m  the  equation. 

Let  therefore  Z  =  0,  and  the  angle  C  AX  or  4*  s  0^  then  the  lasl 
formulas  become 

xsi     X  COS.  0  +  Y  sin.  0  cos.  0 

y=  —  Xsin.0  +  Ycos.0cos.d 

s  =     Y  sin.  e. 

These  formulas  may  be  separately  inveiHi^ated,  with  greM  ^H^^  wHhbui 
deduction  from  the  general  case.— See  "  FraucffiUr,"  vol.  if.  art^  369,  or 
"  Puissant,  G^onM^trie,*'  art.  134. 

455.  In  applying  these  formulas  to  a  particular  case,  a  little  considera- 
tion will  greatly  alleviate  the  labour  of  transformation :  thus,  in  many 
cases,  we  may  suppose  the  cutting  plane  to  be  perpendicalar  to  x  c, 
without  at  all  diminishing  the  generality  of  the  resuh,  but  only  add- 
ing much  to  its  simplicity ;  ibr  in  this  case  the  trace  A  C  either 
coincides  with  Ay  or  y  A  produced,  and  therefore  0  =  90^;  hence  the 
last  formulas  becdme 

'  s=  +  Yco9.e 
y=-X 
«  =      Y  sin.  e. 
These  formulas  may  be  readily  investigated  by  drawing  a  figure  Hke  the 
hist,  but  letting  A  C,  A  X  and  y  A  produced  coincide,  0  =  90®  aftd  C  Y  = 
9(P,  and  then  taking  the  original  formulas  (1)  in  art.  448. 

456.  If  in  the  above  cases  the  origin  is  also  changed,  we  must  intro- 
duce the  quantities  a,  6,  c  into  the  left  side  of  the  above  equations. 
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CHAPTER  VI. 

THE  SPHERE  AND  SURFACES  OF  REVOLUTION. ' 

457.  A  CURVE  surface  as  a  sphere  being:  pven  for  discussion,  we  proceed 
as  in  plane  geometry  to  find  its  equation  from  some  known  property  of 
the  surface;  and  generally  we  arrive  at  a  relation  between  three  un- 
known quantities  x^  y,  and  z^  which  relation  is  expressed  by  the  symbol 
f{Xy  y^  z)  :^0j  or  z  ^^f{x^  y).  This  equation  is  called  the  equation 
to  the  surface,  and  it  corresponds  to  all  points  of  the  surfkce,  and  to  it 
alone. 

458.  Conversely,  an  equation  of  the  form  /(r,  y,  z)  =  0  ,  where  x,  y, 
and  z  represent  the  co-ordinates  of  a  point,  refers  to  some  surface.  That 
it  cannot  belong  to  all  the  points  in  a  solid  may  be  thus  shown. 

Let  there  1»  two  equations  /(i', y,  z)  =  0,  and  /'  («,  y,  *«>  =  0; 
giving  to  X,  y,  and  z  the  same  values  in  both  these  equations,  and  then 
eliminating  z,  we  have  the  equation  to  the  intersection  of  the  above  loci 
projected  on  the  plane  of  <ry :  this  equation  is  of  the  form  0  (f  y)  =  0, 
and  therefore  it  belongs  to  a  line.  Similarly  the  projections  of  the  inter- 
section  on  the  other  co-ordinate  planes  are  lints;  but  if  the  projections  of 
a  locus  on  three  different  planes  are  lines,  the  locus  itself  must  be  a  line, 
that  is,  it  cannot  be  a  surface.  Hence  the  intersection  of  the  two  loci  of 
/(^i  y»  z)  ==  0 ,  and/'  (x,  y,  z)  =  0  being  a  line,  each  of  these  equations 
must  belong  to  a  surface. 

459.  Surfaces  as  well  as  lines  are  divided  into  orders,  and  for  the  same 
object,  to  avoid  the  confusion  of  ideas  and  to  allow  us  to  unite  the  im- 
portant properties  of  generality  and  simplicity  in  our  investigations  as  far 
as  possible.  Hence  a  plane  which  is  the  locus  of  a  simple  equatkra 
between  three  unknown  quantities  is  called  a  surface  of  the  first  order ; 
the  locus  of  an  equation  of  two  dimensions  between  three  unknown  quan- 
tities is  called  a  surface  of  the  second  order,  and  so  on.  The  length, 
rather  than  the  difficulty  of  the  mathematical  operations,  renders  this  part 
of  the  subject  tedious.  Hence  we  shall  omit  many  of  the  investigations 
which  merely  require  manual  labour,  and  rather  dwell  upon  what  we  con- 
sider the  important  steps. 

A  much  more  serious  difficulty  arises  from  the  state  of  the  figures  :  we 
cannot  give  complete  graphical  illustrations  of  this  part  of  geometry,  and 
a  mind  unaccustomed  to  the  conception  of  solid  figures  cannot  always 
comprehend  the  meaning  of  the  corresponding  analytical  results.  Vie 
have  endeavoured  to  obviate  this  difficulty  as  much  as  possible  by  descrip- 
tions of  what  the  figures  intend  to  represent,  and  to  these  descriptions  «e 
beg  the  particular  attention  of  our  readers,  for  we  are  convinced  that  ths 
part  of  geometry  is  by  no  means  difficult,  if  attention  be  paid  to  the 
form  of  the  body ;   but  without  this  care  it  is  quite  unintelligible. 

We  commence  with  the  discussion  of  the  Sphere. 
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460.  To  find  the  equation  to  the  surface  of  a  sphere. 

liet  the  surface  be  referred  to  rectangular  axes,  and  let  x^  y,  %  be  the 
co-ordinates  of  any  point  on  the  surface,  and  a,  6,  c  the  corresponding 
co-ordinates  of  the  centre.  Then  since  the  surface  is  such  that  the  dis- 
tance of  any  point  in  it  from  the  centre  of  the  sphere  is  constant  or  ec^ual 
to  a  line  r,  called  the  radius,  we  have  by  art.  (388.) 

(x  -  fl)  «  +  (y  -  6)  •  +  (::  -  c)  «  =  r  • . 

461.  This  equation  will  assume  various  forms  corresponding  to  the 
position  of  the  centre. 

Let  the  centre  be  in  the  plane  of  «y  /.  c  =  0, 

Let  the  centre  be  on  the  axis  of  z   .*•  a  =:  0  ,  and  6=0, 
/.  j:«+y«+  (z-.c)«  =  r«. 

462.  Let  the  centre  be  the  origin^".',  a  =  6  =  c  ==  0,  and  the  equa- 
tion is 

a?*  +  y*  +  «'  =  r". 

And  this  is  the  equation  to  the  surface  of  the  sphere  most  generally  used. 

463.  The  general  equation  upon  expansion  becomes 

x«+  y«+  2"-.2aj?-  2  6y-  2  6a:  +  o=  +  6*  +  c*-r*=:0. 

And  hence  the  sphere  corresponding  to  any  equation  of  this  form  may  be 
described  as  for  the  circle,  art.  67. 

464.  The  sections  of  a  surface  made  by  the  co-ordinate  planes  are 
called  the  principal  sections  of  the  surface,  and  the  boundaries  of  the 
principal  sections  are  called  the  traces  of  the  surface  on  the  co-ordinate 
planes. 

The  equation  to  a  trace  is  determined  by  putting  the  ordinate  perpen- 
dicular to  the  plane  of  the  trace  =:  0  in  the  general  equation.  Thus, 
to  find  the  curve  in  which  the  sphere  cuts  the  plane  of  jry,  put  2  =  0,  and 
then  we  have  the  equation  to  the  points  where  the  plane  and  sphere  meet, 
which  in  this  case  is 

(j  -  o)*  +  (y  -  &)•  +  c«  =  r»,  ^ 

Hence  the  section  on  j:  y  is  a  circle  as  long  as  x  and  y  have  real  values. 
And,  similarly,  the  other  traces  are  circles. 

The  theorem  that  the  intersection  of  any  plane  with  a  sphere  is  a  circle, 
is  best  proved  geometrically,  as  in  Geometry,  6.  v.  19. 

465.  To  find  the  equation  to  the  tangent  plane  to  a  sphere. 

Let  x^  yi  Zi  be  the  co-ordinates  of  the  point  on  the  surface  through 
which  the  tangent  plane  passes,  and  let  the  equation  to  the  spherical  sur- 
face be 

ix-a)^  +(y-6)»  +  (z-c)>  =  r>; 

then  the  equation  to  the  plane  passing  through  the  point  Xi  y^  r,  is 

m  (j?  -  OTi)  +  »  (y  -  yi)  +  P  («  -  2i)  =  0. 
Also,  the  equations  to  the  radius  passing  through  the  points  (a  h  c) 
(*i  yi  Zi)  are 
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^nd  since  every  line  in  the  tangent  plane,  and  therefore  the  plane  tttel^ 
is  perpendicular  to  the  radius  at  the  point  of  tange^ce,  we  have  from  the 
equations  to  the  plane  and  line 

p         s^-c        p        ^z,-  c 
Hence  the  equation  to  the  tangent  plane  becomes 

T — 7  (^  -  *i)  +  T — ::  Cy-y»>  +  ?  -  ?,  =  o, 

or,  (j?i  -  a)  (JT  -  JT,)  +  (yi  -  A)  (y  -  yi)  +  (^i  -  0  («  —  ^i)  =  ^• 

This  equation  may  be  modified  by  means  of  tiie  condition 
(^1  -«)»  +  (yi  -  by  +  (2,  -  c)«=  r*, 
or.  (x^  -  a)  (xi  -  o)  +  (y^  -  A)  (yi  -  6)  +  (^i  -  0  (2,  -  c)  =  r«. 

Adding  this  equation,  term  by  term,  to  the  above  one  for  the  tangent 
plane,  we  have 

(*j  -  a)  (J?-  a)  +  (y,  -  6)  (y  -  6)  +  (»i  -«)(*-«)=  '*- 

466.  If  the  origin  is  in  the  centre  of  the  sphere,  the  equation  to  the 
tangent  plane  is 

*'J?'  +  yy'  +  s2'  =  »-S 

which  equation  is  at  once  obtained  from  that  to  the  sphere  jc"  +  y*  +  z*  =  r', 
or,  j7xH-yy-|-zz=r*,  by  putting  a?  j/,  y  y',  and  z  z'  for  xx,  yy^  and 
zz  respectively. 

The  line  in  which  the  tangent  plane  cuts  any  co-ordinate  plane  is 
found  by  putting  the  ordinate  perpendicular  to  that  plane  =  0  ;  and  the 
point  in  which  the  tangent  plane  cuts  any  aids  is  found  by  putting  the 
two  variables  measured  along  the  other  axes  each  0. 

467.  The  equation  to  the  spherical  surface  referred  to  oblique  co- 
ordinates by  (440.)  is 

(j:-a)«+(y-6)9  +  (2-c)«  +  2  (j?  -  a)  (y  — 6)  cos.  X  Y  + 
2  (j?  —  a)  (2  -  c)  COS.X  Z  4-  2  (y  -  6)  (z  -  c)  cos.  YZ  =r*. 
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468.  A  right  cone  is  formed  by  the  revolution  of  the  hypothenuse  of  a 
right-angled  triangle  about  one  of  its  sides. 

Let  A  C  be  the  side  which  revolves  about  A  B  as  an  axis,  so  thai  any 
section  Q  P  perpendicular  to  the  axis  is  a  circle. 

Let  A  X,  A  Y,  A  Z  be  the  rectangular  axes  to  which  the  cone  is  re- 
ferred, having  the  origin  at  the  vertex  of  the  cone,  and  ttie  axis  of  Z 
coincident  with  the  axis  of  the  cone. 

Let  A  N  =  2  . 

the  co-ordinates  of  any  point  on  the  surface. 


tA  N=:2l 
NM=:  J-  Uel 
MP=ryJ 
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Then  the  squares  on  N  M  and  M  P  s=  the  square  on  N  P 

Z 


and  NP  =  NQ  =  AN  tan,  C  A  B, 


therefore  the  equation  to  the  surface  is 


where  e  =  tangent  of  the  semiangle  of  the  cone. 

469.  Let  the  line  A  C  be  a  curve,  as  a  parabola,  for  example,  in  which 
case  tha  turfjace  is  called  the  common  paraboloid. 

Let  the  equation  to  the  generatincr  parabola  AQCbeNQ=   'Jpx  ' 
Then  the  squares  on  N  M,  M  P  c=the  square  on  N  P  =:  the  square  on  NQ, 

/.  a"  +  y«  =  j9  z. 

470.  Let  A  C  be  an  ellipse,  centre  and  origin  at  B. 

Let  B  N  =  2,  N  M  =  d?,  and  M  P  =  y,  C  B  =  6  and  B  A  =  a. 

Then  the  squares  on  N  M  and  M  P  =  the  square  on  N  Q ;  and  N  Q 
being  an  ordinate  to  the  ellipse  A  QC,  whose  semiaxes  are  a  and  6,  we 
have 

NQ=  ^  J^'^z\ 

a  ^ 

and  therefore  the  equation  to  the  surfieice  is 


«•  +  2/«  =  ^  («•-«•) ; 


Let  a  and  h  change  places  in  the  equation,  we  have  then  for  the  surface 
of  revolution  round  the  axis  minor  the  equation 

The  former  surface4s  called  the  prolate  spheroid,  the  latter  the  oblate 
spheroid. 


232  THE  SPHEROID. 

471.  The  equation  to  the  hyperboloid  round  the  transTene  axis  is 

And  putting  a  for  h  and  h  for  a,  we  have  .the  surface  by  revolution  roand 
the  conjugate  axis. 

472.  In  general  the  equation  to  all  these  surfaces  may  be  oompre- 
hent^  under  the  form  J?*  -{-^  =/(2)  if  A  Z  be  the  axis  of  revoltttion; 
or,  z^j-  y"  =  /  (x)  if  A  X  be  the  axis  of  revolution. 

To  find  the  curve  of  intersection  of  a  plane  and  a  surface  of  revolution. 

473.  Let  the  section  be  made  by  a  plane  perpendicular  to  x  z,  and  as 
the  nature  of  the  curve  is  the  same  in  whatever  part  of  the  cutting  plane 
we  place  the  origin,  we  shall  let  the  origin  be  in  the  plane  x  z. 

Then  the  formulas  for  transformation  are 
a?  =:  a  -f-  y  cos.  B 
y  =  —J? 
z  =  c  4-  y  sin,  6^  ' 

Hence  by  substitution  in  the  equation  to  a  surface,  we  shall  have  the 
required  curve  of  intersection. 

474.  Let  the  surface  be  a  paraboloid 

«^  +  y*  =  p^ 

4         :.  (a  +  y COS. ^)*  +  JJ*=p(c  +  y sin.e) 
or,  y"  (cos.  ^) * -j-  jj*  +  ('^  «  cos.  d  —  p  sin. 0)  y  =  0 ,  since  a«  =  pc\ 

hence  the  curve  of  intersection  is  a  line  of  the  second  order. 

It  is  an  ellipse  generally  (76)  ;  a  circle  if  6  =:  0 ;  and  a  parabola  similar 

to  the  generating  one,  if  0  =  90° . 

475.  Let  the  surface  be  the  spheroid  formed  by  the  revolution  of  an 
ellipse  round  its  axis  major 

*•+»•+  -^Vs:  6'; 

by  substitution  this  equation  becomes 

y»{(cos.0)*+  —  (sin.0)»}  +a:*  +  2y  {c—  sin.0—  aicos.e}  =  0. 

This  is  the  equation  to  an  ellipse  generally,  and  to  a  circle  when  0  =  0. 

476.  Let  the  surface  be  the  hyperboloid,  whose  equation  is 

•^         or 
the  sections  will  be  found  to  depend  on  the  value  of  tan.  0  :  if  tan.  0  is 

less  than  — ,  the  curve  is  an  ellipse ;  if  it  is  equal  to    — ,  the  curve  is  a 
a  a 

parabola ;  and  if  tan.  0  is  greater  than  —  ,  it  is  an  hyperbola ;  and  lastly, 

a  circle  if  0  =  0 
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SURFACES  OF  THE  SECOND  ORDER.  i^ 

477.  The  general  equation  to  surfaces  of  the  second  order  is  ' 
ax^+bf  +  cz*'\'2dxy  +  2exz  +  2fyz  +  2gx  +  2hy  +  2i2 

the  number  2  being  prefixed  to  some  of  the  terms  merely  for  c^venience. 
In  order  to  discuss  this  equation,  that  is,  to  examine  the  natur<,and  posi- 
tion of  the  surfaces  which  it  represents,  we  shall  render  it  more  simple  by 
means  of  the  transformation  of  co-ordinates. 

IT 
Liet  the  origin  be  transferred  by  putting  \ 

x:=iaf  +  m^  y:=:y'  +  n^  zr=Z7f  -^rPf  * 

suljstituting  these  values  in  the  general  equation,  and  then  jMitting  the  ^m^^  ^y 
^   terms  containing  the  first  powers  of  the  variables  each  =  0,  w^ave  the 
equation  ^ 

aap'«  +  ft3/«  +  c2'«+  2da/y'+2ear's'4-2/y2'+A<^0. 

This  equation  remains  the  same  if  we  change  x\  y\  z\  into  —  a?',— y',  — r' 
respectively ;  thence  we  conclude  that  any  straight  line  drawn  througli  the 
origin,  and  intercepted  by  the  surface,  will  be  divided  into  two  equal  parts 
at  the  origin ;  this  new  origin  therefore  will  be  the  *centre  of  the  surface, 
attributing  to  this  expression  the  same  signification  as  we  did  in  treating 
of  curves  of  the  second  order  (81.) 

478.  The  values  of  m,  tt,  and  ^,  are  to  be  determined  from  the  three 
equations  I 

a  m  +  rfn  +  c^  +  ^  =  0,  co-efficient  of  j/, 

hn-\-  dm  -k-fp  +  A  =  0,       •     .     ,     y\ 

cj? -hem  H-/n  +  »  =  0,       .     .     .     z'. 

Eliminate  j7  from  the  first  and  second  of  these  equations,  and  also  from 
the  first  and  third,  then  from  the  two  resulting  equations  eliminate  n,  and 
we  shall  arrive  at  an  equation  of  the  first  order  involving  m,  whence  we 
have  the  value  of  m,  and  therefore  of  n  and  p. 

'    The  denominator  of  the  values  of  m,  n  and  p  is 

hence,  if  this  quantity  =  0,  the  values  of  m  and  p  are  infinite,  or  the  sur- 
face has  no  centre  when  there  is  this  relation  among  the  co-efficients  of  the 
original  equation.  This  circumstance  corresponds  to  the  case  of  the  para- 
bola in  lines  of  the  second  order  (81.) 

479.  To  destroy .t)|^  co-efficients  of  the  terms  involving  a/  y\a!  J^  and 
j^V,  we  must  have  recourse  to  another  transformation  of  co-ordinates. 
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Taking  the  formulas  in  (452)  we  have 

a/  =  m  Of  Of"  +  «ii  (Ji  y''  +  wi,  a,  «'' 

y'  =  OT  ^  J?"  +  iwj  A  y"  +  fntfit  z" 

J  =  wia/'     +  niiy"       +  n»f  «" 

Substituting:  in  the  ^neral  equation,  and  then  putting  the  co-efficients  of 
a/'  yjL  J?"  7!\  and  }f^  t*\  each  c=  0,  we  have  the  three  equations 

(a«  +  d)8  +  0«i+W«+*i8+/)i8i  +  «'«  +  /i8  +  c=:0 ^V 

(««;  +  df^  +  c)  Of,  +  (rfflf  +  i^  +/)  i8g  +  ««  +/^  +  c  =:  0 x»2^ 

(l»«,+ d A  +  c)  ofj  +  W  «.  +  6  A +/)  A  +  tf  a,+/Ai  + c  =  0. . .y^/' 

Our  object  is  now  to  ascertain  if  this  transformation  can  always  be 
efiected,  that  is,  to  determine  the  possibility  of  the  values  of  the  six  un- 
known quantities  in  the  last  three  equations. 

480.  The  equations  to  the  new  axis  of  y"  are  ;r  :=:  aj  2,  y  =  /3|  r  (452.); 
hence,  by^ubstitution,  the  first  of  the  above  three  equations  becomes 

(aa  +  di8  +  c)x+ (daf  +  6^+/)y+ (ca+/i8  +  c)ze=0, 

which  is  the  equation  to  a  plane  passing  through  the  origin. 

Now  the  co-ordinates  of  every  point  in  this  plane  satisfy  the  condition 
that  the  co-efiicient  of  oi^  }/^  =  0,  that  is,  give  the  necessary  relatioa 
between  %x  and  fix  \  hence,  if  the  new  axis  of  y'^  be  drawn  in  this  plane  the 
condition  is  still  satisfied.  Thus,  the  direction  of  the  axis  of  j^  being 
quite  arbitrary,  that  of  y'^  is  determined  to  be  in  the  particular  plane  given 
above  ;  and  the  term  J*  y"  is  gone. 

Again,  by  a  similar  elimination  of  a,  and  fi^  from  the  co-efficient  oTi^z**^ 
and  from  the  equations  of  z!*  (4;  =  at  2^ys:i  fi^  2),  we  have,  from  the 
similarity  of  the  equations,  the  same  plane  as  before  ;  hence,  if  the  axis  of 
z'^  be  also  drawn  in  this  plane,  the  term  x"  z'^  will  disappear. 

Also,  et^  and  fi^  being  thus  obtained,  the  relation  between  ^i  and  fii  may 
be  found  from  the  co-efficient  of  y"  z"  =  0. 

Thus,  fixing  upon  any  position  of  the  axis  of  j/',  that  is,  giving  any 
values  to  a  and  fij  we  have  determined  a  plane  passing  through  the  origin, 
in  which  plane  any  two  straight  lines  whatever  drawn  from  the  origin  may 
be  the  axes  of  y"  and  2",  and  one  of  them  as  z'^  being  so  drawn,  or,  and  A 
are  given,  and  then  the  relation  between  aj  and  fii  is  determined  from  the 
co-efficient  of  J?''  y"  =  0. 

But  since  the  relation  between  these  quantities  a^  and  J^,  and  not  the 
quantities  themselves,  is  given  by  the  last  equation,  it  appears  that  there 
are  an  infinite  number  of  systems  to  which,  if  the  axes  be  Iransfeirad,  the 
products  of  the  variables  may  be  destroyed. 

481.  Let  the  new  axes  be  rectangular.  ^ 
In  this  case  the  axis  of «''  must  be  perpendicular  to  the  plane  of  y  ?, 

or  the  line  whose  equations  are  j;  :=  oc  z,  y  =  iS  2  is  perpendicular  to  the 
plane 

iaa  +  dfi  +  e)x'^idcc+bfi+f)y+ie»+ffi  +  e)zszQ 

.-.  oa  +  di3  +  e=(e«+//5  +  c)«(426) 

d«+6/3+/=(6«+//3+c)/J 

Substituting  in  the  first  of  these  equations  the  v%e  of  cr  obtained  fiooi 
the  second,  we  have  the  following  equation  for  /3 : 
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{(a-6)/e-h(/'-e«)d)i3» 
+  {  (a  -  6)  (c  -  6)  c  +  (2  i«  -/«  -.e»)e+(2c-.a-  h)  fd  }  /3« 
+  {(c-fl)(c-6)d+(2c«-/«-cr)d+(26-a-c)/c}/3 
+  {  (a  -  c)  /  d  +  (/»  -  d»)  c  }  =  0. 

This  equation  of  the  third  degree  has  at  least  one  real^alue  for  /3,  and 
hence  a  real  value  of  a ;  thus  the  position  of  the  axis  of  of'  is  found,  and 
also  the  position  of  the  perpendicular  plane  in  which  y*^  and  z"  ar&situ- 
ated.  ^  '^ 

Again,  we  might  find  a  plane  ^  %"  perpendicular  to  y,  and  such  that 
the  terms  in  of'  y'\  yf'  z'*  should  disappear,  and  the  necessary  conditions 
will,  as  appears  from  the  similarity  of  the  equations,  lead  to  the  same 
equation  of  the  third  degree  in  j3|,  and  the  same  is  true  for  the  axis  of  2''* 

Hence  the  three  roots  of  the  above  equation  of  the  third  degree  are  the 
three  real  values  of  /3,  /B^  and  /J,. 

These  three  quantities  give  the  three  corresponding  values  of «,  a^ 
and  0Ca,  and  since  there  are  only  one  value  of  each  quantity,  it  appears 
that  there  is  only  one  system  of  rectangular  axes  to  which  the  curve  sur- 
face can  be  referred  so  as  not  to  contain  the  products  of  the  variables. 
For  further  information  on  this  subject,  see  *'*'  Annales  Math."  ii.  p.  144. 

482.  By  the  last  transformation,  the  equation  when  the  locus  has  a 
centre  is  reduced  to  the  form 

«i  *"•  +  *iy""  +  C|2''«  +ifci  =  0 
or,La*  +  My«+N2«=al 
by  substitution  and  the  suppression  of  accents,  which  are  no  longer  neces- 
sary. 

The  order  of  transformation  might  have  been  inverted,  by  first  de- 
stroying the  products  of  the  variables  exactly  in  every  respect  as  in  the 
last  article,  and  then  the  resulting  equation  must  be  deprived  of  three 
terms  by  a  simple  change  of  the  origin ;  the  result,  afler  both  transforma- 
tion:$,  is 

Lj^+My«+Nz«  +  Pjp=:0. 

483.  The  central  equation  involves  three  distinct  cases,  which  depend 
on  the  signs  of  the  quantities  L,  M,  and  N. 

(1)  They  may  be  all  positive. 

(2)  Two  may  be  positive,  and  the  third  negative. 
(S)  One  may  be  positive,  and  the  other  two  negative. 
They  cannot  be  all  negative. 

Substituting  for  L,  M  and  N,  the  constants  — r    -rr   -r-    respectively. 

Or      (r     C* 

where  a  is  >  6  and  6  >  e,  the  three  cases  are 

*r*        t/*        »« 

a«  ^  6«   ^  c« 

«*        y"        «• 

a*        6«        c»  "" 
The  readiest  way  of  obtaining  the  form  of  these  surfaces  is  by  sections 
either  in  planes  parallel  to  the  co-ordinate  planes,  or  on  the  co-ordinate 
^knes.    We  remark  ugain,  that  in  the  latter  case  they  are  called  the  prin- 
cipal sections  or  traces. 
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«•  V"  2* 

-—  +  —  +  --  =  1 


For  the  trace  on  x  y^  zsrzO, 

<r  2,  y  ==  0,  , 

y  z,x^  0, . 


—  -4-  —  sr  1 

—  -{-—si 


Therefore  the  principal  sections  are  ellipses. 

Let z  =s  m  .•.  the  section  parallel  tojpyis  —  +  -^  =  1  —  -j- 


'  =  n 


xr=:p 


a*       c^  c* 


The  first  of  these  equations  is  an  ellipse  from  m,  or  z  =  0  to 
2  z:z  c;  when  z  =:  c  the  curve  becomes  a  point,  and  when  z  is  erreater  thane 
the  ellipse  is  imaginary,  therefore  the  surface  is  limited  in  the  direction  of  2. 
Similarly  it  may  be  proved,  that  the  other  sections  are  ellipses,  and  the 
surface  is  limited  in  the  directions  of  j;  and  y.  From  the  circumstance  of 
this  surface  being  thus  limited  in  every  direction,  and  also  from  the  above 
sections  being  all  ellipses,  this  surface  is  called  the  ellipsoid. 

The  diameters  2  a,  2  6,  2  c  of  the  principal  sections  are  called  the  dia- 
meters of  the  ellipsoid,  and  their  extremities  are  the  vertices  of  the  surface. 

«*        V*        z* 

If  6  r=:  a,  the  equation  becomes—  +  — ^  +  A  =  ^i  which  is  the  equa- 
tion tp  a  spheroid  by  revolution  round  the  axis  of  2. 

If  any  other  two  co-efficients  are  equal,  we  have  spheroids  round  the 
other  axes  ;  and  if  a  =  6  =  c,  the  surface  becomes  a  sphere. 

485.  To  render  the  conception  of  this  surface  clear  we  subjoin  a  figure 
representing  the  eighth  part  of  an  ellipsoid. 

Z 


•  This  equation  belongs  to  the  projection  on  x  y,  but  since  the  pUoe  of  r  y  i» 
to  that  of  z  ss  in,  the  projection  is  exactly  the  same  in  form  as  the  cuwa  of 
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A  B  is  part  of  the  ellipse  on  xy 

AD X  z 

B  D yz, 

and  the  section  Q  P  R  parallel  to  xyis  also  an  ellipse. 

The  surface  may  be  conceived  to  be  generated  by  a  variable  ellipse 
CAB  moving  upwards  parallel  to  itself  with  its  centre  in  C  Z.  Let 
IN  Q  R  be  one  position  of  this  variable  ellipse ;  and  let 

C  N  =  z,  C  A  =  a,  N  R  =  J?, ; 

NM  =  :r,  CB  =  ^,  NQ  z=:y,; 

MP  =y,  C  D  =  c. 

Then  from  the  ellipse  Q  P  R  we  have 

Also  from  the  ellipses  D  R  A  and  D  Q  B  we  have 

^  +  -^=l.and-^  +  -^=l 

J*  ■        v  ■  x." 

Therefore    -j-  =  -^  ;   and  multiplying  the  first  equation  by  — j-   or  its 

equal  ^,we  have -^+  |;  =  fL.=  1  _  J. 
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X*        v*        z* 

486.  Case  2.  "i  +  -rr  -  ^  =  1- 

a*        0*         c* 

The  principal  sections  are 

on  «  y,  —  -f  —  =  1     (1) 

on  *  z.  J  -  ^  =  1     (2) 

ony*.  g--^=  1     (3). 

(1)  is  the  equation  to  an  ellipse  whose  axes  are  2  a  and  2  6  ;  (2)  and 
(3)  are  hyperbolas  with  the  same  imaginary  conjugate  axis  2c  ^  ^  ^  . 
if  0*  is  less  than  a,  or  y  less  than  by  z  is  imaginary. 

Giving  to  z,  y,  and  «  the  values  m,  w,  and  p^  respectively,  we  have  the 
section  parallel  to  j?  y  an  ellipse,  to  y  z  and  x  z  hyperbolas. 

487.  The  accompanying  figure  represents  a  portion  of  the  eighth  part 
of  this  surface.  A  B  is  the  ellipse  on  j?  y,  A  R  the  hyperbola  on  x  z,  and 
B  Q  is  the  other  hyperbola  on  y  z.    This  surface  may  also  be  conceived 
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to  be  generated  by  a  variable  ellipse  CAB  movinir  parallel  to  itself  with  its 
centre  in  C  Z.     Let  N  Q  R  be  one  position  of  this  variable  ellipse ;  and  let 


CN  =  2, 

CA  =  o, 

N  ft  =  J.  ; 

NMs», 

CBsrfr, 

N  Q  =  y. ; 

MP  =  y, 

CDfac, 

Then  from  the  ellipse  P  Q  R,  we  have 

Also  from  the  hyperbolas  A  R  and  B  Q  we  have 
X*        **  Vi*       »* 


therefore  -y  =:  ^  ;  and  multiplying  the  first  equation  by  -^  or  its  eqml 


6« 


,  we  have 


a«  ^  6*        a"  ^  c» 


.    _  -4-  tL-    —  1-  —  1 
a«        6»         c» 

This  surface  is  called  the  hyperboloid  of  one  sheet  because  it  forms  one 
continuous  surface  or  sheet. 

If  a  =  6  the  surface  becomes  the  common   hyperboloid  of  revolution 
round  the  conjugate  axis. 

488,  Through  the  origin  draw  a  line,  whose  equations  arex=az,y=/3z, 

x^        y'        »• 
and  substituting  in  the  equation—  +  "^  ""  "5  =  1»  we  J^ave 


ahc 


:.  2=±- 


hence  this  line  meets  the  surface  as  long  as  the'  denominator  of  the  frae- 
Uon  is  real  and  finite;  let  6«  c>  «*  +  a* c* /3>  =  ^ A»,  then  the  line  m\f 
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meets  the  sarfiice  at  an  infinite  distance,  or  is  an  asymptote  to  the'surface. 
The  last  equation  gives  the  relation  between  a  and  /),  when  the  corre- 
sponding line  is  an  asymptote ;  and  if  for  cr  and  )3  we  substitute  their  gene- 

ral  values  —  and  -^,  we  obtain  an  equation  between  jr,  y^  2,  whose  locus 

z  z 

will  consist  of  all  the  asymptotes  to  the  surface,  because  the  co->ordinates  of 
any  point  in  it  have  the  required  relation  above. 
The  equation  to  this  surface  is 


««        v"         «■ 
a*        b*        0* 


We  shall  hereafler  show  (art.  514.)  that  this  is  the  equation  to  a  jcone 
whose  vertex  is  the  origin,  and  whose  base,  or  section  parallel  to  the  axis, 
is  an  ellipse. 

489.  Case  3. 

aji  yt  2« 


The  principal  sections  are 


on^y,  — -  — =  1 


on  xz. 


on  y  2, 


Of" 


6« 


--^=1 


+  -^=-^ 


(1) 
(2) 
(3). 


(1)  is  an  hyperbola  whose  axes  are  2  a  and  2  6  V^Tp  (2)  is  an  hyper- 
bola  whose  axes  are  2 a  and  2 c  ij ^\  .  (3)  is  imaginary,  therefore  the 
plane  of  y  z  never  meets  the  surface. 

Of  the  sections  parallel  to  the  co-ordinate  planes,  those  parallel  to  «ry 
and  J?  2  are  hyperbolas,  and  that  parallel  to  y  2  is  an  ellipse,  whose  equa- 
tion is 

6»   +  c«  ^   a-       ^' 
hence  this  ellipse  is  imaginary,  \ip  orx  is  less  than  ±a;  therefore,  if  two 
planes  are  drawn  parallel  to  y  z,  and  at  distances  ib  a  ifrom  the  centre,  no 
part  of  the  surface  can  be  between  these  planes. 
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In  the  figure  EAF  represents  the  hyperbolic  section  on  sy^  and 
Q  A  R  that  onxz;  £ Q F R  is  an  elliptic  section  parallel  to$z.  There 
is  an  equal  and  opposite  sheet  with  its  vertex  at  A' ;  hence  the  surface  b 
called  the  hyperboloid  of  two  sheets. 

490.  The  equation  to  the  surface  is  deduced  from  the  figure ;  let  AMz 
;r.  MN  =  y,NP=;j;QM  =  2|,MF=:yi; 

Then  from  the  elliptic  section  Q  P  F  R  we  have 

^+  i^ = 1. 

Also  from  the  hyperbolas  EAF  and  Q  A  R  we  have 
-rr r=  —  I,  and ;-  =  —  1 

therefore  ^  =  4"'  ^"^  multiplying  the  first  equation  by  -^or  its  equal  -j-, 
we  have 

'*    c«  "^  6«  ""   c«  ""  a» 

^  «.  y!  _il  =  1 

"    a«'        6*        c«  ^    ' 

491.  -7  "■  Tj =0,  is  the  equation  to  the  conical  asymptote; 

hence  both  in  case  (2)  and  (3)  we  have  the  conical  asymptote  by  omitting 
the  constant  term  in  the  equations. 

ON  SURFACES  WHICH  HAVE  NO  CENTRE. 

492.  In  this  case  the  general  equation  can  be  deprived  of  the  products 
of  the  variables,  as  in  (479) ;  it  will  then  be  of  the  form 

ajf"  +  6y«  +  c2»  +  2ffj?  +  2Ay  +  2t2  +  ^  =  0. 

In  order  to  deprive  this  equation  of  three  more  terms,  let 

ar  =r  m  +  j',  y  =  n  +  y',  s  =  />  +  z', 

.•.aj/«+6y«+ca;'»+2  (am+g)j/+2(6n+A)y'+2(c>+2)  s'+Jt'sO: 

Let  the  co-efficients  of  x\  y'  and  2'  =  0 ; 

S^  ^  *    . 

. .  m  =  —  — •,  n=  —  Y»P='"T  • 
a  o  c 

But  since  this  class  has  no  centre,  the  values  of  some,  or  all  the  quan- 
tities m,  n,  j7,  must  be  infinite  ;  therefore,  either  one,  two,  or  three  of  tbe 
co-efficients  a,  6,  c,  must  r=  0.  Thus  the  original  transformation  which 
de))rived  the  equation  of  the  terms  xy^xz,  and  yz,  has  of  itself  destroyed 
one  or  two  of  the  co-efficients  of  j?',  y\  or  2*;  this  corresponds  to  the  case 
in  art.  92.  Now,  all  three  co-efficients  cannot  :=:  0,  for  then  we  fall  upon 
the  equation  to  a  plane :  hence  we  have  only  two  cases  lefl^  when  a 
vanishes,  or  when  a  and  h  both  vanish. 

493.  Let  a  =  0,  then,  as  we  have  three  quantities^  m,  n  and  p  to  deter- 
mine, we  may  let  /b'  =  0  as  well  as  the  co-efficients  of  y  and  z' ;  hence 
the  equation  is  reduced  to  the  form 
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■(-i)»-+(-i)''=''- 

This  equation  has  two  varieties  depeadin^  upon  the  signs  of  the  quan- 


or 


c 

27' 


lilies  —  -—  and  — 

494.  Case  1.  Let  the  sisjns  of  y'*  and  /-»  be  both  alike  and  positive,  (if 
they  were  negative  we  should  change  the  sign  of  x'  to  reduce  the  equation 

to  the  same  form)  substituting  -j-  for  —    -—,  and  -rr  for ,  and  sun- 

pressing  the  accents  on  j,  y  and  «  as  no  longer  necessary,  the  equation  is 
of  the  form 


I 


For  the  principal  sections  we  have 
on  xy,  y*  =  Ix  •  (1) 
on  xzyz*  :=!  y  .  (2) 
ony^, /y  +  /^«=0  (3) 

(1)  and  (2)  are  parabolas  extending  on 

the   side  of  x  positive;    (3)   is  a  point, 

which  is  the  origin  itself. 
For  the  sections  parallel  to 


xy,  put2=p,   .-.  —  =  j:-  jj- 

z^  w« 

X  Zy  put  y  =  7z,   .-.  —  =  a?  -  -  - 

2/"    .  ^* 
yz,  put  a?  =  772,  /.  -y-  +  r^  =  m 


0) 
(2) 
(3) 


(1)  and  (2)  are  parabolas,  equal  to  those  of  the  principal  sections  respec- 
tively, (the  equation  differing  by  a  constant  term,  implies  that  the  origin 
is  ditferently  situated  with  regard  to  the  curve)  :  (3)  is  an  ellipse. 

495.  In  the  figure  AQ  and  AR  are  parts  of  the  parabolas  on  x  z 
and  xy^  and  the  surface  is  described  by  the  motion  of  the  parabola  AQ, 
parallel  to  itself,  its  vertex  moving  along  the  parabola  A  R.  Let  P  R  N 
i)e  one  position  of  the  generating  parabola,  and  let  A  M  =:  j,  M  N  =:y, 
N  P  =  xr,  and  draw  R  O  parallel  to  A  Y  or  M  N  ;  then  from  the  parabola 
R  P  we  have 

5'  =  /'  RN  =  /'  (AM  -  A O)  =r  // j?  — ^*\ 

This  surface,  is  called  the  elliptic  paraboloid,  and  is  composed  of  one 
entire  sheet,  like  the  paraboloid  of  revolution. 

496.  Case  2.  Let  the  signs  ofy''  and  ^2  be  different. 

R 
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.-. -^         //   -^• 

For  the  principal  sections  we  have 

onory,  y'  =  Ix  (I) 

ona?^,  2«  =  -  Vx  (2) 

onyZyiy-U^-  0  (3) 

(1)  and  (2)  are  parabolas,  the  first  cor- 
responding to  X  positive,  and  the  second 
to  X  negative ;  (3)  belongs  to  two  straight 
lines  through  the  origin. 

The  sections  in  planes  parallel  \jo  xy  and  «jr  are  parabolas^  and  those 
parallel  to  y  ar  are  hyperbolas. 

497.  AQ  is  the  parabola  on  xz^  and  AR  is  that  on  xy\  and  the  sur- 
face is  described  by  the  motion  of  the  parabola  A  Q  parallel  to  itself,  its 
vertex  moving  along  the  parabola  A  R.  Let  R  PN  be  one  position  of 
the  generating  parabola,  and  let  A  M  =  J?,  M  N  =  y,  and  N  P  =  r,  and 
draw  R  O  parallel  to  M  N ;  then  from  the  parabola  R  Q  we  have  . 

;5«  =  /'  RN  =  /'  (AG  -  AM)  2=/'^^  ^  x,\ 


I 


This  surface  is  called  the  hyperbolic  paraboloid. 

499.  The  equations  to  the  elliptic  and  hyperbolic  paraboloids  rosy  be 
deduced  from  those  of  the  ellipsoid  and  hyperboloid  of  one  sheet,  as  the 
equation  to  the  parabola  was  deduced  from  that  to  the  ellipse  (228)  by 
supposing  the  centre  to  be  infinitely  distant. 

Let  the  origin  be  transferred  to  a  vertex  of  the  surface,  by  putting  x  -  a 
for  X,  then  the  equation  to  the  ellipsoid  and  hyperboloid  is 


ix^ay      y^       ^ 


c« 


Let  m  and  m'  be  the  distances  of  the  vertex  from  the  foci  of  the  sections 
on  xy  bndxz; 

/.  6«  =  a«  -  (o  — m)«  =  2  am  -  m« 
and  c"  =  2  am'  —  m'* ; 
therefore,  by  substitution,  the  equation 


X*        2x 

— -  +  1  + 


becomes 


a 
2x 


6»  ^  c*       ^ 


y' 


or  • 


a* 


—  2x  + 


2  am  — m* 


2m- 


m* 
a 


2am'^m^ 


=:0 


2^7="i!i 


i«  =  0. 


3/' 


or  -"-  ±  - — >  —  2  J?  =  0,  when  a  is  infinite. 
2  m      2m' 

And  hence  results  obtained  for  the  ellipsoid  and  hyperboloid  wiD  be 
rue  for  the  paraboloids,  after  making  the  above  substitutions. 
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499.  We  stated  in  article  492,  that  both  a  and  b  might  vanish ;  in  this 
case  the  equation  will  be 

And  by  the  transformation  in  art.  492,  we  cannot  destroy  the  co-eflScients 
of  X  and  y,  but  we  may  destroy  that  of  «,  and  also  the  constant  term  k\ 
hence  the  transformed  equation  is  reduced  to  the  form 


or  z 


c«'+  2gx+  2Ay=  0; 
;«  =  /x+Z'y  if -?!=:/,      '       ^^ 


.and 


=  /', 


500.  There  are  two  cases  dependinnr  on  the  signs  of  I  and  /',  which 
may  be  both  positive,  or  one  positive  and  the  other  negative. 
Case  1.  I  and  V  both  positive. 

The  section  on  j?y  is  Z  j:  +  Ty  =:  o     (1) 

on  JT;?  is   «'  r=  Ix  (2) 

on  y ;;  is  «'  =  Vy  (3) 

(1)  is  a  straight  line  A  B  ;  (2)  is  a  para- 
bola A  Q  ;  (3)  is  also  a  parabola,  not  in 
the  figure ;  the  sections  on  the  planes 
parallel  to  the  above  are  similar  in  each 
case.  The  surface  is  formed  by  the  motion 
of  the  parabola  A  Q  parallel  to  itself,  its 
vertex  describing  the  straight  line  A  R ; ..-« 
let  RPN  be  one  position  of  the  generating 
parabola ;  let  A  M=:j?,  M  N=y,  NP  =  i, 


then  «« rz  ^.  R  N 


=  ^(yy  +  *)  =  ^'y  +  '^. 


Since  this  surface  is  a  cylinder  with  a  parabolic  base,  it  is  not  usually 
classed  among  the  surfaces  of  the  second  order. 

Case  2.  If  the  signs  of  I  and  /'  be  diflerent,  the  surface  will  be  the 
same,  but  situated  in  a  different  manner. 


CHAPTER  VIII. 


CYLINDRICAL  AND  CONICAL  SURFACES. 

501.  Our  notion  of  surfaces  will  be  very  much  enlarged,  if  we  tfeke 
inlo  consideration  the  general  character  of  classes  of  surfaces,  defining 
them  by  their  peculiar  method  of  generation,  and  then  expressing  that 
definition  in  a  general  algebraical  form.  For  example,  we  have  been 
accustomed,  in  common  geometry,  to  consider  a  cylinder  as  a  surface 
generated  by  a  straight  line,  which  is  carried  round  the  circumference  of  a 
given  circle,  and  always  parallel  to  a  given  straight  line.     (Geom.  b.  v« 

R  2 
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def.  1.)  But  it  is  evident  that  if  the  base  be  not  a  circle,  but  any  other 
curve,  as  a  parabola,  for  instance,  we  shall  have  a  surface  partaking  of 
the  essential  cylindrical  character,  and  which,  with  others  of  the  same 
kind,  come  under  a  more  extended  definition ;  and  similarly  for  conical  aod 
many  other  surfaces. 

Having  seized  upon  this  general  character,  method  of  generation,  or  law 
by  which  the  lines  are  compelled  to  move,  the  next  step  is  to  express 
this  fact  in  algebraical  language ;  that  is,  to  obtain  an  equation  between 
co-ordinates  x,  y,  and  2,  of  any  point  on  the  surface,  which  equation  shall 
belong  to  the  class  of  surfaces  in  the  first  instance,  and  then  can  be  adapted 
to  any  particular  surface  in  that  class. 


THE  PLANE. 

502.  In  order  to  prepare  the  reader  for  this  subject,  we  shall  take  a 
simple  case:  to  find  the  surface  generated  by  the  motion  of  a  straight 
line,  parallel  to  itself,  and  constrained  to  pass  through  a  given  straight 
line. 

Let  A  X,  A  Y,  A  Z  be  rectangular  axes,  and  let  the  equations  to  the 
given  straight  line  B  C  (supposed  for  the  sake  of  simplicity  to  be  in  the 
plane  of  y  z)  be 


nY  +  oZ  =  l\ 
X  =0/ 


Also,  let  the  equations  to  the  generating  line  P  Q,  in  any  one  of  its  posi- 
tions, be 

Now,  a  and  /5  are  the  tangents  of  the  angles  which  the  projections  of  PQ 
make  with  the  axes  A  X  and  A  Y  respectively ;  and  in  tiie  motion  of  P  <J, 
parallel  to  itself,  the  projections  also  remain  parallel  to  themselves  respec- 
tively ;  and  hence  a  and  fi  are  always  constant,  and  therefore  are  known 
or  given  quantities.  But  a  and  b  being  the  co-ordinates  of  the  jx>int 
where  the  line  P  Q  meets  the  plane  of  j:  y,  they  change  with  every  chancre 
ofposition  of  P  Q;  and  therefore,  being  variable,  must  not  appear  in  tiic 
final  equation  to  the  surface.  Now,  these  variable  quantities,  a  and  6,  can 
be  expressed  in  terms  of  the  other  variable  quantities  or,  y,  s ;  and  bencc 
we  can  thus  estimate  them  from  the  two  given  systems  above. 

At  the  point  P,  where  P  Q  meets  B  C,  we  have,  by  comparison  of  (1) 
and  (2), 
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X  =*  =  0 

a 

But  the  system  (1)  is  true  for  any  values  of  X,  Y,  Z;  therefore,  by  sub- 
stitution in  (1),  we  have 

»(-"-f+0^K-7)="    . 

and  this  is  the  equation  connecting  a  and  5  together,  or  expressing  the 
relation  which  the  variable  quantities  a  and  b  have  to  each  other,  or  the 
relation  which  any  quantities  equal  to  a  and  b  have  to  eacli  other ;  that  is, 
substituting  for  a  and  b  the  quantities  x  —  «  z,  and  y  —  /3  a;  from  (2),  we 
shall  have  the  relation  between  the  quantities  jr,  y,  and  z,  which  is  called 
the  equation  to  a  surface. 

/.  -n  -  Tar  -  oi  zj  ^  n  Oj  -  /3  «)  —  ^  (x  -  ex  z  j  =  1 ; 

71  /5  +  « 

or, i-  x  +  iiy+pzz^ly 

ot 

which  is  the  equation  to  a  plane  ;  and  this  is  the  most  general  method  of 
determining  the  equation  to  a  plane;  for  it  can  be  thus  found  for  any 
system  of  co-ordinate  axes,  and  it  is  determined  from  the  most  obvious 
character  of  the  plane. 

We  now  proceed  to  the  discussion  of  surfaces  formed  by  the  motion  of  a 
straight  line  constrained  to  move  after  some  given  law  or  condition. 

ON  CYLINDRICAL  SURFACES. 

503.  Definition.  A  cylindrical  surface  is  generated  by  a  straight  line, 
which  moves  parallel  to  itself  in  space,  and  describes,  with  its  extremity,  a 
given  curve. 

The  strait; ht  line  which  moves  is  called  the  Generatrix  ;  and  the  given 
curve  is  called  the  Directrix. 

To  find  the  equation  to  the  surface, 

Let  the  equation  to  the  generatrix,  in  any  one  of  its  positions,  be 

J?  =  Of  r  +  a 
y=l3z  +6 

Now,  the  generatrix,  in  its  movement,  always  moving  parallel  to  itself; 
the  quantities  »  and  /9  remain  the  same  for  every  position  of  the  genera- 
trix ;  but  the  quantities  a  and  6,  which  are  the  co-ordinates  of  the  point 
where  the  generatrix  meets  the  plane  of  x  y^  are  constant  for  the  same 
position  of  the  generatrix,  but  vary  when  the  generatrix  passes  from  one 
position  to  another.  Thus,  when  any  point  on  the  surface  changes  its 
position  without  quitting  the  generatrix,  a  and  b  are  both  constant ;  and 
when  the  point  moves  from  one  position  of  the  generatrix  to  another, 
a  and  b  are  both  variable ;  hence  these  two  quantities,  being  constant 
together,  and  variable  together,  must  be  dependent  on  each  other  in  some 
way  or  another;  which  general  dependence  is  expressed  by  saying  that  one 
of  them  is  a  function  of  the  other, 
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/.  6  =  0(a); 
or,  putting  for  b  and  a  their  values  as  above,  we  have 
y  —  /3  «  =  ^  (x  -  Of  «), 

which  is  the  general  equation  to  cylindrical  surfaces. 

504.  The  form  of  the  function  ^  will  depend  upon  the  nature  of  the 
directrix  in  any  particular  case. 

Let  the  equations  to  the  directrix  be 


F  (X,  Y,  Z.)  =  01 
/(X,Y.Z,)  =  0/ 


Then  as  the  generatrix  must  in  all  its  positions  meet  the  directrix,  the 
equations  to  this  curve  and  to  the  generatrix  must  exist  simultaneously 
for  the  points  of  intersection ;  thus  having  four  equations  we  may  elimi- 
nate X,  y,  z,  and  arrive  at  an  equation  between  a,  6,  and  constant  quanti- 
ties, which  will  determine  the  form  of  the  function  tp. 

Substituting  in  this  equation  for  a  and  b  their  values  or— cr  2,  y—P^t  «e 
have  the  actual  equation  to  the  particular  cylinder  required. 

505.  £x.  1.  Let  the  directrix  be  the  circle  B  Q  C,  in  the  plane  of  xy, 
and  let  x^  and  ^i  be  the  co-ordinates 
of  its  centre ;  then  the  equations  to 
the  directrix  are 

Z  =  0  J  (^^ 

Let  B  D,  Q  R,  C  E,  be  various 
positions  of  the  generatrix  whose 
general  equation  is 

y-Pz  +  b  i  ^^^ 
to 'express  that  the  generatrix  meets 
the  circle  as  at  Q,  the  equations  (1)  and  (2)  must  exist  together* 

.'.  Z  =  5:  =  0 
X  =:  0?  =  a 
Y=y=fc 

substituting  these  values  in  (1),  we  have 

(a  -  X.)*  +  (ft  -  y,y  =  r»        (3) 

hence  the  form  of  the  function  ^  is  determined. 

Substituting  in  (3)  the  values  of  a  and  b  from  (2),  we  have 

(J?  -  «2  -  x,y  +  (y^Pz^  yi)«  =r« 

This  is  the  equation  to  an  oblique  cylinder,  with  circular  base,  situated  ia 
the  plane  of  xy, 

506.  Let  the  centre  of  the  circle  be  at  the  origin, 

/.  Xi  =:  0  and  y,  =  0 
.-.  (v^azy  +  (y-)8r)«=r* 
And  if  the  origin  be  at  the  extremity  of  a  diameter  parallel  to  the  axis  of '« 
(a?  -  a«)«  +  (y  -  i3  «)>  =  2  r  (j?  -  a  ;r) 

507.  Let  the  axis  of  the  cylinder  be  parallel  to  the  axis  of  z ;  then  a  and  i8 
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each  £=  0,  since  they  are  the  tangents  of  the  angles  which  the  projection 
of  the  generatrix  on  jt  z  and  y  z  make  with  A  Z  ; 

And  if  the  axis  coincide  with  A  Z  .'.  (x  —  Xi)*  +  (y  "^  3/i)'  =  ^5 
j?«  +  y«  =  H  ;  2  =  0  ; 

in  these  cases  the  cyh'nder  is  called  a  right  cylinder,  and  its  equation  is  the 
same  as  that  of  the  directrix. 

If  the  directrix  be  a  circle  on  x  z,  the  equation  to  the  right  cylinder  will  be 
x^  +  ^  z=:  r\ 

508.  Let  the  directrix  be  a  parabola  on  <v  y,  vertex  at  the  origin,  and 
axis  coincident  with  the  axis  of  «r. 

Then  the  equations  to  the  directrix  and  generatrix  are 

Y«  =  p  X\  I  X  z=  a  z  +  a\  c,^ 

Z=0    K  y-fi^  +  ^i     ' 

therefore  at  the  points  of  junction  we  have 

Z  =  z  =0 

X  =  J?  =  a 
Y=y  =  b; 

then  by  substituting  in  (I)  we  have 

b*  =  pa 

':.  (y  -  fizy^pix^-^az) 

which  is  the  equation  to  an  oblique  parabolic  cylinder,  whose  base  is  on  x  y, 

509.  Let  the  directrix  be  a  parabola  on  x  z^  axis  A  X,  and  vertex  at  A ; 
and  let  the  generatrix  be  parallel  to  the  plane  x  y. 

The  equations  are 

Z«  =  p  XI   ,  y  +  axz:ia\^ 

Y  =0      J  ^  z:=ih  S 

Then  the  equation  to  the  surface  is  , 

2*  =—  y  +  jp  a?.  See  article (499). 

ON  CONICAL  SURFACES. 

510.  Definition.  A  conical  surface  is  generated  by  the  movement  of  a 
straight  line,  which  passes  constantly  through  a  given  point,  and  also 
describes  a  given  curve. 

The  given  point  is  called  the  centre  of  the  surface,  the  straight  line  which 
moves  is  called  the  generatrix,  and  the  given  curve  is  called  the  directrix. 
Let  a,  6,  c,  be  the  co-ordinates  of  the  centre ;  then  the  equatious  to  the 
generatrix  are 

J?  —  a  =  Of  (r  —  c) 
y  -  6  =  i3  (::  --  c). 
Now  when  a  point  on  the  surface  changes  its  position  without  quitting 
the  generatrix,  the  quantities  or,  /^  are  constant,  but  when  the  point  passes 
from  one  generatrix  to  another,  they  are  both  variable ;  hence  being  con- 
stant together,  and  variable  together,  they  are  functions  of  one  another ; 
P  zz  tp  (a),  or  substituting  their  equals, 


to  conical  surfaces. 


y. =  0  f  — -^^ — )   ^^*^*^  *s  the  general  equation 
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511.  The  form  of  the  function  ^  will  depend  upon  the  nature  of  the 
directrix  in  any  particular  case. 

By  combining  the  equations  to  the  generatrix  and  directrix  we  may^  as 
for  cylindrical  surfaces,  eliminate  x^  y,  z,  in  a  particular  case,  and  thus 
arrive  at  an  equation  between  a  and  j3,  which  will  determine  the  form  of 
the  function  ^. 

X  *~  a  y "~  & 

Substituting  in  this  equation  for  a  and  )S  their  values and 

we  obtain  the  actual  equation  to  the  particular  conical  surface. 

512.  £x.  Let  the  directrix'^be  a  circle  B  Q  C  in  the  plane  of  jr  y. 
The  equations  to  this  directrix  are 

And  the  equations  to  the  generatrix  B  E,  or  Q  E  passing  through  the 
point  E   (a,  6,  c),  are 

To  express  that  the  generatrix  meets  the 
circle,  the  equations  (1)  and  (2)  must 
coexist. 

.-.  Z  =  2  =  0 

X  =  j?  =  a—  ac 
Y  =  y  =  6- jSc 

hence  by  substitution  in  (1)  we  have 

(a-  ac  -  jr0'  +  (6-i8c-y0'  =  r«(3) 
Putting  for  a  and  fi  their  values  from  (2)  and  reducing 

This  is  the  equation  to  an  oblique  cone  with  a  circular  base  situated  in  the 
plane  of  j  y. 

Let  the  centre  of  the  circle  be  at  the  origin  .•.  Xx=^  o  and  y^riz  o\ 
:.  {az  -  cxy+  {bz-  cyY  =  r«  (r  -  c)« 

513.  Let  the  axis  of  the  cone  be  parallel  to  the  axis  of  z  .*.  a  =  J,  and 
6  =  yi,  and  the  general  equation  becomes 

In  this  case  the  cone  is  called  a  right  cone. 

Also,  if  in  this  case  the  origin  be  at  the  centre  of  the  circle,  we  have 
a:=z  o  and  6  =  0, 

/.  j:.  +  y.  =  ^  (^  -  c)» 

5 1 4.  Directrix  an  ellipse  on  x  y,  whose  centre  is  the  origin,  and  the  centre 
of  the  cone  in  the  axis  of  z;  then  the  equation  to  the  cone  is 


(r 
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or  pullio^  r  —  c  for  c,  that  is,  measuring  from  the  centre  of  the  cone 

a«        b\  ""  c«  • 

In  this  simple  case,  the  equation  to  the  surface  is  easily  found  by  the 
method  in  article  (468).  Taking  the  figure  in  that  article,  and  supposing 
every  section,  like  P  Q,  to  be  an  ellipse,  whose  axes  jTi  and  t/i  are  always 
proportional  to  the  axes  a  and  b  of  an  ellipse  whose  centre  is  in  A  Z,  and 
at  a  distance  c  from  A,  we  have  the  equation  to  P  Q 

but  y,  =  —  J?!,  and  «,  =  — z 
a  c 


515.  Let  the  directrix  be  a  parabola  parallel  to  x  y,  and  vertex  in  the 
axis  of  «.     The  equations  to  the  directrix  and  generatrix  are 

Y«=:;?X\  ,  0?-  ar=a(z  -  c)) 

at  the  points  of  junction  we  have 

Z  =1  z  =  d  , 

X  =  x=:a-f-of(d  —  c) 
Y  =  y=:6  +^(rf- c) 

hence  the  final  equation  is 

516.  Let  the  vertex  or  centre  of  the  cone  be  at  the  origin  .\  a^^b  =:csio^ 
and  the  equation  to  a  cone  whose  directrix  is  {  y*  =  ;i  or,  s  =  d  }  and 
whose  vertex  is  at  the  origin,  is 

dy*  =  p  X  X. 

517.  The  following  method  of  finding  the  equation  to  a  right  cone  whose 
vertex  is  at  the  origin,  is  sometimes  useful. 

Let  the  length  of  the  axis  of  the  cone  be  k,  and  suppose  this  axis  to 
pass  through  the  origin,  and  be  perpendicular  to  a  given  plane  or  base 
whose  equation  therefore  will  be  of  the  form 

ax  +  )8y-f  y  2  =  A: 

where  or,  fi,  y  are  the  co-sines  of  the  angles  which  k  makes  with  the  axis 
of  J*,  y,  and  z  (410). 

Also  suppose  X,  y,  and  z  to  be  the  co-ordinates  of  a  point  on  the  circum- 
ference of  this  base,  and  let  0  he  the  angle  which  the  generatrix  of  the 
cone  mukes  with  its  axis,  then  by  the  property  of  the  right-angle  triangle 
we  have  the  equation 

A:  =    ^  ( j»  +  y*  +  ar«)  cos.  9 
Hence  by  equating  the  values  of  k  we  have  the  equation, 

(a  a?  +  /6  y  +  y  2)*  =  (X'  +  y«  -f  z')  (cos.  e)\ 
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And  this  is  the  equation  to  any  point  in  the  surface,  since  a^  0,  y  rnnaJB 
the  same  for  a  plane  parallel  to  the  base  and  passing  through  any  point 
(t  y  2)  of  the  surface. 

If  the  axis  of  the  cone  coincides  with  the  axis  of  r,  we  have  a  =  /S  =  o 
and  y  =  1 ;  ««  ==  (x*  +  y*  +  ««)  (cos.  ^)« 

518.  To  find  the  curve  of  intersection  of  a  plane  and  an  oblique  cone, 
we  may  suppose  the  cutting  plane  to  pass  through  the  origrin  of  co-ordi- 
nates without  detracting  from  the  generality  of  the  result.  Substicutin<; 
for  X,  y,  2,  in  the  equation,  their  values  in  455,  we  readily  find  that  the 
sections  are  lines  of  the  second  order  and  their  varieties. 
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519.  Definition.  A  conoidal  surface  is  generated  by  the  movement  of  a 
straight  line  constantly  parallel  to  a  plane,  one  extremity  of  the  line 
moving  along  a  given  straight  line,  the  other  describing  a  given  carve. 

We  shall  commence  with  a  simple  case.  Let  the  axis  of  z  be  one 
directrix,  and  let  the  generatrix  be  parallel  to  the  plane  of  jr  y :  then  the 
equations  to  the  generatrix  in  any  one  position  are 

y  =  Of  jp  \ 

Now  it  is  evident  that  when  a  point  moves  on  the  surface  without  quitting 
the  generatrix,  a  and  6  are  both  constant,  but  when  it  passes  from  ooe 
position  of  the  generatrix  to  another  a  and  h  are  both  variable  ;  hence  these 
quantities,  being  constant  together  and  variable  together,  are  functions  of 
one  another. 

/.  6  =:  f  (a)  or  substituting  their  values. 


=»(f) 


which  is  the  general  equation  to  all  conoidal  surfaces. 

520.  The  form  of  the  function  ^  will  depend  upon  the  nature  of  the 
second  directrix. 

By  combining  the  equations  to  the  generatrix  and  this  directrix,  we 
may,  as  before,  eliminate  x,  y^  2,  and  arrive  at  an  equation  between  h  and  a, 

we  must  then  substitute  the  values  of  h  and  a,  their  general  values  %  and 

— ,  and  we  shall  obtain  the  equation  to  Uie  particular  conoidal  surface. 

X 

521.  Let  the  second  directrix  be  a  circle  parallel  to  y  2,  and  the  centre 
in  the  axis  of  or,  therefore  the  equations  to  this  directrix  are 

Then  where    this  directrix  meets  the 
generatrix  we  have 

X=x  =  a 
Y  =  y  =  aa 
.;.  6"+  o*a»  =  r« 
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ftSl 


Hence  the  required  equation  is 

^«  +  a«  ^  =  rK 

This  surface  partakiofif  of  the  form  and  ^[vneration  of  both  the  cone  and 
the  wedgre,  was  called  the  cono-cuneus  by  Wallis,  who  investigated  many 
of  its  properties. 

If  the  axis  of  or  be  one  directrix,  and  the  other  be  a  circle  parallel  to  x  z^ 
and  the  generatrix  be  parallel  to  y  z^  the  equation  is 


«»+ 


.*  •> 


=  r». 


522.  Let  the  axis  of  z  be  one  directrix,  any  straight  line  the  other,  and 
let  the  generatrix  move  parallel  to  x  y. 

Then  the  equations  to  the  second  directrix  are 

X  =  /I  Z  +  m 
Y  r=  yZ  +  71 

Also  the  equations  to  the  generatrix  being  y  =  or  <r,  ;s  =:  6,  we  have  at 
the  points  of  junction 

Z  =  «  =  6 

Ysrysryft  +  n 
y  6  +  71 


=  fi  ft  +  m 


or 


y 

y  z  X  —  fizy-\-nX'-fny:=io* 


523.  Let  the  axis  of  z  be  one  directrix,  and  let  the  second  directrix 
be  the  thread  of  a  screw  whose  axis  is  coincident  with  the  axis  of  z, 

»The  thread  of  a  screw,  or  the  curve  called  the  helix,  is  formed  by  a 
thread  wrapped  round  the  surface  of  a  right  cylinder,  so  as  always  to  make 
the  same  angle  with  the  axis ;  or  if  the  base  of  a  right-angled  triangle 
coincide  with  the  base  of  the  cylinder,  and  the  triangle  be  wrapped  round 
the  cylinder,  the  hypothenuse  will  form  the  helix  A  P. 

To  find  the  equations  to  the  helix. 

Let  the  centre  of  the  cylindrical  base  be  the  origin  of  rectangular  axes. 
CM  =  ir.  MQ=y,  PQ  =  z  and  the  radius  of  the  cylinder  =  a. 

Then  P  Q  bears  a  constant  •ratio 
to  A  Q ;  namely,  that  of  the  altitude 
to  the  base  of  the  describing  triangle 

/.  P  Q  =  c  A  Q 
and  A  Q  is  a  circular  arc  whose  sine 
is  y  and  radius  a 

y 


-I 


.*.   z  =1  e  a  sm.    — , 
a 

-^x 
or  2  =  e  a  cos.       —  ; 
a 

nlso  ,i*  +  y"  =  a" 
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And  these  are  the  equations  to  the  projections  of  the  helix. 

To  return  to  the  problem,  which  is  to  find  the  surface  described  by  i 
line  subject  to  the  conditions  that  it  be  parallel  to  the  base  of  the  cylinder, 
that  it  passes  through  the  axis,  and  that  it  follows  the  course  of  the  helii. 

The  equations  to  the  directrix  (if  c  be  the  interval  between  two  threads) 
are 

s  =r  e  a  sin.       ^-  +  c 
a 

j:«  +  y«  =  a« 
And  the  equations  to  the  generatrix  being  y  r:i  a  x,  z  ^=  6 ;'  we  have 

a  a 


«  =  6 ;  a:  =r  —  =    Va*  —  y*  .*•  y  = 


.',  &=  c  g  sin.""^  +c 

hence  the  equation  to  the  surface  is 

y 

z  ^=1  ea  sin.  ~  *  =  +  c 

V  y«  +  a:« 

This  surface  is  the  under  side  of  many  spiral  staircases. 

524.  A  straight  line  passes  through  two  straight  lines  whose  eqnattoos 
are  x  =  a,  y  =  b;  and  «  =  a^,  z  c=  6| ;  and  also  through  a  pven 
curve  z  =  f(y)  in  the  plane  of  2  y ;  to  find  the  equation  to  the  suHiice 
traced  out  by  ihe  straight  line. 

The  three  directrices  are 

And  let  the  equations  to  the  generatrix  be 

y  =z  fiz  +  n 
Q  p 

and  consequently  y  =  — •  a?  +  p,  if  p  =  n  —  —  m; 

Then  since  this  line  meets  the  three  given  lines,  we  have  the  following 
equations 

b=z — a  +  p,    Oi  :=!  abi  +  m, =/( /S  +  «) 

a  ^  a  ^       a 

We  must  now  eliminate  a,  It^  m^  n  from  these  equations,  and  that  to  tbe 
generatrix.  ' 

By  subtraction  we  have 

y  —  6  =  —  (x  —  a)  ;  J?  —  Ci  ==  a  («  —  \)^    .'.  a  = -, 

a  z  —^  bi 

/.  —  = 2  =  -^ ,  and 

a  a  X  —  Qi 

na--mp  ^  a  (y^fiz)^fi  {x  —  az)  _  ay—fix  ^         ^  ^^  ^''"  *y- 

a  a  ~        a  a  ""       x-a 

Hence  tbe  final  equation  is 

6i  J?  —  flj  2  _^  ^(  b  X  ^  ay\ 
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525.  The  following  problem  is  easily  solved  in  the  same  manner. 
To  find  the  equation  to  a  surface  formed  by  a  straight  line  moving 
parallel  to  the  plane  of  x  2,  and  having  its  extremities  in  two  given  curves 
z  r=  /  (y)  on  2  y,  and  *  =  ^  (y)  on  x  y. 

z               X 
.     The  equation  is  ttt-t  H 7-:  =  1. 

/(y)     0(y) 

526.  In  questions  of  this  kind  some  care  is  requisite  in  selecting  the 
position  of  the  axes  and  co-ordinate  planes,  so  that  the  equations,  both 
those  given  and  those  to  be  found,  may  present  themselves  in  the  sim- 
plest form.  For  example,  — to  find  the  surface  formed  by  the  motion  of 
a  straight  line  constantly  passing  through  three  other  given  straight  lines ; 

Take  three  lines  plirailel  to  the  given  lines  for  the  axes  of  co-ordinates  ; 
then  the  equations  to  the  three  directrices  are 

Y=6J  Z=  cj  Z  =C3f 

and  the  equations  to  the  generating  line  in  any  position  are 
j:  =  «2-i-flr,  y  =  i82-i-6, 

and  consequently  y  =  —  J?  +  c,  where  c  =  h a ; 

or  (X 

Then  since  this  line  meets  each  of  three  given  lines,  we  have  the  following 

equations : 

61  =  —  cTi  +  c  ;  ff,  =  or  c,  +  a  ;  ft,  ==  /J  c,  +  6. 
a 

We  must  now  eliminate  a,  5,  or,  (i  from  these  three  equations  and  that  to 

the  generatrix  ;  by  subtraction  we  have 

R 
y  -  61  =  —  (j?  —  a,) ;  0?  -  «,  =  a  (2  -  c)  ;  y-^a  =  /S  (2  -  c,) 

a 

hence,  eliminating  or  and  iS,  we  have  the  required  equation 

(j?  -  aO  (y  —  6J  (2  -  c,)  =  (x  —  a.)  (y  -  fc)  (5?  -  c.) 
which   IS  of  the   second  order,  since   the   term  x  y  z  disappears.     See 
IIymers*s  Anal.  Geom.  p.  23,  Cambridge,  1830. 


CHAPTER  IX. 

ON  CURVES  OF  DOUBLE  CURVATURE. 

527.  Definition.  A  curve  of  double  curvature  is  one  whose  generating 
point  is  perpetually  changing  not  only  the  direction  of  its  motion,  as  in 
plane  curves,  but  also  the  plane  in  which  it  moves. 

If  a  circle  be  described  on  a  flat  sheet  of  paper,  it  is  a  plane  curve  ; 
let  the  sheet  of  paper  be  rolled  into  a  cylindrical  form,  then  the  circle  has 
two  curvatures,  that  which  it  originally  had,  and  that  which  it  has  acquired 
by  the  flexion  of  the  paper,  hence  in  this  situation  it  is  called  a  curve  of 
double  curvature. 

528.  Curves  of  double  curvature  arise  from  the  intersection  of  two 
surfaces ;  for  example,  place  one  foot  of  a  pair  of  compasses  on  a  cylin- 
drical surface,  let  the  other  in  revolving  constantly  touch  the  surface,  it  will 
describe  a  curve  of  double  curvature,  whicli,  thouirh  uot  a  circle,  has  yet  all 
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its  points  at  equal  distances  from  the  fixed  foot  of  tlie  compasses.  The 
curve  is  then  part  of  a  spherical  surface,  whose  radius  is  equal  to  the  dislana 
between  the  feet  of  the  compasses,  and  consequently  is  the  intenectioii  of 
this  sphere  with  the  cylinder. 

529.  The  equations  to  the  two  surfaces  taken  together  are  the  equations 
to  their  intersection,  and  consequently  are  the  equations  to  the  curve  of 
double  curvature. 

By  the  separate  elimination  of  the  variables  in  the  two  equations,  we 
obtain  the  respective  projections  of  the  curve  upon  the  co-ordinate  planes. 
Two  of  these  are  sufficient  to  define  the  curve  of  double  curvature  ;  for  we 
may  pass  two  cylinders  through  two  projections  of  the  curve,  at  right 
angles  to  each  other,  and  to  the  co-ordinate  planes,  the  intersection  of  these 
cylinders  is  the  required  curve.  This  is  analogous  to  the  consideration  of 
a  straight  line,  being  the  intersection  of  two  planes. 

We  proceed  to  examine  curves  of  double  curvature  arising^  from  the 
intersections  of  surfaces. 

530.  Let  the  curve  arise  from  the  intersection  of  a  sphere  and  right 
cylinder ;  the  origin  of  co-ordinates  being  at  the  centre  of  the  sphere,  the 
axis  of  tlie  cylinder  in  the  plane  x  z  and  parallel  to  the  axis  of  2. 


i?rs 


(b 


Let  the  distance  between  the  centres  of  the  sphere  and  cylinder  =r  c, 
then  the  equation  to  the  sphere  is  jr^^  +  ^  -f  2*  =  a%  and  the  equatioB 
to  the  cylinder  is  (j?  -  c)«  +  y*  s=  h\  (507.) 
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eliminating  y,  «*=:a^-(-c*  —  ft*  —  2cj:  (1), 
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eliminating  jr,  s?  ^  a*  --  hl^-^  (?  ^1  2  c  ^  h'^  —  y"^  (2). 

From  (1)  the  projection  of  the  curve  onxz  is  a  portion  of  a  parabola  B  C 

fl*  4-  c* 6*  .^^^_-_— .. 

whose  vertex  is  C,  vrhere  A  C  = .  and  A  B  =  Jq9,  +  c'  —  6«. 

From  (2)  the  projection  on  ^  ;r  consists  of  two  ovals^  whose  positions  are 
determined  by  the  two  extreme  values  of  Zy 

A  D  =r  ±  ^a«  -  (6  -  c)« 


'8  ^8  ^0 


A  E  =  ±  V«'  -  C6  +  c)\; 

As  c  increases,  that  is,  as  the  cylinder     {\ 
moves  further  from  A,  A  E  decreases,  and     ^)        ^ 
the  ovals  approach  nearer  to  each  other,  as   ^  ^ 

in  fig.  (1)  ;  when  c  =  a  —  6,  that  is,  when  r\ 
the  sphere  but  just  encloses  the  cylinder  ^y 
A  E  =  0,  and  the  ovals  meet,  fig.  (2).  As  c  increases,  we  obtain  fig.  (3), 
which  gradually  approaches  fig.  (4) ;  and  lastly,  when  c  =  a  vanishes 
entirely. 

Dilferent  values,  as  c,  _,  &c.,  may  be  given  to  b,  and  we  may  then 

trace  the  projections :  they  offer  no  difficulty,  but  we  recommend  their 
investigation,  as  the  complete  examination  of  One  example  greatly  facili- 
tates the  comprehension  of  all  others. 

531.  Ex.  2.  A  right  cone  and  a  paraboloid  of  revolution  have  their 
Tertices  coincident,  the  axis  of  the  cone  being  perpendicular  to  the  axis  of 
the  paraboloid. 


The  equation  to  the  cone  is  a?«  +  y«=  c"  2«,  (468)  and  that  to  the  para- 
boloid, y^  +  z^  s=:p  X  (469)  ;  hence  the  projection  onx  z  is  a;*  +  |?a?  = 

P 
(1  -f  c*)  z\  which  is  an  hyperbola,  whose  axes  are  p  and ^ 


(157). 


V?+T 


■.•L 


(i 
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Again,  x*  +  i/'  =^  t*  (p  x  -  y«)  /.  (1  +  e*)  /  =  c«  p  jr  -  i-: 
hence  the  projection  on   x  y  is    an  ellipse,  whose  vertex  is  A  and  axes 

e«  p  and  — -^^—  (103). 
Vl  +  c« 

The  equation  to  the  projection  on  y  z  is  (y*  +  **)  •  +p*  y*  =  e"p'  2*; 
this  is  the  equation  to  a  Lemniscata,  and.  becomes  the  Lemniscata  ol  Ber- 
iiouilli,  when  e  =  1,  that  is,  when  the  cone  is  right-angled  (314). 

532.  To  find  the  curve  of  intersection  of  two  surfaces,  we  have  elimi- 
nated the  variables  separately,  and  thus  obtained  the  equations  to  the 
projections  on  the  co-ordinate  planes ;  conversely,  by  combining  these  last 
equations  either  by  addition  or  multiplication,  &c.,  so  as  to  have  an  equa- 
tion between  the  three  variables,  we  may  obtain  the  surface  on  which  the 
curve  of  double  curvature  may  be  described.  This  surface  does  not  at  all 
define  the  curve  of  double  curvature  ;  since  an  infinite  number  of  curves 
may  be  traced  on  this  individual  surface,  to  all  of  which  the  general  eqoa* 
tion  to  the  surface  belong^. 

The  results  of  the  above  combination  are  often  interesting.  For  ex- 
ample :  Let  the  curve  be  the  intersection  of  a  parabolic  cylinder  on  x  y, 
with  a  circular  cylinder  on  x  jt,  the  origin  being  the  vertex  of  the  parabola, 
and  the  centre  of  the  circle  being  in  the  axis  of  the  parabola,  which  is  also 
the  axis  of  x. 

Let  y*  ri  2  p  xhe  the  equation  to  the 

parabola  A  P  on  a?  y* 
(.r  —  a)  *  +  «•  =  r*. . . .  circle  on  x  Zy 
Combining  these  equations  by  addition, 
(j?  —  a)  *  —  2  p  j:  -f  y«  H-  ««  =  r«, 
or  (x  -  o  -  p)  »  -f  3^«  +  ;8'  =  r»  -f 
p"  +  2  ap. 

Which  is  the  equation  to  a  sphere  whose  centre  is  at  a  distance  A  G  =  «  +p, 
measured  from  A  along  A  X.  Now,  p  is  the  subnormal  C  G  to  the  point 
P  of  the  parabolu,  P  C  being  the  ordinate  at  C  (242)  ;  hence,  all  the  points 
of  the  curve  of  double  curvature  are  on  the  surface  of  a  sphere  whose 
centre  is  at  the  extremity  of  the  subnormal  of  a  point  in  the  parabola, 
the  ordinate  of  which  point  passes  through  the  centre  of  the  given  circle. 

533.  The  intersections  of  surfaces  are  not  always  curves  of  double  cur- 
vature, but  often  they  are  plane  curve.?.  We  proceed,  then,  to  show  how 
plane  curves  may  be  detected,  and  their  equations  decerniined. 

Whenever  we  obtain  a  straight  line  for  a  projection,  the  curve  cannot  Lc 
one  of  double  curvature. 

Ex.  Let  the  curve  be  the  intersection  of  two  parabolic  cylinders,  whose 
equations  are 

X*   :=:  a  z 
by  =  jr. 

Eliminating x,  we  jiave  by  ^=:  az,  hence  the  projection  on  y  2  is  a straiirht 
line ;  and  as  no  projection  of  a  curve  of  double  curvature  can  be  a  straight 
Dne,  it  follows  that  the  curve  of  intersection  is  a  plane  curve. 

534.  Ajrain,  If  we  can  so  combine  the  equations  to  the  projections  as  lo 
produce  the  general  equation  to  a  plane,  the  curve,  which  is  necessarily 
traced  on  that  plane,  is  itself  a  plane  curve.    For  example :  let  the  curve 
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arise  from  the  intersection  of  two  parabolic  cylinders,  whose  equaUons  are 

a?*  =  fl  ar 
6  y  =:  0?"  +  c  a:. 

In  the  second  equation,  substituting  a  z  for  or^,  we  obtaia 

which  equation  belonging  to  a  plane,  the  curve  is  a  plane  curve. 

535.  There  is  another  and  more  general  method  of  detecting  plane  curves. 
From  the  two  equations  to  the  surfaces  eliminate  one  of  the  variables, 

as  z.  for  example,  we  obtain  an  equation  F  (x^  y)  =  0. 

Now,  if  the  curve  be  plane,  it  may  arise  from  the  intersection  of  either 
of  the  surfaces  with  a  plane  whose  equation  is  z^^mx-^-ny+p^ 
eliminate  z  between  this  equation  to  the  plane  and  that  to  one  of  the  sur- 
faces, the  result  is/  (jr,  y)  =  0,  which  must  be  identical  with  F  (a?,  y)  =  0 ; 
therefore,  comparing  F  (x,  y)  =  0,  with  /(j?,  y)  =  0,  we  may  obtain 
various  equations  to  determine  m,  ti,  and  p ;  which  values  of  m,  n,  and  p 
must  satisfy  all  the  equations  in  which  these  quantities  appear;  if  not,  the 
curve  is  one  of  double  curvature. 

For  example ;  take  the  intersection  of  a  sphere  and  cylinder,  art.  530. 

The  equation  to  the  Sphere  is  j?*  +  y*  +  z*  =  a*      (1) 

Cylinder   (r  -  c)«  +  y"  =  6»        (2) 

Plane       z^nnx^+ny  -^  p      (3) 

eliminating  z  between  (1)  and  (3),  we  have/(j7,  y)  =  0 

(?«•+!)  a?«  +  (n*+l)y'+2wnjy  +2  mp  x  +  2npy  +p*''a*=i  0(4) 
Comparing  (2)  and  (4),  we  havem  =  0,  n  =  0  from  the  co- efficients  of 
X*  and  y* ;  but  the  condition  of  m  =  0  destroys  the  coefficient  of  a?  in  (4)  ; 
and  thereby  shows  that  (4)  cannot  be  made  identical  with  (2).  The  curve 
is  therefore  a  curve  of  double  curvature. 

But  let  the  equation  to  the  cylinder  be  a^  -{- f^  =z  l^,  then  m  =  0 
and  n  =  0  render  (4)  and  (2)  identical ;  therefore  the  curve  is  a  plane 
curve,  situated  in  a  plane,  whose  equation  is  z  =  ^  a*  —  ^ ;  this  is  clear, 
also,  from  geometrical  considerations. 

536.  To  find  the  curve  represented  by  the  equations 


X  '  z         y      s 


1. 


^  These  equations,  taken  separately,  belong  to  two  right  hyperbolic  cy- 
linders ;  one  with  the  base  in  x  z,  and  the  other  in  y  ;;.     (209,  Ex.  3.) 

R  S  is  the  hyperbola  on  x  z,  its  — 

centre  being  at  A ;  T  U  is  the  hyper- 
bola on  y  z,   its  centre  being  at  B. 

.,        a        6  b 

Also,  —  =  — ,  ori/=:  —  X.   * 
X       y'      ^       a 

Hence  the  projection  of  the  intersec- 
tion of  the  above  cylinders  on  j?  y  is  a 
straight  line  O  Q,  and  therefore  the 
curve  is  a  plane  curve,  situated  in 
the  plane  Z  O  Q,  perpendicular  to  x  y. 
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537.  As  we  cannot  have  a  very  clear  notion  of  the  curve  itself,  merely  from 
the  idea  of  the  two  hyperbolic  cylinders,  we  shall  find  the  equation  to  the 
curve  in  the  plane  Z  O  Q ;  that  is,  in  its  own  plane. 

Let  P  be  any  point  in  the  curve ;  OM  =  «,  MQ=y,  PQ  =  2. 
Then,  in  order  to  find  the  relation  between  O  Q  (=  tt)  and  Q  P  (=  2), 
we  shall  express  O  M  and  0  N  in  terms  of  O  Q,  and  substitute  in  the  given 
equations. 

The  equation  toOQis  y:=.  —  x  c=  x  tan,  0  (if —  =  tan.  0), 

0  a 

:.  O  M  :=2  O  Q  cos.  e,  and  O  N  =  O  Q  sin.  0. 

a 


a        c 
Hence  the  equation 1 =  1  becomes - 

X  Z  U  COS.  0 

1 =  1  becomes  — : — — 

y       z  u  sm.  0 


z 


and  the  equation 


+ 


=  1. 


Since  6  =  0  tan.  0,  or  b  cos.  0  =:  a  sin.  d,  these  two  equations  are  iht 
same,  and  either  of  them  belongs  to  the  required  curve ;  hence  the 
curve  is  an  hyperbola,  whose  equation  referred  to  its  centre  is 

be 


—    *^    — 


(209) 


cos.  0       sin.  6 
53S.  To  describe  a  curve  of  double  curvature  by  points.  '<^ 


Let/(jr,  y)  =  0,  and^  (jr,;e)  =  0, 
be  two  of  its  projections. 

Upon  X  y  trace  the  curve  A  P  Q  R, 
whose  equation  is  /  (^,  y)  =  0. 


For  any  value  of  jr,  as  A  M,  we  obtain  a  corresponding  value  M  Pofj^ : 
from  ^  (t,  2)  =  0,  we  can  also  obtain  a  corresponding  value  of  2.  From  P 
draw  P  S  perpendicular  to  x  y,  and  equal  to  this  value  of  2 ;  then  S  is  & 
point  in  the  curve.  By  repeating  this  process  we  may  obtain  any  number 
of  points  S  T  U,  &c.,  in  the  curve. 

It  is  evident,  that  if  any  value  given  to  d?  or  y  renders  z  imaginary,  00 
part  of  the  curve  can  be  construct^  corresponding  to  such  values  of«r  or  jr. 
Also,  that  if  z  be  negative,  P  S  must  be  drawn  below  the  plane  x  y. 

539.  Ex.  1.  Let  the  curve  arise  from  the  intersection  of  a  parabolic 
cylinder  on  x  y,  and  a  circular  cylinder  on  y  z,  the  axes  perpendicular  to 
each  other ;  and  the  vertex  of  the  parabola  together  with  the  centre  of  tbe 
circle  at  the  origin  of  co-ordinates. 
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..- V   /o  X 


a. 


creases. 


Let  ^*  =:  a  J7  be  the  equation  to  the  parabola  D  A  D', 

y«  -f  ««  =  a»   circle  E  B, 

•*.  z*  +  a  J?  =:  a*  is  a  parabola  on  <r  x. 
Let  A  B  =  a,  A  C  :=  a,  and  let  the  ordinate  C  D  = 
To  trace  the  cunre,  we  haTe  the  three  equations  on  the  co-ordinate  planes. 

^  =  ±  W  a{a  —  J?) 

y  =  ±  V  a  ^. 
If  J?  =  0,  y  =:  0,  and  «  =  o,  /.  the  curve  passes  through  B  ;   as  j?  in- 
reuses,  y  increases,  and  z  diminishes  ; 

When  X  =r  a,  y  =  a,  and  z  =:  0,  therefore  the  curve  decreases  in  altitude 
from  B  down  to  meet  the  parabola  in  D.  This  gives  the  dotted  branch  BD. 

If  or  is  greater  than  a,  z  is  imaginary ;  therefore  the  curve  does  not  extend 
beyond  D. 

But  since  «  =  ±  \/  a{a  —  x)  there  is  another  ordinate  corresponding 
to  every  value  of  j?  between  o  and  a ;  hence  there  is  another  branch,  equal 
and  opposite  to  B  D,  but  below  'the  plane  x  y.  This  is  represented  by 
DB'. 

Again,  since  when  y  is  negative,  the  values  of  z  do  not  change,  there  is 
another  arc,  B  D'  B ,  represented  by  the  double  dotted  line,  which  is 
exactly  similar  to  B  D  B'. 

Therefore,  the  curve  is  composed  of  four  parts,  B  D,  D  B^  B  D',  and 
D'  B',  equal  to  one  another,  and  described  upon  the  surface  of  the  para- 
bolic cylinder,  whose  base  is  D  A  D^  These  branches  form  altogether  a 
figure  something  like  that  of  an  ellipse,  of  which  the  plane  is  bent  to  coin- 
cide with  the  cylinder. 

540.  Ex.  2.  Let  the  circle,  whose  equation  is  a:*  -f"  y*  =  «*9  ^  ^^ 
projection  of  the  curve  of  double  curvature  on  j?  y ;  and  the  curve,  of  which 
the  equation  is  a*  y"  =:  a*  z*  —  y*  «■,  be  the  projection  on  y  «,  to  trace 
the  curve. 
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?5  X 


Let  B  C  B'  C  be  the  circle  onxy  whose  equation  is  a:*  +  y"  = 
the  equation  on  y  «  being  a*  y"  =  a*  ^"  -  y»  s*,  the  equation 


is  a:*  +  y"  =  a* ;  then 
00  X  2  is 


or  «  =  ± 


«y 


\/a'  -  yS 
and  y  =  ±  \/a*  —  x'- 

If  a?  =  0,  y  =  a,  z  =  infinity,  therefore  the  vertical  line  C  L  through  C 
is  an  asymptote  to  the  curve.  Asx  increases,  y  decreases,  and  z  decreases, 
therefore  the  curve  approaches  the  plane  of  x  y.  If  x  =  a,  y  =  o,  2  ==  o, 
therefore  the  curve  passes  through  B.  If  x  is  greater  than  a,  y  and  z  are 
each  impossible,  therefore  no  part  of  the  curve  is  beyond  B :  for  any  value 
of  y  there  are  two  of  2,  therefore  for  the  values  of  y  in  the  quadrant  A  CB, 
there  are  two  equal  and  opposite  branches,  L  B,  B  U. 

Similarly  there  are  two  other  equal  branches,  K  B,  B  R^  for  the  qaadiut 
BAG';  and  as  the  same  values  of  y  and  2  r^ur  for  x  negative,  there  are 
four  other  branches  equal  and  opposite  to  those  already  drawn,  which 
correspond  to  the  semicircle  C  B'  C',  and  which  proceed  from  B'. 

These  two  examples  are  taken  from  Clairaut's  Treatise  on  Carves  of 
Double  Curvature;  a  work  containing  numerous  examples  and  many 
excellent  remarks  on  this  subject 


Frioted  hj  W.  Clowss,  Duke  Street.  UmbeUi. 
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ERRATA. 


Page  7,  line  1,  xead  Let  x  =r  //3  =  V  2  +  1.    la  the  last  fig;ure  let  A  B,  B  C,  and 
C  D  each  be  equal  to  the  linear  unit,  then  A  D  =r  V^ 

r 


40 2,  read  .•./=± 


Vl  +< 


40 3,  for—  read-> 

y        t 

40....17,for24read25. 
48....  12,  for/ read yB. 
110..  ..24,  fore  read  c. 

111....17,  fortan.  ^.  tan.  =  -.  read  tan.  ^. tan. /=  -. 
a  a 

1 12. •..20,  for  ^  read?^. 

114. . .  .18,  for  conjugate  read  semi-conjugate. 

123..  ..30,  for  ^^  +  wS  =  P,  leada' +  OT  =  8  P. 

163,  in  the  table,  colamn  7,  insert  e. 

190,  line  5  from  bottom,  for  3  a,  read  3  a*. 

209, line  10,  read  cos./ x  cos. l^x  +  cos.  /y  cos.  A y, 

217,  line  13,  for  (2)  read  (1). 

221,line27,readcos.^  =  "^+^y^  +  ""'  +  ^'  = 

rn 

224,  line  10,  for  397  read  402.' 

247,line3,  .-.  (x  -  *i)«  +  (y  -  y,y  =  r«; 

and  if  the  axis  coincide  with  A  Z,  or'  -f-  y'  ^  '*')  ^  ^  ^> 

249,  line  1,  for  r  —  c  read  x,  and  for  c  read  :?  —  c. 


ERRATA  IN  THE  FIGURES. 


Art.  352.  y  =;  a  ' 


Yi. 


-X 


Art.  353.  jf  =  a;  •    See  the  fi>;iirc  in  the  same  page  just  abore  the  Ait.  33J ;  i\i 
letter  B  should  be  at  the  point  where  the  upper  curve  meets  A  T. 


Art.  355  y  =  jr  tan.  Jt 
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Art  363.  The  involute  of  the  circle. 


